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A Collected rules

A.1 Typing

Definition 1 (All non-linear assumptions). A context I" is denoted as containing only non-linear
assumptions by writing [I'] in proofs, where ] and [I'] = [I'],z : [A].

Definition 2 (Context addition). The partial operation + on contexts is the union of two contexts
as long as they are disjoint in their linear assumptions and any variables occurring in both contexts
are both non-linear assumptions, i.e.

N+ Iy = ULy iff Yo edom(Iy)Ndom(ls) = JA.I(x) = Ix(z) = [A]
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N I''z:A+-t:B B NtFH{:A—oB IysbkiH:A N
V. B PP
Tlo:Arz:A N TFxet:A—<B [ +1sFtits:B

FlktliA FQFtQZB F1Ft1:A®B FQ,ZIZZA,yIBFtQIC
F1+F2F(t1,t2)2A®B ! F1+F2F|et(z,y):t1int2:0

E

Fl}_tlll FQ}_tQZB

1 1
TTFunit:1 ' Ty +15F letunit = hinty: B ©

I'z:AFt:B [MEt:A | ety :1A Inyz:[AlFt: B

Iz:[A]Ft:B PER [IME1t:1A ! IN+Iskletlx =t inty: B

I'Et:xA Fll_tl’A FQ,x*A}_tQ'B (Z)l_tA
———— BORROW COPY —— NEC
I'E&t: 1A I+ Iy Fcopytiasxzinty : 1B [+ *t: A

Primitives

[I'] F newArray : N —o x(Array IF) new

d
[I'] F readArray : «(Array F) — N — F ® *(Array F) red

write

[I'] F writeArray : «(Array F) —o N —o F —o x(Array F)
del

[I'] I deleteArray : x(Array F) —o 1

A.2 Heap semantics

Runtime typing In order to prove type preservation and progress, conservation, and uniqueness we
need to weave in typing into the heap model so we also need a way of typing runtime array primitives
(which extend the term syntax with an atom a). Contexts are extend to include their typing as:

I:=...|Ta:Array A

and with typing rules:

[I',a:Array At a: Array A ar [I'],a: Array At xa: «(Array A) *array

Context operations are therefore also extended:

Definition Al (All non-linear assumptions (runtime typing)). A context I" is denoted as
containing only non-linear assumptions by writing [I'] in the typing rules, which is defined inductively
as

_ ] ]
[0] [T,z : [4] [I,a:Array A

Additional definitions
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Definition A2 (Reference counts in a heap). Given a heap H then [H| converts all array refer-
ences to have reference count r, defined:

0], =0
[(H, a—arr)| = ([H],), a—,arr
(H, zt)], = ([H],), x>t

Note that variable assignments in the heap are ignored (although in the heap semantics this operation
is applied only to heaps with just array references).
This can also be thought of as a predicate on the image of the function.

Definition A3 (Array references in a term). By induction:

arrRefs() =0

arrRefs(\z.t) = arrRefs(t) arrRefs(unit) =0
arrRefs(t; t2) = arrRefs(#;) U arrRefs(t;)  arrRefs(a) ={a}
arrRefs(!) = arrRefs(t) arrRefs(xt) = arrRefs(t)
arrRefs(let!lz = f1inty) = arrRefs(t;) U arrRefs(f2)  arrRefs(newArray) =10
arrRefs((t1, t2)) = arrRefs(#;) U arrRefs(t3)  arrRefs(readArray) =10
arrRefs(let (z,y) = t1intz) = arrRefs(#;) U arrRefs(t2)  arrRefs(writeArray) =
arrRefs(&t) = arrRefs(t) arrRefs(deleteArray) = ()

arrRefs(copy ty aszintz) = arrRefs(#;) U arrRefs(t2)

Definition A4 (Heap copy). The heap copy copy(H) copies all array references (ignoring variable
assignments in the heap; this function is only ever called on sub-heaps with just array references) into
fresh array references along with a substitution (return as a pair). Defined:

copy(#) = (0,9)
copy(H, z+,t) = copy(H)
copy(H, a—,arr) = ((H', a—,arr, '+ arr), 6 U{a — a'})
where (H',0) = copy(H) A a # dom(H)
Definition 3 (Heap-context compatibility). A heap H is compatible with a typing context I" if

H contains assignments for every variable in the context and the typing contexts of the terms in the
heap are also compatible with the heap. The relation is defined inductively as:

REF LiNn
H,a—,arr > I a: Array A (Hyz—,(Io b t:A)x(Ih,2: A)

- Hoa (It +[Is]) [I]Ft:A z ¢ dom(H)
=Y (H, oo (b F 1 : A))sa (T, 22 [A])

Definition 4 (Usage context extraction). For a context I" or heap H we can extract usage infor-
mation denoted I" or H defined as:

(Do :[A)=T,z:w (Ia:A)=

I (x:A)=T,z:1
(Hyz,(C'+t:A))=H,z:r (H,a—.t)=H

D=0
0=10

Definition A5 (Usage context approximation). We say that a usage context A is approximated
by another A’ if A E A’ which is defined as follows:

AC A r<y
NED (Ajz:r)E (A z 1)
where 1 <1land 1 <w and w < w.
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Multi-reduction rules

Hl_tl'v‘%Hll_ﬁQ‘F1|A1
Hll_tg = Hlll_t3‘F2|A2

REFL
Hl_t:>H'_t‘®|® H|_t1:>H”|_t3‘F1,F2|A1+A2
Single-reduction congruences
Htt ~ HEH|T|A H-t~HEFU|T|A

EXT

Hl_tthWH’l—t{t2|F|AWAPP H|—ptWH/|_pt,|F|A“">prim

Hbt ~ H )| A
— 7 — “LET®
HbElet(z,y) =tiinty ~ H' Flet(z,y) =tjinty || A

Http ~ HEY|T|A
HFletunit =tinty ~» H'Fletunit =t{inty || A

~JLETunit

H-t ~ H | T|A
Hbletlex =tinty ~ H' Fletlz =t{inta || A LET!

Hbt—~HF{|T|A
HF&t - H &t [T A

&

Hrtp ~ HFH|T|A
Htcopytiaszinty ~ H' b copytjaszint | I'| A

~?copy

Hit—~HFt|T|A
Htbcopyltaszinty ~ H'Fcopylt’aszinty || A

~copy!

Hrt—~HF¢|T|A
HF+t - H ' [T|A

*
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Single-reduction B-rules

~IVARW ~IVARL

Hp—utbax ~ Hao— t-t]|0]z:1 Hz—itbx ~ HEt|0|z:1

't A
A
HbE Oz t)t ~ Haos (I Ft :A)Ft|z:A|0 "

Fl}_t{ZA Fgl_t{/ZB
HElet(z,y) = (4, t)ints ~ Hyz—(ITEt]: A),y—>1(Iobt :B)Ft3 |0,z : A,y: B |0 s

H Fletunit = unitint ~ HEt|0|0 ~ Bunit

[F}l_tlA
HFIet!x:!tlintg ~ H,I’%w([r]ktlA)Ft2|‘L[A}|®

W!B

dom(H) = arrRefs(v)
H H'F &(+v) - (H]),H Flw[0]0

I'tv:A dom(H') =arrRefs(v) (H"”,0) = copy(H')
H,H'F copylvaszinty ~ H,H H" w1 (I F #(0(v)) :+A) F by |z : %A |0 PP

a#H
H + newArray n ~~ H, a—arr = *a | 0|0

~newArray

~readArray

H, a—,.(arr[i] = v) I readArray (xa) i ~» H,a—,(arr[i] = v) F (v,*a) | 0| 0

H, a—,arr b writeArray (xa) i v ~» H, a—, (arr[i] = v) F*a |0 ] 0 "writeArray

~7deleteArray

H, a—,arr | deleteArray (xa) ~» H b unit |00

B Proofs

B.1 Admissibility of substitution
Lemma 1 (Linear substitution). Given I'" -t : S and I',s: St t: T then "+ ' [t'/s]t: T.

Proof. By induction on the structure of I';s: SF¢: T.

— (var)

[IM,z: Az : A VAR

Here, s = t = x necessarily because this is the only linear variable in the scope (s ¢ dom([I])),
and thus S = T. We need to show that I'" + [I'] - [¢//s]s : S.

Then since [t'/s]s = t/, and we have I F ' : S, we can apply the lemma of admissibility of
weakening (Lemma [3)) to derive the goal I + [I'] - [t//s]s : S.
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— (abs)

I''z:A+-t:B
I'FXzt:A—B

ABS

By induction, we have I" + Iz : A+ [t'/s]t : B. We need to show that I + I F [t'/s](Az.1) :
A — B.

Applying the ABs rule to the induction hypothesis we get " + I' - Az.[t'/s]t : A — B.

Then by the definition of substitution we have I 4+ I' - [¢//s](Az.t) : A — B as required.

(app)

F1|_t12A—OB F2|_t2IA
F1+F2|_t1t253

APP

We need to show that IV + Iy + I3 = [t/ /s](t t2) = B.
By the definition of context addition and the fact that s is linear, we either have s € I'1 or s € I
but not both. So there are two cases to consider.

e If s € I'l, then by induction on the first premise, we have I'" + Iy F [t'/s]t; : A — B. Applying
the APP rule to this and the second premise gives IV + I'y + I» b [t'/s]ty t2 : B.
Since s ¢ I, [t'/s]t [t'/s]t2 (which we need) is equivalent to [t'/s]t t2 (which we have).

e If s € I, then by induction on the second premise, we have I'" + I - [t'/s]t : A. Applying
the APP rule to this and the first premise gives IV 4+ It + I - & [t'/s]t2 : B.
Since s ¢ I, [t'/s]t [t'/s]t2 (which we need) is equivalent to 1 [t'/s]tz (which we have).

(dereliction)

Iz:A+-t:B

— — DER
Tz AFt:B "

We know that x # s as x here is non-linear whilst s is a linear assumption, thus we assume
Ir=1r",s:8

By induction, we have I'" + (I'",z : A) F [t//s]t : B. We need to show that (I" + I'"),z : [A] F
[t'/s]t . B.

Applying the DER rule to the induction hypothesis we get I + I,z : [A] & [¢//s]t : B, whose
context, if it is defined is then equal to (I 4+ I'"), z : [A] and we are done.

(bangIntro)

[IMEt: A |
114 7

This case is trivial, since by the premise I" contains only non-linear assumptions, so cannot contain
any linear variables.

(bangElim)

FlktlllA FQ,LL’S[A}FtQIB
F1+F2F|et!:c:t1int2:B

‘E

We need to show that IV + Iy + Io F [¢//s]letlz = t1int : B.
By the definition of context addition and the fact that s is linear, we either have s € I'} or s € I
but not both. So there are two cases to consider:
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e If s € I'l, then by induction on the first premise, we have I'" + Iy I [t'/s]t; : |A. Applying the
!g rule to this and the second premise gives IV + Iy + I = letle = [t'/s]t; inty : B.
Since s ¢ Iy, [t'/s]letlz = t;inty (which we need) is equivalent to let!z = [¢//s]ty in &z (which
we have).

e If s € I}, then by induction on the second premise, we have I + I,z : [A] b [t'/s]t2 : B.
Applying the ! rule to this and the first premise gives I'' + It + I F letla = ¢ in [t /s]t2 : B.
Since s ¢ I7, [t'/s]let!z = tin & (which we need) is equivalent to letlz = ¢ in [t'/s]t2 (which
we have).

— (pairIntro)

I‘l}_tliA F2|_t2:B
F1+F2F(t1,t2)iA®B

I

We need to show that IV + I + I5 - [t'/s](t1, t2) : A® B.
By the definition of context addition and the fact that s is linear, we either have s € I'1 or s € I
but not both. So there are two cases to consider:
e If s € I, then by induction on the first premise, we have I'" + I'y I [¢//s]t; : A. Applying the
®7 rule to this and the second premise gives IV + Iy + I - ([t'/s]t1, &) : A ® B.
Since s ¢ Iy, [t'/s](t1, t2) (which we need) is equivalent to ([¢'/s]t1, t2) (which we have).

e If s € I, then by induction on the second premise, we have I + Iy, : [A] b [t'/s]t2 : B.
Applying the ®; rule to this and the first premise gives IV + I't + I - (1, [t'/s]t2) : A ® B.
Since s ¢ I, [t'/s](t1, t2) (which we need) is equivalent to (1, [t'/s]t2) (which we have).

— (pairElim)

I‘l}_tliA®B FQ,LEIA7yZB|_tQZC
F1+F2}_|et(1',y):t1int220

XE

We need to show that IV + I'y + Iy = [t/ /s]let (z,y) = t1inty : C.
By the definition of context addition and the fact that s is linear, we either have s € I'1 or s € I
but not both. So there are two cases to consider:

e If s € I'l, then by induction on the first premise, we have I + Iy F [t'/s]t; : A® B. Applying
the ®g rule to this and the second premise gives I'' + It + Is F let (x,y) = [t/ /s]tiinty : C.
Since s ¢ Ih, [t'/s]let (z,y) = t1inty (which we need) is equivalent to let (x,y) = [t'/s]t1inta
(which we have).

o If s € Iy, then by induction on the second premise, we have I'" + Ih,z: A,y : B+ [t'/s]ta : C.
Applying the ® g rule to this and the first premise gives I+ I'y + I - let (xz,y) = t1in [t//s]ts
C.

Since s ¢ I, [t'/s]let (z,y) = t1inty (which we need) is equivalent to let (x,y) = t1in[¢'/s]ta
(which we have).

— (unitIntro)
—_— 1
T+unit:1 '
Holds trivial since there is no linear assumption in the context, so the premise is false.
— (unitElim)

Fll_tlil Fgl_tQZB
It + Ik letunit =t;inty : B

1g
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We need to show that IV + It + Is b [t'/s]letunit = ¢t inty : B.
By the definition of context addition and the fact that s is linear, we either have s € I'} or s € I
but not both. So there are two cases to consider:
e If s € I'l, then by induction on the first premise, we have I + Iy I [t'/s]t; : 1. Applying the
1 rule to this and the second premise gives IV + Iy + I - letunit = [¢//s|tyinty : B.
Since s ¢ I%, [t'/s]letunit = ¢ inte (which we need) is equivalent to letunit = [¢'/s]t1inty
(which we have).

e If s € Iy, then by induction on the second premise, we have IV + I'y & [t'/s]t2 : B. Applying
the 1g rule to this and the first premise gives I'' + I't + I» F letunit = ¢ in[t'/s]t : B.
Since s ¢ I7, [t'/s]letunit = t int2 (which we need) is equivalent to letunit = # in[¢'/s]ts
(which we have).

— (borrow)

I'-1t:xA
I'E&t: 1A
By induction, we have I'" + I - [t'/s]t : *xA. We need to show that IV + I' - [t/ /s]&t : | A.

Applying the BORROW rule to the induction hypothesis we get I + I' b &[¢'/s]t : | A.
[t'/s]&t is equivalent to &[t'/s]t, which we have.

BORROW

— (copy)
NEt A Is,z:xAbFt:!B
It+Ibbcopytyasxzinty : !B
We need to show that IV + Iy + I» F [t'/s|copy tyaszinty : B.

By the definition of context addition and the fact that s is linear, we either have s € I'} or s € I
but not both. So there are two cases to consider:

e If s € I'l, then by induction on the first premise, we have I'" + Iy I [t'/s]t; : |A. Applying the
coPY rule to this and the second premise gives IV + I} + I F copy [¢//s|tyaszinty : | B.
Since s ¢ Iy, [t'/s]copy t1 asz in t (which we need) is equivalent to copy [¢'/s]t1 as z in ta (which
we have).

COPY

e If s € Iy, then by induction on the second premise, we have I'' + Is,z : xA F [t'/s]t : |B.
Applying the copy rule to this and the first premise gives I'"+ I + 15 b copy ty aszin [t'/s]ty :

!B.
Since s ¢ I, [t'/s]copy t1 as z in t (which we need) is equivalent to copy ¢; as z in [t'/s]ta (which
we have).
— (nec)
PHt: A
——— NEC
I+ *t: A

Holds trivially since the typing here contains no linear assumptions and thus its context does not
match the form of the lemma with linear assumption s : S.

— (primitives) The primitive operations have typing:

[I'] F newArray : N —o x(Array ) new

read

[I'] F readArray : x(Array F) —o N — F ® x(Array F)

it
[I'] F writeArray : #(Array F) —o N —o F —o *(Array IF) e

del

[I'] - deleteArray : «(Array F) —o 1
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The lemma holds trivially since the typing here contains no linear assumptions and thus its context
does not match the form of the lemma with linear assumption s : S.

O

Lemma 2 (Non-linear substitution). Given [I'] - t' : S and I'ys: [S]Ft: T then [I"|+ 1T +
[t'/s]t: T.

Proof. By induction on the structure of I';s: SF¢: T.

— (var)

[IMz:AFz: A VAR

Two cases:
1. z = s. Not possible as the typing doesn’t match; s is a non-linear variable.

2. x # s therefore x € dom(I"), i.e. the typing is:
I s:Sl,z: Az : Avar

Thus since [t'/s]z = z we get the goal here by re-deriving the variable typing as follows (since
it include arbitrary weakening in its definition):

[ +T',z:AFz: Avar
satisfying the goal here.
— (abs)

I'zx:A+Ft:B

Troet: A—op B

By induction, we have [I"] 4+ Iz : AF [t'/s]t : B. We need to show that [I'] + I" - [t'/s] \x.t :
A — B.

Applying the ABS rule to the induction hypothesis we get [I'] + I" - Ax.[¢'/s]t : A — B.

Then by the definition of substitution we have [I'] + I'F [t//s]A\z.t : A — B.

— (app)

Fll_tllA—OB FQ'_tQ:A

A
F1+F2|_t1t223 ey

We need to show that [I']| + I + I F [t'/s]t; ta = B.
By the definition of context addition we have either s € Iy or s € I'; or both, so there are three
cases to consider.

1. If s € I'1, then by induction on the first premise, we have [I']+ 1 b [¢'/s]t; : A — B. Applying
the APP rule to this and the second premise gives [I'] 4+ It + Io - [t'/s]t1 t2 : B.
Since s ¢ I, [t'/s]t1 [t'/s]t2 (which we need) is equivalent to [t'/s]#; t2 (which we have).

2. If s € I, then by induction on the second premise, we have [I'] + Iy F [¢'/s]ty : A. Applying
the APP rule to this and the first premise gives [I'] + I'1 + I» F t1 ([t'/s]t2) : B.
Since s ¢ I, [t'/s]t1 [t'/s]t2 (which we need) is equivalent to ¢ [¢'/s]t2 (which we have).
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3. If s € I'; and s € Iy then by induction on the both premise, we have [I'] + Iy = [t'/s]te - A
and [I']+ I b [t'/s]ty : A — B. Applying the APP rule to this and the first premise gives
(P} + (') + T3 + o b ([¢//s]t) ([#/5]12) : B.

By the definition of context addition [I'] + [I"] = [I"'] so we have the goal here.

(dereliction)

Izx:A+-t:B

Iz:[A]Ft:B DER

There are two cases to consider depending on the location of s:

1. = s Therefore the goal is [I'] + I" F [t'/s]t : B which follows by applying Lemma [1| on the
premise

2. ¢ £ s,ie,x €dom(I')ie, '=T1"s:[S] then we induct on the premise to get ([I']+I"),z :
AF [t'/s]t: B on which we apply dereliction again to get the goal.

(bangIntro)

[Ikt:A

!
[T]F1e: 14

-1

Let I' = I, s : S thus we can induct on the premise yielding [I'] 4+ [I] b [¢'/s]¢ : A upon which
we can apply promotion again yielding:
[+ [y [ )s]t: A
[T+ [y = ([ s]t) < 1A

Ir

which satisfies the goal since syntactic substitution is defined [¢'/s]lt = I([t'/s]t).
(bangElim)

Fll_lfli!A FQ,IL‘Z[A]l_tQZB
IN+Iskletlr=tint, : B

‘E

We need to show that [I'] + I + Iy F [t'/s](letlz = t1inty) : B.

The reasoning is almost identical to that of the application case where (app) where we inductively
apply the substitution and we rely on the property that [I”]+[I"] = [I"] in the case that s appears
in both subterms.

(pairIntro)

F1|_t12A F2|_t2:B ®
Fl-ﬁ-]_‘g}_(tl,tg)IA@B !

As above for (bangElim) and (app), same proof pattern.
(pairElim)

I‘l}_tliA®B FQ,CEIA7yZB|_tQZC
F1+F2}_|et(l',y):t1intglc

E

Same dual induction as for (app), (bangElim), (pairIntro).
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— (unitIntro)

— 1
[I']F unit: 1 !

Let [I'] = [I1], s : [S], [I2] then since [t'/s]unit = unit then we can get the goal I+ [I'] I [¢'/s]unit :
1 simply by reapplying this typing rule with the I’ + [I'] context.

— (unitElim)

F1|_t121 F2|_t2:B
F1+F2F|etunit:t1int2:B

E

Same proof pattern as in (app), (pairlntro) etc.
— (borrow)

I'Et:xA
&t 1A
By induction, we have [I"'] + I" I [t'/s]t : *A. We need to show that [I"] + I' - [t'/s]&t : | A.

Applying the BORROW rule to the induction hypothesis we get [I”'] + I' - &[t'/s]t : | A.
[t'/s]&t is equivalent to &[t'/s]t, which we have.

BORROW

— (copy)

FlktlilA FQ,LL’:*AFtQZ!B
IN+ Ik copytyaszinty : !B

COPY

Same pattern as (app), (pairElim) etc.
— (nec)

PrHt: A o
——— N
Ik *t:*A K
with I' = Iy, s : § to match the form of this lemma.
The (closed) premise implies that [¢//s]¢ = ¢t. Then the typing rule NEC can be reapplied to yield:
O [t)s]t: A
[T+ I F*([t'/s]t) : A

NEC

where [y + 1] = [Io] + [I'] and where *([¢'/s]t) = [t'/s](xt) by the definition of substitution,
matching the goal of this lemma.
Holds trivially since the context is empty.

— (primitives - newArray):

[I'] F newArray : N —o x(Array F) new

with the assumption that I' = I, s : S. Then we can reapply the typing rule here to get:

new

[Iy + I'"] F newArray : N —o «(Array IF)

satisfying the lemma.
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— (remaining primitives)

read

[I'] F readArray : «(Array F) — N — F ® %(Array F)

it
[I'] F writeArray : (Array F) —o N — F —o %(Array ) ke

del

[I'] F deleteArray : *(Array F) — 1

each has the same proof structure as for newArray where we simply reapply the typing with the
different context (which is unconstrained in these rules).

O

B.2 Admissibility of weakening
Lemma 3 (Weakening is admissible). Given I' -t : A then I [I"'| F ¢ : A.
Proof. By induction on typing.

— (var)
R

[IMyz:AFz: A VA

Typing of variables naturally includes weakening since we can introduce any additional context
thus we get here:

[T,F'],I:AF:I::AVAR
which gives the goal by the definition of the all-non-linear predicate (Def. .
— (abs)
I'zx:A+Ft:B

I'FXzt:A—-DB ABS

By induction.
— (app)
Fll_tliA—OB Fgl_tQZA
Fl—l-FQ'_tltgiB

By induction on either premise to add the weakening context, which is then preserved by +.

APP

— (derelict)
Iz:A+-t:B
———————— DE
Iz:[A]Ft:B t
By induction.
— (banglntro)
[Ikt:A
TTFa !

By induction via the definition of the all-non-linear predicate (Def. .
— (bangElim)
F]_l_lfli.'A FQ,.’L‘Z[A]l_tgiB
IN+Iokletlr=tinty: B

By induction on either premise to add the weakening context, which is then preserved by +.
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— (pairIntro)
Fl}_tllA FQI_tQZB
Fl—‘ng}_(tl,tg)lA@B

By induction on either premise to add the weakening context, which is then preserved by +.

&1

— (pairElim)
It :A®B Is,z:Ay:BrFit:C
F1+F2}—|et(l‘,y):t1int210

By induction on either premise to add the weakening context, which is then preserved by +.

KE

— (unitElim)
INFty:1 Iok-t:B
It + 15 letunit = ¢inty : B
By induction on either premise to add the weakening context, which is then preserved by +.

1g

— (borrow)

I'Ht:xA
TF &t.14 DORROW

By induction.

— (copy)
Fll_tlllA FQ,{EI*A"QI!B

IN+Ibbcopytyaszinty : !B
By induction on either premise to add the weakening context, which is then preserved by +.

COPY

— (nec)
OHt: A
——— NEC
[k *t: %A
The context in the premise is empty so we can naturally introduce any additional context in the
succedent, giving the goal by the definition of the all-non-linear predicate (Def. .

— (newArray)

new

[I'] F newArray : N —o x(Array IF)
By re-applying the rule and adding in the extra weakened assumptions, where [I, '] = [I'], ["].

— (readArray)

d
[I'] - readArray : x(Array F) —o N —o F ® *(Array F) rea

As above, by re-applying the rule and adding in the extra weakened assumptions, where [I", '] =
[, [17].

— (writeArray)

it
[I"]  writeArray : *(Array F) —o N — F —o #(Array F) ke

As above, by re-applying the rule and adding in the extra weakened assumptions, where [I", '] =
[, [I"].

— (deleteArray)
del

[I'] - deleteArray : «(Array F) — 1

As above, by re-applying the rule and adding in the extra weakened assumptions, where [I", '] =
[, [17).
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B.3 Conservation

Theorem 4 (Conservation). For a well-typed term I' = t : A and all Iy and H such that H
(Iv+TI') and a reduction Htt ~ H' Ft' | I | A we have:

ar'. r'rv:A A Hx<xIo+1I") A (H+A)C (H, 1)

The first conjunct gives regular type preservation, linked with heap compatibility in the second con-
junct. The last conjunct expresses the core of conservation: that resource usage accrued in this re-
duction, given by A, plus remaining resources given in the heap H' are approximated by the original
resources given in the heap H plus the specification of the resources from any variable bindings I
encountered along the way. The context Iy gives the bindings not described by I', which is key to the
inductive proof of this result.

Proof. By induction on the structure of typing and reductions.
— (var)

R

[[M,z:AFx: A VA

With two possible reductions and heap compatibilities:
e With heap compatibility derivation:
H > ly+ [+ 17 I'-t: A
H x— (I"=t: Ay (I + [T,z A)

LIN

and the reduction:

“MPVARL

H o (I't Az~ HEY 0|z 1

The resulting typing judgment is then given by IV F ¢ : A, which by Lemma [3| (weakening)
can be weakened to [I'], I I t : A to give the typing result here (first conjunct) and then the
required concluding heap compatibility derivation (second conjunct) of H' <t Iy + [I'] + I is
given by the first premise of the incoming heap compatibility above.

Finally, the third goal conjunct is:

(H)+2:1C (H,o (I F t: A)),0
= H.z:1 C H.,z:1

which follows by reflexivity of the preorder.
e With heap compatibility derivation:

HysaTo+ [0+ [I]Ft:A

L
Hy, ool Ft:A) sa(lo+ [,z:A)

and thus the only possible reduction is:

P VARW

Hy,z—~,([I"Ft Ak x ~ Hy, o= ([ FE AR 0|z 1
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The resulting typing judgment is now given by [I'] 4+ [['],z : [A] F ¢’ : A obtained by weakening
(Lemma [3) on [I"] ¢’ : A to introduce the assumption of x : [A] (note, now non-linear) and the
previous context [I']. This then allows the final heap to be compatible with typing.

The final heap is H' = Hy,z—,([I"] F t' : A) and then the required heap compatibility derivation
is derived uses the premises of the incoming heap compatibility above but using w and relying on
idempotence of context addition:

Hyva Iy + [+ [I7] .
HisalLo+ D+ [0+ "™ [t 4
Hi, oo (I Ft: Aysa (Lo + 1]+ 7], 2 : [A])

Finally, the third goal conjunct is:

(Hy, oo (Tt A) +a: 1

C
= E, T:w+z:l C
= Hy,z:w C
which follows by reflexivity of the preorder and by absorption as w + 1 = w.
— (abs)

I'x:A+Ft:B
I'Xzt:A—B

ABS
Has no reduction so the case is trivial here.
— (app)
Fll_tllA—OB FQ'_tQ:A
F1+F2|_t1t223

For which there are three possible reductions (one of which refines the typing)
e {1 = Az.t] thus the typing is:

APP

Iz:A+-t:B
ABS
F1|—)\£Et{A—>B Fgl_tgiA
F1+F2}_(/\£L‘t{)t2B

APP

and we have compatibility H 1 I'y + (I'1 + I2) with one possible reduction:

HF 2t~ Haon(loFb: At |z: 4]0 "

Therefore the resulting typing judgment is I,z : A - ¢] : B and we construct the goal
compatibility judgment as follows, using the incoming compatibility assumption:

HNF0+F1+F2

LiN
(H,$0—>1(F2 Fit: A)) [><1F0+(F1,$ : A)
(where z ¢ dom(I}) since it was bound in the term here).
The remaining goal is then:
(Hyz1(I'Ft: A) +0) C (E,:C : A)
= (H,z:1) C (H,z:1)

which follows by reflexivity of the preorder.
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otherwise application, evaluating the left

Hb-tH ~ HF|T|A

A
H"tltg ~ Hll_t{t2|F|A

with compatibility H > (I'g + (11 + I3)).
Apply this theorem inductively on I't F ¢ : A — B with Iy (in the recursive call) instantiated
to Iy + I which yields I'] = #; : A — B with H' such that H' > ((Io + I2) + I7) and
(H'+ A) C (H,I') (which subsequently provides the third goal immediately).
Thus the resulting typing judgment for this case is the application:

F{FtiA*)B FQFtQIA

I+ I+ (Az.d)tz: B

APP

APP

Therefore the resulting context is I” = I 4+ Iy for which the heap compatibility judgment
H' > (I'y + (I + Iz)) follows from the inductive call via associativity and commutativity of
context +.

or ¢; = p (primitive partially-applied value) and #; is not a value thus we have the reduction
HbFty~ H R |T|A
Hbtptyo~ H Epty| '] A

~?prim

with compatibility H > (I'g + (11 + I3)).

Applying the theorem inductively on I's F t : A (second typing premise) with the Iy parameter
of the recursive call instantiated to I'y + I7 which yields Iy = ¢ : A with H' such that
H' < (I + 1) + Iy) and (H' + A) C (H,T') which then provides the third goal conjunct
here immediately.

The result typing judgment is the application:

INbFp:A—=B ThkHt:A
In+Iykpty: B

APP

Therefore the resulting context is I” = Iy + Iy for which the heap compatibility judgment
H' > (I'y + (I'y + I%)) follows from the inductive call via associativity and commutativity of
context +.

t; = newArray and t; = n There is only one possible reduction:

a#H
H | newArrayn ~ H,a—arr b xa | 0|0

~newArray

But here I' = A = () and there is no new grading information on the heap, so the goal follows
by reflexivity of the preorder.

o = readArray (xa) and & = n. There is only one possible reduction:

~readArray

H, a—,(arr[i] = v) - readArray (xa) i ~ H, a—,(arr[i] = v) F (v,*%a) |0 |0

But here I' = A = () and there is no new grading information on the heap, so the goal follows
by reflexivity of the preorder.

ty = writeArray (xa) n and t2 = f. There is only one possible reduction:

H, a—.arr - writeArray (xa) iv ~~ H,a—.(arr[i| = v)F*a | 0|0 TwriteArray

But here I' = A = () and there is no new grading information on the heap, so the goal follows
by reflexivity of the preorder.
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e {5 = deleteArray and t; = *xa. There is only one possible reduction:

H, a—arr F deleteArray (xa) ~~ H Funit |0 |0 ~deleteArray

But here I' = A = () and there is no new grading information on the heap, so the goal follows
by reflexivity of the preorder.

— (der)
Iz:A+t:B
Iz:[AlFt:B
with compatibility H > (I, z : [A]), which must have derivation (only possible one):

DER

(H, 2o (1] F £, : A))sa Lo+ (La - [A]) ©

We can re-derive heap compatibility from the premises here as:

H>I'oy+ I+ [11] [ Ft A

(Haoo(LrE A< To+ (Lo 4) Y

This provides heap compatibility which can be used with the premise of typing to inductively apply
conservation, yielding some output judgment ' + ¢’ : B the goal (H'+ A) C (H, 1) and the heap
compatibility with H' > (Iy + I'’) which provides the goals here.

— (bangIntro)

[Ikt:A

!
B

-1

Has no reduction so the case is trivial here.
— (bangElim)

Fll—tlilA FQ,%Z[AM_tQZB
INN+Iokletlxy =t inty: B

For which there are two possible reductions:
e t; = !t] thus the typing is
[Fl} = t{ : A |
R 1A Iyz:[Al-t:B '
D+ Lbletle =14 int: B
1

and we have compatibility H > Iy + ([I1] + I'3) with one possible reduction:

~18

Hbletle =1 inty ~ H x>t bty | 2 [A] |0

Therefore the outgoing heap is H' = H, x>, ([I1] F ] : A) and the resulting typing judgment
is I,z : [A] F t2 : B and we can construct the goal compatibility judgment as follows, using
the incoming compatibility assumption:
w
(H,z—~,([I1)F 1] - A)) < To + (I, 2 2 [A])
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(where z ¢ dom([}) since it was bound in the term here)
The remaining goal is then:

((H, z—o (]t 2 A)) +0)
= (H,7:w)

11
e
IS
=

which follows by reflexivity of the preorder.

e otherwise, the reduction can proceed by evaluating t;:

Hbt ~ HFH|T|A
AAYT
Hbtletle=tiinty ~ H'Fletle = t{inty || A "

with compatibility H < (Ip + (17 + I2)).

Apply this lemma inductively on It F ¢ : A with Iy (in the recursive call) instantiated to
Io+ 1% which yields I - #] : 1A with H' such that H' < (Ip+1%)+17) and (H' +A) C (H,T)
(which subsequently provides the third goal immediately).

— (pairIntro) with typing:
FlktliA FQFtQSB
Fl +F2 }_(tl,tg) . A®B

Has no reduction so the case is trivial here.

&1

— (pairElim) with typing:

Fl}_tliA®B FQ,CL‘Z/L?/ZB"iQZC
N+ nblet(z,y) =tinty: C

KE

For which there are two possible reductions (one of which refines the typing):
e t; = (#,t/) thus the typing is:
Flkt{ZA FQFt{/ZB
&
N+LFW ) AeB ' Iyz:Ay:BrFt:C
F1+F2+F3 H Iet(amy) = (t{,t{/)intg : C

XE

with H > Iy + (I'1 + I + I'3) with one possible reduction:

Fll_t{A FQ}_t{/ZB
Hblet(z,y) = (t,8")intg ~ Hyao— (I1Ht]:A),y—>1(IaFt :B)Fiz3|0,z: Ay:B|0 es

Therefore the resulting typing judgment is I's,xz : A,y : B+ & : C and we construct the goal
compatibility judgment as follows, using the incoming compatibility assumption:

HNFO+(F1+F2+F3) Fl}_tiiA L
IN
H,.T>—>1(F1|_t{ZA)DQF()—f—(FQ—f—Fg),IZA FQ"ﬁYﬁB
H,(E’—M(Fl'_t{ZA),y'—M(le_t{/ZB)DQI‘(]-I-(Fg,ZL'ZA,y:B)

LIN

(where = € dom([p) and y & dom(Ip) since they were bound in the terms here).
The remaining goal is then:

(H, IHl(Fl - t{ : A),y’—n(['g U{I : B)) +®

C
Hazx:1,y:1C

H,(x:Ay:B)
Hz:1,y:1

which follows by reflexivity of the preorder.
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e otherwise evaluate the left subterm:

Hbtp~ H || A
- 7 “MILET®
HElet(z,y) =tiinty ~ H' Flet(z,y)=t]inta || A

with compatibility H b1 Iy + (17 + I3).

Apply this lemma inductively on I'1 F ¢; : A ® B with I (in the recursive call) instantiated
to I'y + I» which yields I'f F #{ : A ® B with H’ such that H' > ((Ip + I2) + I7) and
(H +A)C (H,T).

Thus the resulting conclusion here is the typing: I'] + I F let (z,y) = t{intz : C with heap
compatibility from the induction by commutativity of associativity of + H' 1 (Iy+ (1] +I2))
and since output heap and usage matches the induction then the last conjunct is from the
inductive evidence (H' + A) C (H,T).

— (unitIntro) with typing:
—_— 1
[k unit:1
Has no reduction so the case is trivial here.

— (unitElim) with typing:
F1Ft1:1 FQFtQIB
Fl—l-FQFIetunit = tlintQ . B

E

Has two possible reductions.
e t; = unit
Then the typing is:

—_1
] Funit:1 ' Ihbt:B
[Ih] + Ip F letunit = unitinty : B

E

with H > Iy + ([I1] + I'z) with one possible reduction:

~ Bunit

H & letunit = unitinty ~ HE1 |0]0

The resultant typing is then obtained via weakening (Lemma [3)) on the second premise to get
[I], I F t3 : B such that the heap compatibility is just as before: H < Iy + ([11] 4 I2).
Since in the reduction both the opened up binders I'; and usage context A here are both (), so
the goal here follows by reflexivity of the preorder as H C H.

e 1 # unit.
Then we have H 1 Iy + (I'1 + I'z) with one possible reduction:

HFt ~ HEFH|T|A
H & letunit = t1inty ~» H'Fletunit =¢jinte | ['| A

~?LETunit

Apply the lemma inductively on Iy F ¢ : 1 with I (in the recursive call) instantiated to T+ 1%
which yields I & ¢] : 1 with H’ such that H' > ((I'p + I%) + I'f) and (H' + A) C (H, T).
The goal typing is then I'f 4+ Iy F letunit = ¢{inty : B with heap compatibility from the
inductive evidence by commutativity and associativity of + H' > ((I'y + I%) + I7) and (H' +
A) C (H,T) from the inductive evidence provides the final conjunct goal (as the usage context
and opened binders in this reduction are the same as the inductive premise).
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— (borrow) with typing:

I'Et:xA

TF &t 14 PORROW

There are two possible reductions:

e tis a value *v and we reduce by:

dom(H) = arrRefs(t)
H H + &(xv) ~ (H) ), HFWw |00

&pB

with compatibility H, H' > (I'g + I').
By the value lemma (Lemma on the typing I' F v : *xA and by the fact that we only have
unique arrays, we know that v = a and so the typing here can be refined to:

[I'],a:Array Al a: Array A "
[I1],a: Array AF *a : «(Array A)

BORROW

with heap compatibility then H,H' > (I + [[1],a : Array A). Furthermore dom(H) =
arrRefs(t) then refines to dom(H) = a.

Therefore the incoming heap is of the form (H’, a—,.arr) > (Iy + [I], a : Array A) with the
only possible derivation:

H/ > F() —+ [[ﬂ
(H', a,arr) < (Ip + 1], a : Array A)

REF

The resulting typing judgment for this reduction is then derived as:

[[1],a:Array Al a: Array A a '
[I],a:Array AFla:!(Array A)

(using Definition |A1]on the all-non-linear predicate redefined for runtime contexts which treats
a as non-linear here, enabling the promotion).

Thus, the goal heap compatibility is ([H],),H’ > (I'v + [I1],a : Array A) where ([H])) =
([0, ar,arr] ) = a—,arr, by Definition This goal heap compatibility judgment is then
derived.

H' < Ty + 1]

R
H', a—~,arr < (I + [I1],a : Array A) r

Lastly the final goal conjunct specialises to (H’, a—,arr) C (H’, a—,arr) which holds by
reflexivity of the preorder since reference counts are ignored by usage context extraction, so
this just becomes H' C H'.

t is not a value, and thus there is one possible reduction:

Hbt~ HF|T|A
HF&t — H &t | T|A

&

with compatibility H 0 Iy + I'. Here, the goal follows straightforwardly from applying the
lemma inductively on I' - ¢ : «A.
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— (copy) with typing:

Fll_tll!A FQ,ZEZ*A"QI!B
It +Is b copytyaszinty : !B

COPY

Here, there are three possible reductions.

e {1 = lv for some value v.
Then the typing is as follows:

[Fl]l_UZA |
[ Flv:1A ! I, z: %Akt !B
[I]+ Iy Fcopylvaszinty : |B

COPY

with heap compatibility H <t Iy + [I7] + .
We can then reduce with:

[I]Fv:A dom(H') = arrRefs(v) (H”,0) = copy(H')
H,H'\copylvaszinty ~ H,H  H" w1 ([I1] F *(0()) : xA) bty |z :xA |0 copvs

Here, H' and H" contain no grading information, as they are made up solely of the array
references present in the overall heap. Thus, we only need to consider H. The resulting typing
judgment is I,z : *A F 3 : | B by the second premise of the initial typing and we construct
the goal compatibility judgment as follows, using the incoming compatibility assumption:

Hx o+ [+ 1y [[1]F*v:%xA z & dom(H)

L
H,Zl—)l([rﬂ"*UZ*A)DQ(FO+F2)7Z,:*A IN

and the grading goal is then given by:

(H,z=1([I1] Fxv:xA) +0) C (H, 20 +A)
Hzrz:1EH,z:1
which follows by reflexivity.
o t; = !t for some t.

Then the typing is as follows:

[Fl] Fit: A )

O F1: 1A Dyz:sAbty: B

COPY

[I]+ Iy copyltaszinty : !B

We can reduce:

Htt~ HEFY|T|A
Htcopyltaszinty ~ H'Fcopyl!t’asxzinty | | A

~ copy!

with compatibility H 01 Iy + ([11] + I3%).

Apply this lemma inductively on [I'] F ¢ : A with Iy (in the recursive call) instantiated to Iy +
Iy which yields [I']] F ¢ : A with H' such that H' 0 (I +12)+[I7]) and (H'+A) C (H,[])
The resultant typing for this case is then: [I']] + I F copy!t’aszinty : !B by reapplying
typing rule copy. The goal compatibility follows then by commutativity and associativity of
+ H' > Iy + ([I']] + I2) and the third goal follows immediately from the inductive evidence.
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Otherwise, there is only one reduction:

HEt ~ HFEH|T|A
HbEcopytiaszinty ~ H'Fcopytjaszinty | I'| A

WCOpy

with compatibility H < Iy + ([11] + I2).

Apply this lemma inductively on Iy F ¢ : A with Iy (in the recursive call) instantiated to
Iy + Iy which yields [I7]]  # : !A with H' such that H' > ((I'y + I%) + I]) and (H' +
A) C (H,I1) (which subsequently provides the third goal immediately) with the outgoing
typing [I]] + Ix F copytiaszinty : !B and compatibility from the inductive evidence via
commutativity and associativity of +.

— (nec) with typing:

D-t: A

[T xt: %A NBC

The only possible reduction is

Hbt~ HFt|T|A
Hb+t — H -t/ [T|A

then by induction we get ) - ¢’ : A from which we can rebuild the typing [I'] F %¢’ : *xA and the
results of the induction give the goal here as the heap and output contexts and unchanged.

— (newArray), (readArray), (writeArray), (deleteArray) have no reduction as they are unapplied

primitives.

O

B.4 Uniqueness

Lemma B1 (Single-step uniqueness). For a well-typed term I' b ¢, : *A and all Iy and heaps H
such that H < (I'y + I') and given a single-step reduction H bty ~ H' &b t; | I'" | A then for all
a € arrRefs(t]) (array references in t]) we have:

a1t e H = It .a—t" € H
A a ¢ dom(H) = 3t".ar—1t" € H'

i.e., any array references contributing to the final term that in the incoming heap start unique stay

unique, and any new array references contributing to the final term are unique.

Proof. By induction on typing.

— (var)

[FL:E:*AI—:U:*AVAR

Then we also have a heap H such that H x ([I'],z : xA).
There are two possibilities:
e By inversion of heap-compatibility implies that there exists a subheap H; such that H =

Hl,ilﬂ—)l([‘/ it *A)

Hisa (| +1) I'Ft:+A ¢ dom(H,)
(Hy, o (I 2+ A)) o (], @ : #A)

LIN
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and reduction:

~MIVARL

H1,.1’>—>1t/}—33 ~ H1|—t/|@‘$21
Then we have that a € arrRefs(¢") we have:

(ar—>1t2 € Hl,ZE*—nt/ — diz.a> 113 € Hl)

trivially (with t3 = &) as no array references were modified or manipulated here (just change
in variables), and

(Cl 5{ dom(Hl)) — Htg.a}—htg € Hy
trivially since the premise must always be false.

e By inversion of heap-compatibility implies that there exists a subheap H; such that H =
Hy,z—, (It xA).
Hy=(I+I") I'Ht:+%A 1z ¢&dom(H;)

(oo F VA s (o o)

and reduction:

~PVARL

Hy,zr~,t' o~ Hyos ' =t |0 z:1

Then we have that a € arrRefs(t") we have:

(a S dom(Hl,:m—mt’)) - ((I,Hltg € Hi — dtz.ar>t3 € Hl,x»—mt’)
A(a & dom(Hy, 1> ,t')) = Itz.ar1t3 € Hy, z>,t

which both follow trivially the first as essentially the identity proof as no array objects are
manipulated and the second as the premise is always false.

— (abs) Trivial as it doesn’t match the typing

— (app)
Fl}_tliA—O*B Fgl_tQZA

F1+F2Ft1t22*B

APP

with a heap H such that H i (I'7 4+ I») and two reductions (beta and application congruence on
the left) then several possible reductions following from primitive applications:

1.
Hktle/Ft{‘F1|A1

Hl‘tthWHll_ﬁ{tzlpl‘Al

~APP

Then the goal follows by induction.

2. Alternatively #; = Az.t] such that typing is:
I,z: At : B
ABS
Fll_t{A—O*B le_tglA
F1+F2F ()\.I't{)tg :xB

APP

and we have reduction:

FQ}_tQZA
HF Ozt ty = Haro(InFto: AVFtl |z: A0

B
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Then for all a € arrRefs(#{’) we have that:
a»—)lt’ €EH = E't”.w—)ltll € H, 11y

trivially as the right hand side does not refer to array references and the heap is preserved,
and:

agdom(H) = Jt".a—t" € H

is trivially true as the antecedent is always false.

. ti = newArray therefore A = N

Therefore we induct on the second argument:
e t, is a value and therefore by the value lemma (Lemma ty = n and thus the typing is:

I'n:N

TYDERIVEDNEWARRAY
I' - newArray n : x(Array F)

Thus there is a reduction as follows:
a#H
Ay
H + newArrayn ~~ H,a—arr - *a | (|0

newArray

where a ¢ dom(H) but we have that 3t".a—t"” € H, a—arr satisfying the goal.
e {5 is not a value and thus has a reduction, therefore we can build the compound reduction:

Hbty~ HEFG|T|A

H + newArray t; ~ H' - newArrayty | I' | A eim
Then the result holds by induction
. t; = readArray therefore A = *x(Array F) —o N — F ® *(Array F)
and there is a reduction:
HbFty~ H R |T|A
~prim

H +readArray t; ~ H'treadArray &y | ' | A

Therefore the single-step uniqueness result holds by induction

. t; = readArray (xa) therefore A =N — F ® (Array F)

e 1 is a value and therefore by the value lemma on I's F & : N (Lemma implies to = n
and thus the typing is refined at runtime as follows:

[I],a:Array F+ a: (Array F) arr
*
[I], a : Array F = xa : x(Array F) array Ioki: NT b A
YDERIVEDREADARRAY
[I]+ I, a: Array F I readArray a i : F @ «(Array F) HIVEDR i

with H' > (I'g + [I1] + I, a : Array F), and by the heap compatibility rule for array
references there exists some H such that H' = H, a+,.arr.
Then there is a reduction as follows:

H, a—, (arr[i] = v) I readArray (xa) i ~ H, ar, (arr[i] = v) - (v, %a) |0 [0 "29A™
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where ¢ € dom(H) and thus if that 3t".a—t” € H, a—,arr i.e. r = 1 then we have
3t".a,.t" € H, a—arr for the output heap satisfying the goal for this array reference for
all other a’ € arrRefs(t) we have:

a'~1t' € H,a—,(arr[i] = t) = Ft".a'—1t" € H, a—,(arr[i]
A a &€ dom(H,a—,(arr[i] = t)) = 3t".a’"+1t" € H, a—,.(arr[i]

t)
t)

follows trivially since the rest of the heap is preserved.

e i is not a value and thus has a reduction, therefore we can build the compound reduction:

Hbty~ HEFE|T|A
H - readArray (xa) to ~ H' - readArray (xa)ty | ' | A

~prim

And therefore the single-step uniqueness result holds by induction.
6. t; = writeArray therefore A = x(Array F) —o N —o [F —o %(Array F)
with reduction

Hrty ~ HFEH|T|A
H + writeArray to ~ H' - writeArray &), | ' | A

V7 prim

Therefore the single-step uniqueness result holds by induction.

7. t; = writeArray (xa) therefore A =N — F —o x(Array F)
with reduction:
Hrty~ H 8| A
H  writeArray (xa) o ~~ H' & writeArray (xa) t5 | ' | A

¥ prim

Therefore the single-step uniqueness result holds by induction.

8. t; = writeArray (xa) i therefore A = F ® *(Array F)
e i is a value and therefore by the value lemma on I F o : F (Lemma implies &5 = f
and thus the typing is refined at runtime as follows:

[I],a:Array F+a: (Array F) arr

[I1],a: Array F = xa : x(Array F)
[Ih]+ Iy + I3, a: Array F - writeArray a i f @ «(Array )

*array .
FQ Fi:N Fg - f :F
TYDERIVEDWRITEARRAY

with H' > (I'p + [I1] + I3 + I3, a : Array F), and by the heap compatibility rule for array
references there exists some H such that H' = H, a+,arr.
Then there is a reduction as follows:

H, a—,arr b writeArray (xa) i v ~ H,a—,(arr[i]| =v)F*a | 0|0 “writeArray

thus for all @’ € arrRefs(v) (array references in v) we have:

a'~1t' € H, a—~,arr = 3t".a'—~t" € H, a—,(arr[i]

)
)

where the first conjunct follows trivially as the only o’ is a and if » = 1 the result is direct
(identity) otherwise the premise is false. The second conjunct is trivially since the premise
as we have the only a’ here as a so the premise is always false.

v
A @ &€ dom(H, a—,arr) = Ft".a'+1t" € H, a—,(arr[i] = v



26 D. Marshall et al.

e 1y is not a value and thus has a reduction, therefore we can build the compound reduction:

Hbtty~ HEFE|T|A
H + writeArray (xa) ity ~ H' - writeArray (xa) ity | I'| A

V7 prim

Therefore the single-step uniqueness result holds by induction.

9. t; = deleteArray therefore A = «(Array F) —o 1
But the typing does not match the lemma as the result type is therefore 1.

— (derelict)
Ix: A t:*B
F,J::[A]I—t:*BD

ER

and a single-reduction H -t ~ H' F ¢ | I' | A and we have heap compatibility H 1 (I +
I',z : [A]) which by inversion means there exists a heap H; such that H = Hy,z—,(I" F t' : A).

Hisa (D+[I']) I'Ft:+A  z ¢ dom(H))
Hy, a5, (I F £ +A)sa (I, 7 ¢ [A])

w

We can thus rebuild the heap compatibility from these premises for the typing premise:

Hi(D+[I'") I'"Ft:+xA 1z ¢&dom(H;)

L
H 2o (I F 2 #A) a ([, z 2 A) =

On which we can induct with I,z : AF ¢ : «B and the same reduction H+t ~~ H' Fxv || A
to get that for all a € arrRefs(v) (array references in v) we have:

a1t e H = ' .a—t" ¢ H
A agdom(H) = 3t".a—~t" € H'

which satisfies the goal here.

— (banglntro)
[Ikt:A

!
[T]F1t: 1A

54
Trivially satisfies the theorem since the typing cannot conclude with a type of form *A.

— (bangElim)
Fll_tll!A FQ,IZ[A]"tQZ*B'
F1+F2}_|et!$:t1int21*B )

E

with a heap H such that H > (I'1 + I) and reduction:
Hbletlx =tiinty ~ H ' |T"] A

which has two possible derivations:

1.
Hl_tlell_t{‘Fl|A1

Hl—let!;z::tlintg ~ H’I—Iet!:z::t{intﬂf’\ﬂl

~ILET!

Then induction provides the goal.
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2. Alternatively t; = !¢{ such that the typing is:
)t A
]+ Iy Fletle =t inty : B

I

Fg,x:[A}thz*B'

-E

and we have reduction:

HbEletlz =1tinty ~ H,o— ([Nt A Fta]a: (A0

~B
Which trivially satisfies the goal since all array references are then in H and we get the
conditions trivially (since no array references are manipulated) similar to the 8 proof above.
— (pairIntro) Trivially satisfies the theorem since the typing cannot conclude with a type of form «A.

— (pairElim)
Iy :A®B In,z: Ajy: BFty:xC
I+ Inklet(z,y) =tiinty: xC

®E

Two possible reductions:

1.
Hb+t ~ H R || A

HbElet(z,y) =tinty ~ H Flet(z,y)=tiinty | "] A

~ILET!

and induction provides the goal.

2. otherwise ¢; = (i3, #4) such that the typing is:

ngtg:A F4Ft4SB
F3+F4}_(t3,t4)(A®B) ! FQ,.Z‘IA,yZBl_tQZC'
s+ Ty+ Do Flet(z,y) = (fs, t4) inty : C .

and we have reduction:

F]_l_t{A Fgl_t{/ZB
HFE let(z,y) = (£.8])ints ~ Ha (I8, A), gy (Inr-t] B )t |0,2:A,y:B|0 "~

The goal is then straightforward: for all a € arrRefs(3) we have:

at' e H = Ft".a—t" e Hyzrs (It 1 A),y—1 (I -t : B)
AN agdom(H) = Ft'.a—1t" € Hiz— (I Ft: A),y—>1(I2 F ' : B)

where the first conjunct holds trivially since there is no manipulation of the array references
here and the second conjunct is always true.

— (unitIntro)
Trivially satisfies the theorem since the typing cannot conclude with a type of form *A.

— (unitElim) Following essentially the same structure as the tensor proof where array reference
counting is not used so induction provides the goal.

— (return), (bind) All trivially satisfy the theorem since the typing cannot conclude with a type of
form =« A.
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— (nec)
OHt: A
———————— NEC
[ F *t: %A
with reduction
H-t~HEFU|T|A
EVNY
HExt ~ HFxt/ | |A F
Then by induction on the premise term we get the required result here since the output heap is
preserved between the two.

— (newArray) (readArray) (writeArray) (deleteArray)
All trivial as they don’t match the typing and don’t reduce.

O

Theorem 5 (Uniqueness). For a well-typed term I' - t : A and all Iy and H such that H
(I'v+ I') and given a multi-reduction to a value HFt = H' b xv | I | A, for all a € arrRefs(v)
(array references in v) we have:

a1t e H = It'.a—~t" e H AN agdom(H) = 3Ht".a—~t" € H

i.e., any array references contributing to the final term that are unique in the incoming heap stay unique
in the resulting term, and any new array references contributing to the final term are also unique.

Proof. By induction on typing I' F ¢ : xA.

— (var)

[F},x:*AI—a::*AVAR

Then we also have a heap H such that H 1 ([I'], z : *A) which by inversion of heap-compatibility
implies that there exists a subheap H; such that H = Hy,z— (I - ¢ : xA).

Hi ([I+1") I''Ht :+xA 1z ¢&dom(H;)
(Hy, 21 (I =t o xA)) o ([T], 32 % A)

LIN

and reduction:
Htz = HbExo || A

which necessarily must be derived by following since there is only one possible (single) reduction
for variables:

~IVARL

Hiy,zrt' o~ HiEt |0z 1 Hirt = HbFxv|Iy| A
Hy,zrt'b 2 = H'bxv || z:14+ Ay

EXT

Then by induction on the second premise with Hy < ([I'] + I) (i.e., instantiating Iy to [I7])
I+ ¢ : A we have that a € arrRefs(v) (array references in v) we have:

a € dom(Hy, z—1t = (a—1t" € Hy = dt".a—1" €
d H / " H EI " " H/
A(a & dom(Hy, z-1t")) = " .a—t" € H'

and since H = Hy, z++1t’' then the above satisfies the goal here too.
The case for the reduction Hy, x>t bz ~~ Hy,z—,t' = | 0|z : 1 is the same.

— (abs) Is trivial since the typing cannot conclude with a type of the form *A.
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— (app)
Fl}_tllA—O*B Fgl_tQIA
F1+F2|_t1t21*B
with a heap H such that H < (I'y 4+ I'») and reduction:

APP

HEtty, = H"‘*’U‘F’|A

which has two possible derivations on terms:

1.
H}_tlell_t{|F1H|A1

Hl‘tthWHll_t{t2|F1N|A1W H"‘titg = H”l—*U|FQH|A2
E
HEHt = H//I—*U‘F{/+F2//|A1+A2

APP

XT

By conservation on the single reduction for ¢ we get type preservation which gives us I'f F ¢ :
A —o xB and thus I' + Iy b t] & : *B, and also that H' <t (I'y + I'{ + I»). Thus we can induct
on the multi-reduction here to get that a € arrRefs(v) then:

(ar1t' € H = 3t".a—1t" € H")
A(a € dom(H")) = Ft".a—1t" € H"

which provides the goal.

2. Alternatively t; = Az.t{ such that typing is:

I,z:AFt :xB
ABS
Fll_t{A—O*B Fgl_tgiA
I+ Iy = (Az.ty) ta : B

APP

and we have reduction:

FQ"i’QZA

H"()\x.t{)tg ~ H,x'—>1(F2|—t2:A)}—t{|x:A|@ e H,ZL‘>—)1(F2"t2:A)|—L‘{ = H/ll_*’U‘F2|A2

HbE Mzt))ta = H'bFxv|Iv,z: A] A

From the incoming heap compatibility H <t (I'1 + I») we can construct the following heap
compatibility:
HDQ(Fl-f—FQ) F2|_t2A .ngth(H)

L
H oz (Iy bty : A)pa (I, 3 : A) N

and thus we can induct on the second multi reduction with this heap compatibility and the
typing I,z : AF t{ : B to get that « € arrRefs(v) then: z+—1t’ € H” which satisfies the goal
here.

3. Alternatively #; = p and then there are two classes of possible reduction: congruence on a
partial primitive application (dealt with first) or primitive beta rules
(a) t; = p and ¢, is not a value therefore the reduction is:

H"tQWH/}_té|F1N|A1
Hbpty ~ H Fpty | T} | A HbEpty = H'Fxv| Ty | Ay
E
Hkptg = H”F*’U‘F{/+FQ‘A1+A2

7 prim

XT

By single-step uniqueness on the first premise we have:

arnt' e H = H'.a—t"e H AN agdom(H) = FHt".a—~t" € H

EXT
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By conservation on the first premise we get that It +14 - p ity : *xB and H' >t (Iop+11+17)
which then enables induction of multi-step uniqueness on the tail multi-reduction to get:

a1t € H = 3t .a—t" e H' N agdom(H') = '".a—t" € H"'

which composes with the single-step uniqueness (transitivity of implication) to give the
goal here.

(b) t1 = newArray and &, = n

NEWARRAY

I' - newArray n : (Array F)

and given H 1 Iy + I then there is reduction:

a#H REFL
~newArray H, a—>iarr - xa ~» H, a—arr - xa | 0|0

H + newArrayn ~~ H,a— arr - xa | 0|0
H +newArrayn = H,a—>arrkxa |00

EXT

where a & dom(H) but we have that 3¢"".art" € H, a—arr satisfying the goal.

(¢) t; =readArray (xa) and &5 = n

READARRAY

I' - readArray (xa) n : x(Array TF)

and given H 1 Iy + I then there is reduction:

H,a(are[i] = 0) I readArray (ra) 7 — M, (are[i] = o) - (0.7a) [0]0 ~redamsy  reflezive...

H,ar,(arr[i] = t) - readArray (xa) n = H'F (v,xa) | I3 | Ay e

Then applying Lemma 7?7 we have:

a'~1t' € H,a—~,(arri] = t) = Jt".a"—1t" € H, a—,(arr]i]
A a & dom(H, a—,(arr[i] = t)) = Ft".d'+1t" € H, a—,(arr|i]

)
)

t
t
and by induction on the second premise we have for all a € arrRefs(v):

a1 t' € H,ar.(arr[i] = t) = 3t".a"+—1t" € H
A a & dom(H,a—,(arr[i] = t)) = 3t".a"—t" € H

Composing these two pieces of evidence together by instantiation and transitivity provides
the goal.

(d) t; = writeArray (xa)n and t; = f

. — WRITEARRAY
I' F writeArray (xa) n v : *(Array F)

and given H 1 Iy + I then there is reduction:

— REFL

H, a—,arr F writeArray (xa)iv ~ H,a—,(arr[i] =v)F*a |0 |0 ~writeArray
H + writeArray (xa) nv = H,a—,(arr[i] =v)Fxa |00

EXT

where the goal follows by Lemma[BT|on the first premise as the second premise is necessarily
just the reflexive multi-reduction rule.
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— (derelict)
Izx:AkFt:xB

Tz [AlFt:+B "
and a multi-reduction H ¢ = H'F xv | I' | A and we have heap compatibility H 1 (I +
I',z : [A]) which by inversion means there exists a heap H; such that H = Hy, z—,(I" F t' : A).
Hi(D+[I'") I''Ht:+%A 1 ¢dom(H;)
Hy, x5, (I =t xA) s (I [A])

ER

We can thus rebuild the heap compatibility from these premises for the typing premise:
Hix('+[I") I'+tt:xA 2 ¢dom(H;) .
IN
Hi, x>, (It xA)a (I z 2 A)

On which we can induct with I,z : A+ ¢ : «B and the multi-reduction H -t = H' bxv || A
to get that for all a € arrRefs(v) (array references in v) we have:

a1t e H = " .a—t" ¢ H
A agdom(H) = 3t".a—~t" € H'

which satisfies the goal here.

— (banglntro)
[IMkt:A
[ME:1A
Trivially satisfies the theorem since the typing cannot conclude with a type of form *A.

-1

— (bangElim)
Fll_tll!A FQ,iBZ[A]'_tQZ*B'

F1—|—F2}—Iet!x:t1int2:>kB ’
with a heap H such that H < (I'y 4+ I'») and reduction:
Hbletlz=tinty = H Fx|I"| A

which has two possible derivations:
1.

Hl‘tl WH/Ft{|F1|A1
HI—Iet!x:tlintg ~ H’I—Iet!m:t{intﬂﬂ\Al H/}_|et!$:t{int2 = H""*’U‘FQ|A2
E
HEletlz =Hinty, = HIII—*U|F1+F2|A1+A2

APP

XT

By conservation on the single reduction for ¢ we get type preservation which gives us I F ¢ :
A and thus It 4+ I» b let!z = #] inty : *B, and also that H' > (Iy 4+ 7). Thus we can induct
on the multi-reduction here to get

a—t' € H = ' .a—1t" € H"
A a ¢ dom(H') = 3t".a—1t" € H"
which along with Lemma applied to the single reduction here gives us:
a—t' € H = Ft".a—t" € H'
A agdom(H) = It".a—t" € H'
which we can combine together via instantiation and transitivity to get the goal:

a1t € H = It .a—t" € H"
A agdom(H) = Ft".a-1t" € H"
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2. Alternatively t; = !¢{ such that the typing is:
[Fﬂ F t{ A |

[LIFH 14" Dya:[AlFhisB

]+ I Fletle = inty : B '

E

and we have reduction:
[yt A
Hbletle =t inty ~ H oo ([1)Ft]: At | (A [0 ° Haooo ()t A) bty = H'Fxv |y | A
HFletls =1 inty = H'F v | Isz: Al | A .

From the incoming heap compatibility H < ([I1] + I:) we can construct the following heap
compatibility:
HM([Fﬂ—FFQ) [Fﬂ"t{:A :1:§Zdom(H)
H,z—([Ih] F ] 2 A) s (o, x: [A])
and thus we can induct on the second multi reduction with this heap compatibility and the
typing I,z : [A] F t2 : +B to get that a € arrRefs(v) (array references in v) we have:

LIN

a>—>1t/ S H,I'—}w([[ﬂ H t{ : A) - Elt".aHlt" e H'
A a & dom(H,varz|— > Inf([G1]| — t1": A)) = 3t".a-1t" € H"

From which we can get the goal since heap assignment to x is not an array reference assignment
so we have:

a1t e H = W .a—t" € H"
A agdom(H) = Ft".a—t" € H"

— (pairIntro) Trivially satisfies the theorem since the typing cannot conclude with a type of form xA.

— (pairElim)
Iy :A®B In,x: Ajy: BFty:xC

N+ hblet(x,y) =tinty : xC

XE

Proceeds in essentially the same way as the above. There are two cases that split into a beta
and a congruence case, but neither head reduction manipulates the array references itself so apply
induction and Lemma to get the outgoing uniqueness condition as in the (app) rule.

— (unitIntro)
Trivially satisfies the theorem since the typing cannot conclude with a type of form *A.

— (unitElim)
F1|_f,1:1 FQI_tQ:*B 1
In+ I Fletunit =t inty : xB
with a heap H such that H < (I'y 4+ I2) and reduction:

E

HFletunit = tinty = H' Fxo|T"] A
which has two possible derivations:
1.
H"tlell_t{|F1|A1
H & letunit = tyinty ~ H'Fletunit = t]inty | I | Ay H'Fletunit =t{inty = H'Fxv|Iy]| Ay
H & letunit =t inty = H”"*U|F1+F2|A1+A2

APP

EXT

XT
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By conservation on the single reduction for #; we get type preservation which givesus I'1 F ¢ : 1
and thus Il + I F letunit = ¢ inty : *xB, and also that H' > (I ) + I'’). Thus we can induct

on the multi-reduction here to get a € arrRefs(v):

a—t' e H = 3" .a—t" € H'
A agdom(H) = Ft".a-1t" € H"

Applying this by transitivity (and instantiation) with Lemma gives us the goal:

a—t' e H = Ft".a—t" e H"
A agdom(H) = Ft".a-+1t" € H"

2. Alternatively #; = unit such that the typing is:

— L1
[I] Funit:1 IhFty: xB
I5 F letunit = unitinty : *B

E

and we have reduction:

~ Bunit

H +letunit = unitint ~ HE¢|0]0 Hrt = HFt"|Iv]| A
HF letunit = unitint = H' - v | I3 | A B

XT

Thus we arrive at the goal by induction on the second premise here.

— (return), (bind)
All trivially satisfy the theorem since the typing cannot conclude with a type of form *A.

— (nec)
OHt: A
—————— NE
[ F*t:xA
Then there is a possible multi-reduction:
Hrt~HRF|T|A
Hbsxt = H bt/ [T [A *
HbExt ~ H'Fxv| Iy | Ay

C

H Fxt' = H/ll_*U|F2|A2

EXT

By Lemma on the single reduction and induction on the second premise, we then get

a—1t' € H = 3t".ar1t" € H'
A agdom(H) = Ft".a1t" € H'

and

a1t e H = " .a—t" ¢ H'
A agdom(H') = 3t".a—t" € H'

which we can combine together via instantiation and transitivity to get the goal:

a1t e H = W' .a—t" € H"'
A agdom(H) = Ft".a—t" € H"'

— (newArray) (readArray) (writeArray) (deleteArray) are all values and have no reduction, so the

case is trivial here.

33
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B.5 Value lemma

Lemma B2 (Value lemma). Given I' b v : A then depending on the type, the shape of v can be
inferred:

— A= A" — B then v = A\z.t or a partially applied primitive term p
— A="1A" then v =t

A=A"® B’ then v = (1, t3)

— A=1 then v = unit

— A =xA" then v = *v’

— A=Nthenv=n

— A=TF thenv=f

— A=Array F thenv=a

Proof. Recall the value sub terms grammar is:
viu=(t,t) |unit|xt| 1| Azt|i|alp (value terms sub-grammar)
where p are partially-applied primitives, e.g., newArray, readArray, readArray (xa). i.e.,

p = newArray | readArray | readArray (xa)
| writeArray | writeArray (xa) | writeArray (xa) i | deleteArray

We then proceed by case analysis on the type A to match the structure of the lemma. In each case we
must consider what possible values can be assigned the type A and by which rules.
In all cases, there exists a derivation based on dereliction, e.g., for the case where A= A" — B

Iz:A+t:A —B
F,J::[A']}—t:A’—OBD

ER

in which case we can apply induction on the premise to get the result since the term is preserved
between the premise and the conclusion. We elide handling this separately each time in the cases that
follow as the reasoning through dereliction is the same each time.

— A= A’ — B then there are two classes of possible typing:

e Abstract term:
Iz:AFt:B

TFart:A —-B

BS

thus v = Az.t as in the lemma statement.

e Primitive term p formed by an application of zero or more values to a primitive operation, of
which there are then all seven possibilities:
1.

[I'] F newArray : N —o x(Array ) new

thus v = newArray

d
[I'] F readArray : #(Array F) —o N — F ® «(Array F) red

thus v = readArray
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3.
d
[I'] F readArray : #(Array F) — N — F ® (Array IF) rea
[I'],a:Array AF xa: x(Array A) rarray AP
[I',a: Array AF readArray (xa) : N — F ® x(Array )
thus v = readArray (xa)
4.
it
[I'] F writeArray : x(Array F) —o N —o F —o *(Array F) ke
thus v = writeArray
5.
it
[I'] F writeArray : «(Array F) — N —o F —o x(Array F) wnte
[I'],a:Array AF xa: x(Array A) rarray App
[I'], a: Array A F writeArray (xa) : N —o F — F ® *(Array F)
thus v = writeArray (xa)
[I'] - writeArray : x(Array F) — N — F —o «(Array ) write
6. [I'],a: Array At xa : «(Array A) rarray PP
[I'),a : Array A I writeArray (xa) : F @ *(Array F) 0Fi:N
[I'], a : Array A I writeArray (xa) i : F — F ® x(Array F) A
thus v = writeArray (xa)
7.

del
[I'] - deleteArray : x(Array F) — 1 €

thus v = deleteArray

— A =!A’ then there is only one possible non-dereliction typing of a value at that type:

M) kt: A |
R

thus v = !t as in the lemma statement.

— A = A’ ® B’ then there is only one possible non-dereliction typing of a value at that type:

I‘l}_tliA/ F2|_t2:B/®
F1+F2}_(t1,t2)lA/®B/ !

thus v = (1, ) as in the lemma statement.
— A =1 then there is only one possible non-dereliction typing of a value at that type:
—_— 1
T+Hunit:1 F

thus v = unit as in the lemma statement.
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— A = %A’ then there is only one possible non-dereliction typing of a value at that type:

OFt: A
—  NEC
[[] b *t:xA
thus v = *¢ as in the lemma statement.

— A = N then v = n Trivial case on typing of constants which is elided in this paper for brevity (but
covered by the core type theory of Granule for example).

— A =T then v = f Trivial case on typing of constants which is elided in this paper for brevity (but
covered by the core type theory of Granule for example).

— A = Array F then v = a then the only possible typing that is a value is given by:

[I',a:Array A a: Array A anr

(and since the only type of arrays is F currently).

B.6 Progress

Theorem 6 (Progress). Values of the heap model v are given by:
viu=(ty,t2) |unit|xt| | Az.t]ilal|p (value terms sub-grammar)

where p are partially-applied primitives, e.g., newArray, readArray, readArray (xa). Given I' -t : A,
then t is either a value, or if H <t Iy + I there exists a heap H', term t', usage context A, and context
I such that HEt ~~ H' -t | I ] A.

Proof. By induction on typing.

— (var)

[[M,z:AFxz: A VAR

with H > [I'],z : A which by inversion of heap compatibility could imply either H = H’, x>t
or H = H', z+—,t, for which each has a reduction:

1. H/,CEH]tl
~IVARL
Hoa—tbx ~ HEt|0]z:1
2. H' z— t'
Hoz—,thz ~ Ha—,tHt|0]z:1 VAR
— (abs)
I''z:A+-t: B
TFixi:A—B
A value.
— (app)
FlFtltA—OB Fgl_tQIA
APP

F1+F2|_t1t2:B

By induction on the first premise, there are two possibilities.
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1. t; is a value and therefore by the value lemma there are a number of choices:
e t; = Az.t{. Therefore we can reduce by ~-4.

e {; = newArray therefore A =N
Therefore we induct on the second argument:
* ty is a value and therefore by the value lemma (Lemma t = n and thus the typing

is:
I'En:N

I' = newArray n : *(Array F)
with H > (I'p+ I).
Thus there is a reduction as follows:
a#H
g
H + newArray n ~~ H,a— arr - xa | 0|0

TYDERIVEDNEWARRAY

newArray

% 1o is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hbty~ HF&|T| A
H + newArray to ~ H'FnewArray &) | I'| A

~prim

e t; = readArray therefore A = x(Array F) —o N — F ® x(Array F)
% 1y is a value and therefore by the value lemma on *(Array ) (Lemma to = (xa)
and thus ¢; t, = readArray (xa) which is also a value.

% 1ty is not a value and thus has a reduction, therefore we can build the compound
reduction:

HbFty~ H || A
H \readArray ty ~» H' & readArrayts | ' | A

~prim

o {; = readArray (xa) therefore A =N — F @ *(Array F)
% 1 is a value and therefore by the value lemma on I F t : N (Lemma implies
to = n and thus the typing is refined at runtime as follows:

[IM],a:Array FE a: (Array F) arr
xarray

[I1],a: Array F = xa : x(Array F) Inki:N
- TYDERIVEDREADARRAY
[IM]+ I, a: Array F I readArray a i : F ® x(Array F)

with H' > (I'p + [I1] + I3, a : Array F), and by the heap compatibility rule for array
references there exists some H such that H' = H, a— arr.
Then there is a reduction as follows:

H, a—,(arr[i] = v) I readArray (xa) i ~ H, a—,(arr[i] = v) F (v,%a) | 0] 0 "readArray
% 1o is not a value and thus has a reduction, therefore we can build the compound

reduction:

Hbty ~ HFG|T]A
H t readArray (xa) ty ~ H'F readArray (xa)ty | ' | A

V7 prim

e t; = writeArray therefore A = x(Array F) —o N — F —o «(Array )
% tp is a value therefore by the value lemma (Lemma to = (xa) and thus t & =
writeArray (xa) which is also a value.
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% 1ty is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hbty~ H -t || A
H + writeArray to ~ H' F writeArray t; | I'| A

~prim

o 1 = writeArray (xa) therefore A = N — [F —o x(Array F)
% o is a value therefore by the value lemma (Lemma to = m and thus ¢t =
writeArray (xa) n which is also a value.

% 1o is not a value and thus has a reduction, therefore we can build the compound
reduction:

Hbty ~ HFG|T]A
H + writeArray (xa) to ~ H' b writeArray (xa) t5 | I' | A

~7prim

e t; = writeArray (xa) i therefore A = F ® x(Array F)
* 1y is a value and therefore by the value lemma on I - 5 : F (Lemma implies
to = f and thus the typing is refined at runtime as follows:
[I1],a: Array FF a: (Array ) arr
[I],a: Array F I *a : x(Array F)
[I]+ Iy + I'5,a: Array F - writeArray a i f : x(Array F)

*array .
IbkFi:N Is3Ff:F
TYDERIVEDWRITEARRAY

with H > (I'g+ [I1] + 2 + I3,a : Array ), and by the heap compatibility rule for
array references there exists some H such that H' = H, ar,arr.
Then there is a reduction as follows:

H, a—,arr - writeArray (xa) iv ~ H,a—.(arr[i] =v) Fx*xa | 0|0 " writeArray
% 1o is not a value and thus has a reduction, therefore we can build the compound
reduction:
HbFty~ H R |T|A
H + writeArray (xa) ity ~ H'F writeArray (xa) ity | ' | A

~prim

e t; = deleteArray therefore A = x(Array F) — 1
% 1t is a value and therefore by the value lemma (Lemma to = a thus the typing is
refined at runtime as follows:
[I',a:Array F a: (Array F) arr
[I'],a: Array F I xa : «(Array IF)
[I'], a: Array F I deleteArray : 1

*array

TYDERIVEDDELETEARRAY

with H' > (I'v+[I], a : Array F), and by the heap compatibility rule for array references
there exists some H such that H' = H, a~.arr.
There there is a reduction as follows:

H, ar,arr | deleteArray (xa) ~ H Funit| 0|0 T deleteArray
* 1ty is not a value and thus has a reduction, therefore we can build the compound
reduction:
Hbty~ HEH|T|A
H - deleteArray t ~ H' I deleteArray t, | ' | A

V7 prim
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2. otherwise, by induction on the premise we then have that there exists heap H’, term ¢, usage
context A, and context I such that H & # ~ H' ¢ | I" | A. Therefore we can reduce by

"~ APP-

— (derelict)
Iz:A+-t:B bER
Tz AFt:B "

Goal achieved immediately by induction on the premise.

— (bangIntro)
[Ikt:A |
TTFa !
A value.
— (bangElim)

F1|_t1:!A FQ,%Z[A}"I?QZB
F1+F2}—Iet!x:t1int2:B

By induction on the first premise, there are two possibilities.

‘E

1. t; is a value and therefore by the value lemma #; = !¢]. This refines the typing as follows:
[F]] - t{ A |

[[h]) F 1 1A N Fg,w:[A]FtQ:B'

]+ Ty Fletlz=int,: B

Therefore we can reduce by ~-3.

2. Otherwise by induction on the premise we then have that there exists heap H’, term ¢, usage
context A, and context I such that H| —¢1 > H'| —t1’; G’; D. Therefore we can reduce by

~MILET! -
— (pairIntro)
I‘l}_tliA F2|_t2:B
F1+F2}_(t1,t2)2A®B !
A value.
— (pairElim)

Nttt :A®B Is,x:Ay:BkEt:C
F1+F2}—Iet(x,y):t1int2:0

E

By induction on the first premise, there are two possibilities.

1. #; is a value and therefore by the value lemma ¢; = (¢, t{"). This refines the typing as follows:
Flkt{IA ngt{/IB
&
N+0LFW ) AeB ' Iiyz:Ay:BrFt:C
Fl +F2+F3 H Iet(x,y) = (t{,t{/)intg : C

®E

Therefore we can reduce by ~~gg.

2. Otherwise by induction on the premise we then have that there exists heap H', term ¢, usage
context A, and context I such that H| —t > H'| — t1’;G’; D. Therefore we can reduce by

MILET® -
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— (unitIntro)
_ 1
[k unit:1
A value.
— (unitElim)
F]_l_tlll Fgl_tgiB
IhM+ I letunit =t inty : B

By induction on the first premise, there are two possibilities.
1. t is a value and therefore by the value lemma ¢ = unit. Therefore we can reduce by ~~gynit.

1g

2. Otherwise by induction on the premise we then have that there exists heap H', term ¢, usage
context A, and context I such that H| —t > H’| — t1’; G’; D. Therefore we can reduce by

~?LETunit -
— (borrow)
I'Ht:xA
I'E&t:1A

By induction on the premise, there are two possibilities.
1. t is a value and therefore by the value lemma t = xt’. Therefore we can reduce by ~»gg.

BORROW

2. Otherwise by induction on the premise we then have that there exists heap H’, term t’, usage
context A, and context I'"” such that H| —t > H'| — t/; G'; D. Therefore we can reduce by

W&.
— (copy)
I‘ll_tlZ!A FQ,CL':*Al_tQZ!B
I+ Iyt copytyaszinty : !B

By induction on the first premise, there are two possibilities.
1. ¢ is a value and therefore by the value lemma ¢, = !¢t. Then there are again two possibilities.
(a) t is itself a value. This refines the typing as follows:

COPY

MFv:A |
MFWw:lA" Iya:«Abt:!B
[[]+ Iy b copylvaszinty : !B

COPY

Therefore we can reduce using ~-copyg-

(b) Otherwise by induction on the premise we then have that there exists heap H’, term ¢,
usage context A, and context I such that H| —¢ > H'| — t/;G’; D. Therefore we can
reduce by =~ copyt-

2. Otherwise by induction on the premise we then have that there exists heap H', term ¢, usage
context A, and context I such that H+ t; ~ H'F t{ | I | A. Therefore we can reduce by

~copy*
— (nec)
OHt: A
[+ *t: xA
Then by induction either ¢ is a value so *t is a value or there is a reduction which we can plug into
the following reduction:

NEC

Hbt~ HFY|T|A
M
Hrst - HE|T]A
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— (array)
arr
[I',a:Array Al a: Array A
A value.
— (uniqueArray)
[I'],a:Array AF xa: *(Array A) *karray
A value.

B.7 Soundness of heap model wrt. equational theory

Theorem 7 (Soundness with respect to the equational theory). For all t;, 1y such that I' b
th:Aand I'F ity : A and ) = t2 and given H such that H > I', there exists a value (irreducible term)
v and Iy, Iy, Ay, Ao such that there are full B-reductions to the same value

HFE ﬁ7:>5 H v |IE |431 AN HFEty =8 H+o |[b |432

Proof. — (unitR)

EquniTR
copytaszin&x =t @

With the following typing derivation for the LHS:

r:xAFx:xA
INkEt:!A z:xAF&z: 1A
I''Fcopytaszin&x : 1A

BORROW

COPY

and from the premise we have H < I7.

By conservation, we have that a well-typed term reduces to a value and so (by a value lemma) we
can assume that H F ¢ reduces to a value H - 1t for some ¢’ (*) and then reduction under the !
yields H"” F lv (**). This gives the reduction of the RHS to a value.

We then have the following reduction sequence (where we elide the output binding context and
usage context as they are not needed in the proof):

HFcopytaszin&z
() ~* H' b copy !t' asz in &z
(k%) ~* H' F copylvaszin &z
~eopy — H' =1 % v F &z
~reopy + vart = H' =1 s v &* v
B ff7xh+1*t’F!v

which matches the result of deep reducing ¢ (using the full beta) rules replaying (*) and (**) to
get the same result of !v.

— (unitL)

EqQuNITL
copy &vaszint' = [v/x|t! @

With the following typing derivation for the LHS:
IHI‘?):*A
——————— BORROW
Ink-&v:lA Iyz:xAFt B
I+ Iy copy&vaszint' : !B

COPY
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and from the premise we have H < I + I5.

By the value lemma (Lemma we know that v = *v’ therefore we know that can perform the
following reduction: (where we elide the output binding context and usage context as they are not
needed in the proof):

H F copy &(xv')aszint’
~copyl T &8 — [H,]uﬂ H" + copy lv"aszint’
~eopys = [H'], H', H" w1 % (6(v)) = 1/

where H = H’', H" and dom(H') = arrRefs(v) and (H"",6) = copy(H').
Then we have to sub-cases that refine this reduction
e v/ = a (an array reference) then we can assume that that H = H', a—,.arr and we specialise
the above reduction to get:

H' a—,arr - copy &(*a)asz in t’
~copyl+2gs — H', a—arr - copy !v asz in t/
~eopyg — H', ar>parr, o' arr, x> x o’ =t/

Since ¢ cannot contain an a as it is a non-runtime term, then the resulting term here (in its
heap context) reduces down to a value that is equal [*xa/z]t’ by full beta reduction; we have
essentially just a-renamed the array reference here from a’ to a.

e v’ is not an array reference, therefore arrRefs(v’) = ) and 6 = @) and thus we have H” = (), so
the reduction specialises to:

H',H" + copy &(*v')aszint
~copyl +~83 — H', H" I copy lv" aszin t/
~eopyg = H H x>y, % 0"

which is equal to [xv’/z]t" after full reduction.

— (assoc)

TH#l3

copy t asz in (copy ta as y in t3) = copy (copy ty aszin t2) asyin t3

EqQAssoc

Thus we assume a reduction from ¢; to 4] and then to !v; and likewise a reduction from #; to !¢}
and then to vy then we reduce as follows on the LHS:

H  copy t; asz in (copy tz as y in t3)
~ s« H' I copy vy aszin (copy t2 as y in t3)
~ H' x5, % v - copy tpasyin t3
~ * H" - copylugasyin t3
~ H" g1 % vg F 3

and on the RHS:

H  copy (copy t1 asz intz) asyin t3
~* H' | copy (copy lvy aszinty)asyints
~ H' z+—51 % v; - copy tpasyin t3
~ * H" I copylwpasyints
~ H gy x 19 F 13

matching in both sides.
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