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 ON LAKE FORM, LAKE VOLUME AND LAKE
 HYPSOGRAPHIC SURVEY

 BY

 LARS HAKANSON

 National Swedish Environment Protection Board, Limnological Survey, Uppsala

 ABSTRACT. This work is based on a study of the
 relative hypsographic curves of 48 lakes. The five
 largest belong to the Great Lakes System, the rest of
 the lakes are Swedish. A method for determining a
 mean lake form as well as statistically defined devi-
 ations from this mean is introduced. A classification
 system for lakes based on the lake form is discussed.
 A method for determining the error in lake volume
 calculations is presented and formulas to correct for
 the volume error are derived. A first outline of a
 model for optimization of lake hypsographic surveys
 is discussed.

 Introduction and aim of the work

 When Strahler (1952) introduced the relative
 hypsographic curve for a drainage area, as an
 approach for determining the geological maturity
 of an area, new possibilities for geomorphologi-
 cal thinking were opened (Fig. 1). The method
 has become classical and it has been adopted for
 drainage areas from a variety of geographical,
 climatological and geological environments.
 Scheidegger (1963) has emphasized that the rela-
 tive hypsographic curve can be defined for the
 whole earth and it can of course also be drawn
 for the smallest definable drainage area. In
 these extreme cases a genetic interpretation is
 meaningless. Nor can the hypsographic method be
 adopted for a general and direct genetical inter-
 pretation of single geomorphological constituents
 within a drainage area, such as a mountain range
 or a lake. However, in the present work we shall,
 from the standpoint of physical limnology, adopt
 the method of relative hypsographic curves for
 lakes. Thus in this context we are not primarily
 interested in a genetical discussion. This may
 possibly be a spin-off effect. Instead, our present
 purpose is to make a rather detailed analysis of
 the concept "lake form", and to show that this
 is a meaningful task from theoretical as well as
 practical scientific viewpoints.

 In the standard limnological work by Hutchin-
 son (1957), "A Treatise on Limnology", examples
 are given, not only of a well-conducted descrip-
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 tive classification of lakes, based on their forma-
 tion history, but also of the impact of lake type
 on the productivity and life of the lake. In many
 recent reports further examples have been pre-
 sented concerning the impact of lake mor-
 phometry on, for example, the load of nutritions
 (Ahl, 1973, Vollenweider, 1975), the heat budget
 (Timms, 1975) and the contamination of heavy
 metals (Ha'kanson, 1974a, 1975). A fundamental
 question in this context concerns the determina-
 tion of the lake volume, which constitutes an
 important factor in all budget calculations. It is
 quite remarkable that, to the best of the author's
 knowledge, there does not at present exist any
 error calculation concerning determinations of
 lake volume. The introduction of such a method
 for error calculation is one of the main tasks in
 the present work.

 No error calculation can, however, be con-
 ducted independently of the data collection.
 The difficulty faced by lake morphometry in
 obtaining a statistically workable material for
 an error calculation may well explain why no
 one has treated this problem. This task-the
 obtaining of lake morphometrical data which
 can be treated with statistical methods-is an-

 other object of the present paper. The results
 which will be introduced may also provide means
 for objectively, and with an a priori given aim,
 obtaining a method for hypsographic surveys
 which can be used for all lakes and which yields
 good comparability for the data obtained.

 In summary, we may conclude that the aim
 of the present paper is:
 - to derive and define a statistical mean form

 for a lake, based on the relative hypsographic
 curve, and to give statistically determined
 deviations from this mean lake form;

 - to use this method to classify lakes according
 to their forms;

 - to present a method for statistical error
 calculation of lake volume;

 1
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 LARS HAKANSON

 Table 1. Lakes studied.

 Name Area (kin2) Max depth (mn) Source

 1 Superior
 2 Huron
 3 Michigan
 4 Erie
 5 Ontario
 6 Vanern

 7 VarmlandssJdon
 8 Dalbosjon
 9 Viittern

 10 Malaren
 11 Hjalmaren
 12 Skagen

 13 Roxen
 14 Unden
 15 Malaren (A)
 16 Ivbsjdn
 17 Erken
 18 Ekoln

 19 Malaren (D,)
 20 Lilla Korslhangen
 21 Laitaure
 22 Saxen
 23 Gimo damin
 24 Norra Viddistern

 25 Pajep M'askejaure
 26 Sparren
 27 Velen
 28 Norrviken

 29 Tullingesjon
 30 Lilla Ullevifjarden

 31 Bjc5rken
 32 Fiolen
 33 Oxundasjdn
 34 Trehorningen
 35 Testen
 36 Munksjdn

 37 Edssjon
 38 Ornassjdn
 39 Vdixsjosj6n
 40 Jarlasjon
 41 Fansjdn
 42 Lillsjon

 43 Skdirshultsj6n
 44 Drdngsjdn
 45 Skdrsjon
 46 Ramsjon
 47 B otj"ar n
 48 Vitalampa

 821 000
 598 000
 578 000
 25 700
 19 000
 5 650

 3 580
 2 070
 1 910
 1 140

 484
 128

 94.7
 92.0
 63.8
 54.2
 23.8
 18.6

 16.0
 14.9
 10.0
 7.10
 5.15
 4.96

 3.88
 3.28
 2.80
 2.66
 2.00
 1.90

 1.80
 1.60
 1.59
 1.47
 1.13
 1.1

 1.02
 0.91
 0.87
 0.84
 0.57
 0.56

 0.36
 0.32
 0.31
 0.17
 0.097
 0.029

 - to give an outline of a model for optimization
 of lake hydrographic surveys, in which levels
 of ambition concerning acceptable errors in
 lake volume and contour line layout can be
 discussed and determined a priori.

 2

 405
 223
 281

 64
 244
 106

 106
 89

 119
 63
 22
 72

 8.5
 86
 18.0
 50.0
 20.7
 38

 34.0
 24
 17.8
 41
 4.0
 38.5

 25.8
 14.2
 18
 12.5
 32.0
 52

 18
 10
 6.0
 6.2
 2.1

 25

 5.4
 7.4
 6.5

 24
 6.4

 10.0

 14
 11.1

 9.1
 4.2

 14.4
 10.1

 Beeton, 1971
 Beeton, 1971
 Beeton, 1971
 Beeton, 1971
 Beeton, 1971
 H'akanson, 1975

 H'akanson, 1975
 H'akanson, 1975
 H'akanson, 1974b
 Lemming et al., 1971
 Lemming et al., 1971
 Sahlstr6jm, 1916

 H'akanson, 1974b
 von zur Muihlen, 1915
 Lemming et al., 1971
 Hamrin et al., 1974
 IHD:s sj6grupp, 1975
 Axeisson and H'akanson, 1972

 Lemming et al., 1971
 Ramberg et al., 1973
 Axelsson, 1967
 Thanderz, 1963
 Coleman et al., 1975
 Gran6li and Leonardsson, 1974

 Andersson, 1974
 Nordlander and Segerfeldt, 1967
 IHD-report No. 6, 1971
 Ahlgren, 1967
 Bengtsson et al., 1972
 Ryding and Borg, 1973

 Axelsson and H'akanson, 1973
 Aberg und Rodhe, 1942
 Ahlgren, 1970
 Eriksson et al., 1974
 James et al., 1975
 HAkanson, 1974b

 Ahlgren, 1970
 Wallsten, 1972
 Bengtsson et al., 1972
 Bengtsson et al., 1972
 Avd. fdr Hydrologi, 1974
 Wallsten, 1972

 Aberg und Rodhe, 1942
 Avd. f6r Hydrologi, 1975
 Abrahamsson et al., 1975
 Andersson et al., 1974
 Ramberg et al., 1973
 Ramberg et al., 1973

 Presuppositions
 The base data used in the present work has been
 obtained from published sources. 48 lakes have
 been studied (Table 1). The lakes differ in size,
 varying from Lake Superior (with an area cf
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 Table 2. Hutchinson's classification of lakes.

 1 Tectonic basins
 2 Lakes associated with volcanic activity
 3 Lakes formed by landslides
 4 Lakes formed by glacial activity

 \ \^Maturity \. a) Lakes held by ice or by moraine in contact
 with existing ice

 b) Glacial rock basins
 c) Moraine and outwash dams
 d) Drift basins

 O\ld age \< \5 Solution basins
 6 Lakes due to fluviatile action

 a) Plunge-pool lakes
 b) Fluviatile dams
 c) Lakes of mature flood plains

 7 Lake basins formed by wind
 8 Lakes associated with shore lines

 3 i i i^^^^, ,9 Lakes formed by organic accumulation
 0 25 50 75 100 10 Lakes produced by the complex behaviour of

 higher organisms
 Relative area

 Fig. 1. Characteristic relative hypsographic curves of
 drainage basins of different maturity (after Strahler,
 1952).

 821 000 km2) to Lake Vitalampa (with an area
 of only 0.029 km2). The maximum depths vary
 from 405 m to 4 m. The five largest of the lakes
 examined constitute the Great Lakes system in
 North America. The remaining lakes are Swedish.
 Consequently, the lakes investigated all belong
 to a comparatively homogeneous climatic zone
 and were all directly influenced by the last great
 glaciation. According to Hutchinson's (1957)
 classification (Table 2), they may all be connected
 to the type "Lakes formed by glacial activity".
 The lakes examined can thus only be linked to
 one, or perhaps two (tectonic basins), of all
 existing lake types. This implies that the following
 discussion cannot be considered a general one.
 The analytical principles to be introduced, how-
 ever, may be generally used for all lakes, in-
 dependent of their genesis.

 All figures given in Table 1 have been adopted
 directly from the given references. Some figures
 are therefore given in a more exact way than
 others. This also illustrates the fact that the

 lakes have been surveyed differently, with dif-
 ferent methods, different levels of ambition and
 from different premises. Consequently, the ma-
 terial does not provide a high degree of quantita-
 tive comparison. The problem of comparability
 will be discussed subsequently; the results to be
 presented make no claim to be either general or
 quantitative, as only glacially influenced lakes
 have been studied, as the lakes examined are
 few compared to all existing glacial lakes, and as

 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2

 11 Lakes produced by meteorite impact

 the lakes examined have been surveyed different-
 ly. The results should therefore be considered for
 their theoretical, qualitative merits; our present
 ambition has been to introduce new ideas and

 new methods which hopefully may lead to better
 quantitative results in the future.

 A relevant question in this context is: how have
 the lakes examined here been chosen? Quite
 simply, in the first place, the lakes have been
 chosen from those of the glacial type because it
 has been part of the author's work at the Natio-
 nal Swedish Environment Protection Board's

 Limnological Survey (NLU) to conduct mor-
 phometrical and sedimentological investigations
 in Swedish lakes; secondly, the number of lakes
 to be studied was determined, after consultation
 with statistical experts, to be between 30 and 50,
 for present purposes. The methods developed in
 this work have been processed manually, without
 the aid of a computer, thus yielding the upper
 limit of 50. A larger material would be quite
 impossible to handle, as well as being quite
 unnecessary for a qualitative approach. Since
 the quantitative aspects are subordinate to the
 qualitative ones, the discussion of statistical
 sampling is of secondary importance. The de-
 mand placed upon the material has instead been
 that it should contain a great variety of lakes,
 large and small, deep and shallow. This demand
 may have implied that the spread in this particular
 sample is greater than would have been the case
 if a regular, random statistical selection had
 governed the choice of the lakes to be studied.

 3
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 LARS HAKANSON

 Methods

 Measurement of length, area and volume
 A general presentation of morphometrical
 methods has been given by, for example, Welch
 (1948). Since all raw data in the present work
 emanates from published sources, we may refer
 to them for information concerning measure-
 ments of length and area. The problem of
 measuring length is, however, important and
 intricate; Scheidegger (1970) has pointed out
 that "The problem of measuring the length of a
 line is an old one. In general, not much thought
 is given to this problem by geomorphologists,
 inasmuch as it is simply assumed that the length
 be measured by some type of integrating device.
 However, the fact that natural geomorphological
 lines are wiggly, introduces certain complications.
 It is clear that more and more "wiggles" tend to
 disappear, the smaller the scale of the map is.
 Thus, the "length" of a geomorphic line does not
 have any meaning per se, inasmuch as it depends
 very much on the scale of map used: The better
 the map, the greater the length of a given natural
 feature." The same type of argumentation is of
 course also valid for determinations of area,
 which in the present context, that of lakes, is
 generally conducted with a planimeter.

 The volume of a lake is, in the ideal case,
 determined from the integral

 where

 Zmax

 V J f(A, z)dz
 0

 z = the depth
 f(A, z) = the hypsographic curve.

 As one in practice can never obtain a continous
 hypsographic curve, which is exactly defined for
 all points, but only a certain number of points
 along the curve, corresponding to the existing
 contour lines, some formula to approximate the
 volume is generally used. The two formulas most
 frequently used may be called the linear and the
 parabolic approximations. The formula for the
 linear approximation (Vi) is given by (2) and for
 the parabolic (Vp) by (4).

 Vl = (+a , -) (2)
 j=l

 where

 e =the contour-line interval
 n -the number of contour-lines

 ak = the cumulative area at contour-line j

 4

 The following relationship is valid between n,
 e and the maximum depth (Zmax):

 n X e z zmax  (3)
 For practical and pedagogical reasons, it is

 reasonable to assign the e-values positive integers
 (Hakanson, 1974b). The parabolic approxima-
 tion is given by

 VP = E a(a 1+ X akj)
 j=l 3

 (4)

 Hypsographic curves
 Welch (1948) defines hypsographic curves as fol-
 lows: "A hypsographic curve for subsurface hori-
 zontal areas is constructed by plotting depth
 along the vertical axis (ordinate) and area along
 the horizontal axis (abscissa). Such a curve not
 only represents certain elements in the form of
 the lake basin but it also provides a means where-
 by areas of any depth level may be determined.
 If actual areas within contours are plotted, the
 curve may be called a direct hypsographic curve.
 If, on the other hand, the areas within sub-
 merged contours are expressed in terms of per
 cent of surface area of lake, then the curve is
 referred to as a percentage hypsographic curve."
 In the discussion to follow, we shall not employ
 either of these two types of hypsographic curves,
 which are the most commonly used; in fact, the
 author has never, in any lake morphological
 work, seen the third alternative, which is the
 relative hypsographic curve, where both the ab-
 scissa and the ordinate are on a relative scale.

 The direct hypsographic curve and the percentage
 hypsographic curve give, as Welch puts it, "a
 certain element of form". The comprehension
 of the form will, for these two cases, however,
 depend completely on the choice of the scale on
 the axis, so that these methods cannot be used
 if the pure form is desired. With the relative
 hypsographic curve, the element of form, and
 nothing else, is emphasized, and lakes with
 different dimensions may be fully and directly
 compared.

 Lake form

 Working hypothesis
 The relative hypsographic curves for the 48 lakes
 studied are given in Figures 2, 3, 4, 5 and 6.

 The working hypothesis is that, using these
 curves, we may determine a statistically mean
 form for a lake and also define statistical devia-
 tion forms from this mean form.
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 Area

 -L ISUPERIOR

 0 ~~~~~~~~2 HURON

 60- 3 MICHIGAN
 4 ERIE

 5 ONTARIO

 6 VANERN

 so 7 VARMLANDSSJ6N
 8 DAL8OSJ6N
 9 vATTERN

 10 mALAREN

 100

 z

 Fig. 2. Relative hypsographic curves for lakes Supe-
 rior, Huron, Michigan, Erie, Ontario, Viinern, Varm-
 landssjdn, Dalbosjon, Vaittern and Mijlaren.

 Area

 21 LAITAURE

 22 SAXEN

 23 GIMO DAMM

 24 NORRA VIDOSTERN

 25 PAJEP MASKEJAURE

 26 SPARREN

 27 VELEN

 28 NORRVIKEN

 29 TULLINGESJON

 30 LILLA ULLEVIFJARDEN

 z

 Fig. 4. Relative hypsographic curves for lakes Lai-
 taure, Saxen, Gimo damm, Norra Vid6stern, Pajep
 M'askejaure, Sparren, Velen, Norrviken, Tullingesjdn
 and Lilla Ullevifjiirden.

 0 20 40 Ara60 80 ioo ak

 31 BJORKEN

 32 FIOLEN

 33 OXUNDASJON
 34 TREHORNINGEN

 35 TESTEN

 36 MUNKSJON

 37 EDSSJON
 38 6RNASSJON
 39 VAXJOSJ4ON
 40 JARLASJON

 z

 Fig. 3. Relative hypsographic curves for lakes Hijil-
 maren, Skagen, Roxen, Unden, Miilaren (A), Iv6sjbn,
 Erken, Ekoin, Miilaren (1D4) and Lilla KorslAtngen.

 For some lakes, such as Lake Ekoln, there
 exists a considerable and welldefined body of
 echo-sounded lines, which provide great accuracy
 for this relative hypsographic curve. In this case
 the curve presented is very close to the exact,
 ideal one. For most lakes, however, the reli-
 ability is poorer. In any case, the given curves
 provide an accuracy which is sufficient for the
 present approach; even in the poorest cases, we
 may accept the curves given as at least represent-
 ing probable examples of lakes from the glacial

 z

 Fig. 5. Relative hypsographic curves for lakes Bjor-
 ken, Fiolen, Oxundasjdn, Treh6rningen, Testen,
 Munksj6n, Edssj6n, Orniissj6n, Viixj6sjiin and Jiirla-
 sjon.

 lake type environment, and the latter is, in this
 context, what is most important.

 The verification or the rejection of the working
 hypothesis consequently starts from these given
 relative hypsographic curves.

 The statistical approach
 A natural starting point in our analysis is to draw
 a line from the point (ak =1 100, z = 0) to the
 point (ak = 0, Z =100), that is

 z = -a%+100

 GEOGRAFISKA ANNALER . 59 A (1977) . 1-2

 (5)

 5
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 LARS HAKANSON

 Area

 Fig. 6. Relative hypsographic curves for lakes Fan-
 sj6n, Lillsj6n, Skarshultsj6n, Drangsjon, Skarsj6n,
 Ramsjon, Botjarn and Vitalampa.

 4V a 6

 z

 Fig. 7. TRH-curves for lakes Superior, Huron, Mi-
 chigan, Erie, Ontario, Vinern, Virmlandssjon, Dal-
 bosjon, Viittern and Malaren.

 Relative hypsographic curves above this line
 will, unless otherwise specified, be called convex
 and curves below this line called concave. If we

 now study the distribution of the 48 relative
 hypsographic curves compared to this reference
 line, we find that 35, or approx 73 %, are clearly
 convex, 10, or approx 20 % are concave, and
 that 3 are rather in between and more difficult

 to determine. Consequently there exists an un-
 symmetric distribution of the relative hypso-
 graphic curves compared to the reference line.

 6

 o / /,a20 / 11 HJALMAREN
 604 X12 SKAGEN

 13 ROXEN

 J .J^~1 ^ ^ 4 UNDEN
 15 MALAREN (A)

 80o / I / 16 IVOSJON
 17 ERKEN

 18 EKOLN

 19 MALAREN(D4)

 100- 20 LILLA KORSLANGEN
 z

 Fig. 8. TRH-curves for lakes Hjalmaren, Skagen,
 Roxen, Unden, Malaren (A), Ivosjon, Erken, Ekoln,
 Malaren (D4) and Lilla Korslangen.

 VArea
 0 2 4 6 8 10 Vak

 20-

 27/ 21 LAITAURE

 601 /'22 SAXEN
 23 GIMO DAMM

 4 /I /7/ / ////24 NORRA VIDOSTERN
 25 PAJEP MASKEJAURE

 80- 26 SPARREN
 27 VELEN

 28 NORRVIKEN

 29 TULLINGESJON

 100 30 LILLA ULLEVIFJARDEN
 z

 Fig. 9. TRH-curves for lakes Laitaure, Saxen, Gimo
 damm, Norra Vidostern, Pajep Maskejaure, Sparren,
 Velen, Norrviken, Tullingesjon and Lilla Ullevifjjar-
 den.

 It should be possible, even at this early stage,
 with mathematical-statistical methods to deter-
 mine this unsymmetrical distribution and obtain
 a statistically well-defined mean hypsographic
 curve. This simple pilot test indicates, however,
 that the analysis may be done in a simpler and
 perhaps also more sophisticated manner. An
 appealing and obvious approach is, then, to
 take the square root of the at-values, i.e., to

 plot ,ak on the horizontal axis. This procedure
 implies, in the first place, that we obtain the same

 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2
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 Fig. 10. TRH-curves for lakes Bj6rken, Fiolen, Oxun-
 dasjdn, Treh6rningen, Testen, Munksj6n, Edssjdn,
 Ornhissj6n, Viixj6sj6n and Jiirlasj6n.

 41 FANSJt6N
 42 LILISJON

 41 43 SKARHULTSSJON
 80- 42 44 DRANGSJ61N

 45 SKARSJAN
 46 RAMSJ6N
 47 BOTJARN

 100- 48 VITALAMPA
 z

 Fig. 11. TRH-curves for lakes Fansj6n, Lillsjd5n,
 Skiirshultsjdn, Driingsjdn, Skdrsj6n, Ramsjdn, Botjiirn
 and Vitalampa.

 Fig. 12. Illustration to the
 statistical approach. TRH-
 curves for lakes Viinern,
 Viittern, Millaren, Hjiilma-
 ren, Skagen, Roxen, Unden,
 Ekoln, Saxen, Velen, Bj6r-
 ken and Munksj"on.

 dimension (length units) on both axes; secondly,
 it leads to a better symmetry along a new refer-
 ence line, which is given by

 z 10Vjak100 (6)
 This square-root procedure indicates a way

 to determine a statistical mean form; all the
 relative hypsographic curves in Figures 2- 6

 GEOGRAFISKA ANNALER . 59 A (1977) . 1-a

 have been recalculated into a new form which

 may be called transformed relative hypsographic
 curves (TRH-curves), shown in Figures 7, 8, 9,
 10 and 11. We shall now proceed to justify this
 transformation, showing that the material will
 approximately be symmetrical and normally dis-
 tributed around the new reference line (6).

 The statistical methods that will be adopted

 7

 f
 ,5

 011
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 LARS HAKANSON

 f (u): z =-10 ak + 100 = the reference function

 u=o for all yi, i- 1,2,3,...9

 xJ =u-y where i -1,2,3,...9
 and j = 1,2,3,...48

 Ij, i=1,2,3,... 48= the relative hypsografic
 curves for the lakes investigated.

 Fig. 13. Schematical illus-
 tration to the statistical ap-
 proach.

 are quite basic and may be obtained from any
 statistical handbook. Here we have used Hyrenius
 (1957). The normal distribution is given by

 1 u'

 f(u) = .-- x e 2 127rxe-- (7)

 and

 F(u) = 0.5000 + f(x)dx (8)
 0

 Symbols, notations and part of the methods to
 be used are illustrated in Figures 12 and 13. For
 the sake of clarity, only 12 of the 48 TRH-curves
 are illustrated in Fig. 12.

 The distribution around reference line (6)
 has been determined from nine equally spaced
 positions on the reference line. Position 1 cor-
 responds to the point with coordinates (1,90),
 position 2 to (2, 80), position 3 to (3, 70), and so
 on. The right-angle distances, measured on the
 diagram in mm, from the reference line to the
 various intersectional points on the different
 TRH-curves have been determined. These values,
 48 for each position, constitute the samples for
 which the mean and the standard deviation have

 been determined. Sample 1, corresponding to
 position 1 and coordinates (1, 90), is called y',
 sample 2, y2, and so on.

 For sample 1, distribution y', the following
 mean (xl) and standard deviation (s1) were
 obtained: 0.635 and 1.019, respectively (Fig. 14).

 The mean and the standard deviation for the

 other 8 samples are also given in Fig. 14. If
 the distribution had been exactly normal around
 the reference line, all means would have been

 8

 0, i.e., u = 0 (Fig. 14). The difference, however,
 is quite small, and the reason for using the
 normal distribution is emphasized if we study all
 the TRH-curves in one diagram. This, however,
 becomes difficult, due to a resultant lack of clari-
 ty; therefore, the entire material has been "con-
 centrated" into Fig. 15. In the latter figure,

 which contains the entire sample, i.e., :yj,
 where i = 1, 2, 3, ..., 9 and j = 1, 2, 3, .. ., 48,
 the reason for using the normal distribution to
 describe the material is clearly illustrated.

 Returning to Fig. 14, we see that this figure
 also illustrates that the deviation from the mean

 is largest for the positions at the centre of the
 reference line and smallest for positions at the
 ends. The mean values, for all positions, are larger
 than 0, varying between 0.306 and 0.741, which
 is a rather small deviation. This small deviation
 from the reference line is also evident from

 Fig. 15. The statistical mean lake form for the
 existing base material, expressed as a TRH-curve,
 may now be obtained as the connection line be-
 tween the 9 different xi-values. This statistical
 mean curve is indicated as f(x). We may now
 also determine curves corresponding to statistical-
 ly well-defined deviations from the mean. The
 connection line between the 9 different points
 corresponding to + 1 standard deviation (Is),
 for example, is indicated as f(1), the connection
 line between +2s will be represented as f(2),
 and so on.

 From formula (8), or directly from common
 normal distribution tables, we may now express
 the probability that a TRH-curve for any given
 lake falls between different limitation curves,

 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2

This content downloaded from 131.247.112.3 on Mon, 27 Jun 2016 04:49:34 UTC
All use subject to http://about.jstor.org/terms



 ON LAKE FORM, LAKE VOLUME AND LAKE HYPSOGRAPHIC SURVEY

 8t requency the normal distribution
 so- / n-432

 8-.0618

 s1-2.072

 0o-

 - the entire sample

 0 -

 -8 -6 -4 -2 0 2 4 6 8

 Fig. 15. A comparison between the normal distribu-

 tion curve and the entire sample from the nine posi-

 tions of the reference line.

 Fig. 16. The TRH-curves for the statistically derived

 mean lake form, f(x), and the deviation forms.

 -7 -6 -5-4-3 -2-1 0 1 2 3 4 5 6 7

 u-0

 Fig. 14. Mean, standard deviation and normal distri-

 bution for the samples from the nine positions on

 the reference line.

 such asf(-3), f(-2), f(- 1.5),f(- 1), f(-O.5),

 f(i), f(O.5), f(1), f(1.5), f(2) and f(3) (see

 Table 3). From Table 3 we may see that there

 GEOGRAFISKA ANNALER . 59 A (1977) - 1-2

 0 20 40 Ara60 80 ioo ak

 40-

 z

 Fig. 17. Relative hypsographic curves for the statis-

 tically derived mean lake form, f(x), and the devia-

 tion forms.

 9

 i(x)
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 LARS HAKANSON

 f(-3)

 Fig. 18. Schematical bathy-
 metric interpretation of four
 statistical lake forms.

 exists, for example, a 4.4 % probability that a
 TRH-curve for an unknown lake will fall between

 the f(-2) and f(-1.5) or between the f(1.5)
 and f(2) lines. We also see that there exists less
 than a 0.3 % probability that a lake will have a
 TRH-curve which lies outside f(? 3).

 In Fig. 16, all the above-mentioned statistically
 deduced limitation lines are illustrated as TRH-

 Table 3. Probability in per cent for arbitrary TRH-
 curves falling between given limitation lines.

 Limitation lines Probability (%)

 - f(- 3) 0.135
 f(- 3)-f(-2) 2.145
 f(-2)-f(--1.5) 4.400
 f(-1.5)-f(-l1) 9.190
 f(-l)-f(-0.5) 14.980
 f(-0.5)-f(x) 19.150
 f(x)-f(0.5) 19.150
 f(0.5)-f(l) 14.980
 f(1)-f(1.5) 9.190
 f(1.5)-f(2) 4.400
 f(2) -f(3) 2.145
 f(3)-- 0.135

 100

 10

 curves. This figure summarizes the results and
 shows that the reference line, f (u), has a position
 approximately halfway between the statistical
 mean, the f (x)-curve, and the curve which
 represents - 0.5s, the f(-0.5)-curve. This figure
 also illustrates that the deviation from the mean

 is largest at the centre and least at the ends of
 the reference line.

 We may now perform a transformation such
 that the TRH-curves from Fig. 16 will become
 relative hypsographic curves (Fig. 17), i.e., we

 have retransformed Jak back to ak.
 In Fig. 17 we now have a nomogram of sta-

 tistically defined relative hypsographic curves
 which permits us to classify all types of lake
 forms. This figure shows that the mean form is
 convex and that the majority of the lakes studies
 also have convex form.

 The present results show that it is possible
 with statistical methods to determine a mean
 form for a lake as well as deviations from this

 mean. One specific question then arise: how do
 these statistical forms look on a map?

 In Fig. 18, four of the relative hypsographic
 curves, f(- 3), f (x), f (1.5) andf (3), are illustrat-

 GEOGRAFISKA ANNALER . 59 A (1977) * I-2
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 Ar
 40

 0.

 6)
 0

 Fig. 19. Terminology and
 fication of lake forms.

 ea 60 80 1oo ak

 class limits for the classi-

 0 20 40 Area 60 80 100 ak

 .540-

 60-

 80 a) Very convex macro torm(vcxma)
 b) Minus slightly convex meso form

 c) Plus slightly convex with micro
 forms (pSCx mi)

 t100 --"" """'"d) Minus to plus linear with micro
 Z forms (m-pLmi)

 e) Concave with micro forms(Cmi)

 Fig. 20. Five hypothetical relative hypsographic cur-
 ves illustrating the classfication of lakes according to
 form.

 ed as schematical bathymetric maps. A lake of
 the f(- 3) type will, given a certain area and a
 certain depth, have the bathymetric form shown
 in Fig. 18a. This lake type has one (or more)
 areally limited deep hole (s). It is on the
 average shallow, in the terminology previously
 used, very convex. The mean lake, f(x), Fig.
 18b, has an even depth profile. A lake with a
 relative hypsographic curve corresponding to
 f(3) is trough-like, with steep inclining walls
 and a very plane, areally dominating bottom.

 Classification of lakes according to form
 From the results summarized in Fig. 17 and
 from Figs. 2-6, it is now possible to classify
 the lakes investigated according to their form,
 expressed by the relative hypsographic curves.
 Such a classification will, like all classifications,
 be a matter of terminology as well as a matter
 of how to choose the class limits. The main

 advantages with a classification are, in this
 context, that it simplifies descriptions and that
 it may yield objects for statistical analysis, pro-
 vided that the chosen class limits are well defined.
 These statements will be substantiated in the

 next chapter, which deals with calculations of the
 lake volume and the impact of the lake form on
 lake volume calculations.

 During the progress of the present work, it
 has been natural to use certain labels for the

 different lake forms, for example, concave and

 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2

 convex. We shall now proceed to define and name
 certain statistically deduced lake forms, namely,
 the forms corresponding to the following 7
 functions: f (-3), f (- 1.5), f (-0.5), f (x-), f (0.5),
 f(1.5) and f(3).

 The functions we have chosen are illustrated

 in Fig. 19. Relative hypsographic curves for
 lakes which completely fall between the given
 lines are called: Very Convex, Convex, Slightly
 Convex, Linear and Concave. From eq (8) we
 may calculate the theoretical probability that a
 given lake falls within the given classes. The
 results are given in Table 4.

 Since not all lake forms are pure (i.e., the rela-
 tive hypsographic curve lies within one and the
 same class), the hypsographs can to a greater or
 lesser extent belong to two or more classes. For
 these "unpure" cases, we can introduce a ter-
 minological rule system based on the following
 premises:

 Table 4. Terminology and class limits for lake
 forms.

 Class limits Name Probability

 f(-3)-f(-1.5) Very Convex 6.545 %
 f(-1.5)-f(-0.5) Convex 24.170 %
 f(-0.5)-f(0.5) Slightly Convex 38.300 %
 f(0.5)-f(1.5) Linear 24.170 %
 f(1.5)-f(3) Concave 6.545 %

 11
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This content downloaded from 131.247.112.3 on Mon, 27 Jun 2016 04:49:34 UTC
All use subject to http://about.jstor.org/terms



 LARS HAKANSON

 Table 5. Nomenclature for classification of lake
 forms.

 Macro, ma: no point of infiexion
 Meso, me: one point of inflexion
 Micro, mi: two or more points of infiexion

 I Pure forms: area cover > 95 %o in one class
 Very Convex, VCx
 Convex, Cx
 Slightly Convex, SCx
 Linear, L
 Concave, C
 Examples: VCxma, Cxme, SCxmi, etc

 2 Simple forms:
 area cover area cover

 < 5% to <40 % > 60%
 plus, p
 minus, m
 p-m (if p> m) ~ VCx, Cx, SCx, L, C,
 rn-p (if m> p)
 Examples: pVCxma, mCfxme, p-mSCxmi, etc'

 3 Complex forms:

 a) two main classes with > 40 Y. area cover
 VCx-Cx (if VCx > Cx)
 Cx- SCx
 SCx -L
 L-C
 Examples: VCx-Cxma, pSCx-Cxme, in-p
 L-Cmi, etc

 b) three main classes with > 25 %o area cover
 VCx-Cx-SCx (if VCx > Cx > SCx)
 Cx-SCx-L
 SCx-L-C

 c) four classes with > 20 0. area cover
 VCx-Cx-SCx-L
 Cx-SCx-L-C

 - if the relative hypsograhic curve to more
 than 95 % of the area belongs to only one of
 the classes, it will be called pure;

 - if between 5 and 40 % of the hypsograph falls
 into one or more classes other than the main

 class, the former class(es) is (are) called sec-
 ondary, and the class which contains more
 than 40 % is called the main class.

 - curves with secondary classes can be of minus
 and/or plus types. The curve is called minus
 if it belongs to a more convex secondary class
 and plus if it belongs to a more concave type
 than the main type;

 - if the curve does not have any point of in-
 flexion (i.e., is parabolic), it is denoted as a
 macro type;

 - if the curve has one point of inflexion, it is
 called a meso type, and if it has two or more
 points of inflexion, it is called a micro type;

 12

 Table 6. Forms of the lakes studied.

 Lake Form

 Superior
 Huron
 Michigan
 Erie
 Ontario
 Vainern

 Vairmlandssjon
 Dalbosjon
 Vaittern
 Malaren
 Hjailmaren
 Skagen

 Roxen
 Unden
 Malaren (A)
 Ivosjn
 Erken
 Ekoln

 Mailaren (Dy)
 Lilla Korsl'angen
 Laitaure
 Saxen
 Gimo damm
 Norra Vidostern

 Pajep M'askejaure
 Sparren
 Velen
 Norrviken
 Tullingesj6in
 Lilla Ullevifjdirden

 Bj6rken
 Fiolen
 Oxundasj6n
 Trehorningen
 Testen
 M u nksjdon

 Edssjbn
 O5rndssjdon
 Vdxjbsjon
 Jarlasjon
 Fansjdn
 Lillsjdn

 Skdrshultsj6n
 Drdngsj6n
 Skarsjon
 Ramsj6n
 Botjarn
 Vitalampa

 mSCxmi
 Cxma
 mSCxmi
 pCx-SCxmi
 SCxmi
 Cxma

 pCxmi
 Cxma
 mSCxma
 Cxma
 Cxma
 SCxma

 Lma
 pSCxmi
 mCxma
 pVCxma
 mSCxmi
 mLmi

 pVCxmi
 pCxmi
 Cxma
 pCxme
 mSCxme
 pCxma

 pCxme
 inLine
 SCxma
 SCx-Lmi
 mSCxme
 mL-SCxmi

 pCx-SCxme
 pSCxmi
 mCme
 m-pLme
 Line
 SCxma

 Lmi
 Cma
 Line
 pSCxmi
 inL-Cmi
 mCmi

 Cmi
 p-mLmi
 L-Cmi
 Line
 Cxma
 pCxmin

 - if the curve belongs to two classes with more
 than 40 % of the area in each, it is called a
 complex curve. It is also called complex if it
 belongs to three classes with more than 25 %
 in each or to four classes with more than

 20 % in each class. Curves which are not corn-

 GEOGRAFISKA ANNALER 59 A (1977) . 1-2
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 Table 7.

 Simple forms

 ma

 VCx 1
 Cx 9
 SCx 4

 L 1
 C 1

 me mi

 0 1
 2 3
 2 7

 5 3
 1 2

 2
 14
 13

 9
 4

 16 10 16 1 42

 Complex forms

 ma me mi

 VCx-Cx - - - 0
 Cx-SCx - 1 1 2

 SCx-L - - 2 2
 L-C - - 2 2

 0 1 5 1 6

 Table 8.

 pure m p m-p

 Simple 18 11 11 2 42
 Complex 2 2 2 0 6

 20 13 13 2 1 48

 plex or are pure called simple. The rule system
 with abbreviations is summarized in Table 5.

 Fig. 20 illustrates the use of the terminology
 for 5 hypothetical relative hypsographic curves,
 VCxma, mSCxme, pSCxmi, m-pLmi and Cmi.

 Table 6 gives the forms for all 48 lakes studied.
 We shall now discuss the distribution and fre-

 quency of these lake forms. A summary of the
 results is given in Tables 7, 8, and 9.

 Of the lakes studied, 42, or 87.5 %, have
 simple forms, i.e., with the given rule system,
 they can be defined as belonging to one definite
 class. Of these 42, 18 are pure. Six of the lakes,
 or 12.5 %, have complex form; i.e., they have
 more than one main class. None of the lakes

 studied belong to the more complex forms with
 three or four main classes.

 Table 7 shows that there are two lakes of the

 VCx type. This is approximately 5 %, which
 may be compared with the expected 6 % (see
 Table 5). Most lakes are of the Cx and SCx
 types, 14 and 18, respectively. Compared to
 statistical expectations, the number of the convex
 lakes is a little high in this material. The
 difference, however, is not remarkable, 33 %
 compared to 24 %. In general the agreement is
 good between found and expected number. From
 Table 7 we also see that the macro forms domi-

 nate among the convex lakes, while the meso and
 micro forms are more frequent among the
 SCx, L and C types. This is understandable for
 morphological reasons. For the convex, and
 especially for the very convex lakes, there is
 not enough "space" for fully developed inflexion
 points to appear. This is clear if we regard the
 lakes in bathymetric maps. A slight modification
 of the position of the contour lines, which can
 cause an inflexion point in the relative hypso-

 Table 9.

 13
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 Found (%)
 5

 33
 31

 21
 10

 Expected (%)
 6

 24
 38

 24
 6
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 Table 10. The relationship between lake size and lake form for the 48 lakes studied.

 Area n a Zmax Form
 (km2) (km2) (m) VCx Cx SCx L C

 Continental seas >10,000 5 49,000 240 - 1 [1] 3 -
 Large lakes 100-10,000 7 2,100 82 - 5 2 -

 Lakes 1-100 25 17 24 2 6 [1] 7 [2] 6 1
 Small lakes 0.01-1 11 0.5 11 - 2 1 4 [1] 3

 graphic curve, does not influence the hypsograph
 significantly if the contour interval is very small
 or if the spacing is very large (see Fig. 18),
 while, on the other hand, a change in the
 position of the contour lines will have a
 relatively large impact on the hypsograph if
 the spacing between the contour lines is constant
 or nearly constant. This is valid for lakes of the
 SCx and L form, that is, for hypsographs which
 lie close to the reference line (5). Thus, the
 results are both logical and in good agreement
 with what can be morphologically understood.

 The lakes of the complex type also have hypso-
 graphic curves around the reference line (5). A
 majority of these complex lakes, logically enough,
 also have micro forms.

 From Table 8 we can see that 18 of the lakes

 of the simple type are also pure. There are 11
 lakes of the minus type, as well as 11 lakes of
 the plus type. This seems to be statistically
 understandable. Table 9 shows that 16 of the

 lakes, i.e., 1/3, are of the macro type, 11
 lakes have one point of inflexion, and the
 majority, 21, have two or more points of
 inflexion. Most of the lakes studied, or 2/3, have
 inflexion points, which is quite logical, as most
 of the lakes belong to the SCx and L types, and
 it is for these lakes that micro and meso forms

 dominate.

 It should, in this context, be emphasized that
 the results presented aim only at introducing a
 way of classifying lakes according to their form.
 The interpretation of the morphological signif-

 Table 11. Comparison between size and form.

 Form n a Sa Zmax Szmax
 (km2) (km2) (m) (m)

 VCx-Cx-
 SCx 31 8,400 21,000 74 94
 L-C 15 8.4 24 9.9 8.9

 14

 icance of, for example, the meso and the micro
 forms cannot be adequately done until we have
 a base material where the lakes studied have

 been comparatively surveyed and randomly sam-
 pled. The terminology and the class limits can and
 should be further examined, and all numerical
 results given here should be regarded with a
 certain reservation. These results should be

 considered as a first attempt toward a qualitative
 and quantitative morphological analysis of the
 concept "lake form".

 Relationship between form and size
 The next step is thus to study the relationship
 between lake size and lake form. It is evident

 that large glacial lakes generally are deeper
 than small ones. This statement is, of course, not
 valid for single objects. In Table 10 we have
 divided the base material used in this study into
 the following classes: (1) lakes > 10000 km2
 (continental seas), (2) lakes of 100-10 000 km2
 (large lakes), (3) lakes of 1-100 km2 (lakes),
 and small lakes with an area of 0.01 -1 km2.

 The number of objects within the four classes
 (n), the mean area in km2 (a), and the mean
 values of the maximum depths (Zmax) have
 been determined. The table clearly illustrates that
 the zmax-values are related to the a-values. The
 table also gives the number of objects with defined
 forms. The figures in brackets are numbers of
 complex forms. As can be seen from the table,
 no statistically significant trends can be obtained
 between the size and the form. There is, however,
 a certain indication from the table that small

 lakes and lakes seem more often than larger
 lakes to have a concave, linear and/or slightly
 convex form.

 This indication is supported by the results given
 in Table 11. In this table, the number of objects
 (n), the mean area (a), the standard deviation for
 the area (sa), the mean value of the maximum

 GEOG RAFISKA ANNALER 59 A (1977) -2
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 depths (Zmax), and the standard deviation for the

 maximum depths (Szmax) have been determined
 for lakes belonging to the 3 classes VCx-SCx
 and to the 2 classes L- C.

 The figures concerning the standard deviations
 (in Table 11) show that it would not be meaning-
 ful to conduct an analysis of significance for the
 material. Nor would this be in agreement with
 the qualitative aim of the present paper. The
 present results concerning any possible relation
 between the size and the form have, in con-
 sequence, not been proved, but rather indicated.

 Lake volume

 Working hypothesis
 Our working hypothesis can be stated as follows:
 - the error (E) in the volume determination

 depends on the method of determination
 (M) and the form of the lake (F), i.e.,

 Area (km2)

 an _1 an-an-1 an+an-1
 It

 k

 E

 q)

 s.

 -Q

 2

 I Ie(an-an1)+e.an_1
 ek k

 I =(an +annl)

 e --- -- Vp = t+an _ro anr a-

 E = the error for VI

 Fig. 21. Schematical illustration of the methods for
 determining lake volume.

 E= f(M,F)  (9)

 - this error can be established and hence also
 corrected for.

 Determination of the error
 The two formulas that will be tested are:
 the linear approximation

 Vz =- (aJ -a 1) (2)
 j=l 2

 and the parabolic approximation

 n e k k I(k k 4 Vp = 2 -(aj +a ,_+/aj xaj_-) (4)
 j=l3

 The very simple derivation of formula (2)
 and the significance of the various abbrevations
 are illustrated in Fig. 21. The error (E) for
 calculations accDrding to the Vl-formula is il-
 lustrated in this figure as the shaded area. The
 fact that the error depends on the shape of the
 relative hypsographic curve is also quite evident
 from this figure.

 For convex lakes, or rather, for lakes with
 hypsographs above the reference line (5), i.e.,

 z= -at+ 100 (5)

 we have

 k k

 an+n- I > ak k --VI > 1Z 2?a n xa-1 = V1> Vp

 For concave lakes, the opposite is valid, i.e.,
 VI < Vp. This implies that the Vp method is

 generally better for convex lakes, which are in
 the majority (approximately 75 %), and that the
 Vi method is better for lakes with relative hypso-
 grahic curves below the reference line (5).

 In order to determine the impact of lake form
 on the volume determination according to these
 two methods, we may now use the lake form
 functions previously defined: f(-3), f(-2),
 f(-1.5), f(-0.5), f(x), f(0.5), f(1.5), f(2), and
 f(3). Furthermore, the effect of the choice of the
 relative contour-line interval (er) has been tested
 for the following er-values: 100, 50, 20, 10, 4 and
 2, i.e., for n-values 1, 2, 5, 10, 25 and 50,
 respectively, where

 max
 er-n

 n
 (10)

 er = the relative contour-line interval

 Zmax = the relative maximum depth, 100 %
 n = the number of contour-lines

 The results of these tests are summarized in

 Table 12, where the numerical values signify the
 error in per cent. The true values for the volume
 have in all cases been determined by graphical
 integration according to formula (1). As can be
 seen from Table 12, the error can vary from over
 700 % to zero, depending upon the choice of
 the er-value, the lake form and the determination
 method. Graphical illustrations of the results
 are also given in Figs. 22 and 23. In agreement
 with what could be expected, the table and the

 GEOGRAFISKA ANNALER ? 59 A (1977) * 1-2 15
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 Fig. 22. Nomogram for the error and the correction

 of V1. Dmax = the maximum depth.

 figures show that the Vp method is better than
 the V1 method for all lakes with relative hypso-
 graphic curves on the convex side of the reference
 line (5) and worse for all concave hypsographs.
 The error is naturally smallest when the contour-
 line interval is smallest, independent of the
 method of determination. In general, the error

 Contour line interval

 Fig. 23. Nomogram for the error and the correction
 of Vp.

 is smallest for lakes with hypsographs close to
 the mean, and increases with increasing deviation
 from the mean.

 The correction factor for lakes with macro form
 Since we now can determine the error, we are
 also able to determine a correction factor which

 Table 12. The relative error, its dependence of the lake form, the determination method and the relative
 contour-lines interval.

 er f(-3) f(-2) f(-1.5) f(-1) f(-0.5)

 V1 Vp VI Vp VI Vp VI Vp VI Vp

 100 706 438 246 131 159 72.96 101 33.91 62.81 8.53
 50 307 189 85.81 46.09 47.64 21.17 26.76 8.76 14.78 1.11

 20 93.55 64.19 18.27 10.73 8.56 4.05 4.46 1.53 2.44 0.26
 10 34.84 25.32 4.84 2.91 2.18 1.04 1.29 0.56 0.62 0.07

 4 7.58 5.65 0.97 0.62 0.26 0.10 0.16 0.04 0.09 0
 2 1.13 0.48 0.21 0.14 0.10 0.03 0.08 0 0.03 0

 f(x) f(0.5) f(l) f(1.5) f(2) f(3)

 V1 VP VI Vp V1 Vp VI Vp VI Vp VI Vp

 33.99 -10.68 13.46 -24.37 -2.80 -35.21 -15.63 -43.76 -26.10 -50.74 -40.37 -60.25
 8.00 -3.28 4.15 -6.13 +0.89 -8,98 -2.13 -11.90 -5.93 -15.62 -13.54 -22.98

 1.35 -0.47 0.34 -1.34 +0.04 -1.69 -0.20 -2.09 -0.98 -3.12 -3.57 -6.31
 0.28 -0.17 0.11 -0.32 +0.02 -0.43 -0.02 -0.54 -0.24 -0.87 -1.13 -2.17

 0.07 -0.01 0.02 -0.05 0 -0.08 0 -0.10 -0.03 -0.16 -0.23 -0.50
 0.01 0 0 0 0 0 0 -0.02 0 -0.03 -0.04 -0.13

 100 -1
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 (k)
 Nomogram for correction of VI

 0.90 -
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 Fig. 24. Enlarged nomogram for the correction factor
 for V1.

 reduces the error. The correction factor (k) may
 be defined accordingly:

 100-E

 100 (11)

 where k =-- 0 for |EI > 100.
 That is, for all errors larger than 100 %, the

 k-value is 0. In such cases, it may be considered
 meaningless to correct the error.

 Correction factor tables for the two methods

 can now be established. They are given in
 Table 13. Correction nomograms for the V1
 and Vp methods are illustrated in Figs. 22 and 23,
 and enlarged nomograms for k-values 0.9-1.10
 are shown in Figs. 24 and 25.

 The correction tables and correction nomo-

 grams will be put to detailed practical use later
 on. It is quite simple. For example, a lake with a
 reative hypsographic curve which visually may
 be associated with the f(- 1.5)-line and which
 has been volume determined according to the

 Contour line interval

 Fig. 25. Enlarged nomogram for the correction factor

 for Vp.

 V1 method with 10 contour-lines should accord-

 ingly have a correction factor of 0.979, i.e., the
 figure for the uncorrected volume should be
 multiplied by 0.979. If, now, we have 10 contour-
 lines and all associated points fall between, for
 example, the limitation lines f (-2) and f (- 1),
 the volume error cannot be larger than what we
 would have obtained if we had multiplied our
 uncorrected volume by the k-values from the
 f(-2) line and the f(-1) line, i.e., 0.951 and
 0.987, respectively. If the uncorrected volume
 is 100 km3, the corrected volume would be

 97.9 km3. This figure cannot be lower than 95.1
 km3 and higher than 98.7 km3. That is, the error
 is max. -2.9 % to +0.8 %.
 It is of course relatively simple to place the

 relative hypsographic curve of a lake correctly
 and with good statistical accuracy if we have
 many and well-established contour-lines at our
 disposal. In such cases it is simple to perform a
 good error calculation and correction directly

 Table 13. Correction factor table for the Vi and the Vp methods.

 er f(-3) f(-2) f(-1.5)f(--1) f(-0.5)f(x) f(0.5) f(1) f(1.5) f(2) f(3)

 Dmax/1 0 0 0 0 0.3719 0.6601 0.8654 1.0208 1.1563 1.2610 1.4037
 Dmax/2 0 0.1419 0.5236 0.7324 0.8522 0.9200 0.9585 0.9911 1.0213 1.0593 1.1354
 Dmax/5 0.0645 0.8173 0.9144 0.9554 0.9756 0.9865 0.9966 0.9966 1.0020 1.0098 1.0357

 Dmax/10 0.6516 0.9516 0.9782 0.9871 0.9938 0.9972 0.9989 0.9998 1.0002 1.0024 1.0113
 Dmax/25 0.9242 0.9903 0.9974 0.9984 0.9991 0.9993 0.9998 1.0000 1.0000 1.0003 1.0023
 Dmax/50 0.9887 0.9979 0.9990 0.9992 0.9997 0.9999 1.0000 1.0000 1.0000 1.0000 1.0004

 Dmax/1 0 0 0.2704 0.6609 0.9147 1.1068 1.2437 1.3521 1.4376 1.5074 1.6025
 Dmax/2 0 0.5391 0.7883 0.9124 0.9889 1.0328 1.0613 1.0898 1.1190 1.1562 1.2298
 Dmax/5 0.3581 0.8927 0.9595 0.9847 0.9974 1.0047 1.0134 1.0169 1.0209 1.0312 1.0631

 Dmax/10 0.7468 0.9709 0.9896 0.9944 0.9993 1.0017 1.0032 1.0043 1.0054 1.0087 1.0217
 Dmax/25 0.9435 0.9938 0.9990 0.9996 1.0000 1.0001 1.0005 1.0008 1.0010 1.0016 1.0050
 Dmax/50 0.9952 0.9986 0.9997 1.0000 1.0000 1.0000 1.0000 1.0000 1.0002 1.0003 1.0013

 17 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2
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 Table 14. Special correction factor table for lakes classified according to the classification system.

 Dmax Dmax Dmax Dmax Dmax Dmax Dmax
 2 3 4 5 6 8 10

 VCx 0.276 0.619 0.776 0.851 0.892 0.938 0.961
 Cx 0.760 0.893 0.936 0.960 0.972 0.982 0.989

 VI SCx 0.920 0.971 0.981 0.986 0.990 0.994 0.997
 L 0.984 0.992 0.997 0.999 0.999 1.000 1.000
 C 1.046 1.023 1.012 1.007 1.006 1.003 1.002

 VCx 0.627 0.799 0.878 0.916 0.945 0.966 0.977
 Cx 0.930 0.969 0.981 0.988 0.990 0.993 0.996

 Vp SCx 1.033 1.017 1.010 1.005 1.004 1.003 1.002
 L 1.083 1.046 1.028 1.016 1.012 1.007 1.004
 C 1.143 1.073 1.045 1.028 1.019 1.011 1.008

 from the nomograms. The primary advantage
 of the method introduced here may perhaps lie
 in the fact that we can, even with rather restricted
 base information, perform an error calculation
 and obtain a comparatively good statistical
 accuracy in the volume determination. It is
 consequently valid for lakes where the hypso-
 graphic survey has been limited and where it is
 not meaningful to use more than 2-10 contour-
 lines. Another example, from the work conducted
 by NLU in Uppsala, may be mentioned as a
 case where only a certain number of contour-lines
 can be used. A hypsographic survey of Lake
 Vanern was carried out in 1972. Three boats

 located at 500 m intervals and with echo-sounding
 equipment traversed the lake in a predominantly
 west-east direction. Positions were given by
 Decca and radar. Echograms were worked up
 to contour-line maps on a scale of 1:60000,
 with a contour-line interval of 5 m. The new

 maps show that the bottom is very rough and
 irregular (Hafkanson, 1974b). The bottom rough-
 ness and the methodological errors (interpola-
 tion of depth between lines 500 m apart) imply
 several problems. The interpolation creates false
 topographical structures. In the case of Lake
 Vanern, it would seem that a contour-line interval
 of 5 m will yield too many of these illogical struc-
 tures, and if the contour-line interval selected is
 too large, it will imply that also the real topo-
 graphical elements of form will be obscured.
 The optimum lies at about 10 m contour-line
 intervals (NLU, Uppsala, unpublished material).
 In all cases where it is not possible to obtain such
 a large number of contour-lines that the relative
 hypsographic curve of the lake can be drawn
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 with such an accuracy (n > 10) as allows the
 nomograms of Figs. 24 and 25 to be directly
 used, it seems logical to adopt the previously-
 introduced classification system for lake forms.
 This will provide us with a method of deter-
 mining whether the hypsograph of the lake lies
 between some of the limits given, i.e., if some
 of the classes VCx, Cx, SCx, L or C can be
 utilized. The points, corresponding to the existing
 contour-lines, may then be plotted onto Fig. 19
 and the class or the class limits may be deter-
 mined. One may then proceed to the special
 correction factor table (Table 14) and obtain
 the appropriate correction factor. This table is
 determined by assuming that the material is
 normally distributed(from eq (8); see Table 15).

 According to our theory, we find, for example,
 that 50 % of all relative hypsographic curves
 within the VCx class fall on the convex side

 of the mean class function f(-1.824). The
 correction factor table (Table 14) is to be used
 in the same manner as the other correction

 factor table (Table 13). In a later chapter, we
 shall give examples of this.

 It should be noted that all figures hitherto

 Table 15.

 Class Class limits Mean class
 function

 VCx f(-3)-f(-1.5) f(-1.824)
 Cx f(-1.5)--f(--0.5) f(-0.886)
 SCx f(-0.5)-f(0.5) f(x)
 L f(0.5)-f(1.5) f(0.886)
 C f(1.5)-f(3) f(1.824)
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 given concerning the error (E) and the correction
 factor (k) have been attributed to lakes with
 macro form, i.e., for lakes with no point of
 inflexion in the relative hypsographic curve. Since
 these lakes with macro form, according to Tables
 7 and 9, only constitute 33 % of the lakes studied,
 it is of vital importance to establish the impact
 of meso and micro forms on the applicability
 of the method.

 Volume correction for lakes with meso and micro
 forms
 Our working hypothesis is that meso and/or
 micro forms do not have any particular signif-
 icance on the error calculation and the correc-

 tion methodology. It would seem logical, and in
 agreement with the results previously discussed, to
 assume that a "convex" error would be balanced

 by a "concave" error, around a point of in-
 flexion, so that the final results should be in good
 agreement with the results given by the curves
 with macro forms.

 The working hypothesis has been tested in the
 following manner:
 - five hypothetical but plausible relative hypso-

 graphic curves have been drawn within two
 fixed class limits;

 - all possible class limits have been tested, i.e.,
 those of the "first order": VCx, Cx, SCx,
 L and C,
 those of the "second order": VCx-Cx,
 Cx-SCx, SCx-L and L-C,
 those of the "third order": VCx-SCx, Cx-L
 and SCx-C,
 those of the "forth order": VCx-L and

 Cx-C,

 and that of the "fifth order": VCx- C;
 - both volume determination methods, V1 and

 Vp, have been tested.
 In Fig. 26 two of these possible fifteen cases

 are illustrated, namely the test set 1.1., 2.1.,
 3.1., 4.1., and 5.1., which is of the "second order"
 with the class limits SCx-L, and the test set
 1.3., 2.3., 3.3., 4.3., and 5.3., which is of the
 "first order", C, type. The results from these
 two test sets for the V1 method are summarized
 in Tables 16 and 17.

 The mean of the five k-values obtained in each

 test set is indicated by k. The relative contour-
 line interval is er. The expected k-values given
 in Tables 16 and 17 are derived from Table 13.

 Tables 16 and 17 clearly indicate that the k-values
 obtained are well within the expected tolerance

 GEOGRAFISKA ANNALER * 59 A (1977) * 1-2
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 Fig. 26. Hypothetical relative hypsographic curves
 from two series of tests to study the impact of meso
 and micro forms on the determination of lake volume.

 limits. It may also be pointed out that only four
 out of a total number of 75 determified k-values
 from all the test sets were on the wrong side
 of the tolerance limits and in all four cases the

 "error" lay in the fourth decimal. The working
 hypothesis can thus be considered as valid.

 The error and correction methods introduced

 for lakes with macro forms may consequently

 Table 16. Test set SCx-L.

 er k expected k-value

 100 0.8419 0.3719-1.1563
 50 0.9732 0.8522-1.0213
 20 0.9985 0.9756-1.0020

 10 0.9965 0.9938-1.0002
 4 0.9997 0.9991-1.0000

 Table 17. Test set C.

 er k expected k-value

 100 1.2973 1.1563-1.4037
 50 1.0898 1.0213-1.1354
 20 1.0188 1.0020-1.0357

 10 1.0054 1.0002-1.0113
 4 1.0002 1.0000-1.0023
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 )aK mination for Lake Ekoln, also showing how the
 correction factor can be derived for lakes with

 simple and complex relative hypsographic curves.

 The correction factor

 For pure relative hypsographic curves, that is,
 for curves where more than 95 % of the area

 falls within one of the actual classes VCx, Cx,
 SCx, L or C, we can determine the correction
 factor (k) from an empirical relationship between
 the contour-line interval (e) and the lake form

 (f (u)), where

 k = g(e,f(u))  (12)

 Fig. 27. The relative hypsographic curve for Lake
 Ekoln illustrated to show one type of correction
 method for the volume determination.

 For simple hypsographs of the minus and/or
 plus type, i.e., when the hypsograph to more
 than 5 % but less than 40 % falls into some

 class other than the main class, we can normalize
 the correction factor according to the following
 general formula:

 kn alkl + amkm +apkp  (13)

 be considered as also being valid for lakes with
 meso and/or micro forms. The correction factor
 for lakes with pure relative hypsographic curves
 can now be determined directly from Table 13,
 independent of whether the curves are of macro,
 meso or micro form. If the hypsograph is not
 pure, i.e., if it is of the simple or the complex
 type, this correction factor table cannot be used
 directly. We shall now show how the correction
 factor can be determined for these types of lakes,
 as well.

 Determination of the correction factor for simple
 and complex hypsographs
 The volume of Lake Ekoln was first determined

 by Axelsson and H'akanson (1972), using the
 graphic integral method, formula (1). After
 repeated checks on their base material, it has
 been shown that the correct value, according
 to formula (1), of Lake Ekoln's volume should
 be 361.1 x 106 m3 and not 356 x 106 m3, as given
 by Axelsson and Hakanson. The reason for this
 discrepancy, which in fact is very small and of
 minor interest in all contexts other than the

 present one, was that one point from the contour-
 line intervals was erroneously placed on the
 graphic diagram from which the integral was
 determined. In this particular case, it is of
 importance to have a correct figure for the
 volume, and we may now execute an error deter-

 20

 where

 kn = the normalized correction factor
 a1 = the area within the main class

 k, = the correction factor of the main
 class

 am = the area within the "minus" (con-
 vex) class

 km = the correction factor of the "minus"
 class

 ap = the area within the "plus" (concave)
 class

 kp = the correction factor of the "plus"
 class

 For Lake Ekoln, for example, which is of the
 minus linear micro form (mLmi), we do not
 have any "plus" class-merely the "minus" class.
 The main class is linear. The "minus" class is

 SCx. Formula (13) can, for this lake, thus be
 written as:

 kn = aLkL+ascxkscx  (14)

 In the case of Lake Ekoln (see Fig. 27), we
 have aL == 73.5 %, i.e., 73.5 % of the area falls
 within the main L-class. The percentage area of
 the "minus" class consequently is 26.5. The
 correction factor for the L-class is, according to
 the Vp method, when n = 19, 1.0020 (see Fig.
 25). The correction factor for the SCx-class is,
 in this example, 1.0007. The normalized correc-
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 Table 18. Base data on depth and area for Lake
 Ekoln.

 Depth Cum depth Cum area Cum area
 (m) (%) (km2) (%)

 0- 2 0 18.60 100
 2- 4 5.3 17.24 92.7
 4- 6 10.5 16.13 86.7
 6- 8 15.8 15.08 81.1

 8--10 21.1 14.12 75.9
 10-12 26.3 13.32 71.6
 12-14 31.6 12.57 67.6
 14-16 36.8 11.92 64.1

 16-18 42.1 11.27 60.6
 18-20 47.4 10.69 57.5
 20-22 52.6 10.16 54.6
 22-24 57.9 9.58 51.6

 24-26 63.2 8.83 47.5
 26-28 68.4 7.50 40.3
 28--30 73.7 5.67 30.5
 30-32 78.9 3.62 19.5

 32--34 84.2 1.95 10.5
 34--36 89.5 1.08 5.8
 36-38 94.7 0.54 2.9
 38 100 0 0

 tion factor (kn) can now be determined according-
 ly:

 73.5 26.5
 kn = 1- x 1.0020 + 1- x 1.0007 = 1.0017

 The Vp-volume for Lake Ekoln can be deter-
 mined, from the values given in Table 18, as
 360.6 x 106 m3.

 The error and correction determination proce-
 dure for Lake Ekoln can now be summarized.

 Form: mLmi

 n: 19

 Graphic integral volume: 361.1 x 106 m3

 Uncorrected volume, according to Vp
 method: 360.6 x106 m3

 Maximum error for the Vp method:
 -0.16 % to -0.28 %
 Correction factor: 1.0017

 Corrected Vp-volume: 361.2 x 106 m3

 Maximum error: -0.01 % to +0.11 %

 For lakes with complex hypsographs, i.e., for
 hypsographs where more than 40 % of the area
 falls within two classes, or 25 % of the area falls
 within three classes, we may rewrite formula (13)
 accordingly:

 kn = alkl+ a2k2 + a3k3 + amkm + apkp (15)
 where

 al = the area within the first main class

 k- = the correction factor of the first

 main class

 a2 = the area within the second main
 class and so on.

 To summarize, we may say that the error cal-

 culation for Lake Ekoln has shown that the Vp
 method can give a result that corresponds to more
 than 99.9 % of the exact value, as given by
 the very time-consuming graphical integration
 method. Furthermore, we may conclude that the

 Vp method, as well as the V1 method (which
 really would have been preferable for Lake
 Ekoln), provide us with the possibility of per-
 forming an error calculation which is not possible
 for the integration method, as the latter method
 is based upon a subjective and statistically in-
 controllable element, namely the very drawing
 of the hypsographic curve from a limited number
 of fixed points.

 Further examples of the applicability of the results

 Lake Malaren

 The determination of the volume of Lake Mala-

 ren was first conducted by Lemming et al. (1971).
 Two alternative methods concerning error cal-
 culation and correction will be given.

 (a) Uncorrected volume (according to Lemming
 et al., 1971): 14.306x 106 m3
 Determination method: V1

 Number of contour-lines (n): 6
 Form: Cxma

 Maximum error: +6.1 % to +2.0-%
 Correction factor: 0.972

 Corrected VI-volume: 14.000 x106 m3
 Maximum error: + 1.0 % to -3.1 %

 (b) Assume that the relative hypsographic curve
 for Lake Malaren on the average can be
 expressed by the line f(- 1.4); see Fig. 28.
 Correction factor: 0.950

 Corrected volume: 13.600 x 106 m3

 Maximum error (within the limitation lines
 f (-1.5) and f(-1.0): ?1.1 %

 The first method is the conventional one when
 we have six defined contour-lines. Since the

 form is convex, it would have been more

 appropriate to use the Vp formula. The corrected
 volume for Lake Malaren is, with the VI formula
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 Table 19

 Form: Cxma

 (1) e =10 --? n = 10

 Uncorrected volume:

 Correction factor:

 Corrected volume:

 {VI = 154.48 km3
 .v= 153.45 km3

 {, = 0.989
 kv=0.996

 {VI = 152.78
 Vp-152.83

 {> El = max +2.18 % to ?0.62 %
 Ep= max + 1.04 % to * 0.07 %

 J>El = max +0.51 % to -0.92 %
 lEp = max +0.30 % to -0.60 %

 (2) e = 20 -~- n = 5

 Uncorrected volume:

 Correction factor:

 Corrected volume:

 {VI == 159.59
 Vv= 155.51

 {l =0.960
 kv= 0.988

 {V1 = 153.21

 Vv=153.64

 {. = max + 8.56 % to + 2.44 %
 = E = max +4.05 % to +0.26 %

 {> El = max - 4.79 % to + 1.67 %
 Ev= max - 2.95 % to + 1.40 %

 (3) e = 50 -* n = 2

 Uncorrected volume:

 Correction factor:

 Corrected volume:

 {V1. == 192.50
 Vp= 168.78

 {i = 0.760
 kp= 0.930

 {VI = 146.30
 Vp= 156.97

 f->El =max - 47.64 % to + 14.78 %
 lEp = max +21.17 % to +1.11 %

 {- El max -31.05 % to +36.96 %
 JEp = max - 15.27 % to + 6.34 %

 ak

 Fig. 28. The relative hypsographic curve for Lake
 Millaren illustrated to show one type of correction
 method for the volume determination.

 22

 Table 20. Base data on depth and area for Lake
 Vainern (from NLU, Uppsala, unpublished ma-
 terial).

 Depth Area Cum. area
 (in) (kin2) (kin2)

 0-10 1652.838 5648.008
 10-20 1037.722 3995.170
 20-30 723.785 2957.448

 30-40 629.809 2233.663
 40-50 578.024 1603.854
 50-60 480.971 1025.830

 60-70 335.916 544.859
 70-80 160.006 208.943
 80-90 43.576 48.937

 90-100 4.987 5.361
 100-106 0.374 0.374
 106 0 0
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 which was originally used, 14.000 x 106 m3 and
 the maximum error is -3.1 %. This should be

 compared with the results first given by Lem-
 ming et al. (1971): 14.306xlO06 m3 and no
 determination of the error.

 The second method, which is a direct compari-
 son between the points available on the hypso-
 graph with known and statistically established
 reference lines, should in principle only be used
 if 10 or more points on the hypsograph are
 available. The example given here is consequently
 meant only to serve as an illustration. In general,
 as well as in this particular case, this method is
 better than the first one, which is more schematic.
 The corrected volume is here given as 13.6000 x
 106 m3. The maximum error as determined by the

 given limitation lines f(- 1.5) and f(- 1.0) is
 ?1.1 %.

 Lake Vanern

 We shall now give examples of error and correc-
 tion calculations where the impact of different

 contour-line intervals (e) on the Vp and the V,
 formulas are studied. Base data on depth and
 area for Lake Vanern are given in Table 20.

 These results show, in agreement with the
 previous discussion, for lakes with relative hypso-
 graphic curves on the convex side of the reference
 line (5), like Lake Vanern:
 - that the Vp formula gives better results than

 the linear approximation for all contour-line
 intervals;

 - that the maximum error depends on the choice
 of the e-value (decreasing with decreasing
 e-value);

 - that even a limited level of ambition concern-

 ing the survey, as given by the number of
 contour-lines, can reveal good reliability in
 the volume determination after correction.

 In the case of Lake Vanern, we have, with 5
 contour lines with the Vp formula, an error
 which is at the maximum less than 3 % for the

 volume determination. With 10 contour-lines,
 the maximum error has decreased to less than

 1 %, independent of the formula used.

 Comments

 The methods presented for the error calculations
 in lake volume determinations are flexible and

 provide possibilities for alternatives that can be
 obtained in relation to the presuppositions given
 by the hypsographic survey. The parabolic ap-
 proximation, the Vp formula, is best for convex
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 lakes and the linear approximation, the VI
 formula, for concave hypsographs. The results
 show that even limited hypsographic surveys can
 reveal good volume determinations and above
 all that the results can be statistically examined
 and corrected. It has already been repeatedly
 emphasized that the figures given cannot be
 considered as definite. The entire approach is
 qualitative. Quantitative results can be obtained
 only if we examine a material which is randomly
 chosen from lakes which have been surveyed in
 a comparative manner. In the following chapter
 we shall discuss a first outline of such a new, ob-
 jective hypsographic methodology.

 A pilot outline for a method of optimization
 of hypsographic surveys for lakes

 The purpose of the following discussion is to
 establish the first outline of a methodology by
 which all lakes, regardless of their size, con-
 figuration, and genesis, can be surveyed in an
 objective and optimal manner, so that the
 volume and the bathymetric map can be obtained
 with a statistical reliability which can be a priori
 discussed. This is indeed an ambitious approach,
 and the following discussion is only meant to
 "open the door", and to give a first brief theoreti-
 cal outline.

 A natural basic assumption for such a model,
 which is intended to be a general one, is that the
 starting point, the base, is definable. In the model,
 we cannot assume that there exists any informa-
 tion whatsoever about the depth conditions of
 the lake. Instead, the starting point is that we
 have information about the area, the two-
 dimensional form, and the shoreline configura-
 tion of the lake. We shall also start from the very
 reasonable assumption that the lake is to be
 surveyed with echo-sounding equipment. The
 purpose of the survey is to determine the volume
 and the bathymetric map with a level of ambition,
 a statistical reliability, that can a priori be
 discussed. For example, we may wish to deter-
 mine the volume with an error that is less than

 ?2.5 % and with an areal distribution of the
 contour lines of the bathymetric map which is at
 least 95 % correct. The model is, in principle,
 based on the results previously discussed con-
 cerning the lake form and the error calculation,
 as well as on an earlier publication (Hakanson,
 1974b) concerning the relation between the lake

 23
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 map reliability (AA) and of the topographical lake
 bottom roughness (R), in such a manner that a
 high level of ambition and a high value of the
 bottom roughness will imply a high intensity of
 the survey, and vice versa, i.e.,

 L f(Av, AA, R)  (18)

 That a high level of ambition automatically
 will lead to a high intensity of the survey is
 evident. It should also be obvious that a high
 R-value will also lead to a high intensity of the
 survey, since for a lake with smooth and undra-
 matic bottom conditions, one can with a high
 degree of probability foresee how the bottom
 configuration will look between echo-sounded
 tracks; the opposite is valid for lakes with
 rough bottom conditions (see Hakanson, 1974b).

 The level of ambition concerning the volume
 (Av) and the bathymetric map (AA) can be
 discussed independently of the appearance of
 the lake in question. The topographical rough-
 ness, on the other hand, cannot be known in
 advance. Indirectly, however, the R-value may be
 determined from the following equation:

 Fig. 29. Schematical illustration of the proposed
 method for lake hypsographic surveys. The dotted
 lines indicate routes for echo sounding.

 bottom roughness (R) and the shore develop-
 ment (F), where R and F are given by

 n

 0.165 (e+2) : S(zi)
 i=1 R= _a

 Dmedian da
 (16)

 and

 F= C1R+C2  (19)

 The constants C1 and C2 have previously been
 determined for twelve of the lakes studied in the

 present work (Hakanson, 1974b). That these
 lakes represent a proper sample, at least from a
 qualitative viewpoint, is clear from Fig. 12, which
 gives the TRH-curves for the 12 lakes in question.
 The constants have been determined as C,1
 = 0.28 and C2 = 1.53, i.e.,

 F = 0.28R+ 1.53 (20)
 or

 R= 3.57F-5.46

 F 2=__r (17)

 where R = the topographical lake bottom rough-
 ness, dimensionless
 e = the contour-line interval, in metres
 S(z) = the length of the contour-line at
 the depth zi, in metres
 Dmedian = the median depth, in metres
 a = the area in km2

 F = the shore development, dimensionless
 s = the length of the shoreline in km.

 The working hypothesis is that the intensity
 of the survey (L) depends upon and is a function
 of the level of ambition of the survey concerning
 the volume determination (Av), the bathymetric

 24

 (21)

 Admittedly, eq. (20) was determined from a
 very limited number of lakes, but the correlation
 coefficient was high (0.98), and from a geo-
 morphological viewpoint, the relationship be-
 tween the F- and the R-values is quite logical.
 Lakes with irregular shore lines should also
 have irregular bottom conditions.

 Thus, we may now determine a priori all the
 factors that influence the intensity of the survey.
 Another question then arises: how should a given
 lake be surveyed?

 In general geomorphology there exist a number
 of more or less sophisticated techniques based on
 both stochastical and deterministical approaches,
 from random Monte Carlo samplings to aerial
 photography (see, for example, Evans, 1972, or
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 Fig. 30. Schematical curves
 illustrating the relationship
 between the level of ambi-
 tion for the volume deter-

 mination (Av) and for the
 bathymetric map representa-
 tion (AA) to the relative
 distance between the echo-

 sounded lines (LIZ) for lakes
 with different shore devel-

 opment (F).

 F1 F2< F3

 F1

 LR
 100

 Davies, 1973) to determine the land surface
 configuration. In lake morphology, however,
 the methods available are less developed. In
 this context, we shall base our approach on
 ordinary echo-sounding techniques. In principle,
 this provides us with two possible approaches.
 One is to orient the echo-sounding lines on certain
 definable fixed points in the terrain, for example,
 capes, sea marks and so on. The other alternative
 is to conduct the survey along some predeter-
 mined lines, for example, in a square net system,
 or using parallells or parabolic Decca lines.

 The first method has the obvious drawback

 that it cannot be used in general, since the fixed
 points will never be identical for two lakes.
 Consequently, the second approach should be
 adopted in a model that claims to be general.
 The type of net system which is most suitable
 for these purposes can, of course, be discussed.
 It is probable, however, that the final results will
 be approximately the same, independent of the
 method adopted, provided that the lines can be
 significantly defined. Here, we shall choose a
 simple and very easily defined method, namely,
 that with lines parallell to the main direction of
 the axis of maximum effective length (see Fig. 29).

 The maximum effective length can be defined
 as "length of straight line connecting most
 remote extremities of lake along which wind
 and wave action occur without any kind of land
 interruption" (Welch, 1948).

 The maximum width is defined as the length
 of straight line connecting most remote transverse
 extremities at right angles to maximum effective
 length axis without crossing land. In this ap-
 proach, the echo-sounding is conducted along
 lines parallell to the axis of maximum effective
 length (Lmax) and consequently also at right
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 angles to the axis of maximum width (Lw).
 The relative distance between the echo-sounding

 lines (LR) is defined accordingly:

 LR = (22)
 n

 where

 Lw = the relative maximum width, 100 %
 n = the number of lines to be echo-
 sounded

 LR and n are here measurements of the intensi-
 ty of the survey, corresponding to L in formula
 (17), which now can be rewritten as

 LR= f(Av, AA, F)  (23)

 That is, the relative distance between the echo-
 sounded lines or the number of lines to be echo-

 sounded depends on the level of ambition and the
 shore development. All these independent para-
 meters may be discussed and determined a priori.
 At this point, the problem becomes empirically
 to determine eq. (23) for different levels of
 ambition and for lakes with different F-values.

 This is a very comprehensive task, indeed, and
 one which only with difficulty can be done
 without the aid of computer techniques. In
 principle, it can be carried out such that various
 lakes with different sizes and F-values are echo-

 sounded with different intensities, according to
 the model given in Fig. 29. The results should be
 given as empirically derived curves like those
 shown in Fig. 30. They may be interpreted as
 follows: for a certain level of ambition, for
 example, a volume determination with a maxi-
 mum error of less than 5 %, we must have a
 survey intensity (given by the LR-value) which
 is comparatively high if the F-value is high. For

 25

 AV  AA

 <F' F2< F3

 Ft F23

 100  LR

This content downloaded from 131.247.112.3 on Mon, 27 Jun 2016 04:49:34 UTC
All use subject to http://about.jstor.org/terms



 LARS HAKANSON

 several reasons, the establishment of the empirical
 relationships schematically illustrated in Fig. 30
 is of great importance. Firstly, this will imply an
 optimization of both economic and scientific
 resources, since it provides us with a method
 for discussing a priori the level of ambition-i.e.,
 what we want to obtain from the survey; the
 yield of the survey can be determined and
 discussed in statistical terms before the survey
 is started. We can carry out exactly what we
 want to, neither more nor less. Secondly, this
 will imply that we can obtain a material which
 permits comparisons between all types of lakes-
 and this is, as we have previously discussed, a
 condition that must be obtained before any
 real quantitative approach may be taken. This is
 furthermore a presupposition that must be ful-
 filled before any adequate genetical discussion
 concerning the lake forms can be commenced.

 Summary
 This work is based on the study of the mor-
 phometry of 48 lakes, as represented by relative
 hypsographic curves. The five largest of the lakes
 studied belong to the Great Lakes system, the
 rest are Swedish. Thus, all the lakes have a fairly
 similar climatological position and were all
 influenced by the last great glaciation. The lakes
 have not been selected randomly, but according
 to other criteria. The present work is qualitative
 rather quantitative, its purpose being to introduce
 new ideas and methods. The main aims have
 been:

 - to discuss a statistical approach to the con-
 cept of lake form and to introduce a statistical
 mean form, as well as statistical deviation
 forms;

 - to introduce a classification system for lakes
 based on their form;

 - to discuss some methods for lake volume
 determinations and to introduce a method-

 ology for error and correction calculations;
 - finally, to introduce a first outline to a new

 approach to lake hypsographic surveys.
 We may now summarize the resuls accordingly:

 (1) In order to present the base material, i.e., the
 48 relative hypsographic curves, in a simple,
 attractive and statistically workable form, the
 curves have been transformed into what have been

 defined as TRH-curves (transformed relative
 hypsographic curves). The transformation con-
 sists quite simply of taking the square root of the
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 relative cumulative area, i.e., a_,jak. The base
 material, represented by TRH-curves, has proved
 to be approximately normally distributed around
 the straight line given by

 z= -10ak+ 100

 where

 z = the relative depth
 ak = the relative cumulative area in percent.

 The mean lake form has proved to correspond
 quite well to this line. Approximately 50 % of
 the TRH-curves for the lakes studied fall above

 this line and approximately 50 % below. Since
 the base material has proved to be roughly nor-
 mally distributed around the mean, it has also
 been possible to determine different statistical
 deviation forms from the mean form. A number

 of statistically determined curves, the mean
 curve f(x) and the deviation curves f(s) (where
 the standard deviation s = ?0.5, ?1.0, ?1.5,
 ?2.0 and ?3.0) have then been retransformed
 to relative hypsographic curves, yielding a nomo-
 gram by means of which it is possible, with a
 certain definable statistical certainty, to place
 any given lake hypsographic curve. For example,
 there is less than a 0.3 % probability that an
 arbitrary hypsographic curve will fall outside
 the limits given by the lines f(--3) and f(3),
 and there exists a 68.26 % chance that a relative

 hypsographic curve will fall between the lines
 f(- 1) and f(1), which represents ? 1 standard
 deviation. If we use the straight line

 z = -ak+ 100

 as a reference line for the relative hypsographic
 curves, we find that an overwhelming majority
 (approx 75 %) of the hypsographs for the lakes
 studied are convex and fall above this reference
 line.

 (2) These results may now be used to classify
 lakes according to their form. The following
 terminology and class limits have been used:
 Very Convex (VCx)-lakes with relative hypso-
 graphic curves between the lines f(-3) and
 f(-1.5), Convex (Cx)-hypsographs between
 f(- 1.5) and f(-0.5), Slightly Convex (SCx)-
 f(-0.5) to f(0.5), Linear (L)-f(0.5) to f(1.5)
 and Concave (C)-f(1.5) to f(3). Hypsographs
 with no point of inflexion are denoted as Macro
 (ma), curves with one point of inflexion are labelled
 Meso (me) and lakes with relative hypsographic
 curves with two or more "irregularities" have
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 been denoted as Micro (mi). These are the main
 definitions. Many lakes, however, have hypso-
 graphs which cannot be described by these simple
 rules. A special rule system has therefore been
 introduced, in order to obtain a general classifi-
 cation system by which all possible forms may
 be objectively described. The classification is
 descriptive rather than genetical. An analysis of
 the existing material indicates a probable relation
 between form and size, such that large lakes to
 a higher extent than small lakes seem to be
 convex rather than concave, and vice versa.
 (3) A working hypothesis on a relation between
 volume determination method, lake form and
 determination error has been tested and verified.

 The following two determination methods have
 been used:

 (a) The linear approximation

 n3 k
 VI = E -(aj + aj_)

 jl2

 (b) The parabolic approximation

 Vp= aj +aj l+a xaj- 1)
 j= 3

 where

 e = the contour-line interval, where
 exn Z Zmax (n = the number of
 contour-lines, Zmax = the maximum
 depth)

 k

 aj = the cumulative area at contour-line j

 The results of the tests show that the parabolic
 approximation yields the least error for the
 volume for all convex lake forms, which are in
 the majority. The V1 formula is best for concave
 lakes. The error is relatively independent of
 whether the curve is of macro, meso, or micro
 type, i.e.. the small forms are less important in
 the volume determination than the main forms

 (VCx, Cx, SCx, L and C). This implies that a
 general correction system can be utilized. A
 correction factor (k) has been defined as

 100-E

 100

 where

 E = the error in per cent
 k = 0 for |El > 100

 Tables and nomograms giving the k-value for
 the two volume formulas have been calculated.
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 A formula for determination of the correction

 factor for lakes with complex hypsographs has
 been introduced and different examples of the
 applicability of the error and correction methods
 have been given.

 To the best of the author's knowledge, the
 present work is the first attempt at obtaining an
 error calculation of lake volume determinations.

 It is remarkable that no previous work has been
 done in this field, as determinations of lake
 volume are essential for all budget calculations,
 as well as for all dynamic lake models. The
 results also show that even comparatively limited
 hypsographic surveys may yield a good accuracy
 of volume determinations.

 (4) It has repeatedly been emphasized that the
 present work is qualitative rather than quantita-
 tive. In order to obtain quantitative results which
 permit comparisons to be made between lakes of
 different size and form, it is necessary, not only
 to have an adequate theoretical model, but also
 to have base data which has been collected

 objectively and in a morphologically and sta-
 tistically definable way.

 In a model for a lake hypsographic survey
 which aims at generality, a natural starting
 point is that one does not know anything about
 the morphometry of the lake to be studied. One
 should start "from scratch" and only use know-
 ledge of the area and the shoreline configuration.

 A number of arguments have been presented
 in favour of a survey with echo-sounding equip-
 ment by which a predetermined number of lines
 parallell to the axis of the maximum effective
 length are traversed. The density of the lines will,
 according to our theory, depend on the level of
 ambition of the survey, as well as on the degree
 of irregularity of the lake bottom. The level of
 ambition can be discussed a priori: for example,
 one may want to establish the volume with a
 90 % certainty. The bottom roughness (R),
 which cannot be known in advance, may be
 determined indirectly from the following empiri-
 cal relationship between the R-value and the
 shore development (F), which is a measure of
 the irregularity of the shoreline and which can
 be determined directly from a map:

 R= 3.57F-5.46

 In order to establish the empirical relationship
 suggested between the level of ambition, the
 shore development and the density of the echo-
 sounded lines, it is necessary to carry out an
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 ambitious program. Such work has just recently
 been started. The final results will hopefully be
 a model from which we shall be able to know
 how to execute a hypsographic survey in a well-
 defined, objective and optimizing manner. The
 results would permit comparisons between dif-
 ferent types of lakes; they would also comprise
 the presuppositions for the establishment of
 quantitative form for the theoretical ideas pre-
 sented in the present paper. This would be of
 great importance for future work in the field of
 physical limnology, from practical, economic and
 basic scientific viewpoints.

 Dr Lars Hdkanson, National Swedish Environ-
 ment Protection Board, Limnological Survey NLU,
 Box 554, S-751 22 Uppsala, Sweden.
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