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Abstract. We study the stationary flow of an incompressible non-Newtonian
fluid of Bingham type, mathematically described by means of a non-
linear boundary value problem governed by PDEs. The variational for-
mulation which we propose is a mixed variational problem with La-
grange multipliers. First, we obtain existence, uniqueness, and stability
results into an abstract framework. Then, we discuss the well-posedness
of the mechanical model based on the auxiliary abstract results.
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1. Introduction

The Bingham fluid is a medium who enjoys rigidity below a critical value;
above the critical value, such a medium behaves like an incompressible viscous
fluid. Some clay suspensions, blood in the capillaries, mayonnaise, mustard, or
tooth pastes are only a few examples of materials having a Bingham medium
behavior. The mathematical form of the Bingham fluid was proposed by
Eugene C. Bingham, see [1].

The flow of the Bingham fluid was studied for many decades by applied
mathematicians and numerical analysts. The main progress is due to [8].
For a broad discussion about the numerical simulation of Bingham flow, we
send the reader to [6]. The literature contains very much references related
to the modeling and simulation of Bingham fluid flow. In addition to [6,
8], we mention herein [4,5,10-12,16,17,19,21-23,26,29], to give only a few
examples.

In the present paper, we focus on a variational approach via Lagrange
multipliers for a model describing the stationary flow of an incompressible
non-Newtonian fluid of Bingham type, by means of the following boundary
value problem.
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Problem 1. Findu:Q — R o:Q — S and p: Q — R, such that:

7

—Divo'(x) + (u-V)u(z) + Vp(x) = fo(x) inQ, (1)

o'(x) = 2Du(x) + gt if | Du(x)|zs # o} ne @
lo’(@)llss < g if | Du(@)|jss = 0

div u(x) =0 in €, (3)

u(x) =0 on I'y, (4)

uy(x) =0, or(x) =0 on Ts. (5)

Herein, Q C R? is a bounded domain with smooth boundary 9Q par-
titioned in two measurable parts I'y and I's with positive measure, u is
the velocity, o is the stress tensor, and o’ is the deviatoric stress tensor
(0/ = o0 — %I, where I is the identity tensor), p is the pressure,
fo is the density of the volume force, v is the outward unit normal vec-
tor at 0S2, n,g > 0 are parameters of material, Du = %(Vu + VuT) where
VuT is the transpose of the tensor Vu, u, = w-v and o, = ov — o,v,
where o, = (ov) - v. The operator div is the divergence of a vector, e.g.,

div v = Z?’ i for a vector v € R3, and Div is the divergence of a tensor,

j=1 Bz,

e.g., Div @ = (2?:1 %ii?') for a tensor @ € S3, where S? is the space of the
J

second-order symmetric tensors. By - and || ||, we denote the inner product

and the Euclidean norm on R?, respectively, and by : and || ||ss, we denote
the inner product and the norm on S3, 8 : n = Z?,j:l 0;5m;; for 8,m € S3,
10llsz = VO : 6.

The weak variational formulation via Lagrange multipliers of Problem
1 drives us to a new mixed variational problem having the form below:

a(u,v) +b(v, ) + J(u,u,v) = (f,v)x forallveX,
b(u,pp—A) <0 forallpe ACY.

If the flow is very slowly, the convective term (u - V)u can be neglected. In
this case, we are led to a simplified mixed variational formulation:

a(u,v) +b(v,\) = (f,v)x forallve X,
blu,pp—A) <0 foralpe ACY,

which is a saddle point problem; we can associate it the functional £ :
X xA—=R, Llvu) = %a(v,v) + b(v,u) — (f,v)x (see, e.g., [9,13] for el-
ements of the saddle point theory related to this topic). Such an approach
is convenient from the numerical point of view, allowing to apply modern
numerical techniques; see, e.g., [15] and the references therein.

In the present work, we are interested on existence, uniqueness, and
stability results in the case when the convective term is non-negligible. Hence,
we will focus on the solvability of the mixed variational problem governed by
the functional J.

The rest of the paper is structured as follows. In Sect. 2, we describe the
functional setting. In Sect. 3, we deliver a weak variational formulation with
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Lagrange multipliers in a dual space. Auxiliary abstract results are obtained
in Sect. 4. In Sect. 5, we focus on the well-posedness of Problem 1 based on
the abstract results in Sect. 4.

2. Functional Setting
In this section, we fix the functional setting. Let 2 < p < co. The space
LP(Q)? = {v = (v;)| v; € LP(Q), 1 <i<3}

is a real Banach space endowed with the norm:

3 1/p 3 1/p
el s = (/QZ'W'”””> - <Z|“i||’£p<m> '
i=1

i=1
Clearly:
lwillzr ) < |lwllpr)s  for all i € {1,2,3}. (6)
The space
LI Q> = {7 = (1) | 75 € LP(Q), 1<4,j <3}

is a real Banach space endowed with the norm:

3 1/p 3 1/p
Irlisas = | [ 30 Imalde | = 3 Il
Qij=1 Q=1
Obviously:
I7ijllLe @) < ITllLe(o)exs  foralli,j € {1,2,3}. (7)

Let us set p = 2. The space (L*(Q)3, (, )23, || |2 ()3 ) is a Hilbert space,
where:

3
(U,U)L2(Q)3:Z/Uividl':/'U/"UdI;
=179 Q

3 1/2 1/2
v L2 () = (Z/ uzvvida:) = (/ ||'u||2dx> .
i=1 7% Q

Also, the space (L?(Q2)**3, (, ) p2(a)3x2, || | L2(0)3x3) is a Hilbert space, where

3
(0, T)p2(q)sxs = Z /O'ij Tij dz:/a:-rdx;
Q Q

ij=1
1/2
</ (7135 dx) .
Q
In addition, we introduce the space:

LI>C ={r e LX (> | 7y =7 1<4,5 <3}

1/2

3
[Tl L2(0)3xs = Z /ﬂjﬁ‘jdx
Q

i,j=1
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The space (L2(Q2)%*%, (, )r2(q)sxs, || | 2()3xs) is also a Hilbert space, where:

(O’,T)Lg(g)m = (O’,T)L’z(n)?»w; o] L2(Q)3x3 = ||UHL2(Q)3X3-
Let us consider now the space
HY Q)P ={v=(v;)] v; € H(Q), 1<i<3}

endowed with the inner product:

3 3
('LL, ’U)Hl(Q)s = Z(u“ Ui)L2(Q) + Z(Vul, V'Ui)LQ(Q)37
i=1 i=1
and the associated norm
3 3
ol = | Do oillFa ) + D IV0illF2 0y
i=1 i=1
= /101205 + V012255 (8)

The space (H'(Q)2, (, )12 || |2 (0)2) is a Hilbert space. For scalar Lebes-
gue and Sobolev function spaces, we use standard notation, see, e.g., [2,18].

Let D : H'(Q)3 — L%(Q)**3, Du = (Vu + VuT). It can be easily
observed that D is a linear and continuous operator. By means of the operator
D, we can consider on H'(Q)? the following particular inner product and its
associated norm:

((w,v)) 510y = (w,v)2(q)s + (Du, Dv)r2(q)sxs  for all w,v € H'(Q)3,
ol @) = (HU||2L2(Q)3 + HDUH%Z(Q)SM)UQ for all v € H'(Q)°.

Obviously, ||[v|||m1 @) < [|v]|m1(@)s for all v € H'(Q)3. In addition, it can
be proved that there exists ¢ > 0, such that, for all v € H'(2), we have:

[ oiacs [ivoigas<e( [ olass [ 1poliac).
Q Q Q Q

Hence, || ||z (o) and [[|[||z1(q)s are equivalent norms. Therefore, the space
(HY (2, ((, ) ar e ][ @)2) is a Hilbert space too.
Let us introduce the space:

Vo={ve H(Q)? |yv=0ae. on T},
where I'y C 092, meas(I'y) > 0 and
v HY Q)P — L7(00)° (1 <r<4) (10)

is the Sobolev’s trace operator for vectors (a linear, continuous and compact
operator), see, e.g., [18] or, more recently, Theorem 2.79 in [3] or Theorem
2.21 in [20]. The space (Vo, (, )m1 ()3, |l [[#1()3) is a Hilbert space being a
closed subspace of H'(Q)3. Indeed, let (v,), C Vo, such that v, — v in
H'(Q)? as n — oo. Setting 7 = 2 in (10), as « is a linear and continuous
operator:

~v, — yv in L*(09)® as n — oo. (11)
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According to, e.g., Theorem 4.9 in [2], we deduce that there exists a subse-
quence of (vy,), C Vo, denoted herein by (v,),s, such that:

YU, () — yv(x) a.e. on N as n' — oo.
Because yv,,/ () =0 a.e. on I'y we deduce that yv(x) =0 a.e. on T'.

Theorem 1. Let Q C R3? be a bounded domain with Lipschitz continuous
boundary and let Ty C 0 with positive measure. Then, there exists cx =
cx(2,T1) > 0, such that:

||DU||L§(Q)3X3 > CKH|'UH|H1(Q)3 for all v € V. (12)
This is a version of the Korn’s inequality; see, e.g., [7,24,25,27,30] for

some versions of the Korn’s inequality.
We define the following inner product

(u,v)y, = / Du : Dvdx = (Du, Dv)2(q)sxs
Q

and the associated norm

1/2
ol = ([ DvsDode) = D]z
Q

Keeping in mind Theorem 1, we deduce that [ ||y, and [[| |||z (n)s are equi-
valent norms. Consequently, (Vo, (, )y, || ||v,) is a Hilbert space.
Furthermore, we consider the space:

Vi={veVy| v,=0 ae on 'y},

where v, = yv-v. This space is a closed subspace of Vy. So, (V1, (, v, Il ve)
is a Hilbert space; see, for instance, [30], page 88.
We introduce now the following space:

V={veV|dive=0ae. in Q}, (13)
endowed with the inner product (u,v)y = (u,v)y, and its associated norm
[ullv = llwllv
Proposition 1. The space (V,(, )v, | |lv) is a Hilbert space.

Proof. Let us consider the linear operator B : H*(Q)3 — L?(Q) defined by:

B(v) =divv forall v e H'(Q)®.

The operator B is continuous. Indeed:
3 3
IBv| L2y = || div 0]l 20y <

i=1

3 3
=Y IVuilll2 @) = D IVl 2 (s
=1 =1

2
8vi

(9%‘1‘

Bvi
8xj

j=1

L2(Q) =1 L2(Q)

Hence:

3
[ Bv||L2(0) < V3 Z vaz'”%z(g)s-
i=1
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Keeping in mind (8), we obtain:
1Bo| 20y < V3||v]| a1 (e
Due to the linearity of the operator B, we immediately observe that V is
a subspace of V;. In addition, due to the continuity of the operator B, we can
prove that V' is a closed subspace of V;. To this end in view, let (v,,), C V

be such that v, — v in V] as n — oo. As B is a continuous operator, we
obtain:

Bv,, — Bv in L*(Q) as n — oo. (14)

By Theorem 4.9 in [2], we deduce that there exists a subsequence of (vy,), C
V., (v )nr, such that:

Bv, () — Bv(x) a.e.in Q as n’ — oo.

Because Bv,/(x) = 0 a.e. in Q, we deduce that Bv(z) = 0 a.e. in .
Therefore, v € V. Therefore, V' is a closed subspace of the space V;. As
V1 is a Hilbert space, we conclude that V is a Hilbert space too. 0
Using the operator D and the space V', we introduce the following space:
S=D(V)={rc L}(Q)***|3v € V such that T = Dv}. (15)
Proposition 2. The space (S,(,)s, | |ls) is a Hilbert space, where (,)s =
() ez@yexs and [ |ls = ||

L2(Q)3><3 .

Proof. Due to the linearity of the operator D, we observe that S is a subspace
of L2(9)3*3. In addition, due to the continuity of the operator D, we can
prove that S is a closed subspace of L2(Q)3*3. Indeed, let (1,), C S, such
that:

T, — Tin L2(Q)*% as n — .

Let (vy), C V, such that 7, = Dwv, for all n € N. Since (Dwv,), is a
convergent sequence in L2(2)3*3, then (Dw,), is a Cauchy sequence too.
By (12), we deduce that (v,), is a Cauchy sequence in V. As V is a Hilbert
space, we conclude that (v,,), is a convergent sequence in V. Let us denote
by v € V its limit. Therefore:

v, —vinV as n — oo.
Since D is a continuous operator, then:
Dv,, — Dv in L2(Q)**3 as n — oc.
However:
Dv,, — 7 in L}(Q)>*% as n — co.
Due to the uniqueness of the limit, we obtain:
T = Dv.
Therefore, 7 € S. So, S is a closed subspace of a Hilbert space. O

Everywhere below, we will denote by S’ the Hilbert space which is the
dual of the space S.
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3. A Weak Formulation with Lagrange Multipliers
We assume that the data f, g,n fulfill the following hypothesis:
(H) f, € L*(2)® and g,n > 0.

Let u, o, and p be regular enough functions satisfying Problem 1. For
allv e V:

—/Divo-'~vda:+/(u-V)u-vdx+/Vp-vdx:/f0~'vda:.
Q Q Q Q
(16)

Keeping in mind the definition of the deviatoric tensor ¢’ and using the
integration by parts formula, we deduce that, for all v € V:

t
/Divo'/~vdx/Divo‘~vdx+/Div<Tace(a)I>~vdx
Q Q Q 3

:—/Diva-vdm.
Q

Using again the integration by parts formula:

/Vp~'vd:c:/ pvde—/pdivvdz:O. (17)
Q o Q

Hence:

—/Diva-vdx+/(u~V)u~vdx: fo-vdr forall veV.
Q Q o

And from this, using a Green formula:

/0':Dvdx+/(u-V)u~vdaz:/f0~vda:—|—/ ov-yvdl' forallveV.
Q Q Q 1)

Since
oV -YU=0,U, +0; Vg,

where v, = v — v, v, then

/a:Dvdx—l—/(u-V)u-vdx:/fo-vdx
Q Q Q
+/ au-’yvdl"—i—/(al,vl,—i—aT-vT)dF for allv € V.
T, I

Because yv =0 a.e. on I'y, v, =0 and o, = 0 a.e. on I'y, we obtain:

/a:Dde+/(u~V)u~vdx:/fo-'vdx.
Q Q Q

On the other hand, keeping in mind the definition of the deviatoric stress
tensor o’ and taking into account that divv = 0 a.e. in 2, we deduce that:

/U:Dvdx:/U':Dvd:cforall'UGV.
Q Q
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Therefore:

Qn/Du:Dvder/(o'/anDu):D'vdx
Q Q

—Q—/(u'V)u'vdx:/fO%de forall veV.
Q Q
Let us define:

a:VxV >R, a(u,v)=2n [ Du:Dvdz,
Q

J:VxVxV =R, J(u,v,w):/(u~V)v-wdx,
Q

fevy, (f,v)V:/f0~vdm for all v eV,
Q

MJOM

(18)

(19)
(20)

(21)

Aes’, <)\,T>S/75:/(0'/7277Du):7'd9: forall €5, (22)
Q

where, by (,)s.s, we denote the duality product between S’ and S. Also, we

introduce the set of the Lagrange multipliers:

A={pes’| <M,T>S/75§/g”7”§3dl‘ for all 7€ S}.
Q

(23)

The Lagrange multiplier A introduced by (22) is an element of A. To

justify this, we have to prove that:
lo'(x) — 2n Du(zx)||ss < g ae. x €.
Indeed, let & € Q. If Du(x) # 0, then:

o' (2) — 20 Du(a)ss = Hg| Du(@ || _

|Du(z)]|ss

S3
Otherwise, if Du(x) = 0, then:

lo"(z) — 2n Du(z)|lss = [l (2)]|s» < g.

Thus, |’ —2nDullss < g a.e. on Q. Therefore, X € A.
Let us define a bilinear form:

b:VXS/_)Ra b(va/'l’):</'l’aDv>S’,S~
Using (18)—(24), we obtain the following variational equation:
a(u,v) +b(v,\) + J(u,u,v) = (f,v)y forallveV.

Furthermore, we have:

b(u, b — A) = b(u, ) —b(u, ) = (u, Duyg s — (X, Du)g s.

Obviously, for all p € A:

(1, Dujrs < /Q 9] Dulss de.
On the other hand:

(X, Du)sr g = /Qg |1 Du||ss dex.
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To justify (28), we have to prove that, a.e. & €
(o/(z) — 2n Du(x)) : Du(z) = g/ Du()|s:.

Indeed, let € 2. If Du(x) = 0, then:

(0'(z) — 2n Du(x)) : Du(x) =0 = g || Du(z)||s:.
Otherwise, if Du(x) # 0, then:
B Du(x) .
~Dua)fes
= gl Du(z)|ss-
Consequently, by (26)—(28), we get the following variational inequality:

bu,pup—A) <0 forall peA. (29)
Thus, we obtain the following weak formulation of Problem 1.

Problem 2. Finduw € V and A € A C S’, such that (25) and (29) hold true.

(o'(x) — 2n Du(z)) : Du(x) Du(x)

4. Abstract Results

Let (X,(, )x, |l llx), Y5(, )y, |l |ly) be two Hilbert spaces, a : X x X — R,
b: X xY — R two bilinear forms, J : X x X x X — R a trilinear form, f a
given element in X, and A a subset of Y.

We draw the attention to the following mixed variational problem.

Problem 3. Given f € X, find (u,\) € X x A, such that:
a(u,v) +b(v,\) + J(u,u,v) = (f,v)x for allv e X,
blu,p—A) <0 forallpe ACY.
We focus on existence, uniqueness, and stability results under the fol-

lowing hypothesis.

Assumption 1. (Sp) (X, (, )x,|llx), (Y(, )y, |ly) are two real Hilbert
spaces.
(A) A CY is a closed, convex subset that contains Oy .
(a) The bilinear form a : X x X — R is continuous of rank M, > 0 and
X-elliptic of rank m, > 0.

(J1) The trilinear form J : X x X x X — R is continuous of rank M; > 0.
(J2) J(u,v,w)+ J(u,w,v) =0 for all u,v,w € X.
(b1) The bilinear form b: X x Y — R is continuous of rank M;, > 0.
. : b(v, 1)
(b2) There exists a > 0 : inf ey 0y SUPyex 120+ Tl Tl > a.

() MylIfllx < mg.

Theorem 2. Under Hypothesis 1, Problem 8 has an unique solution. More-
over:

1
Jullx < = 11fllx, (30)

M, M
Iy < M (14 ey 2 ). (31)



164 Page 10 of 16 M. C. Cojocaru, A. Matei MJOM

Let0 <e<m?2 and X = {f eX :|fllx < Ta _E} . Let (u1, A1), (u2, A2) €
X X A be the solutions of Problem & corresponding to the data f1, fo € X,
respectively. Then, there exists Q = Q(e, mqy, M,) > 0, such that:

Jur — usl|x + [|A1 = Aelly < Qfr — follx- (32)

Proof. Let p € X. We consider the following auxiliary problem: given f,p €
X, find (up, A,) € X x A, such that:

a(up,v) +b(v,A,) + J(p,up,v) = (f,v)x forall velX, (33)

b(up, it —A,) <0 forall peACY. (34)

Let us define a, : X x X — R as follows:
a,(u,v) = alu,v) + J(p, u,v).

We observe that a, is a continuous bilinear form of rank M, + M;||p| x.
Moreover, keeping in mind Hypothesis 1, we observe that a,(w,w) = a(w, w)
for all w € X. Hence, a, is X-elliptic of rank m,,.

Because a, is not a symmetric form, then the auxiliary problem is not a
saddle point problem. However, according to Theorem 3.1 in [14], the problem
(33)-(34) has an unique solution (up, Ap) € X X A.

Notice that u, < —||f||X This follows from (33) and (34) by setting

v =1, and g = Oy. Let us introduce the set:

o { € X+ oy < ||f||x}7
ur

which is a nonempty, closed, convex subset of X.
We define an operator T': K — K, Tp = u, (u, is the first component
of the unique pair solution of the problem (33)-(34), (u,,\,) € K x A).
The operator T is a contraction. Indeed, let p1, p2 € K. To simplify the
writing, we make the following notation u,, = u;, A\,, = A;, for ¢ € {1,2}.
Since:

a(ui,v) +b(v, \i) + J(pi, ui,v) = (f,v)x forallve X,
bluj, pp—X;) <0 forall p €A,

observing that J(p1, u1, uy —uz) — J(p2, w2, u; —ug) = J(p1 — pa, u1, u1 — us),

J
£l x llpr — p2llx [Jur — uz||x. Hence:
a

we deduce my, ||ug — uz|% <

My
7o~ Tpallx < 2 lx llx — palx.
a

Thus, keeping in mind Hypothesis 1 (i), we conclude that T is a contraction.

Let p* be the unique fixed point of T'. The pair (u,+, A,+) is a solution of
Problem 3. In fact, this is the unique solution. Indeed, let (u1, A1), (u2, A2) €
X x A be two solutions of Problem 3. Therefore:

a(uy — ug,v) +b(v, A\ — A2) + J(u1,ur,v) — J(uz, uz,v) = 0. (35)
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However:

J(uy,uy,v) — J(ug, us,v) = J(uy,us — usg,v)
—J(u1 — ug,u1 — u2,v) + J(ug — ug,u1,v). (36)

Setting v = u1 — uz in (35), since b(u1 — u2, Aa — A1) < 0, we obtain:

My
malluy — w3 < —= Hf||XHU1 — us| %

Keeping in mind that m?

veEX:

> MJ||fHX7 we obtain u; = ug. Then, for all

b(v, \1 — A2) = —a(uy —ug,v) — [J(u1,u1,v) — J(ug,uz,v)] = 0.

Using the inf-sup property of the form b, see Hypothesis 1 (b2), we deduce
that [[A1 — Az|ly < 0. Therefore, A\; = A\y. Therefore, Problem 3 has a unique
solution (u,A) € X X A, u = uy-, A = Ap». Since u,- € K, we get (30).
Moreover, as:

b(v, ) = (£.)x — a(u,v) — J(u u,v)
(||f|x+ | fllx MJ”{”X)||vX,

a

we get (31) based on the inf-sup property of the form b.
Let fi,fo € X and let (u;, A\;) be the corresponding solution to f;,
ie{l,2}. Forallve X :

a(ur —ug,v) + b(v, A — Aa) + J(u1,u1,v) — J(ug,uz,v) = (fi — f2,v)x
Setting v = u; — us, since
b(up —ug, Ao — A1) <0
and
J(ug,ur,up —ug) — J(ug, ug, ug —ug) = J(ug — ug, ug, u; — ug),

we obtain:

Ix flus = ua%-

ma |lur —uz|% < I1f1 = follx llua

Hence,

My fillx i follk | kllur —uall%
<m“_ma lur = ok < 5k 2

with k£ > 0. Choosing k = mi’ we are led to:

a

m
fur —uallx < —If1 = fallx. (37)
19
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On the other hand:
b(v, A1 = A2) < ||f1 = fellx [[vllx + Ma flur — ua|[x [[v]lx
+|J(ug,up —ug,v)| + |J(u1 — ug, ug, v)]

< A= falix vllx + Ma llur — uellx [lv] x

1f1llx + [1f2llx u

+M; 1 — uzl|x v x-
Mg

Thus, by the inf-sup property of the form b, we obtain:
allAd = Xally < |Ifi = fallx + Ma [lur — uzf|x + MJ”ﬁ”me lur — uelx.
Consequently, using (37) and taking into account that f1, fo € X, we get:

A1 = Xelly <<€llfy — fallx, (38)

~ a Ma 2 z2_
where g = a1 |1+ 2 +2(m, —€) . Taking into account (37) and (38),
€
we obtain (32) with: Q = Ma | % O
€

5. The Well-Posedness of Problem 1

In this section, we study the well-posedness of Problem 1 based on the ab-
stract results obtained in Sect. 4, Theorem 2.

Theorem 3. Under the hypothesis (H), if fo is small enough, then Problem
1 has an unique weak solution (u,A) € V- x S’. Moreover, if f(lJ, fg are small
enough, then there exists M > 0, such that:

Jur — wollv + A1 = Xallss < M| fg = Fill L2, (39)

where (w1, A1), (u2,A2) € V X S’ are the solutions of Problem 1 correspon-
ding to the data f5, fo € L*(Q)3, respectively.

Proof. Notice that V(= X) and S'(= Y) are Hilbert spaces, and so, Hy-
pothesis 1 (Sp) takes place. Obviously, a in (19) is a bilinear, continuous and
X-elliptic form, with M, = m, = 27. Therefore, (a) in Hypothesis 1 holds
true. Also, keeping in mind (23), it is easy to check Hypothesis 1 (A).

Let us show that (J1) in Hypothesis 1 holds true. Clearly, J in (20) is
a trilinear form. Let us prove the continuity of .J. For all u, v, w € V :

> ov;

<> [ hul|5e
”2:1 o |0z
Setting p = 4 in (18) and 7 = Vw in (18), we observe that:

|w;| de.

1 (21,0, 20)]| = \/Qm-vw-wdx

|J(u, v, w)| < 9|‘UHL4(Q)3||'LUHL4(Q)3||VUHLZ(Q)3><3.
Therefore:
| (w, v, w)| < 9T w|| g (o) w2 0] #r0)2
< 9¢ ev/el||ulll g s 1ol s |l [w | 1 )s

< 9¢f evee |lullv vl lwl|v,
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where ¢; > 0 is the constant corresponding to the continuous embedding

HY(Q)3 C L4(Q)3, ¢ > 0 is the constant in (9), and cx > 0 is the constant

in the Korn’s inequality in Theorem 1. We can choose M = 9¢? ¢ ccl_(?’.

To proceed, we check the validity of (J2) in Hypothesis 1

J(u, v, w) + J(u, w, v) = Z/(% wz+u]g )

i,j=1
:Z Uj— Ulwl

1= 1/ 3
:Z/ uj v w; vy dl — 2/8 v; w; dx
i,j=1 Lj

/ ul,'yv-'ywdl"—/v-wdivudxzo.
29 Q

Remark that the term faQ u,yv - yw dI is well defined. Indeed, setting = 3
n (10), we have yu, yv, yw € L3(0Q)3. Since v € L*(90Q)3, then (yu -
v)(yv - yw) € L' (99).

It is easy to see that the form b in (24) is bilinear and continuous with
M, = 1. Thus, Hypothesis 1 (b1) is fulfilled. Moreover, as:

o <N7T>S',S
|lls = sup =
res,r20s  ||ITlls
D ’
S sup <I’l’7 U>S S
veV,v#£0y | Dvlls
_ b(v, p)
veV,v£0y lvllv

Hence:

inf sup b(v, 1) >1

uGS’ u#0s/ v eV, v£0y m -

Let us take aw = 1. Therefore, (b2) in Hypothesis 1 holds true. Therefore, due
to Theorem 2, Problem 1 has an unique weak solution.

Due to (21), if f is small enough, then || ||y is small enough, such that
(i) in Hypothesis 1 is fulfilled.

Let us define now f, € V, such that:

( i,v)vz/ fo-vdx forallveV,ic{l,2}.
Q
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Since

(f1—Fav)v _ fﬂ(f(lJ - f(%) ‘vdr < ||f(1) - fg||L2(Q)3||’UHL2(Q)3

[vllv [vllv [v]lv
< 1£6 — Follzzs vl s
- vy
1l g2 D
< cx I1fo foHL?(Q)SH U||L§(Q)3><3

|v[lv
=cx 1fo — Fillzzoss

we get
If1 = Fallv < e 1Fo = Follzoys-

Using now Theorem 2, we obtain immediately (39), with M = c' Q. O
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