Z. Angew. Math. Phys. (2019) 70:127
(© 2019 Springer Nature Switzerland AG
0044-2275/19/040001-17

published online July 22, 2019 Zeitschrift fiir angewandte

https://doi.org/10.1007/s00033-019-1173-4 Mathematik und Physik ZAMP
Check for
updates

Optimal control for a class of mixed variational problems
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Abstract. The present paper concerns a class of abstract mixed variational problems governed by a strongly monotone
Lipschitz continuous operator. With the existence and uniqueness results in the literature for the problem under consider-
ation, we prove a general convergence result, which shows the continuous dependence of the solution with respect to the
data by using arguments of monotonicity, compactness, lower semicontinuity and Mosco convergence. Then we consider an
associated optimal control problem for which we prove the existence of optimal pairs. The mathematical tools developed in
this paper are useful in the analysis and control of a large class of boundary value problems which, in a weak formulation,
lead to mixed variational problems. To provide an example, we illustrate our results in the study of a mathematical model
which describes the equilibrium of an elastic body in frictional contact with a foundation.
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1. Introduction

Mixed variational problems are widely used in the study of many nonlinear boundary value problems
with or without unilateral constraints. Their numerical treatment is efficient and accurate, and for this
reason, mixed variational formulations have a large number of applications in engineering sciences and,
in particular, in solid and contact mechanics. The literature in the field has been growing rapidly in the
last decades. Existence and uniqueness results in the study of stationary mixed variational problems with
multipliers, together with various applications in solid mechanics, can be found in [4,5,7,9,12,30,35,46].
References concerning the analysis, numerical treatment and applications in the contact problems of
mixed variational problems and their related problems include [2,10,11,13,15,16,18,27,32,37,38,43,49].

The optimal control theory deals with the existence and, when possible, the uniqueness of optimal
pairs, as well as their characterization via optimality conditions and their numerical approximation.
Optimal control problems for variational and hemivariational inequalities have been discussed in several
works, including [3,6,19,23,25,26,29,36,44,45]. Due to their important industrial applications, during
the last years, many authors payed attention to the optimal control of mathematical models which arise
in contact mechanics in the framework of both variational and hemivariational inequalities. References in
the field include [1,22,24] and [33,47], respectively. In contrast, the literature of optimal control of mixed
variational problems is quite poor and the need for results in this topic is currently widely recognized.

The first aim of this paper is to contribute to filling this gap. Indeed, here we state and prove the
existence of optimal pairs for an optimal control problem associated with a general class of mixed varia-
tional problems in Hilbert spaces. The setting is quite general, and its novelty arises in the fact that the
control can be involved in all the data of the mixed variational problem. The existence of the optimal
pairs is based on an abstract convergence result we state and prove here, which is new and has interest
in its own.
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Our second aim in this paper is to illustrate the use of our abstract existence result in the study of
optimal control problems in contact mechanics. Due to its generality, the existence result we obtain in
the present paper can be applied to a wide class of optimal control problems associated with a given
mathematical model of contact. Its flexibility consists in the fact that we can choose as control a large
number of variables. Among them we mention the density of surface traction, the friction bound and the
elasticity coefficients.

The rest of the paper is organized as follows: In Sect. 2 we introduce the state problem, governed
by a nonlinear operator A, a bilinear form b, a set of constraints A and given data f. Then, we briefly
recall its unique solvability in the literature. In Sect. 3 we provide a convergence result which shows the
continuous dependence of the solution with respect to the data A, b, f and A of the problem. Then, in
Sect. 4 we consider an associate optimal control problem for which we prove the existence of the optimal
pairs, which is based on Weierstrass-type arguments. Finally, in Sect. 5 we illustrate the application of
our abstract results in the study of a mathematical model which describes the equilibrium of an elastic
body in frictional contact with a foundation. In particular, we consider three optimal control problems
associated with the model and, for each problem, we provide the existence of the optimal pairs and
present the corresponding mechanical interpretations.

We end this section with the following version of the Weierstrass theorem.

Theorem 1. Let (X, | - ||x) be a reflexive Banach space, K a nonempty weakly closed subset of X and
J : X — R a weakly lower semicontinuous function. In addition, assume that either K is bounded or J
is coercive, i.e., J(v) — 00 as ||v|]|x — oo. Then, there exists at least one element uw such that

u e K, J(u) < J(v) Vv e K. (1.1)

Theorem 1 will be used in Sect. 4 of the paper in order to prove the existence of optimal pairs. Its
proof is based on standard arguments which can be found in many books and survey as, for instance,
[17,34].

2. The state problem

Everywhere in this paper we assume that X, Y and Z are real Hilbert spaces endowed with the inner
products (+,")x, (-,-)y and (-, -)z. The associated norms will be denoted by || - ||x, || - ||y and || - ||z,
respectively. Moreover, Ox and Oy will represent the zero elements of the spaces X and Y, and X x Y
is their product space endowed with the canonical inner product. A typical element of X x Y will be
denoted by (u,A). Consider two operators A : X — X and 7 : X — Z,aform b: X xY — R, a set
A CY and an element f € Z. We associate with these data the following mixed variational problem.

Problem 2. Find u € X and A € A such that

(Au,v)x + b(v, ) = (f,7v) 2 Vo e X, (2.1)
blu,pp—A) <0 Ve A

In the study of this problem we consider the following assumptions, some of which could be found in
[48].

A: X — X is a strongly monotone Lipschitz continuous operator, i.e.,
there exist m > 0 and L > 0 such that

(a) (Au— Av,u—v)x >mlu—v|% Vu,veX;

(b) ||Au— Av|lx < L|ju—v||x Vu,veX.

(2.3)
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b: X xY — R is a bilinear and continuous form which satisfies
the inf-sup condition, i.e., there exist M > 0 and a > 0 such that
(@) [b(v,p)| < Mvllx|plly  YVwveX peY; (2.4)
b
(b) inf sup _bl.p) > a.
Y0y vexwzox [[0]lxllully

7 is a linear continuous operator, i.e., there exists ¢y > 0 such that
{ Irollz < co ollx Vo € X. (2:5)
A is a closed convex subset of Y such that 0y € A. (2.6)
Moreover, recall that
feZz (2.7)

We have the following existence and uniqueness result, which guarantees the unique solvability of
Problem 2.

Theorem 3. Assume that (2.3)—(2.7) hold. Then, Problem 2 has a unique solution (u,\) € X x A.

Theorem 3 represents a slightly modified version of Theorem 5.2 in [21] (the case when A is an
unbounded subset) and Theorem 2.1 in [20] (the case when A is bounded). Its proof is carried out in
several steps, based on arguments of saddle points and the Banach fixed point theorem.

3. A convergence result

The solution (u, A) obtained in Theorem 3 depends on A, b, f and A. In this section we state and prove
a convergence result of this solution with respect to these data, which represents a crucial ingredient in
the study of the optimal control problem we shall consider in Sect. 4. Unless stated otherwise, all the
limits, upper and lower limits, below are considered as n — oo, even if we do not mention it explicitly.
The symbols “—” and “—” denote the weak and the strong convergence in various spaces which will be
specified. Nevertheless, for simplicity, we write g, — ¢ for the convergence in R.

The functional framework is as follows. For each n € N we consider an operator A,, a form b,, an
element f, and a set A,, which satisfy assumptions (2.3), (2.4), (2.6) and (2.7), respectively, with constants
My, Ly, My, a,. To avoid any confusion, when used with n, we refer to these assumptions as assumptions
(2.3)n, (2.4)p, (2.6),, and (2.7),,. Then, if condition (2.5) is satisfied, we deduce from Theorem 3 that for
each n € N there exists a unique solution u,, for the following mixed variational problem.

Problem 4. Find u,, € X and \,, € A,, such that
(Aptiy, v)x + bp (v, \p) = (fn, ™) 2 Vv e X, (3.1)
b, (Un, pp — Ap) <0 V€A,
We now consider the following additional assumptions.

For any n € N there exist F,, > 0 and J,, > 0 such that
(a) |[Anv — Av|lx < Fy(|lv]|lx + 0,) forall v e X;

(b) lim F = 0; (3.3)
(¢) the sequence {d,,} C R is bounded.

There exists mg > 0 such that m,, > my Vn € N. (3.4)
For all sequences {z,} C X, {u,} C Y such that
Zn — 2z in X, p, — pin'Y, we have (3.5)

lim sup by, (w — zp, pin) < blw — z,u) Vw € X.
There exists g > 0 such that «,, > a9 Vn e N. (3.6)



127 Page 4 of 17 M. Sofonea, A. Matei and Y.-B. Xiao ZAMP

For all sequence {v,,} C X such that
v, = v in X, we have wv, - v in Y.

{A,} converges to A in the sense of Mosco, i.e.,
(a) for each pu € A there exists a sequence {uy,} such that

tn € Ay, for each n € Nand p,, —» pin Y5 (3.8)
(b) for each sequence {u,} such that

tn € Ay, for each n € N and p,, — pin Y, we have p € A.

fon—f in Z. (3.9)
Note that assumption (3.7) shows that the linear operator 7 : X — Y is completely continuous. Details
on the convergence of sets in the sense of Mosco can be found in [28]. Such convergence was used in the
recent paper [47] in the study of convergence results for elliptic and history variational-hemivariational
inequalities, respectively.
The main result of this section is the following.

Theorem 5. Assume (2.3)—(2.7) and, for each n € N, assume (2.3),, (2.4)n, (2.6),, and (2.7),,. Moreover,
assume (3.3)-(3.9) and denote by (un, ) and (u, \) the solutions of Problems 4 and 2, respectively. Then
the following convergences hold:

Uy — U in X, (3.10)
A=A in Y. (3.11)

The proof of Theorem 5 will be carried out in several steps that we present in what follows. Everywhere
below we assume that the hypotheses of Theorem 5 hold. The first step of the proof is the following.

Lemma 6. There exist a pair (u, X) € X XY and a subsequence of the sequence {(un, \n)}, still denoted
by {(un, An)}, such that u, = w in X and A, = X inY.

Proof. We first establish the boundedness of {u,} in X. Let n € N. We use assumption (2.6),, and test
in (3.2) with g = Oy to obtain that

by, (U, An) > 0.
We now take v = u,, in (3.1) and use the previous inequality to see that
(Anuna un)X S (fna 7Tun)Z~

Next, we write A,u, = Apu, — Ap0x + A,,0x and use assumptions (2.3),(a) and (2.5) to deduce that

Mltnllx < collfullz + [ An0x [1x. (3.12)
On the other hand, writing 4,0x = A4,,0x — A0x 4+ AO0x and using inequality (3.3) (a) yield
A 0x || x < Fndn + ||A0x || x- (3.13)

We now combine inequalities (3.12) and (3.13) and use assumption (3.4) to see that

1
[unllx < %(CO|‘f"||Z + Fudy + || A0x | x)-
Finally, we use assumptions (3.3)(b, ¢) and (3.9) to deduce that the sequence {u,} is bounded, i.e., there
exists K > 0 which does not depend on n such that
Jun||x < K. (3.14)

Next, we establish the boundedness of {A,} in Y. To this end, we use (2.1) and assumption (2.5) to
see that

b (0, X)) = (frs ™)z — (Antn, v)x < (collfullz + | Anuallx)llv]l x
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for all v € X, which implies that
b (v, An) - 1

sup < collfullz + Apunllx),
3 oy S Ty Oz + I Anunlx)
if \,, # Oy . Therefore,
. by, (v, ) 1
n sup S C f 7+ A X
et e SBo, Tolxllly = Thally (OMnl2 F Mntnll):

if A, # O0y. We now use assumption (2.4),, on the bilinear form b,, together with bound (3.6) to deduce
that

aol[Anlly < collfullz + | Anun x, (3.15)

both when \,, # 0y and when \,, = Oy.
Next, we use assumptions (3.3)(a) and (2.3)(b) to see that

”Anun”X < ”Anun - Aun”X + ”Aun”X
< Fu(llunllx +05) + [[Aun — A0x || x + [|A0x || x
< Fu(llunllx 4 05) + Lilunllx + [|A0x || x-

We now use assumptions (3.3)(b, ¢) and bound (3.14) to see that the sequence {A,u,} is bounded in X.
Using this result and assumption (3.9), inequality (3.15) implies that the sequence {A,} is bounded in
Y, i.e., there exists P > 0 which does not depend on n such that

[Anlly < P. (3.16)

Lemma 6 is now a direct consequence of inequalities (3.14) and (3.16) combined with a standard
reflexivity argument. O

The second step in the proof is given by the following convergence result.
Lemma 7. Assume that u,, — u in X and X\, — XinY. Then U, — u in X.

Proof. Let n € N. We test in (3.1) with v = u,, — U to obtain that
(Aptin, un — W) x + bp(up — 0, Ap) = (fro, TUp — TU) 2
and, therefore,
(Apun — Apt, uy — W) x = (fn, Tty — m0) z + (A, 0 — uy) x + bn (T — up, Ap).
We now use assumptions (2.3),(a) and (3.4) to see that
mollun — % < (fa, Tun — 70) 7 + (Apll, U — up)x + bn (T — Un, Ap). (3.17)
Note that the convergences f,, — f in Z, w,, — @ in X and assumption (3.7) imply that
(frs MU — ) 7z — 0. (3.18)
On the other hand, using (3.3)(a) we find that
(An

U, U —up)x = (Apt — AU, u — uy) x + (AT, U — uy) x
< |Anu — At x||un — || x + (AT, 0 — up) x
< Fu(l[ullx + 6n)llun — @l x + (A, u — up) x.

We now pass to the upper limit in this inequality and use assumptions (3.3)(b, ¢) and the convergence
u, — u in X to see that

limsup (A, @, u — uy,)x < 0. (3.19)
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Next, taking z, = upn, ftn, = A, and w = @ in (3.5) yields
limsup by, (4 — up, Ap) < 0. (3.20)
We now pass to the upper limit in inequality (3.17) and use (3.18)—(3.20) to deduce that
lim sup mol|un — @)% < 0

which concludes the proof. O
Lemma 8. The pair (u, X) is a solution of Problem 2.

Proof. We first recall that for each n € N we have A, € A,,. Moreover, using Lemma 6 it follows that
passing to a subsequence, still denoted {\,}, we have A, — X in Y. Therefore, assumption (3.8)(b)
implies that

XeA. (3.21)
Let n € N and v € X. We use assumptions (3.3)(a) and (2.3)(b) to see that
[Anun — At x < [[Anun — Augl|x + [[Aun — At x
< Fp(llunllx +0n) + L |lun, — | x
and, therefore, assumptions (3.3)(b),(c) and Lemma 7 imply that
Apuy, — Au in X (3.22)

On the other hand, we write condition (3.5) with 2z, = Ox, g, = Ay, w = v, and then with 2z, = v,
tn = Ay and w = Ox to obtain

limsup by (v, An) < b(v,A) and  b(v, \) < liminf b, (v, Ay),

respectively. These inequalities show that

b (v, An) — (v, \). (3.23)
Finally, note that convergence (3.9) implies that
(fnsm0)z = (f,70)z. (3.24)
Next, we pass to the limit in equality (3.1) and use convergences (3.22)—(3.24) to see that
(Au,v)x +b(v,\) = (f,mv)z. (3.25)

Consider now an arbitrary element € A. Using assumption (3.8) we know that there exists a sequence
{ptn} such that u,, € A,, for each n € N and p,, — p in Y. This allows to use inequality (3.2) to see that

bn('u/nuun - )‘n) S 0;
which implies
liminf by, (wp, pn — An) < 0. (3.26)

On the other hand, writing condition (3.5) with w = Ox, 2z, = u, and p, — A, instead of u, we deduce
that

lim sup bn(_unv,un - /\n) < b(—ﬂ,u - >‘)

or, equivalently,

b(i, o — N) < liminf by, (tn, pin — An)- (3.27)
We combine inequalities (3.26) and (3.27) to find that
b, i — A) < 0. (3.28)

Finally, we gather (3.21), (3.25) and (3.28) to conclude the proof of the lemma. O
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We are now in a position to provide the proof of Theorem 5.

Proof. Recall that Theorem 3 states the existence of a unique solution to Problem 2, denoted (u,A).
Therefore, it follows from Lemma 8 that v = u and X = A. A careful examination of the proof for
Lemmas 6-8 reveals the fact that the sequence {(u,,A,)} is bounded in X x Y and every subsequence of
{(tn, An)} which converges weakly in X x Y has the same limit (u, ). Therefore, by a standard argument
we deduce that the whole sequence {(un,A,}} converges weakly in X x Y to (u,\) or, equivalently,
U, — % in X and A, — X in Y. This implies that (3.11) holds. Moreover, Lemma 7 shows that the strong
convergence (3.10) holds, which concludes the proof of the theorem. 0

4. The optimal control problem

In this section we apply Theorem 5 in the study of a general optimal control problem associated with
Problem 2. To this end, we consider a reflexive Banach space W endowed with the norm || - ||y and a
nonempty subset U C W. For a pair (6,p) with = (u,\) € X xY and p € W we use the short-hand
notation (u,v,\) and we still refer to this triple as a pair. For each p € U we consider an operator A,, a
form b, a set A, and an element f, which satisfy assumptions (2.3), (2.4), (2.6) and (2.7), respectively,
with constants my,, Ly, My, oy,. To avoid any confusion, when used with p, we refer to these assumptions
as assumptions (2.3),, (2.4),, (2.6), and (2.7),. Then, if condition (2.5) is satisfied, we deduce from
Theorem 3 that for each p € U there exists a unique solution (u,, A,) for the following problem.

Problem 9. Find u, € X and A\, € A, such that
(Apup, v)x + bp(v, Ap) = (fp, )z Vo e X, (4.1)
by (up, pt — Ap) <0 Ve A, (4.2)
We now define the set of admissible pairs for Problem 9 as follows:
Vaa ={(u,\,p) : peU, u=1uy, X=X, }. (4.3)

In other words, an element (u, A, p) belongs to V,q if and only if p € U and, moreover, (u, ) is the
solution to Problem 9, i.e., u = u, and A = A,. Consider also a cost function £: X x Y x U — R. Then,
the optimal control problem we are interested in is the following.

Problem 10. Find (u*, \*,p*) € V,q such that

LW\ p*)= min  L(u,\,p). (4.4)
(w,A\,p)€Vaa
Following the terminology used in the optimal control theory, a pair ((u*, \*),p*) € (X x A) x U such
that (u*, \*, p*) is a solution to Problem 10 is called an optimal pair. In this case p* represents an optimal
control and (u*, A\*) is an optimal state.
To solve Problem 10 we consider the following assumptions.

U is a nonempty weakly closed subset of W. (4.5)
For all sequences {u,} C X,{\,} CY and {p,} C U such that
U, —u in X, Ay =X in Y, p, —=p in W, we have (4.6)
liminf L(wn, An,pn) = L(u, A, p),
There exists h : U — IR such that
(a) L(u,\,p) >h(p) YueX, NeY, peUl, (4.7)

(b) llpnllw — +o00 = h(pn) — oo
U is a bounded subset of W. (4.8)
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Ezample 11. A typical example of function £ which satisfies conditions (4.6) and (4.7) is obtained by
taking

L(u, A\, p) = g(u) + k(X)) + h(p) Yue X, NeY, peU,

where g : X — IR, is a lower semicontinuous function, k£ : ¥ — IRy is a weakly lower semicontinuous
function, and h : U — IR is a weakly lower semicontinuous and coercive function, i.e., it satisfies condition
(4.7)(b).

Our main result in this section is the following.

Theorem 12. Assume (2.3),, (2.4),, (2.6), and (2.7), for any p € U. Moreover, assume (2.5), (4.5), (4.6)
and either (4.7) or (4.8). In addition, assume that for any sequence {p,} C U such that p, — p in W,
conditions (3.3)—(3.9) are satisfied with A, = A, , A= A,, mp =my,, m=my, by =b, , ap =y,
a=ap Ay =AM, , A=Ay, fr=fp,, [ = fp. Then Problem 10 has at least one solution (u*,\*,p*).
Moreover, the set of solutions is weakly sequentially compact.

Proof. We consider the function J : U — IR defined by

J(p) = L(up, Ap,p)  VpeU (4.9)

together with the problem of finding p* € U such that
J(p*) = min J(p). 4.10
(p7) = min J(p) (4.10)

We shall use Theorem 1 in order to see that the optimization problem (4.10) has at least one solution.
Assume that {p,} C U is such that p,, = p in W. Then, since conditions (3.3)—(3.9) are satisfied in the
sense prescribed in the statement of Theorem 12, we are in a position to apply Theorem 5 in order to
obtain that u,, — u, in X and A\, — A, in Y. Therefore, using definition (4.9) and assumption (4.6)
we deduce that

liminf J(p,) = liminf L(uy, , A, Pn) = L(up, Ap, p) = J(p).

It follows from here that the function J : U — R is weakly lower semicontinuous.
Assume now that (4.7) holds. Then, for any sequence {p,} C U, we have

J(pn) = ‘C(upn’ Apn’pn) Z h(pn)

Therefore, if ||p,||lw — oo we deduce that J(p,) — oo which shows that J : U — R is coercive. Recall
also assumption (4.5) and the reflexivity of the space W. The existence of at least one solution to problem
(4.10) is now a direct consequence of Theorem 1. On the other hand, if we assume that condition (4.8) is
satisfied we are still in a position to apply Theorem 1. We deduce from here that, if either (4.7) or (4.8)
holds, then there exists at least one solution p* € U to the optimization problem (4.10).
Denote by v* and A* the elements of X and A given by u* = wu,- and A* = A, respectively. Then,
(4.3) implies that
(u*, A", p") € Vaa. (4.11)
On the other hand, (4.10) and (4.9) yield
L(u*, N, p*) < L(u, A, p) Y (u, A, p) € Vaa. (4.12)
Inclusion (4.11) and inequality (4.12) show that the triple (u*, A\*, p*) is a solution of Problem 10.
Assume now that {(u}, A%, pi)} is a sequence of solutions to Problem 10. We claim that the sequence
{p:} is bounded in W. Indeed, the claim is obviously satisfied if (4.8) holds. Assume now that (4.7) holds.

Then, arguing by contradiction, if {p}} is not bounded in W we can find a subsequence, still denoted by
{p}}, such that ||p}|lw — oo and, using assumption (4.7) we deduce that

L, Ay, py) — 00. (4.13)

n
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On the other hand, by the optimality of (u}, \:,p}) we have
L(up, Ayspr) < L(uo, Aospo) — Vn €N, (4.14)

where (ug, Ao, po) is a given arbitrary element of V,q. Relations (4.13) and (4.14) lead to a contradiction,
which proves the claim.

The claim allows us to find an element p* € W such that, passing to a subsequence still denoted by
{ps} we have

p, —p* in W. (4.15)

Therefore, Theorem 5 implies that
uy —u* in X, (4.16)
A= A" in Y, (4.17)

where, here and below, u* = up+, A* = A,+. Note that assumption (4.5) guarantees that p* € U. Therefore,
definition (4.3) implies that

(u”, A", p") € Vaa (4.18)

We now use convergences (4.15)—(4.18), assumption (4.6) and inequality (4.14) to see that
L(u*, N, p*) < L(ug, No,Po) Y (1o, Aoy Do) € Vad- (4.19)
We now combine (4.18) and (4.19) to see that (u*, \*,p*) is a solution of Problem 10, which concludes
the proof. 0

5. An elastic frictional contact problem

The abstract results in Sects. 3—4 are useful in the study of various mathematical models which describe
the equilibrium of elastic bodies in contact with a rigid or a deformable foundation. In this section we
illustrate their use in the study of a very simple contact model. For the description of more complicate
models as well as for details on the notations and preliminaries introduced below we refer the reader to
[8,14,31,34,39-42].

We consider an elastic body which occupies a bounded domain Q C R? (d = 2,3) with a Lipschitz
continuous boundary T, divided into three measurable disjoint parts I';, I'y and I's3 such that meas (I'y) >
0. The body is fixed on I'y, is acted by given body forces and given surface tractions on I's, and is in
frictional contact with an obstacle on I'3. Then, under additional mechanical assumptions which will be
described below, the equilibrium of the elastic body in the physical setting above is described by the
following boundary problem.

Problem 13. Find a displacement field w :  — R? and a stress field o : Q — S% such that

o = Fe(u) + w(e(u) — Pge(u)) in Q, (5.1)

Divo + fy=0 in €, (5.2)

u=0 only, (5.3)

ov=Ff, only, (5.4)

w, =0, |o.|<g or=-—g HZiTH if w, #0 onl's  on T's. (5.5)

Here and below in this section we do not mention the dependence of various functions and data with
respect to the spatial variable € Q UT. Notation S? represents the space of second-order symmetric
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tensors on R? or, equivalently, the space of symmetric matrices of order d. The inner product and norm
on R% and S? are defined by

UV = U, lv]| = (v- v)? Vu,v € RY
o-T=0ym;,  |Tl=(-1)3F Veo,res?

and the zero element of these spaces will be denoted by 0. Also, v is the outward unit normal at I" and u,,,
u, will represent the normal and tangential components of w on I' given by v, = w-v and w, = u—u,v,
respectively. Finally, o, and o, denote the normal and tangential stress on T', that is ¢, = (ov) - v and
o, =0V —O0,V.

We now provide a short description of the equations and boundary conditions in Problem 13. First,
Eq. (5.1) represents the elastic constitutive law of the material in which F is assumed to be a nonlinear
constitutive operator, e(u) denotes the linearized strain field, w is a given elasticity coefficient, and Pg
denotes the projector on the convex set B C S¢, which is assumed to be closed and nonempty. Equation
(5.2) is the equation of equilibrium in which f represents the density of body forces and Div denotes the
divergence operator. We use it here since the contact process is assumed to be static and, therefore, the
inertial term in the equation of motion is neglected. Conditions (5.3), (5.4) represent the displacement
and traction boundary conditions, respectively. Here, f, denotes the density of given surface tractions
which act on the part T'y of the boundary. Finally, condition (5.5) represents the interface law on the
contact surface. Equality uw, = 0 shows that there is no separation between the body and the obstacle,
i.e., the contact is bilateral. The rest of the condition in (5.5) represent the static version of the Tresca’s
friction law, in which g > 0 denotes the friction bound, assumed to be given.

In the study of the contact problems (5.1)—(5.5) we assume that the elasticity operator F and the set
B satisfy the following conditions.

(a) F:QxS?— s
(b) There exists Lz > 0 such that
|F(@,e1) = F(,€2)]| < Lrler — s
Vei,es €S% ae. x e
(¢) There exists mz > 0 such that

(Fla,e1) — Fl.e2)) - (61— &3) = mr 1 — s >0
Vei,e0 €S ae x e
(d) The mapping  — F(x,€) is measurable on €2,
for any e € S%.
(e) F(x,0) =0, ae. x €.
B(x) is a closed convex subset of S? such that 0 € B(z), a.e. z € Q. (5.7)

Moreover, we assume that the elasticity coefficient, the densities of body forces and tractions, and the
friction bound are such that

w >0, (5.8)
fo € L*(Q), (5.9)
fo€ L), (5.10)
920. (5.11)

Everywhere in this section we use the standard notation for Sobolev and Lebesgue spaces associated
with Q and I', endowed with their canonical inner products and associated norms. We denote by - :
H'(Q)% — L?(I')? the trace operator, and for an element v € H*(2)?, we use the notation v, and v, for
the normal and tangential components of v on I', that is, v, = yv - v and v, = yv — v, v, respectively.
Moreover, we consider the space

X={veH Q) yv=0 on Ty, v,=0 on T3},
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which is a real Hilbert space endowed with the canonical inner product

(u,v)x = /e(u) -e(v)dr (5.12)

Q
and the associated norm || - || x. Recall that e represents the linearized strain operator, that is
1
e(u) = (eij(u),  eij(u) = 5 (uij +ujz),
where an index that follows a comma denotes the partial derivative with respect to the correspond-
ing component of x, e.g., u;; = g;?. The completeness of the space X follows from the assumption
J

meas (I'1) > 0 which allows the use of Korn’s inequality.

We now follow [21] and recall that the space 7(X) is a closed subspace of the Hilbert space v(H*(£2)?)
and, therefore, is a Hilbert space. Let Y be its dual (which, in turn, can be organized as a real Hilbert
space) and denote by (-, -) the duality pairing between Y and ~(X). Recall also that v(X) is continuously
embedded in L?(T")?. Finally, we need the space Z = L?(2)% x L?(I')? equipped with the canonical inner
product.

Next, we introduce the operators A: X — X and 7: X — Z, theformb: X xY — R, theset ACY
and the element f € Z as follows:

(Au,v)x = [ Fe(u)-e(v)dz+w [ (e(u) — Ppe(u)) - e(v) dz
—

Q
Vu, v € X, (5.13)
b(v, p) = (p, ), VveX, pey, (5.14)
v = (v,720) Vove X, (5.15)
A={uey s w g <g [lelda v ()}, (5.16)
T3
f= (f07.f2)~ (5-17)

Here and below, v € L2(T'2)? denotes the restriction to 'y of the trace yv € L2(I")9, for any v € X.
Moreover, note that definition (5.15) implies that

(f,mv)z = [ fo-vde+ | fy-12vda VveX. (5.18)
[#e]

We now introduce a new variable, the Lagrange multiplier, denoted by A. It is related to the friction
force o, on the contact zone I's by equality
()\,5>:7/0'T~A6da Yo € v(X). (5.19)
s
The variational formulation of Problem 13 in terms of Lagrange multipliers was derived in [21] in the
case w = 0, based on integration by parts and equalities (5.18) and (5.19). Using the same arguments, it
is easy to derive the following mixed formulation of Problem 13.
Problem 14. Find uw € X and XA € A such that
(Au,v)x +b(v,A) = (f, mv)z Yo eV, (5.20)
bu,p—A) <0 VpeA. (5.21)

The unique solvability of Problem 14 is given by the following existence and uniqueness result.

Theorem 15. Assume (5.6)—(5.11). Then, Problem 14 has a unique solution (u,X) € X x A.



127 Page 12 of 17 M. Sofonea, A. Matei and Y.-B. Xiao ZAMP

Proof. Let u, v, w € X. We use definition (5.13), assumptions (5.6)(b), (5.7), (5.8) and the nonexpansivity
of the projection operator Pp to see that

(Au — Av,w)x < (Lr + 2w)|u —v| x||w|x-
This proves that
| Au — Av|lx < (L +20)u - v x.

for all w, v € X, which implies that A is a Lipschitz continuous operator, i.e., it satisfies condition
(2.3)(b). On the other hand, using assumption (5.6)(c) and the nonexpansivity of Pp, again, we find
that

(Au — Av,u —v)x > mz|u —v|%, (5.22)
for all w, v € X. This shows that condition (2.3)(a) holds with m = mz. We conclude from above that
the operator A defined by (5.13) satisfies condition (2.3).

The form b given by (5.14) satisfies condition (2.4). For the proof of this statement we refer the reader
to [21], for instance. Moreover, it is obvious to see that the operator  defined by (5.15) satisfies condition
(2.5). On the other hand, assumption (5.11) shows that the set A defined by (5.16) satisfies condition

(2.6) and, finally, assumptions (5.9), (5.10) imply (2.7) for the element f given by (5.17). Therefore,
Theorem 15 is now a direct consequence of Theorem 3. 0

A pair (u,A) € X x A which satisfies (5.20) and (5.21) is called a weak solution to Problem 13. We
conclude from here that Theorem 15 provides sufficient conditions which guarantee the weak solvability
of the contact problems (5.1)—(5.5).

We now study the continuous dependence of the solution to Problem 14 with respect to the data w,
fo, f2 and g. To this end, we consider the product space W =R x L*(Q)? x L?(I')¢ x R endowed with
the canonical Hilbertian norm and let U be the subset of W defined by

ﬁ:{p:(w,fo,fQ,g)EW cw>0, g>0}. (5.23)

Theorem 16. Assume (5.6) and (5.7), and for each p = (w, fo, f2,9) € (NI, denote by (up, X,) the solution

of Problem 14 obtained in Theorem 15. Then, for each sequence {p,} C U such that p, — p in W, the
following convergences hold:

Up, — Up in X, (5.24)
Ap, A,  in Y (5.25)

Proof. Let {p,} C U be a sequence of elements in U such that Dn = (Wny Fons Fans gn)- For each n € N,
let Ay, : X — X, A, CY and f,, € Z be defined by equalities

(Apu,v)x = /fe(u) ce(v)dr + wn/ (e(u) — Ppe(u)) - e(v) dz
Q

Q
Vu, v e X, (5.26)
N={uey  (ug < gn/nsnda ve e (X)), (5.27)
I's

Moreover, for simplicity, denote u,, = u, and A, = X,. Then it follows that u,, € X, A,, € A,, and, in
addition,

(Apun,v)x +b(v,A) = (f,, ™)z Vv e X, (5.29)
b(Up, b —Ay) <0 Ve A, (5.30)
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Assume now that

pn:(wn7f0naf2n7gn)_\p:(waf07f2ag) in W
which implies that

Wy, — W, (5.31)
fon = fo in LX) (5.32)
foo = fy i L*(T2)7, (5.33)
gn — g- (5.34)

Our aim in what follows is to apply Theorem 5 in the study of the mixed variational problems (5.29)—
(5.30) and (5.20)—(5.21), and to this end, we check the validity of conditions (3.3)—(3.9).

First, we use convergence (5.31) to see that condition (3.3) is satisfied with F;, = 2 |w, —w| and §,, = 0.
Moreover, inequality (5.22) shows that condition (3.4) holds, too. Next, we note that conditions (3.5) and
(3.6) are obviously satisfied, since b,=b for each n € N and b satisfies condition (2.4). On the other hand,
the compactness of the embedding X C L?(2)¢ combined with the compactness of the trace operator
ve : X — L?(I'5)% shows that operator (5.15) satisfies condition (3.7). Assume that g > 0. Then, for n
large enough we have g, > 0 and, therefore, A,, = %"A. Using now the convergence (5.34) it is easy to
see that condition (3.8) holds. On the other hand, if g =0 we have A C A,,, for each n € N. Using again
convergence (5.34) we deduce that (3.8) still holds. We conclude from above that, in any case, condition
(3.8) is satisfied. Finally, we note that convergences (5.32) and (5.33) imply (3.9) for f,, and f given by
(5.28) and (5.17), respectively.

Now we are in position to use Theorem 5 in order to deduce that u,, — w in X and A, = Ain Y.
This shows that convergences (5.24) and (5.25) hold, which concludes the proof. O

Besides the mathematical interest, the convergence results (5.24) and (5.25) are important from me-
chanical point of view since they provide the continuous dependence of the weak solution of Problem 13
with respect to the elasticity coefficient, the densities of the body forces and surface tractions, and the
friction bound.

We now provide three examples of optimal control problems associated with Problem 14 for which the
abstract result in Theorem 12 holds. Everywhere below we assume that (5.6)-(5.7) hold and U represents
the set given by (5.23). The three problems we consider below have a common feature and can be casted
in the following general form.

Problem 17. Find (u*, X*,p*) € V,q such that

L(u*, N, p*) = in  L(u,\,p). 5.35
(u p") (o in (u,\,p) (5.35)

Here V,4 is the set of admissible pairs defined by
Voa = {(u,\,p) : peU, u=1u,, A=2X,}, (5.36)

where U C U represents the set of controls, assumed to be nonempty. Moreover, £ : X XY xU — R is the
cost functional. Both U and £ will change from example to example and, therefore, will be described below.
Here we restrict ourselves to stress that a triple (u, A, p) belongs to Vg if and only if p = (w, £, fa,9) € U
and, moreover, the pair (u, A) is the solution of Problem 14 with the data w, f,, f5 and g. Assumptions
(5.6)—(5.7), inclusion U C U, condition U # () and Theorem 15 guarantee that the set V,4 is not empty
and, therefore, Problem 17 makes sense. Moreover, it follows from the proof of Theorem 16 that conditions
(3.3)-(3.9) are satisfied. Therefore, the solvability of Problem 17 follows from Theorem 12, provided that
conditions (4.5), (4.6) and either (4.7) or (4.8) are satisfied.
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Ezxample 18. Let wy, wa, My, Ma, 91, 92, be positive constants such that w; < ws, g1 < g2 and consider
a function oo € L?(2,S%). Let U C U and £ : X x Y x U — R be defined by

U={p=(w,fo f2,9) € U:we [wi,w2], | follz2(@ye < Mo,
| f2llL2(ryye < Mz, g € [g91,92] }

L(u, A, p) :/Ha(u)\,p)—croHde Vue X, Ae A, pel.

Here o(u, A, p) represents the stress field given by the constitutive law (5.1), i.e., o(u, A, p) = Fe(u) +
w(e(u) — Ppe(u)).

With this choice, the mechanical interpretation of Problem 17 is the following: Given a contact process
of form (5.1) to (5.5) we are looking for a set of data p = (w, f, f3,9) € U such that the corresponding
stress in the body is as close as possible to the “desired stress” oy.

Note that, in this case, assumptions (4.5), (4.6) and (4.8) are satisfied. Therefore, Theorem 12 guar-
antees the existence of solutions to the corresponding optimal control problem 17.

Example 18 shows that each of the data w, f,, f, and g can be used (simultaneously, separately or
in whatever combination) to control the weak solution of Problem 13. For this reason, this example is
important from theoretical point of view. Nevertheless, in real-world applications the role of control is
usually played by a single parameter. The following two examples illustrate this situation. There, the
control is the density of surface tractions and the friction bound, respectively.

Example 19. Let w > 0, }0 € L2, 93>0, uy € X and \g € Y be given, and let ¢y, ¢z, c3 be strictly
positive constants. Moreover, consider the set U C U and the cost functional £ : X x Y x U — R defined
by

U: {p: (am?vaQag) € fj}?
L(u, A, p) = cillu —uo|X + cal X = Xolly + el Fall 22 (rya
VueX, Ae A, pel.

With this choice, the mechanical interpretation of Problem 17 is the following: Given a contact process
of form (5.1) to (5.5) with the data w = @, f, = f,, g = g, we are looking for a density of surface traction
f5 such that the corresponding state of the body is as close as possible to the “desired state” (ug, Ag).
Furthermore, this choice has to fulfill a minimum expenditure condition which is taken into account by
the last term in the functional £. In fact, a compromise policy between the two aims (“u close to ug,”
“X close to Ap” and “minimal data f,”) has to be found and the relative importance of each criterion
with respect to the other is expressed by the choice of the weight coefficients ¢1, ¢ and c3.

Note that, in this case, assumptions (4.5), (4.6) and (4.7) are satisfied. Therefore, Theorem 12 guar-
antees the existence of the solutions to the corresponding optimal control problem 17.

Ezample 20. Let g1, g2 be positive constants such that g1 < g2, and let Ag € Y. In addition, let w >0
and consider two elements fo and f, such that fo € L)% and f, € L2(I'y)% Define U C U and
L:X XY xU — R as follows:

U:{p:(aaf()a}%g)efj : 96[91392]}3
Lu,A\p)=|A=X|l} VYueX, A€A, pel.

With this choice, the mechanical interpretation of Problem 17 is the following: Given a contact process
of form (5.1)—(5.5) with the data w = @, f, = fo, f2 = f2, we are looking for a friction bound g € [g1, g2]
such that the corresponding tangential shear on the contact surface of the body is as close as possible to
the “desired shear” Aq.
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Note that, in this case, assumptions (4.5), (4.6) and (4.8) are satisfied. Therefore, Theorem 12 guar-
antees the existence of the solutions to the corresponding optimal control problem 17.
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