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Dark matter, 1f exists, accounts for five times as much as ordinary baryonic
matter. Therefore, dark matter flow might possess the widest presence in
our universe. The other form of flow, hydrodynamic turbulence in air and
water, 1s without doubt the most familiar flow 1n our daily life. During the
pandemic, we have found time to think about and put together a systematic
comparison for the connections and differences between two types of flow,
both of which are typical non-equilibrium systems.

The goal of this presentation is to leverage this comparison for a better
understanding of the nature of dark matter and its flow behavior on all
scales. Science should be open. All comments are welcome.

Thank you!
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Data repository and relevant publications

Statistics (correlation-based) approach:
n Data https://dx.doi.org/10.5281/zenodo.6569898

Structural (halo-based) approach:
m Data https://dx.doi.org/10.5281/zenodo.6541230

Inverse mass cascade in dark matter flow and effects on halo mass
functions https://doi.org/10.48550/arXiv.2109.09985

Inverse mass cascade in dark matter flow and effects on halo deformation,
energy, size, and density profiles https://doi.org/10.48550/arXiv.2109.12244

Inverse energy cascade in self-gravitating collisionless dark matter flow and
effects of halo shape https://doi.org/10.48550/arXiv.2110.13885

The mean flow, velocity dispersion, energy transfer and evolution of rotating
and growing dark matter halos https://doi.org/10.48550/arXiv.2201.12665

Two-body collapse model for gravitational collapse of dark matter and
generalized stable clustering hypothesis for pairwise velocity
https://doi.org/10.48550/arXiv.2110.05784

Evolution of energy, momentum, and spin parameter in dark matter flow and
integral constants of motion https://doi.org/10.48550/arXiv.2202.04054

The maximum entropy distributions of velocity, speed, and energy from
statistical mechanics of dark matter flow
https://doi.org/10.48550/arXiv.2110.03126

Halo mass functions from maximum entropy distributions in collisionless
dark matter flow https://doi.org/10.48550/arXiv.2110.09676

The statistical theory of dark matter flow for velocity, density,
and potential fields
https://doi.org/10.48550/arXiv.2202.00910

The statistical theory of dark matter flow and high order
kinematic and dynamic relations for velocity and density
correlations https://doi.org/10.48550/arXiv.2202.02991

https://doi.org/10.48550/arXiv.2202.06515

Dark matter particle mass and properties from two-thirds law
and energy cascade in dark matter flow
https://doi.org/10.48550/arXiv.2202.07240

The origin of MOND acceleration and deep-MOND from
acceleration fluctuation and energy cascade in dark matter
flow https://doi.org/10.48550/arXiv.2203.05606

The baryonic-to-halo mass relation from mass and energy
cascade in dark matter flow
https://doi.org/10.48550/arXiv.2203.06899
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Statistical (correlation-based)
approach for dark matter flow
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Scale and redshift dependence
of density and velocity
distributions in dark matter flow

Xu Z., 2022, arXiv:2202.06515 [astro-ph.CO]
https://doi.org/10.48550/arXiv.2202.06515
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Review:

Statistical theory in hydrodynamic turbulence
Velocity fluctuation and distributions
Incompressible on all scales

Divergence-free
Constant density

N-body simulations are invaluable tools for DMF:

Velocity fluctuation and distributions
Density is non-uniform (density
fluctuation/distributions)

Fundamental problems when projecting N-body
density/velocity field onto structured grid:

N-body fields are sampled discrete locations
of particles.

The sampling has a poor quality at locations
with low particle density

Goal 1: Density distributions and two-point
statistics

Goal 2: Velocity distributions and redshift
and scale dependence

Halo-based non-projection approach:

» |nstead of projecting, analysis is performed by
the statistics over all pairs on different scales
to maximumly preserve the information from
N-body simulation

= Based on the halo description, divide all
particles into halos and out-of-halo particles,
whose distributions evolve differently

= Scale and redshift dependence of distributions
can be studied by the variation of generalized
kurtosis for a given distribution. 187
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Projecting particle field onto structured grid involves ol i PR B ] o P——
information loss and numerical noise. / n wp gt a g bl
Without projecting onto grid, Delaunay tessellationis wf —z=3 ——z=03|4
used to reconstruct the density field and maximumly PR

preserve information in N-body data.

-2

Compute the volume V, occupied by every particle 1

= -

4

p(x)zmp/Vp 5(X):,O(X)_1 10

e
Particle Particle density e
density contrast

. £
_ n(x):log(1+5(x)):log(p(x)j Delaunay ¥
= Po tessellation

. . -10
Particle log-density W 2 100 102 s 106

|

e | Constraints for densit ft evolut it density distributi _

g A _1 <e—n(X)> 1 onstraints for density Redshift evolution of particle density distribution from z=10

, contrast and log-density to z=0. Density evolves from initial Gaussian to an
asymmetric distribution with a long tail ~0-3 188
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= Gaussian distribution of log-density at high redshift. 1|

= Bimodal distribution of log-density at low redshift.
10
= Two peaks corresponds to contributions from particles
in all halos and particles out-of-halo.
= Best fitted bimodal distribution at z=0 showing fraction
of particles in halos is about 60%, consistent with 10!
Inverse mass cascade theory.

1

10°

)= gron| Ut e e U
¢, =0.404 ¢, =1-¢ =0.596
1, =-030  p, =4.256
o =1212 0,=2979

Particles in halos should have an average density close
i to A\, the critical density ratio 1812, such that the mean

density for all halo particles <u,>=log(181?) =5

n(x)

¥ S .
Gaussian z=5 z=] =———z=0
z=3 ———z=0.5 = = :Eq.(4) for z=0
\ —— =) ———7=03
In-halo A
\ a Out-of-halo
:'lﬂ
0
N i /
! i
I |
il 111
]
il
14 |
|
i
| [I
5 0 5 10 15 20

Distribution of log-density at different redshifts z. The
log-density evolves from Gaussian to an approximately

bimodal distribution at z=0 with two peaks.

189
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£ = T 0.7 T T T I I I I I
= = (Checking the density distributions of particles in halos Out-of-halo = 1)(z=0) for halo particles
= _Af. ‘lae canarataly, e n(z=0) for out-of-halo particles
_ and o.ut. of-halo partllcles geparately. o 06 | o 1(2=0.3) for halo particles |
= |dentifying all halos in entire system ar_wd dividing all 4 I R PO n(z=0.3) for out-of-halo particles
= particles into halo and out-of-halo particles. : i = p{z=1) for halo particles
» For out-of-halo particles, the distribution is relatives 0T ﬁ CR Y EF:IET:: i{nr Eglt-nf-hqlccl: particles ||
. . . . - = = n(z=_.) tor halo particles
Gau33|a.n (or.6 |sllognormal) with mean density h : 1 cvneer z=2) for out-of-halo particles |
decreasing with time. 0.4 T

i = For halo particles, log-density distribution evolves with
increasing mean density due to the formation of halos.

— Characterizing the time evolution of the shape of
distribution by introducing nth order generalized kurtosis:

<(T_<T>)n> _ Scp( ) Generalized

K"(T):<(T_<T>)2>"/2 S (7 )/ kurtosis

ST (1) = <(r —<r>)n> nth central moment

Redshift evolution of log-density distributions
For Gaussian: K, =1 K,=3 K,=15 K,=105 K,=K,=0 for two different types of particles. o
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10* - . - - ; - ——
- Dlstrlbutlon Of r] |S always —H—Es{rﬂ for all particles —-—Es{ﬂ] forparticles mhalos —.—Es{q}fnrparljcles nut-nf—hslll:uf
. . — w— K (n) forall particles =g =K (7} forparticles mhalos =g =K, (7) forparticles out-of-halo ]
GaUSSIan for OUt-Of-haIO partICIGS' # Kg(7) forall particles =« = K. (7) forparticles mhalos =@« K.7) for particles out-of-halo |-
| e K (1) forall particles =g =F 1) forparticles inhalos  ==gp =K (1) forparticles out-of-halo
107 F E
= Distribution of & for out-of-halo : i '
particles is approximately log- A, e
normal "'*-..H e
Al = e
L . : ————— o
= Distribution of n for halo particles | BT =IL'"""-.'._j‘_'“""'--—-n--'a--....,.__m :
. . = l..._- * S . h“- |
approaching some symmetric non- | / ‘: oy e
Gaussian distribution with Wl L R e, AR, L, - SRR
; 1 : L = =0 feas ‘14-
vanishing odd order kurtosis .
10 B
The redshift evolution of generalized kurtosis of log-
density for two different types of particles.
11}':‘}_1 | ' | 100

a 191
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For out-of-halo particles, the mean log-density
decreases with time and <n><0 after z=1. This
reflects less and less out-of-halo particles due to
Inverse mass cascade.

For halo particles, mean log-density increasing with
time (<n> ~ a'2) reflects more and more particles
residing in halos

For halo particles, standard deviation of log-density
increasing with time (std(n) ~ a'?)

10°

| =€—mean( ) for all particles

| =—8—std(r) for all particles

| —€—mean( ) for out-of-halo particles
| =—8—std(n)) for out-of-halo particles
|=—®—mean( ) for halo particles

| —a— std(y) for halo particles

101

The variation of mean and standard deviation
of log-density with scale factor a. 192
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Defining two-point density correlation function from radial On large scale, transverse velocity correlation
= distribution function g(r) in statistic mechanics, a quantity can be well modelled by exponential function:

s— to measure the averaged particle density from an arbitrary , . )
= reference particle: Tz(i”,a)=aou CXp| —— |x<a 4 (”/“o) =0.45a
v
N 2 R _
2 edshift-independent length
e de = g(r)_p477r dr Np/V r, = 21.4Mpc/h scale, might be related to the
: ‘ V 5 ,‘v size of sound horizon
— — mean number | |
e Ioo g(r)47zr2dr _ N, -1 v density of particles Total velocity co'rrelatlon ) )
= s N, in entire system Rz(f”aa)=<u°“>=2R(’”)=aou2 exp L 3_r_
. _ 2 2
r)=(o(x)o(x+r))=g(r)—1
= f( ) < ( ) ( )> g( ) Srn=— V-u Linear perturbation
= . $ . Correlation cannot be aHf (Q,,) theory on large scale:
IO &(r,a)dnridr=-V[N <0 positive on all scales $
Two length scales can be defined from density correlation: ~Modeling density correlation on large scale:

o0

B o(a)=] &(ra)dr  I(a)=[ &(r.a)rdr 5(’%“):(ajazf(lgo))2 'aﬁf eXp(_ij{&Tq&}g
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—_ .1[]5: . . . ————
P= |n statistical mechanics, potential energy of any system 5
= with particles interacting via a pairwise potential V(r) |
§=— can be related to the radial distribution function g(r): 10° :
_27p, (* |
= PE = mlzj -‘-0 r I:g(f')—1] Vg (l”)dl” o 10 ' _e_pF{aj from simmlation ——1,@;
= 3 NE E —e—P () from Eq (13) using L;) —g—1,(@) ]
27Gp, = 3H:I? = 10° : 3
= ])y(a):_ T 100‘[ f(r,a)rdr:— 051<O i ; 35.'2
ot = a 9 4a < |
=— Cosmic energy equation 3 5 107 ;
o(K,+P,) |
- +H(2K,+P,)=0 10' ~
4 g
\ 4 t \
” : p—a Oa y a y »Kp_ZH()a 51—61 jO S1 a a7 ]
evolution and rate of energy cascade &,; L T L
- 3 ,. , 7 o 56 8 Th iati d ft :
g K —_cf p-l.y > :J‘ _ 45 e variation of two comoving
" o5 » ;i (a) 0 §(rva)rdr= 45 H3 correlation lengths with scale factora. .,
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Correlation and spectrum form Fourier pair: Density dispersion function (the variance of the density

fluctuation on scale r): First order spherical

Bessel function of

5 (k,a ——j r,a)krsin(kr)dr

Gg (7‘, a) = on E; (k, a) W(kr)2 dk the first kind
sm(kr) > \
e §(r,a) = jo Es (k,a) dk Window function when smoothed with a filter of size r
= W(x=kr) W(x):i[sin(x)—xcos(x)]=3j1(x)
&= Matter spectrum function: - X X

= The power per |ogarithmic interval:

IR i RN

== .- oo:(r The real-space distribution
Aa (k’ a) = L (k’ a) K L, (7”) =——" ( ) of density fluctuation in
e or scales [r, r+dr]
Modeling density dispersion functign on large scale: ) o .
‘v ol 1 9au® | (1, (rY 2r Y Y 7,
. ‘ 0-5(7"): 5 > 13| = +| — —CXp| —— I+ = 3| = +6| = |+4|f
(aHf(QO)) 2r r r 7, r r r .

- — — L -
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157 10* iy R R ) SRR EREE R A
: = ¢(r) from N-body Sim. : —z=0 - - z=0.5 ——z=20]
E™ ] . 3 E
o E—s 73(@) from {(r) using Eq. (27) ] 1 - = 7201 ——z=10 = = :z=3.0| ]
3 wennn 1) from model Eq. (33) : B __ ]
- e o2(r) rommodel Eq. (33) |1 102 RN e A Rl
10° :‘ﬁ.i'lu = = Linear theory E x .
F ""-rr‘w-, - = = .Nonlinear theory : 10! .
ﬂ:‘i': - o ] :
10' Vv 4 5
: ] 100 3
10° F 1 j E
: 1 101 I E
I ' ?
1k ]
L: 1 1072 l ;
.m-E - E 1.[]-]- I E
- Current model captures the , ]
2L correlation on large scale ] 10 : :
%= . better than previous theory | :
1D‘:U2 10 10° 10" 102 10° 10°! 10° 10! 10°
: r (Mpc/h) r (Mpch)
Density correlation function (solid blue) Density correlation function varying with

varying with scale r at z=0. scale r at different redshifts. 196
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10° ' =B S. : [ : ! | T !
| —e—r1=0.1Mpch —e—r=3Mpch 2 -~ _ -
L ﬂ ""'L 10 g Ly
|| —&—r=03Mpch —&—r=5Mpch :
2 o r=05Mpeh —6—r=10Mpch .
| —e—r=1Mpc/h bl 2= :
: 5 Eﬁ{kza}zi—rjlﬂ g{jga}hm{h—}df CE
o'+ ON large scale, &(r)—a? ERCH 3
E On small scale, &(r)~a%2 2 !
! o 107 f \
0 = | \o
b A - = ~
_Eﬂﬂ" 5 e E (k) from N-body L
5 -, ’ 2k from N-body N
107" = ., ¢
107 g e P (k) from N-body
2 f - -Edﬂ{]ﬁnmﬂlenw
102k 1{:1'35' ! - -ﬂ%{l{]ﬁnmﬂlenw
f’ - - .Pﬁﬂ{]ﬁnmﬂlenw
10 ;;'r
1ﬂ—3ﬂ : okblal kil ‘e AW | F ikl prpae | Jlivimgasiasimannig o) ; R |
1072 107 10° 10” 10° 10" 107
a k (h/Mpc)

Two-point second order density

correlation varying with scale factor a. Without projection, density power spectrum can be

obtained from Fourier transform of correlation. .,




\7/ Density dispersion function and distribution of
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-“}4 T T - e | 1 e B -1DE ?
| e — o —= =0
i . T o o ST E
10° f ——z=03 z=3.0 z=0.1 z=15|:
F={) § seereen z=0 from Eq.(35) 10t P z=03 —=z=2.0 3
——z=10 *nz=] from Eq.(35) st SR o AT i
10° F E o I R {
m— 102 E“*ahinﬁ':ﬁwgh
'11}1 E b E| e ~, % ‘:x“xx.:.: - b
9 ‘\"-. ‘xq:xx:-.;ﬁ‘_ \
I '.-._-_h' o - i LY ™ ,,MHR:EHR
S 100 [ ; =10° N AR
E L e, 1 E ! - \:x“‘x?:-‘\.
..... i o IR Y
| I -, g,
107 ¢ 1 | T ORI
: ; 1072 i RN
I I sl x‘“n::: :
- b ),
107°¢ E : *\*: \F\x
s, ST
: 107 o (r BN
1 ¢ o (1 WA
103F rf(lr]: . : . (D'J 4 E. (f']—— J( ) N
: 72r~ or\r or\_ &r f ar \
11}_4. HE - - A | P A A I I | A - HE J..‘..'i '1[]'Ei 5 ; i : ;
1072 107" 10° 10 10? 10° 10° 10 10 10
r (Mpc/h) r (Mpc/h)
Density dispersion function obtained from density Distribution of density fluctuation on scale r

correlation and compared with models. obtained from density dispersion function
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U u We focus on the distribution of seven types of velocities:
Pair of particles with
distance of r . Scale-dependent velocities (dependent on r):
u, u; . . |
. ~ Longitudinal velocity: U, and U
r=x-x r=r/r 7 _ S
u®--Yu., Pairwise velocity: Au, =u;, —u,
Velocity sum: ZML =Uu, +u,
Longitudinal velocity:  Transverse velocity:
uL:u.f.:uii/; uT:—(quXf)
| | | : A Based on halo-based non-projection approach,
S = P u, =—(u' i xF)

Redshift-dependent velocities (dependent on z):
Velocity of all particles in entire system: 4,

Velocity difference or

Velocity of all halo particles: u,,
Pairwise velocity:

| Velocity of all out-of-halo particles: wu,,
Velocity sum: 2u, =u; +u,

Velocity of all halos: 4,

199
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= [he scale and redshift variation can be studied by 1« oK. (x) foral paricles oK o, for bl paicles K o) fo aut ol pacicee|
: +Eﬁ{%} for all particles —I—Kﬂ{uhp}fnr halo particles —Q—Kﬂ(uﬂp}fnr out-of-halo particles ]
: —E—EEII:'LH]} for all particles —I—Eﬂ{uhp}fnr halo particles —ﬁ—EE{uﬂp}fnr out-of-hale particles

Introducing generalized Kurtosis:
<(A”L_<AML>)n> 87 (Au,,r)

) )

u,,r) =

- '_ The central moment of order n:

S;P(AuL,r)=<(AuL —<AuL>)n>

The nth order longitudinal structure function:

52 ()= (o)) ={(s -

2 = All velocities are initially Gaussian.

= 2 = \elocity distribution of halo particles deviates frot |

Gaussian much faster than out-of-halo particles
due to stronger gravitational interaction in halos.

maximize system entropy

Redshift dependence of velocity distributions

10t F

10

10

- (Faussian

Redshift evolution of generalized kurtosis for velocity

10° 1

0
200



Nortwest Scale-dependence of velocity distributions

NATIONAL LABORATORY

= Even order generalized kurtosis (4th, 6th, 104 R RREERCH T SRR RALH FEn e MR R SR N T
and 8th order) at z=0. '

= = \Velocity of fully developed dark matter flow
is never Gaussian on any scale due to
long-range gravity despite that they can be
initially Gaussian.

& = Forincompressible flow with short range
force, distribution is nearly Gaussian on
large scale and non-Gaussian on small
scale due to viscous force.

Generalized kurtosis

= On small scale, distribution of 2uL
approaches the distribution of uL with
P, =0.5.

= On large scale, distribution of ZuL
¥  approaches the distribution of AuL with ]
p.=0. r (Mpc/h)

201



S

Pacifi . . - -
Northwest Scale-dependence of velocity distributions
_ 102 T SRR —— —
= " On both small and large scales, generalized Kg(ﬁuL!r)

kurtosis approaches constant such that there
exist unique (limiting) probability distributions
that are independent of scale r.

107 |

= = While on the intermediate scale around 1Mpc/h,
all three velocity distributions exhibit the
greatest value of generalized kurtosis of
different order.

109 |

' H

= Third order kurtosis (skewness) vanishes on 5 . ' <0

both small and large scales, where distributions . i | _

are symmetric. 10 | :
=2 . The negative skewness on the intermediate
’ scale (distribution skews toward positive side)
can be an important signature of inverse
cascade of kinetic energy.

1073 ¢

1074 —
1072 1077 100 107 107
r (Mpc/h) i
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equation

Pair conservation equation relates the pairwise velocity
107 -

— Jm density correlation

= <AuL> _ (1+6?(’"’a)) aln(1+g?(”aa))

Har

3(1+§(r,a)) Olna

= For large scale in linear regime, average correlation

. £ <1 and 0Iné/dlna=2

— (Au,) 28 (r,a)(1+¢ (r.a))

Har 3(1+§(r,a)) 3

2| For small scale in non-linear regime,

' E(r,a)oca”r” and Oln E/olna=a

Stable
A
clustering < uL> =—1 » a=y+3
hypothesis  Har

First moment of velocity fields and pair conservation

107

emaZil

-h-

—-<Au_ /(Hr)>

===] inear regime
— =Nonlinear regime

108
107

107 10° 10° 10°
r(Mpc/h)
The variation of first moment of longitudinal velocity

(mean pairwise velocity) with scale r 203
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= | On small scale: o ; ]
3 —— <AuL> = —Har <ML> — Har/z <ZML> =()
= | A better relation to fit the simulation data: 10" :
— _ -5/3 2
= <Au L> =—Har —ua (r/ v, )
B 107 E
#— On large scale:
1= 2Ha ¢r ) From pair . o—<An
t— — _ . T e uL‘-l*.-E atz=0 = = .{ﬁuLf? from Eq. (48) at =0
e ':. <AuL> ’/,2 -[0 5 (y) y dy Conservathn 1072 :-_—{E]_]L‘} at z=0 - - ,{ﬂ]_]L‘..} from Eq. (48) at =2
= equation |——-<Au>atz=03 e <Au > from Eq. (46) at z=0
R = <u-u' > Total velocity | ——<Aw >atz=10 seees <Au, > from Eq. (46) at z=2
= | correlation | ——-<Au >atz=2.0
: b e S s —
:‘ 5 T " <AuL> — 2 aRZ — 2a0u exp _L L —_ 4 I’(MIJC.-‘]J]
i aHf (Q,) or  aHr, r, )\ 7 Mean velocity difference (pairwise velocity, normalized

by u) varying with scale r at different redshift z
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Model from 2/3 law

r:uf:r = = 8P .1

—SP(r=cAr > = = SP(Au 1)

|

......... c:ui';a from Eq. (39)

el L i MR A |

n 237,

. 1 |
P TR 3 R R T — '
( L> 7 Iﬂi T, _

| 10° 10’
r (Mpc/h)
Increase of velocity dispersions with r for r<r, (pair of
particles are more likely from same halos) is mostly due

to the increase of velocity dispersion with halo size.

107 107 10°

Second moment of velocity fields

10!

—{ui::: — -{ﬂui::: |
-.-l"' ." 1 —-— -
gt —{112::{:‘11‘; «::Eui:: ]
a-"-—..-‘t
P b
7’ Vo
s “ \
'f L] 5
. N
”, « S >
e .
e L] A ._/. ""- \.‘ \‘\
‘-... ‘\'-‘.—- -
- h._____,.r-"
Energy is not
equipartitioned on
intermediate scale
2 107! 10° 10! 10°

r (Mpc/h)

Second moment of velocity (normalized by u”2)
varying with scale r at z=0

205
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.-H]: - T T T T T T T T
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| B =2.75x10°

\‘7/ Two-thirds law for higher even order structure

Pacific

Northwest functions and generalized stable clustering (GSCH)

NATIONAL LABORATORY

Original scaling for incompressible flow does not
apply for dark matter flow.

= | All even order reduced structure functions follow

the same scaling of two-thirds law.

() 2K (3, 0) 2, 5

u§:4uo 2

v =——=——r=—uyt, = 1.58 Mpc/h
s gu 9H0 3 00 p/
2
—&, =§u—°:2u§H0 =4.6x107" mz/s?’
2¢ 4
B =95 B =300 p =225x10"

* 1.826n—-1.003
ﬂZn ~ 1 O

All odd order structure functions follow linear law
i | from generalized stable clustering hypothesis

SR (5! (r)=(2n+1)S" (r)SE (r)oc 7P
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10 e ey ey ey
P2 ——SP(N)-96000 = = S = = +[,=2.25¢4
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Pfif;c Comparison of velocity fields between incompressible
Northwest and dark matter flow

Quantity Incompressible flow SG-CFD

<H;; > ={u-¥) 0 for all scale » ;Eﬁlm <u . > =0, varying with »
<u§ > u; for all scale r !1_1}& <y§ > =2u_, }L]E <y§ > = u,
<“13 > 0 for all scale }‘l—irI{{lm <“L3 > =0, varying with r
PDF of u, Gaussian Non-gaussian on all scales
<AHL > 0 for all scale r 111101199 <Au s > =0, varying with r
<ﬁ.uf> !1_1;% <Au§ > =0, }11_1;2 <Au§ > =u, !1_1’}% <Au§ > =2u;, }11_1;2 <Au§ > =2u;
K, (Au,) limK, (Au, )=-04, lim K, (Au, )=0 lim K, (Au, ) =0, varying with r
K4(Azfl) EﬁE&K4(ﬁzfl):m4 (depends on Re), Ej_I}I{}K4(Asz): 7.5,

lim K, (Au, )=3 (Gaussian) im K, (Au, )= 4.2

<Z u, > 0 on all scales 0 on all scales
<Z Hf > !1_1;% <Z uf > = 41{5 , }ﬂ <Z uf > = 23{5 !1_1’}% <Au§ > = éué , }11_1;2 <Au§ > = 21{5
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Northwest MlOdeling velocity distributions on small scale
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= = On small scale, velocities u, and Zu, should have

the same limiting distribution.

= = On small scale both should follow a X distribution to |

maximize system entropy.

= Maximum entropy distribution:

1 e_Ja /) Shape parameter: a;

Velocity scale: v;

The mth order generalized kurtosis of X distribution:

2K, (o) | T((1+m)/2) Koy (@)
£.(X) :( K, (a) j J | (Kl/()a)

B - The shape of velocity distribution changes with

redshift z such that a is redshift-dependent.

dependent

0

chions
oa

i daa Fa

Probability distnbution fun

dn

Kurtosis K., is only dependent on a and also redshift-

1

1 I I I 1

10 -5 0 3 10
Velocities at r=0.1Mpc/h

Distributions of velocities on
scale of r=0.1Mpc/h at z=0
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Pacific

Northwest Distribution of pairwise velocity on small scale

| = On small scale, velocities u_and  The limiting distributions of velocity fields on small and large scales
2u, follows X distribution.

. Distribution of pairwise velocity Au Velocity fields Distribution 4™ Kurtosis 6™ Kurtosis 8% Kurtosis
— . . . . L - — 1
= s different with moment estimated. 729 %> 2*%  N-body, z=0, Fig. 14 48 S7 1200
#=—— = Pairs of particles with same r can be _ " >0 Au, N-body,z=0,Fig. 14 | 7.5 160 6000 |
from halos of different size. r—0 U, T, X (x) 4.6 48.9 944.8
@ @ r—0 Au, Eq. (80) 7.7 159.24 6356
Au, = uL —u, r—>»  Au;,Zu;  N-body, z=0, Fig. 14  |4.181 41.46 670.8|
i Key: correlation between two longitudinal " % U N-body, z=0 Fig. 14 5.39 85.78 2800
= velocities decreases with halo size: r—w Au; Zu, Logistic (Eq. (82)) 4.2 279/7 685.8
e D ( mh) — O—}f / o r—oow u, P, (x)(Eq. (85)) 5.4 78.4 2269.8
: cor
& Double-A halo mass fun_g:tion: Exponential?? Laplace distribution 6 90 2520
v o 2\/777 Gaussian distribution 3 15 105
0 /2-1 4
/)= ho )= |
= (9/2) Mo Generalized kurtosis:

o[ 1 0] . (@) T (n+prg/2)[T(p+g/2)]"
B ) o e G A C Sy Y
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Pacific = o n n o c
Northwest Velocity distributions on intermediate scale

D ] || I | ] ] ‘1

05
= -1r .
k=
5 0
Z 05
%3 ! Negative ] al
k2 skewness
-
= 15}
= 4r N
=
E ]
51 : :
25l Negative
skewness
—E 1 1 1 | | | | _3 1 1 I 1 | | | |
-20 -15 -10 -2 0 2 10 15 20
Velncities atr= 1 3Mbch 0 05 1 15 Erﬂégc;h]g 35 4 45 5

Distribution of 2u, is symmetric, while the distribution of Au, is non-symmetric with non-zero (negative)
skewness and skew toward positive side. This is a necessary feature of inverse energy cascade.
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nothwest MOdeling velocity distributions on large scale
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Exponential distribution

. == Nstribution of Au, on large scale is usually assumed 'f
= be exponential in literature (non-smooth).
#==5\is seems not agree with N-body simulation
large scale, Both 2u; and Au; can be modelled

]
I

a logistic distribution. ak |
&= | ogistic distribution for both velocities:
§ 1 x 2 = -
-~ P (x)=—sech’| —
= A”L( ) 4 (25) .l |
= Reduce to exponential at large velocity:
¥ = '-_'_ 1 | |
— I (x—)oo)z—exp(—fj i
= S S
Longitudinal velocity u, should satisfy for p,=0: i |
AuL I P, (z—x)dx sk ]
. Moment S Y
L TSt . 7 : s 1 i L i | - 5
= MGF, (t)= |— generating 45 10 5 I 5 10 i5
n ) \/Sln(””) function for u, Velocitiesatr = 100Mpc/h 212



\V/The redshift evolution of velocity distributions

Pacific
Northwest
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Distribution of different types of velocities -

changes due to redshift evolution of a.

Shape parameter a decreases with time.

Most velocities follows the X distribution
to maximize system entropy
[ind
Halo velocity and out-of-halo particle
velocity evolves much slower than halo
particle velocity due to weaker gravity on .
large scale.
Generalized kurtosis of X distribution:
m/ 10°
2K, (a) i F((1+m)/2) K o) (@)
K,(X)=| 7+ -
K, (a) Jr K, ()
Plot K4 vs. K6, K4 vs. K8, and K4 vs. K10; '

10° F

Light green: out-of-halo particle

T T
- Red: halo velocity; Black: halo particle

T

—

r

X dist.

Kﬁ from X distribution
KE from X distribution
Km from X distribution

K,(u, ) for =5,3,2,1.5,1.0,0.5,030.10 I
Ky(n, ) forz=5,3,2,1.5,1.0,0.5,03010 |
K (0, ) for=5,3,2,1.5,1.0,0.5,030.10

I{ﬁ{upj for=z=3.3,2,1.5,1.0,0.5,03010

Kﬂ{up] forz=53.2,1.5,1.0,05,03010 |
Km{u]]] forz=53.2.1.5,1.0,05,03010 N

K(u, ) for=35,3.2,1.5,1.0,0.5,03010

Ky(n, ) forz=5,3,2,1.5,1.0,0.5,03010 [
K\ (u,) for=3.3.2,1.5,1.0,0.5,030.10

K,(u) forz=3.2.1.5.1.0,0.5.03010
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Eﬁ{uL._FﬁE:I for=2,1,0.30
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Kﬁ{uL._F'EI:I for=={

KE{UL._F'D:I for z=0

Kﬁ{.iuL__FD:I for z=
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3] T

]
K, (4thorder generalized kurtosis)
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Delaunay tessellation Pairwise velocity Skewness
Generalized kurtosis Velocity sum Generalized stable clustering
Two-thirds law X distribution Pair conservation equation

A halo-based non-projection approach is proposed to study the scale and redshift
dependence of density and velocity distributions in dark matter flow.

A two-thirds law for pairwise velocity was established, i.e. S,P-2u?~ ¢,r?3, where r is the
separation between pair of particles and ¢, is the constant rate of energy cascade.
Two-thirds law can be generalized to all even moments of pairwise velocity, while odd
moments ~r

The distributions of longitudinal velocity u, , pairwise velocity Au, , and velocity sum 2u,,
are analytically modeled on both small and large scales ) )
Fully developed velocity fields are never Gaussian on any scale despite that they can
be initially Gaussian.

Delaunay tessellation is used to reconstruct the density field from N-body simulation,
which results in an asymmetric density distribution with a long tail.

Density correlation is obtained by directly counting all pairs on a given scale r along with
simple analytical models for all second order density statistics.

214



	A comparative study of dark matter flow & hydrodynamic turbulence and its applications
	Preface
	Data repository and relevant publications 
	Overview
	Some fundamentals of dark matter research
	Overview of dark matter research
	Dark matter in galaxy clusters
	Dark matter in galaxy
	Effect of Dark matter on galaxy rotation curve
	Dark matter in our galaxy
	Dark matter from gravitational lensing
	Dark matter from bullet cluster (2000s)
	Dark matter from  cosmic microwave background
	Quantifying amount of dark matter from CMB
	Brief timeline for dark matter research (~100 years)
	What is dark matter?
	Cosmological N-body simulations
	N-body simulations and dark matter flow
	N-body simulations in this comparative study
	Comparison of two non-equilibrium systems:��Dark matter flow (DMF or SG-CFD) �vs. �Hydrodynamic turbulence
	da Vinci’s sketch of turbulence (~1500 AD) 
	Richardson’s direct cascade (1922)
	Existing approaches for turbulence
	Direct energy cascade in turbulence
	Inertial range, scaling laws, and intermittence
	Large scale dynamics of freely decaying turbulence 
	Vortex Stretching mechanism for energy cascade
	Reynolds stress for energy transfer between mean flow and random fluctuation
	Brief timeline for turbulence research (~500 years)
	Hydrodynamic turbulence vs. dark matter flow
	Theory and applications of dark matter flow
	Structural (halo-based) approach for dark matter flow
	Inverse mass cascade in dark matter flow and effects on halo mass functions
	Introduction
	Mass redistribution among halo groups
	Properties/features of mass cascade
	Properties of mass cascade
	Time and mass scales in inverse mass cascade
	Chain reaction description of mass cascade
	Formulating mass cascade
	Halo group mass and mass flux function
	Formulating mass cascade
	Formulating mass cascade
	Dependence on halo mass mh and mass resolution mp
	Random walk of halos and halo mass function
	Double-λ mass function from mass cascade
	Summary and key words
	Effect of mass cascade on halo energy, size, and density profile
	Introduction
	Halo mass accretion, deformation, and radial flow
	Effect of radial flow on halo density profile
	Radial flow and angle of incidence 
	Radial flow from simulation
	Radial flow ur and pressure around halo center
	Double power-law for halo density 
	The limiting concentration c for large halos �and radial momentum and kinetic energy 
	Effect of radial flow on velocity dispersion
	Mass cascade induced halo surface energy
	Halo size evolution from theory of mass cascade
	Particle distribution in halos: a review of Brownian motion
	Particle distribution in halos: formulation
	Particle distribution in halos: halo density profile
	Particle distribution in halos and halo density profile
	Equation of state for relative pressure and density
	Summary and key words
	Energy cascade in dark matter flow
	Introduction
	Decomposition of kinetic energy
	(Kinetic) energy flux functions
	(Kinetic) energy flux functions πkh and πkv
	(Potential) energy flux functions
	Redshift evolution of halo mass and virial ratio
	Redshift evolution of kinetic energies
	Rate of mass and kinetic energy cascade
	Inverse cascade of halo radial and rotational kinetic energy
	Modeling halo angular and radial momentum
	Halo angular velocity and kinetic energy from coherent motion (mean flow)
	The effect of halo shape on energy cascade
	Various halo shape parameters
	Two-dimension he-hp mapping of halo shape 
	Summary and keywords
	The mean flow, velocity dispersion, energy transfer and evolution of rotating & growing dark matter halos
	Introduction
	Reduced equations and anisotropic parameter 
	Evolution of halo angular momentum
	Evolution of halo rotational kinetic energy
	General solutions for rotating, and growing halos
	General solutions for rotating, and growing halos
	Two limiting situations: “small” and “large” halos
	Solutions for “small” halos at late stage
	Energy equipartition along three directions
	Solutions for “large” halos at early stage
	Solutions for “large” halos at early stage
	Angular exponent and anisotropic parameters
	Halo momentum and energy in terms of F(x)
	Halo spin parameters in terms of F(x)
	Energy, momentum and spin parameter for NFW and isothermal halos
	The energy transfer between mean flow and random flow in “large” high v halos
	Halo relaxation (stretching) from early to late stages
	Decomposition of radial flow
	Density profile from early to late stages
	Moment of inertia from early to late stage
	Variation of mass, moment, energy during relaxation
	Summary and keywords
	Maximum entropy distributions in dark matter flow
	Maximum entropy distributions in kinetic theory of gases
	Maximum entropy distributions in dark matter flow
	Velocity and dispersion decomposition
	Particle energy in dark matter flow
	Maximum entropy distributions in dark matter flow
	Maximum entropy distributions in dark matter flow
	Maximum entropy distributions in dark matter flow
	Particle energy in dark matter flow
	Summary and key words
	Halo mass functions from maximum entropy distributions in collisionless dark matter flow
	Introduction
	Maximum entropy distributions
	Relations between maximum entropy distributions
	Parameters and distributions for some typical potential exponents n
	H and J Distributions for large halos
	Hꝏ and Jꝏ Distributions from maximum entropy principle 
	Modeling halo virial dispersion and halo velocity dispersion
	H Distribution for small halos
	Halo mass function from maximum entropy distributions
	Halo mass function from maximum entropy distributions
	Summary and keywords
	Two-body collapse model (TBCM): an elementary step of mass cascade and GSCH for pairwise velocity
	Introduction: TBCM as an elementary step of inverse mass cascade
	Introduction: Damped harmonic oscillator as a fundamental model in dynamics
	Equations of motion in comoving and transformed systems
	Formulation of a TBCM model in transformed system
	Formulation of a TBCM model in transformed system
	Examples of numerical solutions
	Two-body collapse: free fall or equilibrium?
	TBCM model in the simplest form and perturbative solutions for equilibrium collapse
	Classifying two-body collapse
	Solutions of free fall collapse and free fall time
	Perturbative solutions for equilibrium collapse
	Critical values of βs (analogue of critical damping) and critical halo density 
	Evolution in comoving system for two-body angular velocity, spin parameter and angle of incidence
	Prove stable clustering hypothesis (SCH) and derive generalized SCH
	Connections with spherical collapse model (SCM)
	Summary and keywords
	Evolution of energy, momentum, and spin parameter in dark matter flow and integral constants of motion
	Introduction
	Equations of motion in comoving and transformed systems
	Energy evolution in transformed system
	Energy evolution in comoving system and εu
	Momentum evolution in transformed system
	The evolution of momentum on halo and large scale
	The variation of energy in halos
	The variation of momentum in halos
	The variation of momentum in halos
	Relevant parameters for halo energy and momentum
	Integral constants Im and physical meaning of I2
	Physical meaning of integral constants I4
	Evolution of momentum on large scale 
	Momentum and integration constants on halo scale 
	Summary and keywords
	Statistical (correlation-based) approach for dark matter flow
	The statistical theory of dark matter flow (second order)
	Introduction
	Two-point first order velocity correlation tensor 
	Two-point second order velocity correlation tensors 
	Two-point second order velocity correlation functions
	Kinematic relations for correlation functions
	Correlation functions from N-body simulation and nature of dark matter flow
	Velocity correlation and collisionless particle “annihilation”
	Modeling velocity correlation functions on large scale
	Longitudinal and total velocity correlation
	Density and potential correlations on large scale
	Velocity/density/potential spectrum functions on large scale
	Second order velocity dispersion functions and energy distribution in real space
	Second order velocity structure functions
	Second order velocity structure functions
	Kinematic relations for structure functions
	Energy and enstrophy distribution in real space
	Correlation functions of velocity gradients and Kinematic relations
	Modeling the longitudinal structure function on large scale
	Modeling the longitudinal structure function on small scale (two-thirds 2/3 law)
	Modeling the longitudinal structure function on small scale (one-fourth ¼ law)
	Modeling velocity correlation functions on small scale
	Modeling the velocity correlations on entire range
	Modeling divergence and vorticity correlations on entire range of scales
	Summary and keywords
	Scale and redshift dependence of density and velocity distributions in dark matter flow
	Introduction
	One-point probability distributions of density field
	Probability distributions of log-density field
	Halo-based non-projection approach for particle density
	Time evolution of comoving particle density field
	Time evolution of particle density field
	Two-point statistical measures of density field
	Specific potential/kinetic energy from density correlation function
	Density spectrum/dispersion functions and real space distribution of density fluctuation 
	Density correlation function (simulations & models)
	Density correlation and spectrum functions (simulation & models)
	Density dispersion function and distribution of density fluctuation
	Characterizing distributions of velocity fields 
	Redshift dependence of velocity distributions
	Scale-dependence of velocity distributions
	Scale-dependence of velocity distributions
	First moment of velocity fields and pair conservation equation
	First moment of velocity fields
	Second moment of velocity fields
	Second moment of pairwise velocity (pairwise dispersion) and the two-thirds law
	Two-thirds law for higher even order structure functions and generalized stable clustering (GSCH)
	Comparison of velocity fields between incompressible and dark matter flow
	Modeling velocity distributions on small scale
	Distribution of pairwise velocity on small scale
	Velocity distributions on intermediate scale
	Modeling velocity distributions on large scale
	The redshift evolution of velocity distributions
	Summary and keywords
	The statistical theory of dark matter flow (high order)
	Introduction
	Two-point third order velocity correlation tensors 
	Two-point third order velocity correlation functions
	Kinematic relations for third order correlation functions
	Scaling laws for two-point third order velocity structure function (review)
	Velocity correlation functions of any (pth) order L(p,q) and R(p,q)
	Correlation functions in the limit of small and large scale
	Correlation and structure functions from N-body simulation
	Kinematic relations for correlation functions L(p,q) and R(p,q) of any (pth) order (derivation skipped)
	Kinematic relations validated by N-body simulations
	Kinematic relations validated by N-body simulations
	Dynamic relations from dynamics on large scale
	Dynamic relations from dynamics on large scale
	Modeling high order correlation functions on large scale
	Modeling high order correlation functions on large scale
	Dynamic relations from dynamics on large scale
	Dynamic relations from dynamics on large scale
	Divergence of velocity on all scales
	Deriving exponential velocity correlation functions on large scale
	Deriving exponential velocity correlation functions on large scale
	Deriving power-law velocity correlation functions on small scale
	Dynamic relations from dynamics on small scale
	Self-closed description of dynamics
	Averaged dynamic equations for velocity and the origin of effective viscosity 
	Dynamic evolution of vorticity, enstrophy, and energy
	Dynamic relations from dynamics on small scale
	Dynamic relations from dynamics on small scale
	Summary and keywords
	Applications of dark matter flow
	Dark matter particle mass and properties from two-thirds law and energy cascade in dark matter flow
	Introduction
	A classical “top-down” example in physics
	What we need for predicting DM particle mass?
	Energy cascade in hydrodynamic turbulence
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Constant (time and scale independent) rate of energy cascade
	The two-thirds law on small scales
	Postulating dark matter particle mass and properties
	Postulating dark matter particle mass and properties
	Where is our prediction?
	Summary and keywords
	The origin of MOND acceleration from mass and energy cascade in dark matter flow
	Introduction
	Hydrodynamic turbulence vs. dark matter flow
	Energy cascade in hydrodynamic turbulence
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Constant (time and scale independent) rate of energy cascade
	The maximum entropy distribution in dark matter flow
	Particle energy in dark matter flow
	Acceleration fluctuation in dark matter flow
	Acceleration distributions in dark matter flow
	The variation of acceleration with redshift
	The variation of acceleration with halo size
	The original of MOND acceleration
	The deep MOND behavior
	Summary and keywords
	The baryonic-to-halo mass relation from mass and energy cascade in dark matter flow
	Introduction
	Energy cascade in hydrodynamic turbulence
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Mass/Energy cascade in dark matter flow (SG-CFD)
	Constant (time and scale independent) rate of energy cascade
	Dimensional analysis for critical mass scales
	The baryonic-to-halo mass ratio from energy cascade
	Critical scales and Baryonic-Halo-Mass Ratio
	Relevant parameters for baryonic-to-halo mass ratio
	SPARC (Spitzer Photometry & Accurate Rotation Curves) data and model
	SPARC data and model
	SPARC data and model
	Redshift variation of baryonic-to-halo mass ratio
	Redshift evolution of baryonic-halo-mass relation
	Summary and keywords
	Slide Number 290
	About Me
	preface.pdf
	Preface
	Data repository and relevant publications 




