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The Disturbing Function

O polished perturbation!

Williamn Shakespeare, Henry iV (2), IV, v

6.1 Introduction

In Chapter 3 we approached the three-body problem from the point of view of the
location and stability of equilibrium points in the restricted problem. However,
we made no attempt to tackle the more general problem of the motion of a third
body under the gravitational effects of the two other bodies for arbitrary initial
conditions. This problem is nonintegrable, but we can make some progress hy
analysing the accelerations experienced by the three bodies. If their motions
are dominated by a central or primary body, then the orbits of the secondary
bodies are conic sections with small deviations due to their mutual gravitational
perturbations. In this chapter, we show how these deviations can be calculated
by defining and analysing the disturbing function.

Consider a mass m; orbiting a primary of mass m. in an elliptical path. As we
have seen in Chapter 2, this problem is integrable and the orbital elements a;, ¢;,
I;, w;, and Q; of the mass m; are constant, provided the gravitational effect of the
central body can be treated as arising from a point mass. If we now introduce a
third mass, m;, then the mutual gravitational force between the masses m; and m;
results in accelerations in addition to the standard two-body accelerations due to
me {see Fig. 6.1). These additional accelerations of the secondary masses relative
to the primary can be obtained from the gradient of the perturbing potential, also
called the disturbing function.

This chapter is concerned with a mathematical analysis of the properties of
a Fourier series expansion of the disturbing function, We show how particular
problems in solar system dynamics can be tackled by isolating the appropriate
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The accelerations of the secondaries relative to the primary are given by

= R,! - RC; (66)
i =R —R.. ©6.7)
Substituting the expressions for Re, R;, and R, from Egs. (6.3)~(6.5) we get
i+ G (me +my) % = Gm, (ilr—;—r—g (6.8)
”f LI I N
b+ G e+ my) L = G, (% : _) ©9)
‘.’ 1].' lt | Ty

These relative accelerations can be written as gradients of scalar functions,
that is, we can write

.. 0
Fr=V, (U +R) = (1—+,_|-;w +k8z )(U +Ri) (6.10)
and
. D . 8 R
Fo=V, (U — 4 j— +k— A1
r] J(Uf+7€’}) (lax" +J3)‘; + azj)(Uf+R) (61 )
where
U, = gg’lc:'_ml and U :QM (6.12)
i Fy

are the central, or two-body, parts of the total potential. The subscript i or j is
included in the V operator to emphasise that the gradient is with respect to the
coordinates of the mass m; or m;. The R term in the potential is the disturbing
Junction, which represents the potential that arises from the other secondary
mass. Since r; is not a function of x;, y;, and z;, and r; is not a function of x;, y;,
and z;, we can write

= Gim;—=—, (6.13)

(6.14)

The leading terms in these expressions are called the direct terms while the other
terms that arise from the choice of the origin of the coordinate system are called
the indirect terms. If the origin of the coordinate system was at the centre of
mass, then these indirect terms would not appear.

The above analysis can be extended to any number of bodies. In addition, the
accelerations associated with the disturbing function can arise from any source
and not just from point-mass gravitational forces. They could, for example,
arise from a potential associated with the oblateness of the central mass (see
Sect. 6.11). However, in what follows in this chapter we are mostly concerned
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with the particular case of two point-mass secondaries of masses m and m’ and
position vectors ¥ and ¥ relative to the central mass, where r < r/ always. With
this notation, the equation of smotion of the inner secondary is

'I"-i—g(mc-!—m)—l;-—_—gm’(r—r ;%) (6.15)
r o —x” 7

and its distarbing function can be written

!

a e r (6.16)

R=——
I/ — 1| s

= Gm’ and the associated reference orbit has osculating elements

where '
wlad = G (me-+m). Similar equations can be written for the outer secondary
giving
5 AT r-r F
T +Q(mc+m)ﬁ—gm (er—1"|3 _ﬁ) 617
The corresponding disturbing fanction for the outer secondary is then
i r.r
= —— = 6.18
r— 1| Ho3 (©6.15)

where u = Gm and the associated reference orbit has osculating elements nla? =

G (me+ m'}.
Although this is the mo
R/, it is worth pointing out th

st straightforward way to derive expressions for R and
at this procedure and the resulting expressions are
pot unique. For example, it is possible to add an additional term, Gmr'/ 3,10

each side of the equation of motion for the mass m’, Eq. (6.17), resulting in an
additional term —u /7" inthe expression for R'; however, this requires that the as-
sociated reference orbit for m’ has osculating elements n2a? =G (me-Am-+ m’).

5.3 Expansion Using Legendre Polynomials

Consider the configuration shown in Fig. 6.2 where ¥ and ¥ denote the position
vectors of the masses m and #’ respectively. Let ¢ denote the angle between the

two position vectors. Erom the cosine rule we have
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Fig.6.2. The position vectors r and r of two masses m and m’, with respect to a central
mass .. The angle between the position vectors is .

This can be expanded in Legendre polynomials to give

1 I & /
S T ;): Gf)l Py(cos ), (6.21)

whete Po(cosr) = 1, Pi(cos ) = cosyr, Pa(cosyr) = %(3 cos? 1y — 1), etc. (see
Sect. 4.2),

Since r - ¥’ = rr/cosy = rr' P (cos ), the disturbing function for the inner
secondary can be written

[

R = ) ; (;) Pi{cosyry, (6.22)
where the Py(cos ) term has been omitted because it does not depend on r
and, ultimately, we are only interested in the gradient of R with respect to the
coordinates of the inner secondary. Similarly, the disturbing function for the

outer secondary can be written

20 -yl r
R = %ZZ: (%) P{cos )y + ,u,;% cosyr — “:_2 cos 1. (6.23)
I=
Thus, apart from two extra terms (that are actually unimportant for the applica-
tions discussed in the book), the expressions for R and R’ are very similar. '
This chapter is concerned with the series expansion of the disturbing functions
R and R interms of the orbital elements (as opposed to the Cartesian coordinates)
of m and m'. We use the standard orbital elements a, ¢, 7, @, , and 2 to denote
the semi-major axis, eccentricity, inclination, longitude of pericentre, longitude
of ascending node, and mean longitude, respectively, of the mass m, with similar
primed quantities for the mass m’. We show that the expansion of R has the form

R o= ,LL!Z Sla.a’,e, ¢, 1, I cos g, (6.24)
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Here ¢ is a permitted linear combination with general form
o= X+ okt 3w+ s s JeS
where the j; (i = 1,2,....0) are integers and

6

S =0 (6.26)

i=1

This propety stemns from the azimuthal invariance of the primary’s potential. By
knowing the explicit form of the function S and the permissible combinations of
the angles in ¢, we can identify those terms that make the dominant contributions
to the equations of motion and, conversely, those that can be neglected.

To illustrate the nature of this expansion Jet us consider the special case where
the orbits of the two masses and m' lie in the same plane and we can ignore
any terms arising from the inclination. In this case we can write the angle ¥ as

the difference of the true longitudes,
W=(f’+w')—(f+w), 6.27)
where f and f' denote the true anomalies of m and m'. Hence,

cos ¥ = (cos f'cos w' — sin £ sinw){(cos fcos T — sin f sinzr)
+ (sin ' cosw’ + co8 f'sinz’)(sin f cosw +COS fsinw). (6.28)

We have already given series expansions for cos f and sin f in Sect. 2.5 and we
can find similar seties for cos f’ and sin f by substituting M ' for M and & for e.

Taking these expansions to second degree in e and ¢’ we find

cosr = (1 — ¢ -me’l) cos[M — M +w — ']
—ecos[M’-w+w’]~e’cos[M+wmw’]
tecos[2M — M +m — ') +ecos[M—2M + @ — w']

i 1
- §e2 cos[M + M —w +w'] - ge’zcos[M + M+ w -]

9 9
+ gez cos[3M — M +@ — ']+ §e’2 cos[M —3M' + @ — ']
+ ee coslm — '] + ee’ cos[ZM — M+ — @)
—ee' cos2M +w - w'] — ee' cos[2M' — @ + @'l (6.25)

Fven at this stage some properties of the expression for cos ¥ are evident. Itis
clear that the degree of the eccentricity term associated with each cosine argument
is at least the modulus of the sum of the coefficients of the mean anomalies in
the argument. Another property shows up if we express the angles in terms
of the mean longitudes rather than the mean anomalies using the substitutions
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M=r—wand M =1 —m’ This gives

Cos ¥ = (1 - = e’z) cos[A — AT~ ecos[r' — @] — &' cos[h — o]
+ecos[2A — A — o]+ e cos[h - 20 + ]

I 1
— gez cos[h + A — 2ar] — ge@ cos[r -+ 2 — 2w']

+ gez cos[3n — A — 2w ] + ge@ cos[h — 34 + 2]

+ee’cos[ar —~ @'l +ee' cos[2Ah - 20 —w + ']
—ee' cos[2h — w —w'] — e’ cos[2) — @ — w']. (6.30)

With this choice of angles it is clear that the sum of the integer coefficients of
the longitudes in each argument is zero. This particular property is also true of
the final expansion when the angles are expressed in terms of longitudes and it
allows us to determine the permissible arguments.

If we now turn our attention to the radially dependent parts of the disturbing
function Eq. (6.22), we can write

;00 iy 14+1
R=53"d (i) (%)ipf(cosw), (631

r!
where
o=— <1 (6.32)

7

is the ratio of the semi-major axes of the masses » and m'.
If we consider the terms with / = 2 then the series expansion for r/a given in
Sect. 2.5 gives

2
(i) a1 - 2ecos M+ (1) 2(3 — cos 2M), (6.33)
a 2

ri’

"3
(a_) ~ 143’ cosM + (%) ¢?(1 +3cos 2M"), (6.34)
with

2 / 3 3 3
(i) (%—) '“1+§€2+§€’2—26008M+3€’C03Mf

o %ez cos 2M + ge’Z cos2M’
— 3ee’ cos[M — M'] — 3ee’ cos[M + M']. {6.35)

Since Pa(x) = (1/2)(3x*—1), P3(x) = (1/2)(5x3 ~3x), etc., considerable effort
is required to calculate the Pi(cos ) given the complexity of our expression for
cos . Infact, for [ = 2 there are fourteen separate arguments, while for / = 3
there are thirty-six arguments. However, since the series for (a'/r')*1(r/a)
only involves sums and differences of the mean anomalies, this means that their
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product with the terms in the Py(cos ) series will always preserve the property
that the sum of the coefficients of the longitudes in any cosine argument is zero,

Tt is clear, even from this simple analysis, that the expansion of the disturbing
function is a nontrivial task best undertaken with the assistance of computer
algebra systems. The end resuit is a series in o involving a large number of
different arguments. Before considering how best to deal with this series, it
is essential to generalise the expansion to three dimensions and introduce the
inclinations and nodes of the two orbits.

The disturbing function R can be expanded in terms of standard orbital ele-
ments using the method developed by Kaula (1961, 1962), in which the disturbing
function for an inner secondary is expanded in an infinite series in the osculating
(i.c., instantaneous) elliptic elements referred to the equator of the primary. The
expression for R in Eg. (6.16) can be written

;00 !
R = [l Zaf Z (_1)1-mxm (I —m)!

a i I+ m)!
! S 11=2 1-1i-2p'
x S Fup(DFnp () ) X192 (X007 (€)
p.p'=0 g.q'=—00 .
xcos[l —2p 4+ g — 1 —-2p+ @k~ gw +qw
d(m— 1+ 2P — (m — 1+ 2p)R2), (6.36)
where @ = a/a’, A and A’ are mean longitudes, @ and w’ are the longitudes of

pericentre, and xp = 1 and ki =2 form # 0.
The Finp(!) are the inclination functions defined as

i m)!
2pl{l — p)!

« Z (~ 1)k (2[ - 2P) ( 2}9 )C3iwm2p—2fcsm.f.’+2p+2k’ (637)
k

Flmp(‘r) =

k [~m—k

wherei = v —1, k is summed from k = max(0,7--m —2p)tok = min{ —m, 21—
2p), 5 = sin%l, and ¢ = cos %In
The quantities X2*(e) are Hansen coefficients, which can be defined by

o0
Xab(e) = el NS XY, g€ (6.38)
=0

In this context & = max(0, ¢ — ), § = max(0, b — ¢), and the Xi’"ﬁ are Newcomb
operators, which can be defined recursively by

xgo=1, (6.39)
X{h=>b-a/2, (6.40)
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and, for d = 0,
4eX78 =22~ )X + b - a)x 2, (6.41)
or, ford # 0,

4dXTh = ~ 202 + DX~ (bta ayx"h 3

~(c~5d +4+4b+a)xt

+2(c —d +b) 2(4)1 (3/ 2) X bj pn (6.42)

jz2

Also, Xy =0ifc < Oord < 0. If d > c then X5 = x%~?,

Additional information concerning Hansen coefficients and Newcomb opera-
tors can be found in Plummer (1918) and Hughes (1981). In particular, Hughes
(1981) describes the properties of Hansen coefficients and their various recursive
relations.

We must also consider the expansion of R'. It is interesting to note that this
expansion is curiously absent from the literature. It can only be assumed that
since this form of expansion was developed for handling the perturbations on
artificial satellites due to the exterior orbits of the Moon and Sun, the need for a
similar expansion for R never arose.

The expression for R’ is

({ —m)!
T 2 Z T
x Z Fong (D iy (1) 3 XP5 (X G @
p.p= 4.q'=—c0
x COS{(l = 2p" + g W — (U =2p+@)h — g’ + qw
+n = 1+2p)Q ~ (m—1+2p)Q]
{(1— m)'
Z "1+ m)! m)!

m=0

0
-2,1-2 1.1-2p
x Z Finp (D) FPue (1) 37 X250 P X[500 (')

p.p'=0 g,q'==0
xcos[(1 —=2p" + gV — (1 =2p+g)r — q'w’ + g
+n-142p00 — (m -1+ 2p)$'2]. (6.43)

6.4 Literal Expansion in Orbital Elements

Given the importance of the disturbing function in solar system dynamics, a
number of authors have derived high-order expansions. Peirce (1849) derived
an expansion to sixth order in the eccentricities and mutual inclination. One of
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the major expansions of the disturbing function, and one of the most commonly
used, is due to Le Verrier (18553), who published a seventh-order expansion;
Boguet (1889) extended Le Verrier’s expansion to eighth order. Although Le
Verrier's expansion contains a number of trivial errors, most of which were cor-
rected in subsequent volumes of the Annals of the Paris Observatory, a single
nontrivial mistake was found by Murray (19853). Other expansions include the
symbolic development O sixth order by Newcomb (1895) and the low-order ex-
pansions by Brown & Shook (1933) and Brouwer & Clemence (1961). Although
all these expansions were carried out in terms of the individual eccentricities and
longitudes of pericentre of the two orbiting bodies, they all made use of a mu-
tual inclination and a mutual ascending node. The reason for this was probably
to reduce the amount of calculation required, but in the era of computer alge-
bra such restrictions no longer apply. An expansion complete to second order
in the individual eccentricities and inclinations is derived in Sect. 6.5, while
Appendix B contains a literal expansion, which is complete to fourth order.
Both expansions were derived using the method outlined below.

Given the complexity of the expansion, it 18 customary to distinguish between
the direct and indirect parts of the disturbing function. Using the definitions in
Fqs. (6.16) and (6.18), we can write

(6.44)
(6.45)

(6.46)

Re = — (g) (%)2 cos ¥, (6.47)
Ry=— (-;—) (%)2 cos . (6.48)

In these expressions Rp 18 derived from the direct part of the disturbing funciion,
Ryg comes from the indirect part due to an external perturber, and Ry comes from
the indirect part for an internal perturber. Itis clear from Egs. (6.44)-(6.46) that
we can us¢ an expansion of Rp to obtain the direct part of either R or R'.

To isolate the appropriate terms in the disturbing function for any particular
problem in solar system dynamics, we need to obtain a series expansion of R or
R’ in terms of the individual arbital elements of the two orbiling bodies. This
requires separate expansions of the direct part Rp defined in Eq. (6.46) and the
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ndirect parts Rg and Ry defined in Egs. (6.47) and (6.48) respectively. The

different cosine arguments in the expansion given in Appendix B are labelled D,

E, or Iaccording to which part of the disturbing function they are derived from.
Using Eq. (6.19) we can write

Y
L _Ro {rz + 2 — 2rr' cos Lffjl : (6.49)
A a

where A = |1’ —r| is the separation of the two masses and  is the angle between
the two radius vectors (see Fig. 6.2). Sincer - r' = rr' cos Y we can write

COs ¢ = w (6.5
rr
From Hg. (2.122) we have
d = C082Co8{w + f) —sin2sin(w + f)cos/, (6.5
-
% =sinf2cos(w + f) + cos Lsin(w + £)cos/, {6.52)
f = sin(w + f)sin], (6.53)

with similar expressions for x'/»/, y'/+/, and '/’
Each of the above equations can be expanded as a series in M and M’ using

the sertes expansions for cos £ and sin f given in Sect. 2.5 and hence we can
derive a series expansion for cos . If we define

W = cosy — cos{@ — '), (6.54)

where § =@ + f and &' = @’ + £’ are the true longitudes of the inner and outer
bodies respectively, then, as we shall see later, the resulting series for ¥ is of
second order in sin 7 and sin /” and the expression for A~ can be expanded as a
Taylor series in ¥. We have

-1/2
l e [rz + 2 2 (COS(@ — 0"+ \I-‘)] v

A
' 3 f 2 ]
_A—O+Jr\ll _8-{——2—(?‘\11) A—g+
% (2! (1 , )*’ 1
= — —rr lII AT, 655
e (D2 \2 AFH! (€39
where
I 12, 2 : NG
i [r +r = 2rr' cos(@ -6 )] . (6.36)
Let

172
po = [a2 +a? = 2aa’ cos(d — 6"):! . (6.57)
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Using a Taylor series expansion in po, We can write

! 0 ! 4. (658)

1 1 d
e @ T + @ —ay—= VT
A'éH—l ,o(ZJH—l da p%H-] aa’ ,0(2) +1
Let Dy, denote the differential operator
8m+n
(6.59)

m L h

— —
Dy =@ a aamaam°

and let
(6.60)

!
r F
rl, 8’:—";—'1.
d

From the expansion of r/a given in Eg. (2.81),itis clear that e is of O(e) and &

is of @(e. Hence we have

1 f
Sl 14+eDio+e D1+
AQI"”

]. 2 I3 12
_2—! (g D2,0+288 Dy1+é& DD,'Z) 4 p%H-l

However, from Eq. (6.57),

1 b2 2 i ' r(H"%)

-p—%Tﬁ—n[a 4-a —2(1(1008(9_6)]
]—(i+%)

_ al—(2i+1) [1 + ot — 2w cos(@ — )

. 1 [e 5] .
_ (201 () : _af
=da 3 jzioobﬁ%(oa) cosj(@—6), (6.62)

be expressed as a

efficients, each of which can
operators act only

all & < 1. Since the Dy
fine functions Aj jma DY

. , am+n . ,
. _ (2013, ) o m i —2i+1) D
AI‘J,mJ’i = Dmn (a bi+%(ﬂf)) =dad a _————"aamaam (a’ bH—%(O{)) ’ (663)

where the bﬁ”(a) are Laplace co
uniformly convergent series in « for
on the Laplace coefficients, we can de

and we can now write

1 1 &
= = A [Ai,j_0,0+€Af.j,1,0+8’Af,j,0,1 +---Jcos j(¥ —oh. (664
Ao jamoa
If we generalise this expression we obtain
(6.65)
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Care must be taken in the calculation of the partial derivatives with respect to
a and a’ in the A; ; ., since a and o’ are still contained implicitly within the
Laplace coefficients bi_(jr_ ' (ajad).

Substituting Hq. (6.65) in Eq. (6.53) we obtain

2O e N glgit!
Ro=3 G (5057) S

= - 1 1 ! k itk ; li y
x j;w [; i g (k ) e A,,M‘,_kJ cos j(0 —8").  (6.66)
It is worthwhile noting that the inclinations, 7 and /', are only contained in W
and the eccentricities are only contained in the ¢ and ¢’ terms in Eq. (6.66).

The expansion of the indirect parts, Rg and Ry, is more straightforward using
the series obtained from expanding cosv in Eq. (6.50) and the series given
in Sect. 2.5. Note that the expansion of these terms does not involve Laplace
coefficients.

The literal expansion makes use of Laplace coefficients, which are explicit
functions of « rather than the individual coefficients of powers of o that we
encountered in Kaula’s expansion. The Laplace coefficient bfjr) ) (e) in Eq. (6.62)

is defined by

1 .. 1 2 cos jyr dvs
Z W —
st @) 27 J[() (1 —2xcosyr 4+ a2y’ (6.67)

where s = / + 1/2 is a half-integer (i.e., s = 1,2, 3/2.5/2, .. ) and o = aja’.
Alternatively we can write this in series form as
S+ (s+j=D ;
o
1-2.3...§

%bﬁ-")(a) =

><|:1+S(S+j) 2 SE+DEFNe+j+1)

l(j+1)a T3+ D=2 o —I—J (6.68)

In the case where j = O the factor outside the brackets is equal to unity. It can be
shown that the series definition of the Laplace coefficient is always convergent
foro < 1.

Useful relations between Laplace coefficients and their derivatives are given
in Brouwer & Clemence (1961). These include

bl = b7, (6.69)
Db =5 (b5~ 206, 4 vy, (6.70)

0 — ~1gGi-1 n—17(j)
Db = (DB Y — 20 Dr= 15D,

A i+1 W f
+ DY 2 — 1y Zb_ffjl),
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and
—(j+n- 1)0:1:41 D)1.»1b§j) —(j-n-— 1)06’1)1 Dn-lbgj_'l)
+2G -0 [a”D”—ibgi—“ Do D”"Zbgf-”] , (6.72)
where n = 2 in the last two relations and D = d/do 188 differential operator.
6.5 Literal EKxpansion o Second Order
As an illystration of the techniques outlined in Sect. 6.4, we will now derlve an
expansion of the disturbing function complete to second order inthe eccentricities

o make use of the expan-

and inclinations.
M, given in Egs. (2.84)

To derive a series expansion for €OS ¥ we first need t

£ and cos f in terms of the mean anomaly
To second order we have

(?— sn3M — 1sinM)
g’ 3 '

)+ & (% cos3M - %ces M) R CNEY

gions for sin

and (2.85) respectively.
(6.73)

sin f :sinM+esin2M+e2

cos f - cos M -+ e{cos2M — 1

Hence

cosfw + f1= cos wcos f
~ coslo + M]

1 (— coslw + M1~ %cos[w -

— sinwsin f
+ e (cos{w + IM] — cOs )
M+ % cosfw + 3M1) 675

and
sinfo + f1= sinwcos f +Cos® sin f

+ M) + e {sino+ 2M] — sinw)

= sinfw
9 . 1. 9 .
+ &2 | —sinfe + M+ 3 sinfw - M1+ 3 sinfw + 3M] ) - (6.76)

mber of previous expansions (inchuding that by Kaula
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where s = sin%] . Substitution of these expressions and our expansions of
coslw + fland sin[w + f]in Bgs. (6.51)-(6.53) gives

LN coslw + Q + M] + ¢ (cos[o + Q -+ 2M] - cos[w + 2])
p,

8
+ 57 (cos[wﬁ Q@+ M| — cos[w + S2~|~M]), (6.7

+é? (gcos[a)JrSZ%«BM]—%cos[w+Q—M]—c0s[w+Q+M])

2w sinfo + 2+ M] + e (sinfw + @ + 2] — sinfw + 2J)
;

+ & (% sin[w + £ 4 3M7] _-é—sin[co+ @ — M| — sinfa + Q+M])

— 5% (sin[w — 2 + M] +sinfw+ Q + M]), (6.80)

~ 2s sinfw + M1 + 2es (sinfw + 2M] — sin w) . (6.81)

Similar expressions can be obtained for x'/r', y'/#/, and z'/¢' by replacing un-
primed quantities by primed quantities in the above equations. Hence we can
derive an expression for cosy using Eq. (6.50). At the same time we can use
the relations M = A — w and @ = @ — Q 1o express the expansion in terms of

longitudes. We get
COS ¥ =2
(1—e*—e? —5% —s2)cos[h — V'] + e€' cos[2 — 21 — wr + ']
+ ee' cos[w — '] + 258" cos[A — ) — Q + @]
+ecos[2h - A — o] —ecos[) — w]
+e'cos[h - 20 + w'] — & cos[h — w']

+ gez cos[3r — 1 —2m] — é& cos{r + A" — 2]

9 1

+ gee cos[A — 34" + 2m'] — ge’z cos[A + A" — 2]
—ee' cos[2h —w — '] — ee'cos[2)) — w — w]
+ 52 cos[h -+ A~ 29] + 52 cos[A + A — 20]
—2ss'cos[A+ A - Q — Q.

Since 6 = w4+ Q2 + f we have

cos{f — 6] = (cosQ2cos[w + f] — sin Qsinfw + £])
x (cos Q' cos[w’ + '] - sin Q' sin[o’ + F])
+ (sinQcosfw + £+ cos Qsinfw + ]
x (8in Q2" cos[w’ + f'] + cos Q' sinfe’ + 7).
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By comparing this with Eqgs. (6.51)-(6.53) we see that the expansion for
cos[@ — ') can be obtained from the expansion for cos ¥ by setting I =1'= 0.
Since W = cosy — cosld — 0], the expansion of cosyr shows that W is the
‘nclination-dependent part of cos ¥ and

o= s? (cos[* + A - 28] —cos[r — )
+ 255 (cos[r — M — R+ Q'] —cos[r+1 -2 - 1)
52 (cos[a 42" =29 — cos{n — 1) (6.84)

Note that @ is of second order in the inclinations. E ! By substi
Since rja = 1 + O(e) and ' ja’ =1+ O(e), itis clear that, to second oxder in i expressio
the eccentricities and inclinations, we can write .
1rv 1,
(‘—25 E\P) =39 (coslh + A — 28] —cos[r — )U])
+ 55" {cosih — 3 Q4] cosfr+ A — - Q)

+ %s’z {cos[r + 3 —20) - cos[A — A1), (6.85)

which is independent of e to this order. Since we are only interesied in a second-
order expansion, and since W is already of second order, we can ignore second
and higher powers of V.

We have now obtained the first of the two major terms required for the series
for Rp (see Eq. (6.66)). We need to derive an expression for cos j[0 —8'], where
j is an arbitrary integer. We start by noting that

cos jlo — 8] = cos jlw+ Q+ fleos jlo + S + f1
+sin jlw + Q-+ f] sin jlo' + €'+ f'l. (6.86)

From Eq. (2.88) we have
p Although 1
f=M+2esinM + Zez sin 2M + 0. 6.87) do not nee
: From FEx
Tf we substitute this expression in ¢os jlo+Q+ 7l and sin j[o+2+ F), transform
to longitudes as before, and carry out a Taylor series expansion we obtain

cos j0 & (1 — j2e*) cosjA]

+ (%jzez - %jeZ) cos[(2 = Hr —2w]

2
_ jecosf(l — jyr — m ]+ jecostd + )2 = ] (6.88) ~ with simjla
: sary for thi

1
+ (— 26 4 %jez) cos[(2 + j)r — 2w]
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and
sin j6 ~ (1 — j2e?) sin[jA]
5 1 _
-+ (gjez - §j2€2> sinf(2 — A — 2]

+ (-g—jez + %jzez) sinf(2 + j)A — 2ar|
+jesinf{l — j)r — @]+ jesin[(1+ jHx — . (6.89)

By substituting unprimed quantities for primed ones we can easily obtain similar
expressions for cos j6' and sin jo'. The resulting expression for cos j[6 — 6] is
cos j[@ — 8] a
(1= j%* — j2eycosljtn — )]

+ (-gje2 + %jzez) cos[(2+ )k — ji' - 2w]

+ (%jzez - gjez) cos[(2 — j)h + jN — 2]

FJjecos[(l+ j) — ji' — @] — jecos[(] — j)n+ jA — ]
1

+ (ijze’z - gjea) cos[jr+ (2~ 1A — 2]

5 1

4 (gje’z + §j2e’2) cos[jA — 2+ )2 + 2w

~je'cosljh + (1 — )0 — w'] + je' cos[jr — (I + )+

— jPee’cos[(1 + A+ (1 - YA — @ - ']

= j%ee' cos[(1 — A+ (1 + )W — & — o]

+ fPee’ cos[(1 + A=+ )V — o+ o]

+ j2ee’ cos[(1 — )i — (L= YV — w4 '], (6.90)
Although the summation over j in Eq. (6.66) is over all values, in practice we

do not need to carry out this summation (see Sect. 6.9 for an example).
From Egs. (6.60) and (2.81) we have

e=l_ 1 %—ecosM+%e2(l —cos2M)
[13

= —eco8[A —w]+ ~21—e2 (1 —cos[2 — 2w]) (6.9

and hence

g2 el 4 %ez cos2M = «;—ez + %(32 cos[2 — 2w], (6.92)

3] =

with similar expressions for & and 2. No powers beyond the second are neces-
sary for this expansion since ¢ is of O(e).
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anH—n i
f+mai’[+n.+1 (a!—(2i+1)b(,')! (a/ﬂ’)) ‘ (693)
+4

H 0 I —
aa Al =0 2 Ia

to leave a function of a /a' alone. In our case

The result of the differentiation is
the required values of Ajjmn are

add™ A 00 = rx"bgi}i(o&), (6.94)
2
da’ A 10 = DtiHDb@l (&), (6.95)
13
da Ay = e DB (@)~ 2 Da'b? (@), (6.96)
e it+5 i+3
(6.97)

a0 = oD @)
3

datt A = _af+2D25$f1 (@) - 21+ 1)1)1;??1 @, (698).
) g

a"a”'“A,;“,- 20 = Oﬁi+2D2b(_j)1 (Dcf) + 4Oti+1(i A ])Dbg)l (Ol)
e I+i 1+‘i

20 Q% + 3+ )b (@), (6.99)
I
where i will take the values 0 and 1; higher values can be ignoted because of the

presence of the W term in Eq. (6.66).
We are now in a position to carry out the sunumn

in the eccentricity and inclination we have

ation over i. To second order

1
Rp = 'i[a-fA{)‘j‘O‘() +ea'Ag 10t e'a’ Ap. ;0.1

+e2d'Ag 20t ee'd Ag 11+ e2d' A 102
1rr 2 . ]
+=——W¥aa A1,4,00 cos j[6 -8 1- (6.100)

Using the series that we have already derived for the quantities in this equation,

we get an expansion with twenty-three cosine arguments. These can be cate-
gorised by the order of the argument, which is simply the sum of the coefficients
of % and 2/, If we write the second-order expansion as

”p = RO+ RS + Ry (6.101)

aining the arguments of order

where R% denotes the part of the expansion cont




d to calculate
metion. This
immation, we

(6.93)

e. In our case

(6.94)
(6.95)
(6.96)
(6.97)
o), 6.98)

(6.99)
‘because of the

o second order

(6.100)

n this equation,
se can be cate-
the coefficients

(6.10D)

yments of order

6.5 Literal Expansion to Second Qrder 243

i, then

1oy 1
R(O): Sty 222 2 5 )
P (2bé 5 e[ -4+ 2D +o2p?] ”(Q)) cos[jx - ji']

1
+ (§ee’ [ZJ' +452 24D azDz] b(;’))
2
x]cos[(l +PA—0+ HA —wm + ']
+ (gee’ [72]' +4j2 2D - aezDz] bﬁ”)
Z
x cosf(l — A — (0 — A~ @ + w']
1 .
+ (Z(s2 + 5’2)[ma]b§')) cos[(1+ ) — (1 + V']
1 )
+ (Z(“Z + 5’2)[ma]bé’)) cos[(1 — j)n = (1 — j)2]
1,
- (—jss [a]béﬁ) cos[(1+ DA — (I + ) -+ Q1
| ;
+ (Ess {a]bg)) cos{(1 — )h — (1 — N —Q+ Q7. (6.102)
1 | ;
Ry = (ze[zj - rxD]b(;)) cos[(1+ jir — jr' — w]
1 ,
+ (Ze{—Zj - ozD]b(]_”) cos[(1 — A+ jA — =]
2
I, , -
+ (Ze [+2/+ aD]bf)) cos[jr — (1 + )M + ']
2
1, , :
+ (Ze [1-2j+ aD]b;’)) cos[jr+ (1 — 3 — =], (6.103)
R(z) 1 2 ; .2 j
9= (1ee [51 +4j% = 2D ~4jaD + o’ D?| bﬂ”)
7
X cos[(2+ j)r — jr — 2w]
1
+ (Eez [ﬁSj +4j% —2aD+ djaD + 052D2:| bﬁ”)
T
x cos[(2 — A+ ji — 2]
I
+ (gee’ [2; —4j% - 2D +2jaD — oezDz] b‘;"))
2
xcosf(1+ pDri+ (1 - Hi — o — ']
1
+ (gee’ [—zj —4j% 20D —2jabD — aZDz] bﬁ”)
2
X (I:os[(l — A+ 0+ ) - —w']
+ (1—63’2 [4+9/+4/2+ 6D + 4jaD + D2 b({'))
2
x cos[jr — 2+ A +2w’]
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16
x cosfjr+ (2 — P —2w']

+ (%sz (o] bgj)) cos[(1 — i+ (L4 Hr — 28]

(
(

n (ieﬂ [4 —9j+4j+6aD —4joD +052D2]b(f'))
T

ZSZ [o) b?_%f)) cos[(1 + Hr+ (1 — Ha' —22]
M

+{ Zss’ [—oe]b(%”) cos[(1 — j)r+ (1 + v — 2 -]

1
2
+ Gss’ [—e] bgﬂ) cos[(1 + a4+ (1 -~ — Q]
2
+ Gsﬁ [a] b(%j)) cos[(1 — i+ (14 Hr —29]
+ (%s@ [o] bg)) cos[(1 + jHr 4+ (1 - Hr =227, (6.104)
2

The arguments in this expansion are not all unique and further simplification
is possible. This is clear from an inspection of the different terms since, apart
from the first term in R,g), they occur in pairs with similar form. Because
the summation in j in Bq. (6.66) is over all values, we can always carry out a
transformation of j of the form j — 4= + k where k is an integer, provided that
o the argument and its associated term. Also, since only cosines
lways change the sign of the argument. We
e the arguments in the expansion to some
decided to make j the coefficient

we apply it t
appear in the expansion we can a
can then use these procedures to reduc
arbitrary standard form. In our case we have
of )’ in each argument.

As an example, consider the two terms inee in

to the same cosine argument,

Rg). These can be transformed

W= jrt e —w, (6.105)

by changing j to —j in the first, and then applying the transformation j — j-+1
in each. The resulting term associated with this argument is then

%eef [2+6j +4j2—2uD —azDz] pIth, (6.106)
)

Similar procedures can be carried out for the other arguments and the total
number of arguments can be reduced from twenty-three to eleven. In such
transformations we have made use of the fact that B = b as given in
Eq. (6.69). We also point out that, even with our decision to express all the
arguments in a form where the coefficient of ' is j, the final form of our expansion
is not unique and transformations of the form j — —j followed by reversal of
the argument produce arguments of a different form.

+
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The final form of our second-order expansion of the direct part is

ALY Lo n 2 2 2] 0
RD“(ib% +§(e te )[4] +20D 40 D]b%

1 s ‘

+7 (s +57) ([ﬂx] b S Y b(%’“)))

x cos[j) — jA]

+ G—ee’ [2+6)+4/% - 200 - aZDQ] b‘;’“))
2

x cosljr — jA+ o — o]

+ (Ss’ [&] bng)) cosljM — ja+ Q' — Q]
z
1 .
+ (56 [-2j —aD] bi”) cosjn + (1 — j)r — o]
Z
1 .
+ (‘2“6’ [-1+2j+aD] bﬂ"“) cos[j2 + (1 — Hr — ']
Z
I .
+ (§e2 [—51‘ +4j% ~2aD +4jaD + aQDZ] bﬂ”)
)
x COS[jA + (2 — j)r — 2w]
+ (%ee’ [»2 +6j —4j>+ 20D ~4jaD — ozZDZ] bﬁf‘”)
3
x cosfjA + (2 - i -’ - ol
+ (%e’z [2 —7j +4j% - 2D +4jaD + aszz] bﬁf“‘”’-))
2
x COs[jA" + (2 — jHr — 2w']
+ (552 [a]bgf““)
2 2
x cos{jA"+ 2 — j)r —2Q]

+ (ss’ [—c] bf;"“”) cosfji + (2 — pr— 0 — Q]
2

+ (%S’Z [o] bg'”) cos{jr + (2 - j)a —2Q]. (6.107)
2z

Generating the indirect parts of the disturbing function defined in Eqgs. (6.47)
and (6.48) is relatively simple since we have already derived an expression
for cosy. Expressions for r/a and {a«’/r")* can be obtained from the elliptical
expansions given in Sect. 2.5. To second order,

% =1—ecos[h —w]+ %ez(l —¢os[2h — 2@ )) (6.108)

and

(%) =142 cos[ — w'] + %e’z (1 + Scos[24 — 2a]) (6.109)
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and hence
r{a 2
Rg=—— (_;) cos
a \r

a2 (—1 + ]iez + 12(3"2 + 52+ 5'2) cos[r — Al
_edcos[2V =2 —w @] - 25’ cos[r — & - & + 2]

3
- %e cos[r — 2x+wl]+ ¢ cos[x — @] —2¢ cos[2) — & — @]
and let Npay be

3 2 ! 1 2 /
- 3¢ cos{y —3x + 2w - 3¢ cos[\ + & — 2] that the express

1
+3ed cos[2h - w' —w] - — e cos[) +a— 2w'] |
8 Rp = |

- gge’z cos[3x — A — 2w — s2eos[r + A —2Q]

+ 255’ cos[A + A @ — Q] s cos[A + x - 28], (6.110)

where we have changed the sign of the argument in sOMe Cases in order to adopt

the same convention used fo derive Rp.
We can use similar methods to derive an expression for 1. Alternatively we

can reverse the primed and unprimed quantities in our expression for Rg. We

obtain

r

i (e

3
p:

1 1
Ao (—1 R 5’2) cos[x' — 2]
2 where, as before

2

_edcos[2V — 2 —w' + @] — 255’ cos[n —r— Q' 4 €] The following
3 1
—2ecos[) — 2L+ w]+ ie’ cosir — @'l — ie’ cos[27 = — @]
27 2 / 1 2 '

2l cos[) — 3a A 2w] — 3¢ cos[A' + A — 2w ]

£
; ]' 2 ! TTl

+3ee cos[2h —w' — @] — §e’ cos[x’ + a —2w'] P

Pm

Im

- %ea cos[3x — A —2a') - s?cos{a’ 4+ A —29Q]
6.111)

tmg

+ 25 cos[A + 21— Q' — Q) - s cos[n + A — 297
where the squars

sion. A number o
are;
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The method outlined in Sect. 6.5
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the planetary disturbing function L

inclinations. Its major disadvantage is that to find the terms associated with a Rmax = [

specific argument one has to carty out a complete expansion to the order of that Himin = G
3 we showed that in this respect there are distinct Mo = 1

argument. However, in Sect. 6
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advantages to using Kaula’s form of the expansion. The major disadvantage of
Kaula’s formulae is the lack of Laplace coefficients.

Ellis & Murray (1999) derived a variation on Kaula’s expansion that incor-
porates the best features of both approaches. Furthermore, they give explicit
formulae for the finite series associated with a specific argument expanded to a
specific order. Let the argument have the form

0= hA + pr+ o’ + jam - js2 + 0 6.112)

and let Ny be the maximum order of the expansion. Ellis & Murray showed
that the expression for Ry associated with ¢ is

Rp=3 G,

—
1 2i+1
— il 2

L (25 —4n+ (s — mUSSH (s =20 — m)!
* Z 22np1(25 — 20 + 1)) Z’cm(s—Qner)!

$=Smin n=0

m=0

s—2n—m ' — (_1)3225
X (_]) FS~2n.‘ ", p(l) F_s‘72n‘ ", p' (£ Z m
T} -

Lmux ¢ £ I3
Z(“l)zﬁ WA
) = Y = (k)( e a&_fbH% (@)

ik, —j3—J —(i+&+1Y, ji+i
X X-jz 2 J4(€) Xj] /1 JS(ef)

X CO8[JIM + far + 3o’ + jaww + j5Q + jo] (6.113)

where, as before, kp = 1 and «,, = 2 for m # ).
The following relationships hold throughout the calculation:

g = ja. (6.114)

q'=—js, (6.115)
Lmax = Nmax — | js! — |jsl (6.116)
Pmin = —(js + j6)/2,  pin =0 if js+ js <0, (6.117)
Poin =0, pri = s+ je)/2 if js+ jg > 0, (6.118)
Smin = MAX (Prin, Phn, J6 + 2Pmins =5 + 20k (6.119)
fmax = [(Nmax ~ sl = 1jal) /2] , (6.120)

where the square brackets in Eq. (6.120) denote the integer part of the expres-

sion. A number of intermediate definitions are required for the summation. These
are:

Amax = [{§ — Smin) /2], (6.121)
mmin =0 i s, /5 areboth even or both odd, (6.122)
mmin = 1 it s, j5 are neither both even nor both odd, (6.123)
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p=1(—jg—m+s —2n)/2 withp<s —2xnand p = Pmin, (6.124)

p={s—m+s— )2 with pf <5 — 2n and p' = Plin: (6.125)

j=|j2+i—251-2n#2p+q~. (6.126)

m ¢ and remain fixed over all the

Note that ¢ and ¢’ are determined directly fro
s, n, and m but the relationships

summations. However, p and p’ change with

given in Eqs. (6.124) and (6.125) always hold.
Ellis & Murray (1999) showed that the summations involved in the definitions

of the functions of eccentricity and inclination in Eq. (6.113) need only be
evaluated to a finite order that is at most equal t0 Nmax- The Hansen coefficient
in ¢ need only include terms up {0 order Nmax — | 31— 1is! — 1Jel In € gimilarly the
Hansen coefficient in ¢’ need only include terms up t0 order Nuax — | jal —1Js1 —1Jel
in ¢. The F inclination function in / need only include terms up to order
Npax — |73l — Ljal — | jslin I, similarly the F function in [’ need only include

terms up to order Nmax — (sl — ial — LJsl in I

For the indirect patts we have
(1-*”’!)! i, —ja—1J =2, 14 r
——'——_Fl‘ W, ])(I)Fl,?Ti.,p’([f)X_jz_jl M (6) le i (é )

RE = ~*n (T !
] (6.127)

w cos[jix + jah 4 jaw '+ aw o+ s+ et

and
1 —m)! o .
sz—xn,._———((l +m;1F1,m.p(I)F1.m, SUNXE TP XN

x cos [j1 + jah + 3w’ + ja@ + js 4 62 (6.128)
where each of the quantities p, p', and m must be integers and equal to 0 or
1. If these conditions are not satisfied then the given argument does not appear
in the expansion of the indirect part. As with Rp we can reduce the extent of
the series expansions in powers of the eccentricity and inclination, and the same
modifications apply. An analysis of the integers involved in the expansion of

this indirect pait gives the following relationships:

q = J4 (6.129)
g =—j (6.130)
p=(a+ s+ 1D/2 (6.131)
P =—(h+ia—-1/2 (6.132)

(6.133)

m=js—2p +1
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principle whereby we assume (with some justification) that all the unimportant
terms will be of short period and therefore their effects will average out to zero
over the longer-period motion. This concept is illustrated in Sect. 6.9, All
that concerns us here is that the averaging principle allows us to isolate those
terms in the disturbing function that are appropriate for a particular problem
and to ignore the infinite number of remaining terms. Effectively we move
from a consideration of the infinite series of the full d; sturbing function, R, to a
finite series of the averaged disturbing function, (R}. This concept is the basis
of our analysis of secular perturbations in Chapter 7, resonant perturbations in
Chapter 8, and their applications to chaotic motion in Chapter 9 and planetary
rings in Chapter 1(). This approach to the use of the planetary disturbing function
permits us to carry out analytical studies when we move beyond the simplicity
of the two-body problem.

The procedure for determining the appropriate term, (R or (R, in the dis-
turbing function is as follows:

1) Decide which combination of angles, ¢, is applicable to the problem at hand.
This requires knowledge of the physical problem and will be discussed in
Sect. 6.9.

2) Determine the “order”, N, of the argument. This is equal to the absolute
value of the sum of the coefficients of 2 and A’ in ®.

3) By looking at the appropriate order terms in the expansion of Rp, determine
the value of the integer j that gives agreement with the desired argument, .

4) Calculate the combination of Laplace coefficients for that value of J to give
the explicit form of the term of interest, {Rp} say.

5) Decide whether an external or an internal perturbation is being considered.
This is determined by the nature of the problem,

6) If the perturbation is external, then look at the appropriate order terms in
the expansion of the indirect part, Ry, and isolate a matching argument, if it
exists, and read off the corresponding indirect term (Rg).

7) If the perturbation is internal, then look at the appropriate order terms in
the expansion of the indirect part, Ry, and isolate a matching argument, if it
exists, and read off the corresponding indirect term (R

8) If the perturbation is external then

(R) = ’;‘— ({Rp) + &{Rpg)). (6.134)

If the perturbation is internal then

1
(R'y = g (mRD) + (’RI)) . (6.135)

o

Use of the explicit expansion of the indirect part in steps 6 and 7 can be avoided
altogether since the averaged indirect part of the disturbing function, (Rg) or
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{Rp), can be obtained from the averaged direct part, (Rp). The procedure is as
follows: To obtain {Rg) replace every occurrence of " D" Ay (n = 0, 1)in{Rp)
by —1 and replace every occurrence of " D"By (n = 0, 1) in {Rp) by —2; all
other terms are ignored. To obtain {Ry) replace every occurrence of a"D" Ay
(n=012,..1in (Rp) by (—)"*1(n + 1)! and replace every occurrence of
" DBy (n=0,1,2,...)in {Rp) by (—1y*t! (2n + 2)n!, ignoring all other terms.

Throughout this analysis we have assumed that ' > r (iLe., that the orbits do
not intersect). The convergence of the resulting series will therefore depend on
how close the orbits are to intersection. Obviously if the orbits intersect there will
be a singularity since r = I’ at some longitude and the first term in Eq. (6.16) or
(6.18) becomes undefined. Hence an approximate condition for convergence is

all+ey<a(l—¢g?, (6.136)

or that the apocentric distance of the inner orbit has to be less than the pericentric
distance of the outer orbit.

Another advantage of the Legendre-type expansion given in Eq. (6.113) is that
it is easy to see the form of the lowest order terms in the expansion. We have
already stated in Sect. 6.3 (and shown in Sect. 6.5) that the potential associated

with the perturbations of the orbit of the mass m by the mass m’ can be written as &
R=u Yy Scose, (6.137)

where § is a function of the semi-rnajor axes, eccentricities, and inclinations of T

wm and m'. From the definitions of mean longitude and longitude of pericentre, tu

the general form of the argument ¢ can be written as o1

oyt pl.

o=01-2p+gW—U-2p+Qr-qw' +qw (s

m =14 2p)Y —(m -1 +2p)2, (6.138) de

where, in this case, [, m, p, P/, g, and ¢ are all integers. ‘We can calculate the an
valid arguments by using the property that the sum of the integer coefficients of
the angle variables in each argument is zero. If we write the general form of an

argument as f

wk

@ = JIN + joh + BT+ jaw £ 5+ j6S2 (6.139) pes

then our condition on the coefficients implies that der

me

of :

(6.140)

This is the d’Alembert relation and it does not apply to any choice of angles -
we must use angles that are referred to a fixed direction (i.e., longitudes rather
than anomaties). The longitades 1, X/, w, w’, Q, and Q' form an appropriate set
of angles. Hamilton (1994} provides an overview of the d’ Alembert rules that
determine such relationships.



cdure is as
1) in {Rp)
by —2; all
f o D" Aq
urrence of
ther terms.
e orbits do
depend on
t there will
1. (6.16) or
/ergence is

(6.136)

pericentric

113)is that
1. We have
| associated
e writien as

(6.137)

-linations of
f pericemtre,

(6.138)

~alculate the
yefficients of
11 form of an

6.139)

(6.140)

¢ of angles —
ritudes rather
ppropriate set
vert rules that

6.8 Lagrange’s Planetary Equations 251

Now consider the form of S, the “strength” of an individual term, From the
properties of X Hﬁi g (e) and F,,(7} we can calculate the lowest order terms in

the eccentricities and inclinations. Use of Egs. (6.37)—(6.42) gives

X (&) =0y, X2 ey = ot (6.141)
and
Fimp(I} = @(Slm—wzm), Fgmp*(fl) _ O(Sf!m—H-Zp’i), (6.142)

where s — sin %1 and s’ = sin %I ‘. Therefore we can write

5 & L9 it g2 gm 5201 _ L@ g ) el e (6.143)
al a' ’ '
where f(«) can be expressed as a function of Laplace coefficients. Hence the
lowest power of e, for example, in a given term is at least equal to the abschate
value of the coefficient of w. Similarly the lowest powers of ¢/, sin %I , and
sin %I "are greater than or equal to the absolute value of the coefficients of o', Q,

and &' respectively in . This property is clear from the second-order expansion
given in Sect. 6.5 and the fourth-order expansion in Appendix B.

6.8 Lagrange’s Planetary Equations

The expansion of the disturbing function gives us the dependence of the per-
turbing potential on the orbital elements. Now we need to quantify the resulting
orbital variations of the perturbed body. To do this we make use Lagrange’s
planetary equations. These are best derived using a Hamiltonian formulation
(see Sect. 2.10). Here we confine ourselves to a statement of the equations. Full
derivations can be found in Brouwer & Clemence (1961) and Roy (1988).

The use of Lagrange’s equations require the introduction of an additional
angle. If we write

A=M+w=nlt — 1)+ @ = nt + ¢, {6.144)

where A is the mean longitude, M is the mean anomaly, = is the longitude of
pericentre, ¢ is time, and 7 is the time of pericentre passage, then the new an glee
denotes the mean longitude at epoch (i.e., the mean longitude of the mass m at the

moment from which time is measured). Lagrange’s equations for the variations
of the orbital elements are

da 2 3R
B e (6.145)
) T_e2
G Yloeq TR Yl @R (6.146)
dt nale e nate dw
3 —e2(l — /1~ ¢2 tanl7
de :_£_R+ V1-e2(1—v1-e )%+_LWL~_@, (6.147)
dr na da naze de  pg2/1— g2 81
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dQ 1 IR

—_— = — (6.148)
dr 5021 —e2sing

1 o2 tan 17
do V18R, _tanyl IR (6.149)
de nate e a2 /1 — o2 0
di _ —tanii (aR aR) 1 IR 6.150)
dr pa21—e2 \ 9  dw na2y/1 = e2sin 982 .

A problem arises if we consider the expression for € given in Eq. (6.147) (see,
e.g., Brouwer & Clemence 1961). Since the right-hand side of the equation
contains a factor R /da we have to be aware that the semi-major axis occurs
explicitly in the Laplace coefficients of the disturbing function and implicitly in
the arguments of the cosine terms as the mean motion since A = nr +¢. This
gives rise to the time occurring as a factor when the partial derivative is taken.
The problem can be overcome if we define a new mean longitude at epoch, ¢*, by

de*  de dn
T3 +ra. (6.151)
Hence
da de*
and
A= fn. dt + ¢*. (6.153)
This can also be written as
A=p4et, (6.154)
where
dp d?p  dn 3nda
& W TE T 2ad ©15%
or
d?p 39R
ET 2 (6.156)

In this case we should consider any derivatives of 3/8¢, such as those that occur
in the expressions for a, ¢, and 7, to mean 8/3A. In practice the variation of ¢
can usually be neglected since it is a small effect.

The variation of the orbital elements of the mass m’ can be expressed by
equations similar to Fqs. (6.145)-(6.150), with R replaced by R’ and all unprimed
variables exchanged for primed ones. The derivation of Lagrange’s planetary
equations does not assume that R arises from perturbations by an external mass.
Therefore we can equally well use these equations to study the perturbations
on the mass m due to, for example, a nonspherical central mass. This will be
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considered in Sect. 6.11. Similarly the equations are equally applicable if we
use the averaged dismrbing functions (R} and (R/).

We have already seen in Sect. 2.9 that the variations in the orbital elemnents
can be expressed in terms of the radial, tangential, and orthogonal forces act-
ing on an orbiting object. However, Lagrange’s equations allow us to derive
similar variations but based on the Fourier series expansion of the disturbing
function discussed in this chapter. As such they provide the basis for most of
the perturbation calculations that follow.

6.9 Classification of Arguments in the Disturbing Function

We can now approach the subject of the physical significance of the expansion
of the disturbing function. So far we have expressed the perturbing potential as
a series involving an infinite number of permissible combinations of angles. But
which angles are important in any given problem? In other words, which of the
infinite terms in the expansion are important and which can be ignored? To a
large extent the answers to these questions depend on the semi-major axis of the
perturbed orbit. We can classify all arguments by considering the frequencies
or periods associated with the cosine arguments in the expansion.

Each cosine argument contains a linear combination of the angles ', A, w’,
@, ', and ©. We know that in the unperturbed problem the mean longitudes,
A’ and 2, increase linearly at rates n’ and » respectively. In contrast, all the other
angles are constant in the unperturbed problem. Therefore, when we consider
the perturbed system A’ and A are rapidly varying quantities, whereas all the
other angles undergo slow variations. Therefore, any valid arguments that do
notinvolve mean longitudes are slowly varying. These give rise to secular terms,
from the Latin verb saeculum meaning century, or long period. This does not
imply that all other arguments are of short period. Consider a general argument
of the form ¢ = j1) + joh + 3w’ + juw + j5Q' + jsQ with

VMrant+€6 and Amnpite (6.157

(see Eq. (6.144)). Therefore j1' + jah & (jin’ + jan)t + constant and so, if the
semi-major axes are such that

jin' + jon &0, (6.158)

then this argument also has a period longer than either orbital period. Equation
(6.158) is satisfied when there is a commensurability between the two mean
motions or orbital periods (see Sect. 1.7). We classify such arguments as giving
rise to resonant terms in the expansion. If we consider the semi-major axes, the
equivalent condition is

ar(jilflj2)id (6.159)
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Because of the dependence on semi-major axis, resonant {erms are localised.
Whereas a particular combination of angles may be slowly varying at one semi-
major axis of the perturbed body, the same combination would be varying rapidly
at another. In contrast the secular terms can be considered as global.

Any argument that js neither secular nor resonant is considered to give rise to
a short-period term. In practise the application of the averaging principle men-
tioned in Sect. 6.7 allows us to ignore the infinite number of short-period terms
in the expansion and accept that the dynamics 18 dominated by the apptopriate
secular and resonant terms.

Below we provide predictions of motion under secular and resonant terms in
the context of the elliptical restricted three-body problem with small inclination,
and we compare the answers with the results of numerical integrations. Here
we assume that the mass m is negligible and that the orbit of m' is a fixed ellipse
in the reference plane. Our starting point is a set of the lowest order form of
Lagrange’s equations for a, ¢, 7r, and 2 derived from inspection of Eqs. (6.145),
(6.146), (6.149), and (6.148). The equations of motion are

%—f _ %%7? (6.160)
%;1 _ ﬁ%ﬁg (6.161)
%‘: _ ﬁf’% (6.163)

where (R} is the averaged part of the disturbing function for an external perturber.

6.9.1 Secular Terms

Secular terms arise from those arguments that do not contain the mean longitudes.
Inspection of the direct part of the second-order expansion in Eq. (6.107) shows
that secular terms are obtained by setting j = 0 in those cosine arguments
containing jA’' — jX. This gives

(Rp) = Co + C1(e* + &2} 4+ Cas® + Csee cos(w’ — w), (6.164)
where
¢o = 160, (6.163)
2z
1
Cf = = [ZaD + Q?—DZ] »O (@), (6.166)
8 5
1
€y = —=abP(a), (6.167)
273
1 212] 1
c%-[z—zapma D ]bl (@), (6.168)
4 2
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Note that there are no ss’ or s terms in (Rp) because we are taking s = 0
and that Co is a function of « only. Furthermore, inspection of the terms in Rg
(Eq. (6.110)) shows that all the arguments contain at least one mean longitude
and so there are no secular contributions from the indirect part of the disturbing
function. Hence the low-order version of Lagrange’s equations becomes

z)

- = (), (6.169)
(dr SEC

(%) = no(m' fm)Cse sin(m — w'), (6.170)

("da?) = na(m'/me) [2C1 + C3(e'fe) cos(ar — @], (6.171)

do
(E) — ne(m fme) (Ca/2), 6.172)

where we have used the fact that u’ = Gm’ =~ n2a®(m’/m.), where m, is the mass
of the central object. If we assume that e > ¢’ then the approximate solutions to
these equations are

a =day, (6.173)
€= ey — Elg(m’/mc)(jge’ fcos mp — cos =], {6.174)
w = wg+ ne(m’ fm )20, (6.173)
Q= Qo+ na(m' /m)(Ca/2)t, : (6.176)

where the subscript 0 denotes the initial (+ = 0) value of a quantity, and we have
taken zo’ = 0. These solutions predict that there is no secular change in , that ¢
varies sinusoidally with an amplitude of

(Aedsec = |(na/tr)(m'/me)Cse'| (6.177)

and that = and Q will either increase or decrease linearly with time depending
on the signs of C| and C5.

Figures 6.3a-d show the results of a numerical integration of the full equations
of motion of the elliptical restricted three-body problem witha’ = 1, ¢’ = 0.048,
w’' =0,1'"=0,and m'/me = 1/1047.355 with starting conditions ay = 0.192,
eg = 0.1, mp = 130°, @y = 200°, 29 = 300° and X' = 0°. Substitution
of « = a/a’ = 0.192 in Egs. (6.166)~(6.168) gives C; = 0.0148335, ¢y =
—0.0393339, and C3 = —0.00708688; note that 2C; = —C»/2. Since the mass
ratio is that of the Jupiter—Sun ratio, the integration was designed to mimic the
motion of an asteroid perturbed by Jupiter, and so the time units in the plots are
given as Jupiter periods. However, the semi-major axis was deliberately chosen
to be far away from Jupiter in order to avoid proximity to strong resonances,
In these circumstances the secular perturbations alone should provide a good
approximation to the motion.
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Fig. 6.3. A comparison of the results of a full numerical integration (thick line) with
predictions from analytical theory (thin line) for the variation of (a) semi-major axis, (b)
eccentricity, (¢) longitude of perihelion, and (d) longitude of ascending node for a test
particle undergoing predominantly secular perturbations from Jupiter.

The results show that the agreement is excellent over the 20,000 Jupiter periods
of the integration. There are variations in a but these are extremely small; note
that the scale in Fig. 6.3a is enlarged. The fact that the semi-major axis is almost
constant justifies the evaluation of the Laplace coefficients for a fixed value of &,
The eccentricity does vary as predicted, and while & increases linearly with time
(since C; > 0), Q is decreasing linearly at the same rate (since 2Cy = —C2 /2
cf. Bgs. (6.175) and (6.17 6)). Prograde motion of the pericentre (or node) is
called precession and retrograde motion is called regression. The behaviour of
o and § is a natural consequence of the secular terms in the disturbing function.

Because of the infinite number of short-period terms in the disturbing function,
which we have neglected, there should be differences between the results of a full
integration and the predictions of our analytical theory. We can see this already
in the Fig. 6.3a, where there are small, but detectable short-period changes in the
semi-major axis from the constant value predicted by theory. Figure 6.4 shows
the difference between the “observed” eccentricity (i.e., the one determined by
the numerical integration) and the calculated value from theory, as a function of
time for the first 1,000 Jupiter periods of the integration. Here again we can see
the effect of the short-period terms inherently included in any full integration.
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Fig. 6.4. Differences between the observed and calculated values of the test particle’s
eccentricity as a function of time. The data are sampled every Jupiter period and show
the short-period variations in e.

6.9.2 Resonant Terms

Now suppose, for example, that we want to study an asteroid’s motion at 3.27 AU,
under the perturbing effect of Jupiter. Since Jupiter’s semi-major axis is 5.20 AU
we have, using Kepler’s third law, that the ratio of their periodsis (3.27/5.20)3/2 ~
0.499. Hence, we have the relation 2n’ & r and we would expect resonant terms
to be important. Therefore, in the vicinity of the 2:1 resonance, as well as
the secular terms discussed above, we also need to consider those terms in the
expansion of the disturbing function that contain 23’ — A (i.e., the resonant terms
for this location).

Inspection of Eq. (6.107) shows that in a second-order expansion there are
two terms in {Rp)/a’ that have a cosine argument containing 23’ — A for specific
values of j. The relevant direct part of the averaged disturbing function is

{(Rp) = Co+ C (e® + ?) + Ca(s® + s'2) + Caee cos(w — @)
+ Caecos(2) — A —w) + Cse'cos(2h' — 1 — ), (6.178)
where the additional constants €y and (5 are given by

Com % RO} (6.179)

= % [3+aD] bg)(cc). (6.180)

The second of these two resonant arguments makes no contribution to ¢, @,
and 2 but does contribute a term to 4. Inspection of Eq. (6.110) shows that there
is also a —2we’ contribution to the same argument from the indirect part.
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Application of the approximate form of Lagrange’s equations gives

(d_a) = Qnaaim’/m)Che (2 — A — @)
dt res

+ Zneea(m’ fme) (Cs — 20t) €' sin(2A" — A — w’), (6.181)

(%) — (r’ fme)Ca Sin2A ~ 4 — ), (6.182)
dor ‘ '

("51?) — G fmo) (Cafe) cOS(2 — & — @), (6.183)
o

(ﬁ?)res =0 (©159

for the variations in 4, e, w, and § due to the 2:1 resonance. If we consider
approximate solutions for these resonant equations alone we obtain

2naa(m’ fmg)Cae
2n—n—w
— 2naam’/me)(Cs — 2a)e [cos(@\ — A — @'y —coshrp], (6.185)

[cos(21 = & —w) - cos(ho + wo) ]

a=dap—

2n —n
¢ = e+ UM/ MAC o230 A — ) — cos0 + wo)] (6.186)
2n—n—w

S mo)(Cafe) [Sin(2W — A — @) +sin(o + )], (6.187)
' —n— o

Q= Q. (6.188)

To derive these solutions we have assumed that the only time-varying quantities
on the right-hand side of the equations ford, ¢, and ¢r are in the cosine arguments
and that zr increases linearly with time at a constant rate & determined by secular
theory. These equations suggest that a, e, and = will experience sinusoidal

variations with maximum amplitudes

(Ad)res = 2noa{m’[me) ‘ Cye - ‘ + (Cs — 2e)e ) . (6.189)
Q! — 0 —w 2n —n
(Mg = | Ml (o) Ca | (6.190)
20 —n—w
(A s = |1 M) (€3I | (6.191)
n —n—

These are only approximate solutions, particularly in the case of the semi-major
axis where we have just combined the amplitudes of the terms associated with
each of the two resonant arguments.

Figures 6.5a—d show the result of a full integration of the equations of motion
and a comparison with the predicted variations from the combined secular and
resonant theory outlined above. The calculations were done with the same
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Fig. 6.5. A comparison of the results of a full numerical integration (points or thick
line} with predictions from anatytical theory (thin line) for the variation of (a) semi-major
axis, (b} eccentricity, (c) longitude of perihelion, and (d) longitude of ascending node
for a test particle near the 2:1 resonance undergoing resonant and secular perturbations
from Jupiter.

starting values as in Sect. 6.9.1, but with @ = 0.6 in order to place the test
particle close to (but not in) the 2:1 jovian resonance. The relevant constants are
now C; = 0.314001, C; = —1.25600, C3 = —0.447005, C; = —1.04332, and
Cs = 1.55230. Note that the magnitudes of C1 and C, have increased by a factor
of ~ 20 over those in our secular example with 2 = 0.192. This is because the
separation {rom Jupiter has decreased, thereby increasing the size of the secular
effects. Examination of Fig. 6.5 shows that there is good agreement between the
predictions and the numerical results, with the amplitudes and frequencies of the
variations in a, e, and w being close to their predicted values. We would expect
there to be some differences, partly due to our approximate form of Lagrange’s
equations and partly due to the fact that in order to integrate the differential
equations we took the quantities « and ¢ on the right-hand side of Eqgs. (6.181)-
(6.183) 1o be constant, whereas clearly they are varying due to the resonance.
Note from Egs. (6.189)—(6.191) that all the amplitudes contain a divisor of the
form 2n’ —n — o (i.e., the time derivative of the resonant argument 23’ — A — ).
This implies that the changes in the elements will become even larger as the
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exact resonance is approached. However, it is in such circumstances that the
assumptions in our simple analytical model break down. We consider a more

complete model of resonance in Sect. 8.

6.9.3 Short-Period and Small-Amplitude Terms

Knowledge of the form of the disturbing function allows us to isolate the per-
missible secular argnments and the resonant argumentis that are likely to be
important. In effect, we are assuming that all other terms involving the mean
longitudes are of short period and that their effect will average out to zero; this
is the averaging principle. Our comparison of the analytical theory with the full
integrations in Figs. 6.4 and 6.5 shows that this is a good approximation. There-
fore, although short-period terms exist, their effects appear to be negligible, at
least for the examples we chose.

In Sect. 6.9.2 we showed that if we want to know which terms are going to
dominate the perturbed motion of the asteroid, we should find those terms for
which jin’ + jan = 0, where ji and j are integers, because these will contribute
to the creation of a small divisor in Egs. (6.189)-(6.191). Therefore, in the
vicinity of 3.27 AU the dominant terms are likely to be those with j; = 42 and
jo = F1 since we will then have 2’ — n &~ 0. However, this implies that we
should also consider the terms with j; = +4. 46, ... and jo = F2,F3,... since
these will also give rise to small divisors. Can there be ap infinite number of
such terms, all contributing to motion at this resonance? Simple number theory
tells us that we can always approximate the ratio of two real numbers (in our
case the two mean motions) by a rational number, t0 arbitrary precision. Cught
there be an infinite number of resonances that could contribute large-amplitude
terms to the disturbing function at any semi-major axis?

We can resolve these paradoxes by considering our expression for S, the
“strength” of the disturbing function (see Eq. (6.143)). For simplicity consider
the case of a near commensurability of mean motions in the planar, circular,
restricted, three-body problem. Let the resonant argument be

g =(j FN —ji—ko (6.192)
and Jet us assume that there is a near commensurability such that
(j+Hom —jan=0, (6.193)

where j and k are integers. This means that arguments which contain expressions
of the form (j + kA" — jA — ko can vary slowly and produce long-period, large-
amplitude perturbations. For example, in the case of the 2:1 resonance we have
jo=£1, 42,43, ... and k = =1, £2, £3,.... However, although there is an
infinite number of possible resonances for each pair of j and k, most of them
are weak. This is because S o ¢! (see Eq. (6.143)) and e < 1. Therefore, as
& increases the strength decreases. In effect these other terms exist but they are
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of small amplitude. By a similar argument we can overcome the difficulty of
always being arbitrarily close to a resonance. For example, the 21:10 resonance
is close to the 2:1 resonance, yet in this case § « ¢!l and so the resonance is
weak. Therefore the “nearly resonant” terms corresponding to higher orders in
the eccentricities and inclinations can be discarded in the same way as all the
other short-period terms.

The order k of a resonant term is identical to the order N = |j; + j»| of
an argument in the disturbing function. Thus, if we require all the arguments
that could contribute to a given second-order resonance, we should look at the
arguments Jabelled D2 and E2 (or 12) in the expansion of the disturbing function
given in Appendix B. We may need to consider other arguments as well, because
if we require a fourth-order expansion in the orbital elements we should also
look at the D4 and E4 (or I4) arguments. Similarly, because the secular terms do
not contain mean longitudes, we only need to consider arguments labelled DO
in Appendix B.

6.10 Sample Calculations of the Averaged Disturbing Function

Here we consider the calculation of the appropriate terms in the disturbing func-
tion for two commensurabilities. In the first case, that of a second-order com-
mensurability, we make use of the literal expansion given in Appendix B. In the
second case the commensurability is of eleventh order and we resort to the form
of the expansion for explicit arguments derived by Ellis & Murray (1999) and
given in Sect. 6.6.

6.10.1 Terms Associated with the 3:1 Commensurability

Here we derive the terms required for a study of asteroid motion at 2.50 AU,
close to the 3:1 commensurability with Tupiter. This will be used in our study of
this resonance in Sect. 9.5.2. If we assume that the asteroid mass in negligible
(m < m') and that its eccentricity and inclination are small enough to allow us
to use a second-order expansion of the disturbing function (i.e., we can ignore
higher order terms in the fourth-order expansion given in Appendix B), then
the necessary secular terms in the expansion are 4D0.1, 4D0.2, and 4D0.3 with
j = 0, while the resonant terms are 4D2.1, 4D2.2, 4D2.3, 4D2.4, 4D2.5, 4D2.6
with j = 3, and 4E2.5. This gives an expression for the averaged disturbing
function of the form

al

E(R) = Ag+ A1e? 4+ Ags® + Azee’ cos(m’ — w) + Agss’ cos(2 — Q)

+ Ase? cos(30 — A — 2w) + Agee’ coS3X — h —- ' — )

+ Aye” cos(3x — & — 2w’) + Ags?cos(3X — A — 2Q)

+ Agss’cos(30 = — Q' — Q) + Ajos? cos(3N — A —2),  (6.194)
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where the A; i = 0, 1, ..., 10) now denote combinations of Laplace coefficients
and their derivatives. Note that there are other terms in the secular part of the
expansion that contain expressions of second order in ¢’ and 5. However, since
we are interested in studying the motion of the asteroid (not Jupiter) we can
take the orbital elements of Jupiter to be fixed and hence these expressions are
effectively constants, The explicit forms of the constants A, are

1

Ag = =bP(w), (6.195)
23
A= é_ (200 + D] 5@, (6.196)
2
Ay = % [—a]b(%%), (6.197)
Ay = % [2 — 2D - oﬂD?] bg)(af), (6.198)
Ag = [0] P (@), (6.199)
5
s = .é, [21+ 100D +02 D] 5P @), (6.200)
1 2127 p@
As= g [~20 —10aD — 2D ]bl (@), (6.201)
2
Aq = L [17 + 10aD + oﬁDZ] b ) — 2—7a, (6.202)
8 2 8
Ag = % [a] 6 (), (6.203)
z
Ag = [—a]bP (), (6.204)
7
Ag = % [o] 5% (@) (6.205)
Z

Note that, for the reasons given above, we have excluded the terms in 4D0.1
that only contained primed quantities. The —(27/8)« term in A7 comes from the
indirect term 4E2.5.

A numerical value for each of the A; shown above can be calculated at a given
value of o, the ratio of the semi-major axes. It is customary to fix this value of «
when the asteroid is known to be in close proximity to the resonance such that
the resonant terms in the expansion dominate. This is a good approximation,
especially when the asteroid is actually inside the resonance. We can find the
value of « for the nominal location of the resonance from the formula

2/3 1/3
_an (1 g
wnl == (3) (mc -I—m’) , (6.206)

where m. is the mass of the Sun and m’ is the mass of fupiter. This gives
@z ~ 0.480597. The values of the constants A, in this case are given in Table 6.1.
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Table 6.1. The values of the constants A; for the 3:1 jovian commensurability.

~—

A;

1.06671
0.142097
—0.568387
—0.165406
1.13677
(0.598100
~2.21124
0.362954
0.330812
—0.661625
0.330812

0o - O R — D

—
ew]

By fixing @ and a’, the term in our expression for (R) associated with Ag
becomes effectively a constant and can be neglected since ultimately we will be
taking partial derivatives of (R).

6.10.2 Terms Associated with the 18:7 Commensurability

Consider one of the terms relevant to a study of the motion of minor planet (2)
Pallas. If »" and » denote the mean motions of Jupiter and Pallas respectively,
then observations show that

18n' — Tn = —0.45°y~. (6.207)

Therefore Jupiter and Pallas are close to a 18:7 resonance. In an eleventh-order
expansion of the disturbing function there are 182 arguments associated with this
resonance. Here we follow the example of Ellis & Murray (1999) and derive the
terms associated with one of these arguments, namely

0 =181 —Th - 5z — 6. (6.208)

Applying the definitions given in Eq. (6.114)—(6.120) gives ¢ = -5, ¢’ = 0,
Lmax = 5, pmin = 3, Plyn = 0, smin = 3, and imax = 3. Since smin = imax the
only contribution will come from i = s = 3 and hence 7 = 0. Similarly, since
Rmax = [(s — 3)/2] = 0 we must have n = 0. Hence, from Eq. (6.124) the only
valid value of p is p = 3; hence m = 3 and so from Eq. (6.125) p’ = 0; we also
have j = 15. We can now write the simplified form of Eq. (6.113) as

(=1

o3 5 ¢ £
Rpls = —— I DB (@) Fs 5 4(1) Fya ol I
(Rp)+ mg I Zo(k)( Vo' DEbs @) F33301) Fa30(1)

foz=
x X3 0 ey X[ I8 cos [181 — Th — 5o — 6Q]. (6.209)
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To complete the calculation we need to investigate the possibility that there
are terms associated with the negative of our original argument, namely ¢ =
—(18%' — Tx — 5w — 6Q). In this case inspection of Eq. (6.1 14)—(6.126) shows
that there are no contributions and (Rp)— = 0.

We only require two evaluations of the inclination function and twelve evalu-
ations of Hansen coefficients. Although our expansion is to eleventh order, ac-
cording to the approximations given in Eq. (6. 141)+(6.142) the function F332()
will produce terms of O 1%) and X?i'”" 12(ey will produce terms of O(e>). Thus
we are only concerned with the lowest order terms in all function evaluations.
This means we can ignore the higher order terms in F330({/") = 15+ O(I'?) and
X B =140 fork=0,1,...5 We have

Fy33(D) = 155°, (6.210)
x32e) = —%gges, (6.211)
x4 ey = —%ﬁes, (6.212)
5% e = —7—23,8%35 , (6.213)
x5 () = —ﬂzggﬂei (6.214)
X712 (e) = m%%gieS, (6.215)
X3P = —4019205 L, (6.216)

and the resulting expression for (Rp) is

5.6
(Rp) = — %[4731447053 + 1163365¢* D + 110950¢° D?

1 513005D% + 1157 D* -+ aSDS]bQS)(a)
3
X COS [181’ —Ta = 5w — 69] . (6.217)
Application of the algorithm given in Sect. 6.6 for the indirect parts shows that
none exist in this case; furthermore, there are no indirect terms associated with

any of the 182 possible arguments to eleventh order at this resonance. Therefore
the averaged part of the disturbing function associated with this argument is

given by (R} = (Gm'/a’) {Rp)-

6.11 The Effect of Planetary Oblateness

When the disturbing function was introduced in Sect. 6.2 it was in the context of
the pertarbing potential experienced by an orbiting mass due to the gravitational
effect of another body. More generally it can be thought of as the terms in the
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potential over and above those associated with the simple 1/ term arising from
treating the central object as a point mass. Therefore Lagrange’s equations are
equally valid in cases where the disturbing function arises from a nonspherical or
oblate central object. Tn this section we demonstrate how such additional terms
lead to changes in the keplerian ellipse of the two-body orbit. This has particular
importance for the dynamical study of planetary satellites (see Sects. 7.7, 7.9, and
8.11) and their smaller counterparts, planetary ring particles (see Chapter 10).
Only a perfectly rigid planet could be spherical, and so any consideration of
the motion of planetary satellites has to take account of the nonpoint mass terms
in the planet’s potential. Consider a satellite orbiting a planet of mass mp and
mean radius Rp. Let the coordinates of the satellite be (r, ¢, ) in a coordinate
system centred on the planet, where r is the radial distance, ¢ is the longitude, and
« now denotes the latitude of the satellite (see Fig. 6.6). Here o = 0 corresponds
to a position in the planet’s equatorial plane, and ¢ = 0 denotes a position on the
zero longitude (or prime meridian) of the planet. It can be shown from potential

theory that the gravitational potential experienced by the satellite can be written
as

v _9me [1 - iJi(Rp/r)fR(sina)] , (6.218)

r j=2

where P;(sina) is the Legendre polynomial of degree i in sine and the J; are
dimensionless coefficients that characterise the size of the nonspherical com-

g \

Fig. 6.6. The relationships among the radius r, longitude ¢, and latitude &, and the
standard Caitesian coordinates for an object in orbit around a mass .
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ponents of the potential. If i is even then the J; are called the zonal harmonic
coefficients. Known vatues of J, and Jy for the planets are listed in Table Ald
The letter J is used in honour of Sir Harold Jeffreys (1891-1989), the English
geophysicist. Note that we are assuming that V is a function of r and @ only and
that we have reverted to the standard practice of having a negative potential. The
absence of ¢ in V means that the planet’s potential is taken to be axisymmetric.
This is a reasonable approximation because the nonsphericity of the planet is
predominantly due o its rotational flattening along the spin axis.
In this coordinate system the velocity of the satellite is given by

vV = 4 rad + r cosad, (6.219)

where t, &, an ¢ are the standard mutually orthogonal unit vectors. The equations
of motion can be derived by considering a generalisation of the formulae used
in Eq. (2.7). By comparing the individual components we obtain

av

¥ ra? - rcos” ad” + o 0, (6.220)
d (21,26 2, 9V _
I (r Od) 4 resinacosag” + ol 0, {6.221)
doo 2 2\ _
a( cos aqs) = 0. (6.222)

Note that the last equation implies that the vertical component of the angular
momenturm is conserved and we can write

¢ h (6.223)

- r2 (:03205’

where & is a constant. Hence, Eqs. (6.220) and (6.221) can be written as

n? av
" .23
S S (AN T 22
rore T s COS20£+ ar ’ (6.224)

d /o, h2sina AV
— {ra _— t+— =0 6.225
dr (r oe) + rlcosda + dor ( )
We can linearise these differential equations by assuming that the deviations
from a circular, equatorial orbit are small. Hence we let r = a(l +¢), where a is
the satellite’s semi-major axis, and let ¢ and o be small quantities such that we
can neglect terms of second order or higher in £ and o. Then the equations of

motion become

2 3
ai - -3+ 2 =0, (6.226)
a ar

h? 1
et g (6.227)
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Now we perform Taylor series expansions of 8V /3r and 8V /5« in the vicinity
of r = a and o = 0. This gives

oV

E(r, o)~ aq(A -+ Be + Co), (6.228)
R

-a?z(f‘,a) ~ a*(D + Ee + Fa), (6.229)

1/7av v 1 {a%v
@ (), i), e

1 2 2
Dzj(ﬂ), PRy A T W 6.231)
a® \ da /, a \ 9rdu o a2 \ da? 0

are constants and the subscript 0 denotes evaluation of the partial derivative at
r = g and & = (. Therefore the lingarised equations of motion can be written as

and

§+3(h*/aMs + Be + Ca = (B2 /a%) — A, (6.232)

&+ (h*jaMo + Ee + Fa = —D. (6.233)

In order to simplify the problem we assume that all the J3, Js, etc. coefficients
are zero. These are small quantities and, in the case of all but a few planets, are
difficult to measure. If we consider only those terms with even values of i in
Eq. (6.218), then it can easily be shown that (32V /araa)y = 0. Hence € = £ = 0
and the equations of motion for & and o become uncoupled. If we assume that

the time-~averaged radial excursion is zero (i.e., that (¢} = 0) then Eq. (6.232)
gives A = h?/a* and hence the variation in the radial direction is given by

E+BA+BE=0 (6.234)
with solution
£ = eCOSKE, (6.235)

where x? = 3A + B and e, from our knowledge of the two-body problem, is the
eccentricity of the orbit. Similarly the vertical variation is given by

&+ {A+ Flae = —~D (6.236)
with solution
o=—= f 7 + 1 cos{ve + &), (6.237)

where 12 = A+ F and /, again from our knowledge of the two-body problem,
is the inclination of the orbit. Finally, we can return to Eq. (6.223) to consider
the variation in ¢. Using the same approximations as before, we can write

¢~ (hja®)(l — 2e) = (h/a>) (1 — 2e coskt) (6.238)
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with solution
o= ATt — (2A% /K)esinkt, (6.239)

Note that the satellite’s mean motion is just the average value of ¢ and hence
n® = (@) = A. (6.240)

The solutions we have obtained show that the motion under the point mass and
Jo; terms in the potential gives rise to three frequencies: the mean motion, n, the
radial frequency, «, and the vertical frequency, v. According to our first-order
theory in e and 7, these are given by

nzzl(i‘i) , (6.241)
o dr !
2
xzzé(a_v) L2y (6.242)
a\dr Jg ar2 0
178V 1 {a%v
zZ_ (5" i B
v a (Br )0+ a? (8052)0‘ (6.243)

As stated above, the radial and vertical motions are now uncoupled. It should also
be noted that the sinsuscidal component of the ¢ motion is »/2 out of phase with
the £ motion and has approximately twice the amplitude if n ~ «. Expressions
for these frequencies as series in Jy; and (R /a)? can now be calculated by
gvaluating the various partial derivatives. Considering terms up to and including

J4 we have
- R 2 47
E P (_P _b, (ﬁ , (6.244)
a3 2 a 8 a
r R 2 R 47
2o 9m 3 (B B, (R (6.245)
a3 2 aq 8 a
2ol 2, (B B (ReY | (6.246)
a’ 2 a 8 a

Note that if J, = J; = 0 then n? = «? = v? = n3, where ng = (Gmy/a’)/?
is the keplerian mean motion of the satellite around a point-mass planet. In the
case of the mean motion, », the inclusion of the additional terms means that for
a given semi-major axis the satellite moves faster than the rate expected at that
location if the motion was purely keplerian. Therefore, since the observable
quantity for a satellite is usually n, the semi-major axis is not that determined
from Kepler’s third law. Instead it is necessary to solve Eq. (6.244), a nonlinear
eguation in a.

The major geometrical consequence of the inclusion of the Jp; terms and the
resulting small differences in the three frequencies is that the orbit is no longer
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closed o, in other words, that there is motion of the pericentre and the node. We
can see this by noting that the extent to which the rates of the radial and vertical
excursions (i.¢., those due to the eccentricity and the inclination) differ from » is
a measure of the rate of change of the pericentre and node respectively. Hence

W =n—K, (6.247)
Q=n—v {6.248)

and, to O(Rp/a)*, we have

3 /RNE 15 /RN

2 4 4
Q= —ng EJQ (%’i) - %Jf (%) - %14 (%*1) ] . (6.250)
The approach given above is that used in the discussion of planetary rings in
Sect. 10.3. However, similar results can be obtained by making use of Lagrange’s
equations. Roy (1988) uses this technique to study the oblateness problem,
including the effects of the J5; 1 coefficients.
Here we follow the approach of Roy (1988) but restrict ourselves to an analysis

of the long-term effects of J, and J4 and include terms up to second order in e
and /. The disturbing function can be written as (cf. Eq. (6.218))

2 4
R = _% [Jz (%) Pr(sine) + Jy (%) P4(sinoe):| , (6.251)
Ia
where
Py(sine) = (1/2)(3sin®e — 1) (6.252)
and
Py(sina) = (1/8)(35sin* & — 30sin o + 3). (6.253)

From Fig. 6.6 and Eq. (2.122) we can relate the latitude to the inclination {, the
true anomaly £, and the argument of pericentre w using the equation

sina = sin 7 sin( f + w). (6.254)

Hence, using r = a(l — ¢%)/(1 + ecos f), the relevant averaged terms in R to
second order are given by

1,,13 sz__?zﬁ)tﬁ Y,
(R)‘E”“[ﬁj"’(?) s\ ) TN T) |

Rp\? R\ Ry\*
w%nﬂaz Bb (;") —%JZZ (;B) —]74514 (—afi) }sinzl, (6.255)
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where we have made use of the expressions in Sect. 2.5 relating sin f and cos f
to power series in the mean anomaly, M, and then averaged the resulting series
from M = 0 to M = 2m, ignoring constant terms. We will use this form
of the oblateness contribution when we consider its incorporation in a secular
perturbation theory in Sect. 7.7.

Now we are in a position to use Lagrange’s equations to derive expressions
for or and 2. To second order in ¢ and 7 this gives

2 R 4 R 4
& = +n §J2 R 2J3 (MB — 914 (i ) (6.256)
2 a 8-\ a 4 a

D3 T 27 L RN 15 Rp\?

These differ from the expressions in Egs. (6.249) and (6.250) because we have
chosen to express the rates in terms of » rather than no. To convert between the
expressions we make use of Eq. (6.244). As noted by Greenberg (1981), care
must be taken to distinguish between osculating and mean elements in the use
of expressions for @ and $2 (see Elliot & Nicholson (1984) for a discussion on

this subject).

Exercise Questions

6.1 Asteroid (3805) Goldreich is close to the 8:3 resonance with Jupiter.
In December 1997 Goldreich had a semi-major axis a = 2.68463 AU while
Jupiter’s semi-major axis was @’ = 5.20335 AU. Calculate the mean motion (in
°d—1) of the asteroid (n) and Jupiter (»’) and hence the value of 8n' —3n (1.e., the
separation in °d~! of the asteroid from the nominal location of the 8:3 resopance).
Use the d’ Alembert rules to write down the twenty-eight possible arguments for
this resonance in an expansion of the disturbing function complete to fifth order
in the eccentricities and inclinations of both bodies. For each argument give the
relevant powers of the eccentricities and inclinations in the associated term. Use
the method given in Sect. 6.6 to find an explicit expression for the term associated
with the single resonant argument 83’ — 3\ — '~ 2oy — ' —2; your answer should
include terms up to fifth order in the eccentricities and inclinations. Evaluate the
resulting Laplace coefficients using o = a/a’. Find the smallest values of the
positive integers p and g > 3 such that |(p + ¢)n' — pa| < 18a" - 3nl.

6.2 (Due to Marcus Ansorg) The Laplace coefficient, b, can be written in
terms of a hypergeometric series as

|

_b(j)_s(s—l—l)...(s—kj—l)
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where o = a/a’ < 11s the ratio of the semi-major axes and

SEAJ) o s+ D+ s H D

2SI =1
ey =1+ o555 G+ DG +2)

As o — 1 the series is slow to converge making numerical evaluation difficult.
However, by a judicious change of variable the convergence properties can be
improved. It can be shown that F is a solution of the ordinary differential
gquation

d2F
dx?

With the substitutions y = 1 — x, G(y) = F(I —y) = F(x), derive a differential
equation for G and use direct substitution to show that this equation has a solution

ix—-1D —{—ix—F[(Zs-quLl)xe(j+1)]+s(s+j)F:U.

o0 o0
G(y) =Y Ay > 4ny > By,
{=0 =0

where A; and B, are constants. Derive expressions for A; and B,. Write a
program to calculate Laplace coefficients using (i) the series for ¥(a?) given
above (suitable for small &) and (i1) the series

Fa) =Y a(l =B 4 In(1 —o?) 3 bl —a?)
=0 =0

Use your two programs to compare the time taken to calculate b%% (0.999) correct
to seven decimal places using each method.

6.3 The precession of Saturn’s orbit due to Jupiter can be roughly estimated
by approximating Jupiter’s time-averaged influence by that of a ring (or torus)
of mass my and radius gj, and then treating this ring as producing an effective
“J2” for the Sun. It can be shown that J§" = (C — A)/(MR?), where C and
A are the polar and equatorial moments of inertia of the ring and & and R
are the mass and radius of the Sun. Show that J$ = mya?/(2M R?) and then
derive expressions for the pericentre and node precession rates of Saturn’s orbit
using the formulae derived in Sect. 6.11. (You may assume that the eccentricity
and inclination of Saturn are small quantities.} BEvaluate the period of Saturn’s
pericentre precession in years.

6.4 The gravity field of the Earth (mass my) has a small third-harmonic com-
ponent, due to an asymmetry between the northern and southern hemispheres,
which may be written:

3

IR
Ry = _HP3

cos 0 (5 cos’ g — 3) ,

24
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where ;= Gmg and @ is colatitude. Evaluate the average value of Ry with
respect to the mean anomaly M and show that

3,(1.]3R3 e . 5 .5 .
(Ra) = — YR sin/ (Zsm {—1)sinw,

where o is the argument of periapse. Note that the precession of w due to
J» implies that the long-term average is zero for any e and 7. Moreover, the
dependence of (R3) on « means that, vnlike the case for Jo, there are now
perturbations of ¢ and 7. Use Lagrange’s perturbation equations to derive an
expression for df/dt. Combine this expression with the expression for dew /dt
due to Jo derived in the notes to show that the inclination varies with o according
to the equation

dI  h”R e

_— e ———— CO8 [ CO8 W,

dw ~ 2Jaa (1 —e?)
where we assume Jy < Jp. Use this expression to find the approximate variation
in 7 over the course of one precessional cycle of w, assuming that the variations

in 7 are small.

6.5 The lowest order effect of General Relativity (GR) on planetary orbits
is to induce a precession of the pericentres beyond that due to inter planet per-
turbations. The effect is largest for Mercury, and its confirmation was one of
the earliest successful tests of GR. The dominant GR effects can be modelled
by adding an additional potential term to the Sun’s gravitational potential, of the
form

GMh?
Ver = — 5
GR 2,3

where M is the mass of the Sun, ¢ is the speed of light, r is the radial distance
of the planet (with semi-major axis « and eccentricity e), and b = e =
[GMa(l — €2)]"/2 is the orbital angular momentum of the planet per unit mass.
(a) Use the epicyclic theory developed in Sect. 6.11 to evaluate the perturbed
mean motion n and the epicyclic frequency « for a near-circular orbit with mean
radius ¢. Show that

onGM
aclT
where T = 2/n is the orbital period and v,y is the average orbital velocity.
(b) Bvaluate r for Mercury and for the Earth, and compare the GR-induced
precession rates with their precessionrates due to planetary secular perturbations,
which are of order 10 atcsec y=!, or ~ 1.5 x 102 rad s™'.

= 3(1}01-]3/‘6)2'}1 ;

tﬁ'GR o~

6.6 A simple description of the interaction of satellite precessional motions
due to planetary and solar perturbations can often be obtained by comparing the
precession rates. (2) The nodal precession rate of a satellite’s orbit due to solar
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perturbations may be written

Qsolar = —(3/4)(!’1%/”) cos 8,

where g is the inclination of the satellite orbit relative to the planet’s orbital plane
and n, is the mean motion of the planet around the Sun. By comparing this rate
to the nodal precessional rate, €2, of the satellite orbit due to the planet’s - (see
Sect. 6.11), show that there exists a critical semi-major axis, ac, for which these
two rates are equal, and derive an expression for g in terms of M,/Msun, R, ap,
J2, and 8. (b) Evaluate a. for the Earth, Saturn, and Uranus, in units of planetary
radii and for near-equatorial orbits {/ <<z /2), and determine in each case which
satellites (if any) lie exterior to ag. (Note that for Uranus 8 — 98°.) (c) Describe,
in qualitative terms, the nodal precession of satellites with a < a. and a > ac.
Can you explain the absence of any equatorial (I ~ 0) satellites witha > a7 (d)
Calculate €2 and the corresponding precessional periods (in years) for the Moon,
Mimas, Titan, Miranda, and Oberon.



