Absence of Causal Contradiction in Antitelephone
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Thought experiments in the “antitelephone” concept with superluminal communication do not

have causal contradiction.

Many physical phenomena exhibit apparent superlu-
minal motion. A light spot is an everyday example: it
can move with an arbitrary speed. However, each mo-
ment of time it consists of different photons. Thus, it
does not transfer matter, energy and momentum from
one place of its appearance to another. Consequently,
the events of its appearance in different places are not
causally dependent, despite the fact that somebody or
something controls the flow of photons by casting the
light spot in different directions. In the same manner oc-
cur superluminal modulations in various physical media.
For example, the phase velocity of electromagnetic waves
in plasma can be superluminal.

There is a vast discussion on the possibility of superlu-
minal communications in the literature, e. g., [1]. In pop-
ular science there is a belief that hypothetical superlumi-
nal communications lead to causal contradiction. Sup-
posedly it allows a situation, where a message is sent to
the past and modifies the sender intention. One position
is that this causal contradiction alone makes superlumi-
nal communications impossible. Another position more
subtly states that superluminal communications do not
transfer information, thus sending it to the past cannot
modify already happened events.

Causal contradiction due to superluminal communica-
tion is often illustrated with thought experiments in the
framework of special relativity theory. One famous ex-
ample is so called “tachyonic antitelephone” [2]. Here we
show that the antitelephone setting does not have causal
contradiction.

We avoid using the term “signal” for superluminal
communication reserving it only for messages travelling
not faster than c¢, the speed of light in vacuum. We do
not discuss the possibility or nature of superluminal com-
munications. The mathematical model described below
does not generate arguments in favour of their feasibility.

We assume dimensionless values, where ¢ = 1. More
precisely, one can assume that the unit of time is
c-second, then velocity becomes dimensionless (normal-
ized to ¢). We consider only inertial reference frames.

In the simplest thought experiment, a superluminal
communication with the speed V' > 1 is sent from the
point x4 at the moment of time t4 and then reaches
the point zg > x4 on the x-axis at the moment of time
tp. In the 2-dimensional Minkowski space, these two
events are represented by two 2-vectors: eq = {ta,za}
and eg = {tp,xp}. The time delay between these two

events is At = tp —ta = (xp —x4)/V > 0. In the
reference frame, moving with the velocity 3, |8] < 1,
in the direction of the z-axis, the coordinates of these
events can be deduced from the Minkowski diagram in
Fig. 1. It illustrates a Lorentz transformation of the 2-
dimensional Minkowski space (¢,2) — (¢, 2’), which is a
linear transfromation represented by the matrix

M= [g’y fq’ )

where v = (1 — $2)~1/2. We note that all derivations
below are simple linear algebra, completely equivalent to
the calculation of lengths of various segments and their
projections onto ¢- and #'-axes in the Minkowski diagram.

In the moving reference frame, the coordinates of the
event e = {t,xz} are

{t' 2"} = M{t,a} = {y(t - Bx),y(x - B} (2)

The time period between the events e’y and e’y is the first
component of the 2-vector el — e’y = M-(eg —ea):

At =ty —t/y =~v(1 - BV)AL. (3)

If V > 1/3, the time delay is negative: At’ < 0, as shown
in Fig. 1.

The described thought experiment shows that, accord-
ing to clocks in the moving reference, one can receive a
superluminal communication before its emission. Some-
times this is regarded as a sign of causal contradiction.
The main subtle aspect of such a conclusion is the im-
plicit assumption that the clocks in the each of the refer-
ence frames are synchronized using signals with the speed
of light. This synchronization is “encoded” in the met-
ric of the Minkowski space. It is not surprising that, if
we synchronize clocks with a “slow” signals, the recorded
timing for faster communications will be seen as “incor-
rect”. In order to have a causal contradiction, it is nec-
essary to demonstrate a loop, where superluminal com-
munication can remove its cause.

We consider an extension of the above described
thought experiment, where the superluminal communica-
tion is looped, Fig. 2. Two emitters, A and B, are placed
at the points x4 and xp, respectively, along the z-axis.
We assume that when an emitter receives a superluminal
communication, it sends a superluminal communication
to another emitter with a negligible delay. The speed of
communication from A to B is V4 and from B to A is
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FIG. 1: Minkowski diagram of the superluminal communi-
cation from {ta,za} to {¢tB,xp}. Semi-transparent outlined
arrows show a projection of the world line of the superlumi-
nal communication onto the temporal axes t and t'. World
lines of light (not shown) are lines at £45° with respect to the
spatial or temporal axis. Hatched areas are for convenience.

V. We consider the following sequence of events. Event
ea = {ta,xa}: the emitter A sends a communication
to B. Event eg = {tp,xp}: the emitter B receives the
communication from A. The time period between these
events is

B tA (4)

tp —ta = Vi

Event ec = {tc,zc}, ¢ = x4: the emitter A receives
in reply the communication from B. The time periods
between the events B and C' is

Ip —TA

tc —tgp = ——=— 5
C B VB ’ ( )
and between the events A and C is
Va+Vs

tc —ta = (rp —wa) ViVa (6)
The sign in the right hand side of Eq. (5) indicates that
the reply is send in the opposite direction with respect to
the z-axis (here we assume that both quantities V4 and
Vg are positive). According to Fig. 2, xp > x4, thus
tc >tp >ta.

We consider these events in the moving reference
frame, which moves with the velocity £, || < 1, along
the z-axis, Fig. 2. In this frame, the time period between
the events e4 and ep is given by the first component of
the 2-vector ez — €’y = M-(ep —e€a):

1—pBVy
T7 (7)

which is the same as Eq. (3) if V' is substituted by Vj.
Calculating the coordinates of the events e and e¢ in

tg —ty =~(xp —xa)
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FIG. 2: Minkowski diagram of the loop of superluminal com-
munications from {ta,xza} to {tB,zr}, then to {tc,zc},
where ¢ = xa. Semi-transparent outlined arrows show a
projection of the vector AﬁC’ (the result of superluminal com-
munication loop) onto the temporal axes ¢t and ¢'. Hatched
areas are for convenience.

the moving reference frame, we obtain the corresponding
time periods between the events:

1+ 58V,
lo —ty = (s — 2a) L 0
B
Va+V
to —ty =v(ep — za) 2 =A(tc —ta).  (9)
VaVg

We can disregard oddities in the timings of pairs of
events (which are not loops), since, as noted above, the
usage of the time quantity in the Lorentz transformation
implies that all the clocks are synchronized via signals
with the speed of light. We see from Egs. (6) and (9)
and also from Fig. 2 that in both reference frames, the
time period between the events e4 and e is positive, so
that the reply comes later than the inquiry.

The conclusion that loops have positive time span is
valid in the general case, when one or both emitters
move, irrespective of the motion direction of the mov-
ing reference frame. Following popular science approach,
we consider a thought experiment, where Alice and Bob
are on different spaceships flying in different directions
with different (not superluminal) velocity. They commu-
nicate with each other generating the following sequence
of events represented by the 4-vectors in the Minkowski
space. Alice sends a communication:

ea = {ta,Ta1,TA2, a3} (10)
Bob receives the communication and immediately replies:
ep = ea+tap{l,Vap1, Vapa, Vaps} (11)

Here Vyp;, i = 1,2,3, are the spatial components of the
velocity of the communication from Alice to Bob. Alice



receives the reply:
ec =ep +tpc{l,Vaci, VBoz, VBes}- (12)

Here Ve, @ = 1,2, 3, are the spatial components of the
velocity of the communication from Bob to Alice.

Irrespective of the motion of Alice and Bob, we can
assume that the velocity vector of the moving reference
frame 3 | |B] < 1, defines the direction of the x-axis. Of
course, the events of Egs. (10)-(12) must be (re)defined
with respect to that axis. The matrix representing the
Lorentz transformation of the 4-dimensional Minkowski
space to the moving reference frame is

v =By 00

| =By v 00
M=10""0 10 (13)

0 0 01

We consider the difference between the events ec and
e4 in the moving reference frame,
ec — €4y =M-(ec —ea) =
{v[tas +tsc — B(tapVap +tscVse)l,
Y[taVap1 +tpcVeer — B (tas +tpo)],
taVapz +tscVeeo2, tapVaps +tecVaes). (14)
The first component of the resulting 4-vector of Eq. (14)

is the time between the events ec and e4 in the moving
reference frame,

the =7 [tas +tee — B(tapVas1 +tecVaer)]. (15)

In order to receive the reply at the point e, Alice must
somehow arrive to this point from e4. We assume that
she moves with some (not superluminal) speed Va¢:

ec =ea+tac{l,Vaci,Vacz, Vacs}, (16)
Vacl = \/ij +Vica + Vies < 1. (17)

The consistency of Egs. (12) and (16), which ensures
that Alice receives the reply, implies a quadruple of rela-
tionships

tac =tap ttBc,

tacVaci =tapVapi +tecVeci, 1 =1,2,3. (18)

Using these relationships, we obtain from Eq. (15):
the =7(1 = BVaci)tac. (19)

Thus, t/y > 01if <1, tac > 0, and |[Vaci| < 1.

The condition that ¢ 4¢ is positive can follow from the
requirement that both t45 in Eq. (11) and tpc in Eq.
(12) are positive. In its turn, this requirement indicates
that in the initial (steady) reference frame, the recipients
are in the right place and time and the corresponding
communications are accomplished. We note that it is
easy to arrange an impossible communication even with
not superluminal messages, e. g., when the world lines
of the recipient and message do not intersect.

The structure of Eq. (19) is the same as of Egs. (3) and
(7), as if the sequence of superluminal communications

ea — ep — € 20
AVAB BVBC © ()

were replaced by the only not superluminal communica-
tion (signal)

eqs — ec, (21)
Vac

which Alice “carries” with her from the point e4 (€/4) to
ec (er). The same observation concerns Eq. (9), where
tc—ta (or ty; —t'y) is just the time of changing the state
of the immobile emitter A.

The conclusion can be formulated as a theorem: if
there is an inertial reference frame where Alice receives in
reply the communication from Bob later than she sends
her own communication to him, then this is true in any
inertial reference frame, irrespective of the velocity of the
communications.
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