Combinatorial Geometric Series is a Vector Space
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Abstract: This paper discusses an abelian group, ring, field, vector space under addition and
multiplication of the binomial coefficients in combinatorial geometric series. The coefficient for
each term in combinatorial geometric series refers to a binomial coefficient. This idea can enable
the scientific researchers to solve the real life problems.
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1. Introduction

When the author of this article was trying to develop the multiple summations of geometric
series, a new idea was stimulated his mind to create a combinatorial geometric series [1-9]. The
combinatorial geometric series is a geometric series whose coefficient of each term of the
geometric series denotes the binomial coefficient V;;. In this article, an abelian group, ring, and
field are discussed on the binomial coefficients of combinatorial geometric series.

2. Combinatorial Geometric Series
The combinatorial geometric series [1-9] is derived from the multiple summations of geometric
series The coefficient of each term in the combinatorial refers to the binomial coefficient 1.
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where n>0,r>1 and n,re N={1,2,3,--- }.
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Here, Z V/ x* refers to the combinatorial geometric series and

i=0

;] is the binomial coefficient of combinatorial geometric series and
(n+n)!. L .

Vi = — lsa positive integer (say, k), i.e.(n+1r)! =k xn! xrl.

Here,Vi=1Vl=2;, V}=3;Vi=4Vl=5 V=6
N = {V§, Vi, v, v, v VL, -+ }is a set of natirual umbers .

w ={0,v¢, v, v} v, Vi, Vi, - }is a set of whole umbers .
Z = {-, =V, =V, =V, 0,4, VE V3, - Vis a set of integers.

{+, —,%X,+, -+ } is a set of binary operators, where + is used for addition,
—for subtraction, X for multiplication,= for division, etc.
Also, V7 = V7= 4+ ;™1 which is the sum of partitions of I}/
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In general, addition or multiplication of any two binomial coefficients is an integer
as all binomial coefficients are integers such that 1} € N.

3. Abelian Group, Ring, Field, and Vector Space

Z={-V"0, " |n>1r >0 & n,r € N}isasetof integers.

Closure property: Addition of any two binomial coefficients is also a binomial coefficient.
(Vi + V1) e Zforall i,V € Z.

Associativity: For all 2, VLS € Z, Vit + (V' + ) = W + D + V5.

Identity element: 0 + V,* = ;" + 0 = I, where 0 is an additive identity .

Inverse element: V;* + (=V;™*) = (=) + ,* = 0,where — I} is an additive inverse.
Commutativity: Vo + V! = V! + Vi for all Vi, V! € Z.

(Z, +) is an abelian group under addition [1].

A RING is a non-empty set R which is CLOSED under two binary operators + and x and
satisfying the following properties:

(1) R is an abelian group under +.

(2) R is an associativity of x. Fora, b,c e R,ax (b xc)=(ax b) xc.

(3) R has distributive properties, i.e. for all a, b, ¢ € R the following identities hold:
ax(b+c)=(@axb)+(@xc) and (b+c)xa=(bxa)+(cxa).

~(Z,+,x)isaRING.

Note that (Z, +, x) is a Ring with Unity which has 1 as multiplicative identity such that 1 x
K" =V x 1 = 1™ and also Commutative Ring: Vo X V1 = VT X .

A FIELD is a non-empty set F which is CLOSED under two binary operators + and x and
satisfying the following properties:

(1) Fis an abelian group under +.

(2) F—{0} is an abelian group under x.

~(Z,+,x)isaFIELD.
n n
Theorem 3.1: If x = 1 in the combinatorial geometric series, thenz Vixt = Z v,
i=0 i=0

e VE+VI+VI4+ VIt -+ VI_ +Vl =Vt =y 4yl =yt

Proof for V§ + VI + VI + V3 + -+ VI_  + VI =Vt
VG +VI+ V3 +Vi++ Vi + V] =V = Vit + U =y

(n+r)!
Note that 1] =
nlr!
n+r) (n—1+7r+1) r+1 n
W+ Vi = - ( )
n + V-t n!r! n—D'(r+1)! (n+7) n!(r+1)!+n!(r+1)!
r+1

n+r+1)_(n+r+1)!_

VT' Vr+1 — |( — —
o Vnc = (@tr) n! (r + 1)! n!'(n+r)! n

. r r+1 _ yr+1
VDV I =V T
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Hence, it is proved.

n

n n n
Corollary 3.1: Z QU7 = 2T+, Z 3V =37+, 2 V7 =377, e Z V7 =nyr,
i=0 i=0 i=0 i=0
forn=1,23,4,5, -
n
Corollary 3.2: If r is either a real or complex number, then Z Vi =ryrtL
i=0
LetaVy = a; aVy! = Band aV;® =y .ThenaVt +aV) = aVf = a+p =y.

Definition: A Vector Space is a nonempty set V of objects, called vectors, on which are defined
two operations, called addition and multiplication by scalars (real numbers), subject to the
following axioms. The axioms must hold for all a, b, ¢ in V and for scalars o and f.

1. a+bisinV.
2. atb=b+a
3. at(b+c)=(a+hb)+c.
4. There is a vector (called zero vector) 0 in V such thata + 0 = a.
5. Foreachain V, there is a vector —a in V satisfying a + (-a) = 0.
6. caisinV.
7. a(a+b)=o0a+ ab.
8. (a+p)a=aa+ Pa.
9. (aB)a=a(pa).
10.la=a.

Let n > 0 be an integer and P, be the set of polynomials of degree at most n > 0.

Members of B, have the form
n

n
ZrVirxi = Z wixt, V] = p;fori =0,1,2,3,-),

i=0 i=0

where p;, (=0, 1, 2, 3,...), are real numbers and x is a real variable. The nonempty set is a
vector space P, ,
n

n
that is, Z rVixt = Z w;xt is a vector space.

i=0 i=0

4. Conclusion

In this article, an abelian group, ring, field, and vector space were formed on the binomial
coefficients of combinatorial geometric series under addition and multiplication. This new idea
can enable the scientific researchers for research and development further.
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