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Abstract: The Diophantine equation has been studied by
many researchers in number theory because it helps in solving
variety of complicated puzze problems. From several studies,
many interesting proofs have been found. In this paper, the
researcher has examined the solutions of Diophantine equation
(M, —2)" + (M, +2)” = 22 whereM, is a Mersenne Prime
and p is an odd prime whereas x, y and z are nonnegative
integers. It was found that this Diophantine equation has no
solution.
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l. INTRODUCTION

The Diophantine equation is an equation in which only

integer’s solutions are allowed. The Diophantine equations
is a magjor part of number theory. In current years, many
researchers have tried to find the solutions to the
Diophantine equation of the form; p* + q¥ = z?2, in which
p and q are primes, where X, y and z are non-negative
integers.

In the year 2013, S. Chotchaisthit [2] found that the
Diophantine equation p* + (p + 1)¥ = z2 has no solution
except for p = 3, 7 in which p is Mersenne prime and X, v,
and z are non-negative integers.

Additionally in 2018, S.Kumar, S.Gupta and H.Kishan
[5] showed that the non-linear Diophantine equation p* +
(p + 6)¥ = z?,when p and p+6 are both primes with p =
6n+1 and n is a natural number and has no solution in non-
negative integer X,y and z.

In addition the above exemples, Fernando [4] aso
investigated the equation and proved that the Diophantine
equation p* + (p + 8)Y = z2 where p > 3 and p+8 are
primes has no solution.

In 2019, A. Sugandha [8], A. Prabowo, A. Tripena
examined solutions to Non-Linear Diophantine Equation
p* + (p +5)¥ = z?when pis Mersenne Prime.

In 2020, Burshtein [1] showed that the
Diophantinep* + (p + 5)Y =z? has no solution in
positive integer X, y and z in which p is prime and
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p+5=2%" and proved that the Diophantine p* +
q” = z* has no solution when p = 2, p and g are primes
wherex > 1,y < 2 areintegers.

Apart from what stated earlier, in 2021, Moonchai sook
[7] examined the non-linear Diophantine equation and
proved that p* + (p + 4™)” = z2 has no solution where x, y
and z are non-negative integer.

In 2021, the Diophantine M} + (M, +1)” =z has
solutions (M, 7,0,1,3),(3,M,,1,0,2) and
(M,E,,Mq,z,pqL2 ,2P + 1) was proved by W.S. Gayo, et.d
[6]. Additionally, in the same year, A. Pakapongpun and R.
Dochan [3] studied the Diophantine equation p* +
(p +20)Y = z%and proved that this equation has no
solution where p and p+20 are primes.

Because of this open problem, the author is therefore
interested in studying the Diophantine equation (M, —
2)" + (M, +2)” = 22 hasno solution where x, y and z are
non-negative integer and M,, is aMersenne prime.

. PRELIMINARIES

Definition. We can call every prime number written
in the form of 2P —1 a Mersenne prime which can be
replaced by M,, iswhich p isa prime number.

Thatis M, =2P — 1

Lemma 21 If z is an even
z%is an even number and 4|z>

Proof: Suppose z is an even number of the form z = 2m
where m is whole number. So z2 = 4m? isan even number
-  4|z?

number. Then

Lemma 2.2 If p is an odd prime. Then M,, = 3(mod 4)
where M,, = 2P — 1

Proof: Since M, =27 — 1

- M, = 2%(2P7%) — 1 = —1(mod4)

- M, = 3(mod 4)

L emma 2.3 The Diophantine equation

(M, - 2)"+1=12% hes no solution in non-negative
integer X, z where M, is a Mersenne prime and p is an odd
prime.
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Proof: Suppose (M, —2)" + 1 = 722

where M, = 2P — 1 and p isan odd prime.

We consider in 2 cases as follows:

Case 1. Supposex =0. Thusz? = 2 whichisimpossible.
Case2. Ifx=1andM, =2P - 1.

Since (M, — 2)* 4+ 1 = z2.

Then (M, —2)" = (z+ 1)(z— 1)

Let @ and 8 are non-negative integer. Suppose
(M,—2)"=z—1and(M, —2)° =z+1

with a<f,a+p=x

> (Mp—2)Y M, —2)f*-1]=2

Thisimpliesthat a =0,andp =1

SO0 M,=5-2-1=5

Thus 2P =6 itisobtained p = log,6 which isnot odd
prime. Hence, the Diophantine equation (Mp - 2)x +
1 = z?% has no solution.

Lemma 2.4 If M,isMersenne prime and p isan odd prime.
Then the Diophantine 1 + (M,, +2)” = 2% where y and z
are non-negative integer has no solution.
Proof: Let 1+ (M, +2)’ = z?
We consider in 2 cases as follows:
Case 1. Suppose that y = 0 Thus
impossible.
Case 2. Supposethaty = 1
We have (M, + 2) =22 —1=(z-1)(z + 1).Thus, we
can fine two non-negative integers a and .
Let (M, +2) =z—1and (M, +2)’ =z+1
with a< g, a+ 8=y
M, +2) (M, +2)f%—1] =2
whichimpliesthat a=0,andp =1
Mp+2)f-1=2-M,+2 =3
— 2P =2 which is impossible. Since p is an odd prime.
Hence, the Diophantine equation
1+ (M, +2)” = 2 hasno solution.

z% = 2 which is

M1, MAIN THEOREM

Theorem 3.1. If M,, is a Mersenne prime and p is an odd
prime then the Diophantine equation

(M, —2)*+ (M, +2)? =z* has no solution in non-
negative integer x, y and z

Proof: Let (M, — Z)X + (M, + 2)y =
We consider in 3 cases as follows:

Casel. Ifx=0,then1+ (M, +2)" =272

has no solution by lemma 2.4.

Case2. Ify=0,then (M, —2)" +1 =127

has no solution by Lemma 2.3.

Case 3. If x > 1 and y > 1, then both (M, — 2)"and
(M, + 2)’are odd number thus (M, — 2)* + (M, + 2)¥ =
z? isan even number.

Now, we have M,, = 2P — 1

- 22(2P72) — 3 = 1(mod 4)
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- 22(2P72) +1 = 1(mod 4)

Thus (M, —2)" + (M, +2)” = 2 (mod 4) (1)

From equation (1), z2 = 2 (mod 4) is contradiction lemma
2.1. For this reason, (M,, — 2)* + (M, + 2)? = z* has no
solution.

Corollary 3.1.1. If M,, isaMersenne prime and p is an odd
prime so the Diophantine equation (M, —2)"+
(M, + 2)” = u?" when x, y and z are non-negative integers
has no solution.

Proof: Letu™ = z.

Then (M, —2)" + (M, +2)” =
by Theorem 3.1.

n — 72 has no solution

Corollary 3.1.2. If M, is a Mersenne prime and p, q are
distinct primes of the form p = 4t + 1or p = 4t + 3 and
q = 4r + 1, the Diophantine equation (M, —2)" +¢” =
z? when x, y and z are non-negative integersand r and t are
positive integers has no solution.

Proof. Suppose the Diophantine equation
(M, —2)" +¢¥ = 22,

We consider 2 cases as follows:
Casel Ifp=4t+1,q=4r+1 then

(M, —2)" + ¢¥ = 22 = 2 (mod 4). However, thisimplies
that 4 + z%, contradicts the Lemma2.1.
For thisreason, (M, —2)" + q” = 2 has no solution.

Case2. If p=4t+3,q=4r+1.then

(M, —2)" + q¥ = 22 = 3(mod 4). However, this implies
that 4t z* contradicts the Lemma 2.1 thus (M, —2)" +
g¥ = z2. has no solution.

Corollary 3.1.3. If M, is a Mersenne prime and
M, = 27 —1 which p and g are primes, the Diophantine
equation (M, +2)" + g = z? has no solution.

Proof. Suppose the Diophantine equation
(M, +2)" +¢q” = 22

Casel Ifp=4t+1,9q=4r+1 then

(M, +2)" + ¢’ = 22 = 2 (mod 4). However, this implies
that 4 t z2 contradictsthe Lemma 2.1

thus (M, +2)" + ¢’ = 2 has no solution.

Case2. If p=4t+3,q=4r+1,

(M, +2)" + ¢ =22 = 3(mod 4). However, this implies
that 4 + z* contradicts the Lemma 2.1.

thus (M, +2)" + ¢’ = 2 has no solution.
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V. CONCLUSION

From this investigation, it was found that the
Diophantine equation (M,, —2)* + (M, + 2)¥ = z*> and
showed that (M, — 2)* + (M, + 2)” = z*has no solution
in which x, y and z are non-negative and m, n are natural
numbers. There are infinitely many the Diophantine
equation that have no solution, which need to be proved.

ACKNOWLEDGEMENTS

The author is very appreciated with the useful remarks
and guidance from the auditoria board in completing the

paper.

REFERENCES

1. N. Burshtein, On the Diophantine equation p* + (p + 5)” = z?, when
p + 5= 2%, Annals of Pure and Applied Mathematics, 18(1), (2020),
41-44.

2. S Chotchaisthit. On the Diophantine equation p* + (p + 1)? = z?,
where p is a Mersenne prime. Annas of Pure and Applied
Mathematics, 8(8), (2013), 169-172.

3. R. Dockchan, A. Pakapongpu, On the Diophantine Equation p* +
(p + 20)” = z* , where p and p+20 are primes, Internationnal Journal
of Mathematics and Computer Science, 16(1), (2021), 179-183.

4. N. Fernando, On the Solvability of the Diophantine Equation p* +
(p + 8)” = z2 where p>3 and p+8 are primes, Annals of Pure and
Applied Mathematics, 18(1), (2018), 9-13.

5. S Gupta, S. Kumar and H. Kishan, On the non-linear Diophantine
equationp* + (p+ 6)Y =z2, Annas of Pure and Applied
Mathematics, 18(1), (2018), 125-128.

6. W.S. Gavo, B. Bacani, On the Diophantine M7 + (M, +1)” = z?
where M,, and M, are Mersenne primes, European journal of Pure and
Applied Mathematics, 14(2), (2021), 396-403.

7. V.Moonchaisook, On the Non-Linear Diophantine Equation p* +
(p + 4™)Y = z? where p and p+4™ are primes, Annals of Pure and
Applied Mathematic, 23(2), (2021), 117-121.

8. A.Sugandha, A.Prabowo, A.TripenaSolutions to Non-Linear
Diophantine Equation p* + (p + 5)” = z?with p is Mersenne Prime,
International Journal of Recentechnology and Engineering (IJRTE),
8(2), (2019), 237-238.

AUTHORSPROFILE

Dr. Vipawadee Moonchaisook, Department of
Mathematics , Faculty of Science and Technology
Surindra Rajabhat University, Surin, Thailand Email:
mathmodern@gmail.com

Retrieval Number: 100.1/ijbsac.D0216063421 Published By: o
DOI:10.35940/ijbsac.D0216.083421 Blue Eyes Intelligence Engineering

Journal Website: www.ijbsac.org & Sciences Publication : d
3 © Copyright: All rights reserved. Exploring Innovation


https://www.openaccess.nl/en/open-publications
http://www.ijbsac.org/
mailto:mathmodern@gmail.com

