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Abstract5

A simple finite element implementation of the Mott model for fragmentation of a thin walled ring

has been implemented and used to explore the effect of local variations in fracture strain around

the ring. The model has successfully reproduced the fragment size distributions previously re-

ported, which follow a characteristic “Mott distribution” form, providing sufficient (1000) simu-

lations are run. It has been shown that this form is retained even when there are large differences

in the random distribution of fracture strains or a different choice of function used to describe

the fracture strain scatter. In these cases, the strain rate has a much stronger effect than fracture

strain distribution the on the average fragment size and fragment distribution. However, for cases

where there are a small number of local defects that strongly reduce the fracture strain at certain

locations around the ring, the predicted fragment size distribution develops a bimodal character.

This is also the case for large but gradual variations in fracture strain with position around the

ring. The results have implications for cases where a small number of large pre-existing defects

exist, or processing has led to macrozones in the microstructure. The utility of a simple fast

running model to study these cases is discussed.
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1. Introduction7

The ability to predict the size and distribution of fragments when a cylindrical shell is rapidly8

expanded in the radial direction has been a long-standing goal of researchers for over 75 years [1].9
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Early work by Mott [1, 2] established that in such cases there is to be expected a characteristic10

distribution of fragment sizes, which is related to the imposed strain rate, material properties,11

and property scatter.12

The modern approach to modelling fragmentation involves finite element (FE) simulations13

which have the advantage of being able to generalise to the realistic geometries and dynami-14

cally evolving loading conditions that reflect the complexity of explosively loaded expanding15

tubes [3, 4, 5, 6]. Even with such sophisticated models, reliably predicting fragmentation in duc-16

tile materials remains a considerable task, both as a result of numerical difficulties and the highly17

complex failure mechanisms that occur at high strain rate [7, 8]. Predicting where the fractures18

will initiate remains a significant challenge. This can be addressed by randomly pre-assigning19

damage to the material [5], or relying on numerical instabilities to initiate fractures [4]. In either20

case, this is not related to the real heterogeneities in the microstructure or initial defects that initi-21

ate fracture. An additional constraint of a sophisticated FE simulation is the high computational22

overhead and relatively long run times, making systematic parametric studies time consuming.23

Classical analytical models (such as that of Mott [1, 9] and Grady [10]) are more limited24

in capability and require making simplifying assumptions. Nevertheless, such classical models25

have been shown to predict experimental fragment size distributions (FSDs) quite well [11].26

Various extensions have been made to the Mott method in an attempt to improve accuracy of27

prediction for both the smallest [12] and largest fragments [13], where the observed deviation28

from the Mott FSD observed is greatest.29

An advantage of the Mott method is that the relationships between the material parame-30

ters and the FSD is immediately apparent. Furthermore, since such models can be run very31

rapidly, they can be used to quickly perform parametric analysis. Therefore, there remain sce-32

narios where classical fragmentation models retain important advantages over more complex FE33

approaches [14].34

Both FE and classical models rely on making assumptions about the homogeneity and dis-35

tribution of the material properties that control fragmentation. For example, in Mott’s original36

work, the positions where fracture could occur were pre-defined randomly. It is also common to37

assume that the property of importance (for example, the fracture strain) follows a well behaved38

statistical pattern (for example, a Weibull distribution) [2].39

In practice, however, this may not be the case. If fragmentation is initiated by pre-existing40
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flaws (voids or cracks), this damage may be clustered around one location and fracture initia-41

tion is not randomly located. If fragmentation is controlled by the microstructure or pre-existing42

defects, then this can vary in non-random ways, even over long length scales. For example, ele-43

mental segregation can lead to regions with different compositions and hence different properties44

(macrosegregation, e.g. [15]). Variations in grain size or texture can also occur over the macro-45

scale (e.g. macrozones) [16]. Defects such as cracks or porosity are often clustered (e.g. [17])46

In principle, all of these aspects can be investigated using a high fidelity FE simulation, but47

as discussed this is very time consuming and may not reveal the dependencies of fracture on48

material property variation in a simple and transparent way. Instead, the Mott approach can be49

extended to explore the effect that non-random damage will have on fragmentation behaviour.50

The development of such a model and its application to predict the effect of damage distribution51

on the resultant FSD was the objective of the current work.52

2. Model Development53

The model developed in this work is based on the physics-based statistical fragmentation the-54

ory developed by Mott [1]. The origins of this model, its various extensions, and its applications55

are discussed in detail by Grady [2]. The Mott model treats a rapidly expanding, thin walled56

ring, which is reduced to a 1-dimensional problem. The material from which the ring is made is57

considered to be rigid/perfectly plastic and subject to radial expansion at a constant velocity. The58

Mott method only applies when the ring is sufficiently thin that the damage causing fragmenta-59

tion occurs near the surface and the resultant cracks coalesce with the free surface before they60

coalesce with each other [8].61

To briefly recap, the Mott model is based on a configuration as shown schematically in Fig-62

ure 1. It is assumed there is a variation of critical strains to fracture randomly distributed around63

the ring. When the imposed strain due to the expansion exceeds the lowest fracture strain, the64

first fracture will occur (marked 1 in Figure 1). This will produce a relaxation wave (Mott wave)65

leading to an expanding region surrounding the fracture that is no longer under stress and there-66

fore immune from further fracture. The wave expands with parabolic kinetics (i.e. the velocity67

of the wave decreases with increasing time). Meanwhile, other fracture points will activate in68

turn (e.g. 2 then 3), which will also produce growing relaxed regions. Eventually, the whole ring69

is relaxed, at which point fragmentation is complete. The fragmentation process is controlled by70
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Figure 1: A schematic of the 1–dimensional Mott problem. Fracture occurs at random sites in turn (1, 2, then 3) and

waves originate at points of fracture and propagate at finite speed relieving tensile stresses in the surrounding regions

(shaded grey). Further fracture is only possible in regions that are unrelaxed (unshaded).
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the variation in fracture strain with imposed strain and by the velocity of the Mott wave.71

In the model as developed by Mott, the scatter in fracture strains (hazard function) is assumed72

to follow an exponential law such the probability of a fracture occurring in a unit length with an73

increment in strain dε is given by74

dp
dε

= C exp(γε) (1)

where C and γ are constants that characterize the distribution of fracture strain. Other as-75

sumptions about the distribution of fracture strains can also be used, such as the Weibull dis-76

tribution, and this will be discussed in more detail later. Note that equation 1 has no strong77

physical basis but provides a functional form that allows the increment in probability of fracture78

to increase with each increment in strain either strongly or weakly depending on the choice of79

the γ parameter, as will be demonstrated later.80

The probability of a new fracture occurring anywhere in the ring therefore increases with an81

increment strain dε according to:82

dn
dε

= 2πr fC exp (γε) (2)

where r is the radius of the ring and f is the fraction of the ring that remains unrelaxed by83

Mott waves (i.e. is able to participate in the fracture process).84

All material points are assumed to follow the same law, so the position of the fractures is not85

predicted but has to be randomly pre-assigned. As the fraction of the ring relaxed by the passage86

of Mott waves increases, the probability of further fracture is reduced (for a given level of strain).87

The size of the relaxed regions can be calculated as a function of time (t) from the velocity of the88

Mott waves by89

x =

√
2σyrt
ρv

(3)

where σy is the yield stress, ρ is the material density, and v the radial expansion velocity.90

Mott used a graphical technique to determine the FSD using these principles, but the advent91

of the computer also allows this to be determined iteratively for a very large number of rings,92

giving the required statistics [9]. One limitation of all of these methods is that the material prop-93

erties (e.g. failure strain) at each position around the ring are determined by the same statistical94
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relationship. However, in practice, underlying variations in the defect distribution, microstruc-95

ture, or texture around the ring can lead to systematic variations in fracture strain with position.96

Locally, on the micro-scale, the material behaviour at each point is not the same. Therefore, in97

the present work, a spatially dependent fracture strain is introduced.98

The method is a simple 1-dimensional finite element approach in which the ring is divided99

into a large number of elements (100–1000 elements was found to be sufficient for convergence).100

Each element has its own fracture strain, which is assumed to be constant. The fracture strains101

can be chosen from a statistical distribution (e.g. Mott or Weibull) or arbitrarily assigned to102

each element. This enables (for example) the effect of having certain regions containing pre-103

existing flaws (i.e. low fracture strain) to be simulated. The model runs numerically, and at each104

time step the strain in the unrelaxed portion of the ring is compared with the fracture strains105

in each element to determine which elements will initiate fracture in that step. The time-step106

was reduced until a convergent solution was reached, leading to steps in the range 2–6 ns. Once107

fracture starts in an element, it will relax the surrounding elements controlled by the growth108

velocity of the Mott waves (equation 3). Fracture of these relaxed elements will therefore not109

occur. Following Mott, it assumed that the fracture process is very rapid and the material behaves110

perfectly plastically. The simulation completes when all the elements are relaxed. The model is111

implemented in Matlab.112

As demonstrated by Wesenberg and Sagartz [9], a large number of simulations need to be113

run to produce a convergent FSD. They demonstrated that 1000 simulations led to a smooth114

FSD, whereas running the model for only 100 rings still produced considerable scatter in the115

results [9]. In the present work, 1000 simulations were performed in each case. This was found116

to lead to a convergent FSD.117

To enable the results to be compared with the numerical simulation and experimental data of118

Wesenberg and Sagartz [9], the same assumptions about the material and geometry of the rings119

were used. The ring material is AA6061–T6, which is taken to have a yield strength of 240 MPa120

and density of 2700 kg m−3 [18]. The quasi-static strain to failure of this material in a tensile test121

is around 12% [18]. The ring outer diameter is taken as 0.127 m. Note that the predictions are122

not sensitive to the precise choice of these parameters.123
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Figure 2: Predicted FSD compared with the modelling results (1000 rings) and experimental data of Wesenberg and

Sagartz [9].

3. Results124

The model is first compared with the experimental data and simulation results performed by125

Wesenberg and Sagartz [9]. The Mott function (equation 1) was used to describe the fracture126

strain probability distribution, with a value of γ = 20. The model is sensitive to strain rate and127

the strain rate at fracture is not known (the initial nominal strain rate was 104 ± 5 × 102 s−1).128

Therefore, this was used as a calibration parameter (which, as shown later shifts the FSD up or129

down in size). Using a strain rate of 3.16×103 s−1 gave good agreement between the results of the130

present model, the predictions of Wesenberg and Sagartz, and the experimental data (Figure 2).131

An important parameter defined by Mott is the characteristic length x0 (see [1] for the definition132

of this parameter). The optimized strain rate here gives a corresponding value of x0/(2πr) = 13.4,133

where 2πr is the ring circumference. Finally, it must be noted that the experimental data is134

compiled from only 11 rings. As demonstrated by Wesenberg and Sagartz, at least 1000 rings135

are needed to produce a converged FSD. Therefore, there is expected to be a large scatter in the136

experimental results and the apparent minimum due to one point in the experimental distribution137

is likely to be a result of this scatter rather than evidence of a truly bimodal distribution.138

As the Mott model is very simple, the only variable that captures the effect of the imposed139
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Figure 3: Predicted FSD with changing strain rate relative to the reference strain rate.

conditions is the ring expansion velocity (which determines the strain rate). The effect of strain140

rate on the prediction of the fragment size distribution is shown in Figure 3. This simulation141

assumes the critical strain to form fractures is independent of the strain rate, which has been142

shown to be reasonable once a threshold strain rate is exceeded (as is the case here) [4]. As143

expected, a higher strain rate leads to smaller fragments and a tighter distribution of fragment144

sizes. The average fragment size is also decreased with increasing strain rate as expected [1]. For145

example, the mean and mode fragment size decreases from 11% to 4% of the total circumference146

length with increasing strain rate. The average fragment size is also expected to be directly147

related to x0. For the results here, the average fragment length increases from 1.6x0 at the lowest148

strain rate to 2x0 at the highest strain rate. In previous implementations of the Mott model,149

the average fragment length is reported as varying from approximately 1.5 to 1.8x0 [1, 2]. An150

analytical value for the average fracture length of
√
πx0 (

√
π = 1.77) was derived by Grady [2]151

using a modified fracture law that is different to that used here. Given the uncertainty in the152

average fragment size associated with the discretization of the FSD into size bins necessary in153

the present work, the relationship between the average fracture length and x0 is in reasonable154

agreement with this previous work.155

As demonstrated by Mott [1] and discussed extensively by Grady [2], the material property156

that controls the shape of the FSD is the scatter in failure strains. For example, if the fracture157
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Figure 4: (a) Probability of fracture with increasing strain for different values of γ in the Mott hazard function. (b)

Predicted FSD for the functions shown in (a).

strain was identical everywhere in the ring (no scatter), then the Mott model would expect all158

points in the ring to break simultaneously. A wide scatter causes some regions to be suscep-159

tible to fracture at lower strains than others, and once the initial fracture occurs the relaxation160

of the surrounding material prevents it from further fragmentation. The FSD is thus a direct161

consequence of the distribution of fracture strains.162

The shape of the function determining the distribution of fracture strains (equation 1) is163

controlled by the parameter γ. A value of γ of 128 gives a root mean squared scatter of 1%164

in the strain to fracture, which is typical of that observed in a tensile test. However, the scatter165

in quasi-static tensile tests is expected to be much less than in a high strain rate ring expansion166

test since in quasi-static testing extensive work hardening can locally resist failure due to defects.167

Good fits to real FSDs are obtained using much lower values of γ [2]. Mott considers γ values168

in the range 20–67 for various different Fe–C alloys. The value of γ for AA6061–T6 used by169

Wesenberg and Sagartz also falls below this range (this is not explicitly stated in their work but170

can be estimated from their fit for x0 (the characteristic fragment length [1]) as ' 5). The effect171

of changing γ on the probability of fracture distribution with strain and the FSD is shown in172

Figure 4. The probability of fracture was scaled between 0 at a strain of 0.1 and 1 (100%) at a173

strain of 0.2.174

The effect of changing γ on the probability of fracture with increasing strain is shown in175

Figure 4(a). Values of γ of 10 or less give a probability of fracture that scales near linearly with176
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increasing strain. Increasing γ leads to an increase in the rate at which the probability of fracture177

increases with strain. These different behaviours give different FSDs, as shown in Figure 4(b).178

Although the larger γ value gives a greater spread in the fragment lengths, which is expected, it179

is noteworthy that even large differences in γ give quite small changes in the mean, mode, and180

maximum fragment size. For example, for γ = 10, the mean, mode, and maximum fragment181

sizes (as a fraction of the total circumference length) are 7%, 7%, and 20% respectively. For182

γ = 80, the corresponding values are 10%, 10% and 22%.183

An alternative to the Mott hazard function is to assume that the probability of fracture follows184

a more general Weibull distribution [2]. In this case, the cumulative distribution function (the185

probability of failure with increasing strain) is given by:186

p(ε) = 1 − exp
(
−
ε

λ

)k
(4)

where the shape and scale parameters are k and λ respectively. As shown by Grady [2], the187

FSD arising from using the Mott or generalised Weibull distribution can be near identical with188

suitable choice of parameters. A typical value for k to capture the variation in fracture strain in189

metals would be k ' 12 [2]. The effect of changing this parameter on both the probability of190

failure with strain and the resultant FSD is shown in Figure 5. As shown in Figure 5(a), a high191

value of k leads to a narrow distribution of fracture strains and a low value a wide distribution.192

However, Figure 5(b) shows that even with the large differences in the distribution of fracture193

strains, the resultant FSDs are quite similar (Figure 5(b)). As expected, the FSD is broadest194

when the probability of fracture distribution is also broadest.195

The finite element implementation of the Mott model developed here enables the effect of196

spatial variations in fracture strain to be explored. This is more representative of the most com-197

mon physical process of metal fracture in microstructures that contain defects. Defects can take198

the form of pre-existing voids, cracks, or (for example) brittle intermetallic particles. Such de-199

fects can lead to regions where the local fracture strain is less than the overall fracture strain that200

would be determined from a tensile test. Furthermore, these regions may be clustered together201

or uniformly distributed. There can also be long-range variations in the fracture strain due to202

long-range composition variations (e.g. due to macrosegregation) or texture change (e.g. macro-203

zones). For these simulations, the baseline distribution of fracture strains was assumed to follow204

that used to produce Figure 2 (Mott hazard function, γ=20). Element specific changes were then205
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Figure 5: (a) Probability of fracture with increasing strain for different values of k for a Weibull distribution of fracture

strains. (b) Predicted FSD for the functions shown in (a).

made to the fracture strain to explore various defect scenarios. In each case, 1000 simulations206

were run in each case to obtain good statistics for the FSDs.207

In the first simulation, it was assumed that pre-existing defects were present in 1, 2, or 3208

elements such that the fracture strain was reduced by 50% in these elements. This is a very209

large reduction in fracture strain, but such effects can be produced by harmful defects such as210

inclusion particles or cracks. The results of this simulation are shown in Figure 6. An increase211

in the number of defective elements leads to an increase in the spread of the FSD. Furthermore,212

the shape of the distribution changes and becomes bimodal.213

Whether a significant defect (that produces a large local reduction in fracture strain) leads to214

a bimodal distribution also depends on the random scatter in the fracture strains. For example,215

Figure 7 compares two single defect simulations, one with a 0.1 variation and one where this216

variation is reduced by an order of magnitude (to 0.01). As expected, the smaller variation leads217

to a tighter FSD, but importantly it also leads to a more strongly bimodal distribution when an218

initial defect (low fracture strain element) is present. This effect is also found for an increased219

number of defects.220

Finally, the effect of a cyclic variation in properties around the circumference of the cylinder221

is explored. Although the precise form of the variation simulated here (a sine wave) is not ex-222

pected in a practical situation, this simulation represents a scenario where there is a long range223

and progressive variation in the fracture strain with position. Superimposed on this cyclic vari-224
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Figure 6: Predicted FSD for 1, 2, or 3 initial defects. See text for further details.

Figure 7: The effect of random scatter in the fracture strain on the FSD when a large pre-existing defect is present.
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Figure 8: (a) Example of the fracture strains input to the model to investigate the effect of a cyclic variation. (b) Resulting

FSDs for 1000 repeat simulations comparing with and without cyclic variation in fracture strain.

ation is a random variation in fracture strain of up to 0.05, selected from a Weibull distribution225

(k = 12). Models in which both one and two wavelengths of long range fracture strain variation226

were compared with the same case with no long range variation. In each case, 1000 simula-227

tions were again run to produce a converged FSD. An example of the fracture strain distribution228

for one simulation run of each of these three scenarios is shown in Figure 8(a). Similar to the229

defect case already explored, the introduction of a long range progressive change in the strain230

to fracture leads to a broadening of the FSD and also the emergence of a bimodal character to231

the distribution. In the “2 wave” case, the largest fragments are up to 25% of the circumference232

length (' 10 cm for the ring diameter used here).233

4. Discussion234

In this paper, a simple 1-dimensional finite element implementation of the classic Mott frag-235

mentation model for expansion of a thin walled ring has been developed and applied to explore236

the effect of changing the distribution in fracture strains. An advantage of the finite element237

implementation is that it enables local variations in fracture strain to be imposed, which is more238

realistic when considering failure initiated at local inhomogeneities or defects. The model ap-239

plies to the conditions considered by Mott, namely a ring sufficiently thin so it is reasonable to240

ignore the interaction between fractures. In such cases, the Mott model has been demonstrated to241
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give good agreement to the observed fragment size distribution across a wide range of metals [2].242

An important conclusion drawn by Mott is that the fragment size distribution (normalized by243

the total ring circumference, as presented in this paper) is controlled by the scatter in the fracture244

strains and not the fracture strains themselves. Therefore, even if there is a large difference in245

the strain to failure, providing the scatter in strains-to-failure are similar, the fragment size dis-246

tribution will be similar. A detailed discussion of FSD and length scales is given by Grady [19].247

Experiments show that the form of distribution characterized by Figure 2 (the ’Mott distribution’)248

is seen in many different alloys, albeit with a difference in scaling.249

The choice of distribution of strains to failure has an effect on the predicted FSD, but as250

demonstrated here, even quite large differences in this choice has only a modest effect on the251

FSD. Indeed, although full-field FE simulations demonstrate that the number of fragments and252

FSD does depend on material constitutive properties, it is noteworthy that for even large differ-253

ences in behaviour (e.g. a very weak 1xxx aluminium alloy compared to a high strength steel)254

the total number of fragments at a given strain rate is within a factor 2. This is a much smaller255

difference than the order of magnitude increase in the number of fragments when strain rate is256

increased [4]. This difference in sensitivity is captured in the Mott model presented here. A257

higher strain rate leads to a larger number of smaller fragments since the time for relaxation (and258

hence the proportion of the ring that is relaxed) before the next fracture point is activated (fails)259

is reduced, and hence more fracture points can be activated.260

More complex distributions that deviate from Mott were produced by the present model, but261

only when the variation in position dependent strain to failure was large. Such a situation may262

arise in the case of a large defect such as a pore or brittle intermetallic particle. In practice, in-263

spection in manufacture is usually performed to avoid occurrence of such large defects. Wrought264

manufacturing routes (e.g. forging, extrusion, rolling) also help to reduce large defects by me-265

chanically breaking them up or closing them (in the case of pores or cracks). Typically, in a266

well produced and controlled case, the strain to failure variation is within 1% for a metal [1].267

However, recent manufacturing innovations, such as additive manufacturing do not benefit from268

this mechanical working effect and large defects or collections of closely spaced defects are thus269

occasionally possible [17].270

As the present model shows, for large variations in local fracture strain, either due to single271

isolated defects or gradual variation around the circumference of the ring, a bimodal FSD will272
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be produced. Bimodal FSDs have been observed in practice in some cases [2] although these273

are usually attributed to distinct fracture mechanisms and fracture intersections. However, the274

present work demonstrates that bimodal distributions are also to be expected if there are a small275

number of defects that locally produce a large reduction in the fracture strain. The fragments276

in the upper peak (larger fragments) are due to the earliest fractures that occur in the elements277

with lowest fracture strain. As the time between first fracture at defects and initiation of later278

fracture in the defect-free ring is increased, the time for the growth of the relaxation zone around279

first fracture sites increases. Since no further fracture can occur in these relaxed regions, they280

end up becoming the largest fragments. The lower peak (smaller fragments) corresponds to the281

fragments formed in the defect-free ring, at which point small increments in strain lead to an282

increased rate of fracture and hence smaller fragment size.283

As demonstrated here, whether a bimodal distribution will emerge with the introduction of284

local flaws depends not only on the reduction in fracture strain at the flaw, but also the random285

fluctuation in fracture strain at all other positions. For example, if the fluctuations in fracture286

strain are small, the fragment size distribution is tighter (without a flaw) and thus the introduction287

of the flaw leads more readily to a bimodal FSD.288

Finally, it is noted that the Mott model used as the basis of the work here is obviously an289

oversimplification of the fragmentation process seen in reality, especially in the case of thicker290

walled rings, tubes, or plates where the interaction between fractures becomes important [8]. For291

thin walled rings, the Mott model has been demonstrated to work well in predicting the FSD [2].292

The present implementation of this model has the advantage of running very rapidly (1000 re-293

peats can be completed in seconds) and can be used to explore the effect of variation in initial294

material flaws orders of magnitude more quickly than a more physically realistic finite element295

model. The failure model used in the present study is also very simple, and in practice other con-296

stitutive parameters such as the strain hardening rate of the material may have an influence [4].297

In principle, more sophisticated hardening and failure models could be included in the current298

framework. This is not considered worthwhile given the approximations elsewhere and the ob-299

jective of a simple, very rapid simulation to screen for interesting conditions for more in-depth300

evaluation. This more physically rigorous, but time-consuming modelling of selected cases is301

the subject of ongoing work.302
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5. Conclusions303

A simple model for high strain rate fragmentation of metals has been developed based on a 1-304

dimensional finite element implementation of the classic Mott method for thin walled rings. The305

model allows different elements to be assigned locally different behaviour (e.g. fracture strain)306

representing, for example, the presence of pre-existing flaws. The model has been applied to307

explore the effect of different assumptions about the distribution of fracture strains. The following308

conclusions may be drawn from this work:309

1. The fragment size distribution (FSD) produced by the finite element Mott model developed310

in this work matches well to previous analytical and numerical implementations of Mott,311

but without the need to pre-assign the locations at which fractures will occur.312

2. The model demonstrates that the choice of function used to assign fracture strains to each313

element does not have a very large effect on the predicted FSD. The range of fracture314

strains and the imposed conditions (e.g. strain rate) are far more important parameters.315

3. Non-Mott distributions that can become bimodal are predicted for cases where there are a316

small number of regions with greatly reduced fracture strain (simulating the presence of317

a large flaw) or where there is a large but more gradual change in the fracture strain with318

circumferential position around the ring.319

4. The present model allows the variation in fracture strain distribution and initial flaws to be320

rapidly explored, identifying interesting cases for more faithful fragmentation modelling.321
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