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ABSTRACT

The Matching Pursuit (MP) algorithm may be used to
give a low complexity method of obtaining a solution to the
directions of arrival (DOA) problem which arises in a large
number of application areas. We present a novel estimation
of the DOA in which we incorporate multiple snapshots of
the received signal into each run of the MP algorithm. A tree
based search is used in combination with MP to expand the
search space. This new method, MSMPDOA, gives a sub-
stantial performance improvement over running the MP al-
gorithm on each snapshot separately before the results are
aggregated to give the DOA estimate. In a series of simula-
tions, it is shown that the success rate in accurately deter-
mining arrival directions at low values of SNR is improved
by 10-30% by utilizing the MSMPDOA algorithm.

1. INTRODUCTION

The directions of arrival (DOA) problem has a long history
which can be traced back to sonar and radar [1]. More re-
cently, there has been renewed interest in the problem with
the practical application of smart antennas in mobile com-
munications [2]. In each of these applications, the goal is to
isolate signals which are arriving from several different di-
rections. An antenna array is used to measure the incoming
signals and signal processing algorithms are used to process
the data and provide the directions. This information can be
used in a variety of ways such as the separation of a desired
signal from interference or the processing of multipath com-
ponents of a signal.

Many algorithms have been employed to obtain solutions
to this problem. Initially, beamforming methods, which are
essentially Fourier based algorithms, were intensively stud-
ied [3]. Subspace based methods such as MUSIC and ES-
PRIT were later developed and have very good performance
which can approach the performance of a maximum likeli-
hood algorithm [4]. However, this performance is achieved
at the expense of a very high computational cost. There is
a need for more computationally efficient algorithms which
can be run on mobile devices, for instance, and still deliver
very good performance.

In the DOA application, the received signal is due to
a small number of directions. By forming a matrix where
each column accounts for a possible direction, the problem
is to use the received signal and extract the correct directions
from this matrix. Since the number of possible arrival angles
is much greater than the number of sensors, the system of
equations which must be solved is underdetermined and the
problem of extracting the correct directions has been shown

to be NP-hard in [5]. Indeed, this problem is a linear in-
verse problem and similar problems arise in many different
application areas. One of the most computationally efficient
approaches to finding a suboptimal solution is the Matching
Pursuit algorithm proposed in [6]. The EDAMP algorithm
described in [7] used Matching Pursuit (MP) to find a solu-
tion to the DOA problem. In an extensive simulation study
in [8], EDAMP was shown to provide improved DOA esti-
mation over ESPRIT and MUSIC at low signal to noise ratio
(SNR). It also has the advantage that it can be used with a
small number of snapshots and has a lower computational
complexity than other algorithms.

In this paper, we propose an enhanced MP based al-
gorithm for DOA estimation which incorporates groups of
snapshots into the MP algorithm. We term this new algo-
rithm Multiple Snapshot Matching Pursuit Direction of Ar-
rival (MSMPDOA) Estimation. In contrast, the EDAMP al-
gorithm [8] considers each snapshot in isolation in running
the MP algorithm and the results are then aggregated to pro-
duce the final DOA estimates. It is shown through simula-
tion that at low values of SNR the MSMPDOA gives a suc-
cess rate in identifying DOA which is 10-30% better than the
EDAMP method proposed in [8].

The outline of the paper is as follows. In section 2, the
DOA problem is formulated and the notation used in the pa-
per is detailed in full. The Matching Pursuit (MP) algorithm
is briefly outlined in section 3. The new method, MSMP-
DOA, is detailed in section 4. A number of simulation sce-
narios are considered in section 5 and the results of the new
algorithm are detailed. The results obtained using MSM-
PDOA and the EDAMP algorithm are compared. Finally,
some conclusions and directions for future work are given in
section 6.

2. PROBLEM FORMULATION

We consider a uniform linear array (ULA) with M elements
spaced a distance d apart. The sources are far-field and the
incoming waves are plane waves. The first element in the ar-
ray is taken as the phase reference. This scenario is depicted
in figure 1.

The response of the antenna array at time t to a signal
arriving at angle θ is given by

b(t) = s(t)a(θ) (1)

where s(t) is the signal amplitude, a(θ) =
[1 e− jhd cos(θ) · · · e− j(M−1)hd cos(θ)]T ∈CM , and h = 2π/λ for
signal wavelength λ [4]. Assuming that there are R signals
which make up the received signal and that these signals
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Figure 1: Uniform Linear Array (ULA) and the Direction of
Arrival (DOA) problem.

arrive from directions θi, i = 1, · · · ,R, the antenna response
is given as

b(t) =
R

∑
i=1

si(t)a(θi)+n(t) (2)

where n(t) is an additive noise term. The sensor outputs
are sampled at time instances tl , l = 1, · · · ,NS giving multiple
snapshots of the received signal b(t1),b(t2), · · · ,b(tNS).

We let the N possible directions of arrival form an array
A = [a(α1), · · · ,a(αN)]. The resulting array has the follow-
ing Vandermonde form

1 1 · · · 1
e jφ1 e jφ2 · · · e jφN

...
...

...
...

...
...

...
...

e j(M−1)φ1 e j(M−1)φ2 · · · e j(M−1)φN

 (3)

where for convenience we have φi = ( 2πd
λ

)cos(αi). The
problem is to determine the small number of columns from
A which correspond to the directions of arrival. When these
columns are appropriately scaled and added together, the
resulting signal should be a good approximation to the re-
ceived signal. If the algorithm used to determine the DOA
works perfectly, the columns selected should correspond to
αi = θi, i = 1, · · · ,R.

If we consider the vector s(t) ∈ CN , the problem can
be stated as finding the sparse solution vector s(t) with R
nonzero entries which gives an approximate solution to the
problem As(t) = b(t). Since the number of sensors M is
much smaller than the number of possible DOA, this is an
underdetermined system of equations. The squared error
‖b(t)−As(t)‖ can be used to determine the goodness of
fit of a solution and when ‖b(t)−As(t)‖ < ε , where ε is
some small value, the solution is said to be found. The prob-
lem stated here fits the description of a sparse approximation
problem. Matching Pursuit is one method for finding approx-
imate solutions to this type of problem and this is outlined in
the following section.

3. MATCHING PURSUIT

The Matching Pursuit (MP) algorithm was first proposed in
[6] with application to time-frequency decompositions. The
algorithm has since been applied in many different areas
including audio representation [9] and image coding [10].

Many variations on the original algorithm have been pro-
posed which offer improved performance at the cost of some
additional computation. In this paper, we will use the Or-
thogonal Matching Pursuit algorithm [11, 12].

In section 2 we have described a data matrix A and a
measurement vector b and the goal is to find a solution s
which approximately satisfies As = b (the time index has
been omitted for convenience). We denote the columns in
the matrix A by al = a(αl), l = 1, · · · ,N. For the description
of the OMP algorithm, we introduce Ip = {k1,k2, · · · ,kp},
I0 = /0 which is the set of p vectors selected. We let Sp =[
ak1 ,ak2 , · · · ,akp

]
(with S0 = /0) denote the matrix which

has the selected vectors as columns. PSp represents the
orthogonal projection matrix onto the range space of Sp

and its orthogonal complement P⊥
Sp

=
(
I−PSp

)
, PS0 = 0,

P⊥
S0

= I. With this notation at hand, the OMP algorithm
is described next. A more detailed description is given in
[11, 12], and some theoretical results on the performance of
the algorithm have been presented in [13].

The first step in the algorithm is to find the column in the
matrix A which is best aligned with the signal vector b0 = b
and this is denoted ak1 . Then the projection of b0 along this
direction ak1 is removed from b0 and the residual b1 is ob-
tained. Now the column in A, ak2 , which is best aligned
with b1 is found and a new residual, b2, is formed by pro-
jecting b0 onto the space orthogonal to both ak1 and ak2 ,
i.e., all the chosen vectors. The algorithm proceeds by se-
quentially choosing the column which best matches the resid-
ual until some termination criterion is met. The pth iteration
of the OMP is described in the following paragraph.

In the pth iteration of the algorithm, the vector from A
most closely aligned with the residual bp−1 is chosen, where
the alignment is measured as the 2-norm (denoted by ‖ ·‖) of
the projection of the residual onto the vector, i.e.

kp = argmax
l
‖Pal

bp−1‖ (4)

= argmax
l

|al
Hbp−1|2

‖al‖2 , l = 1, · · · ,N, l 6∈ Ip−1.

The new residual vector is obtained by projecting b onto the
orthogonal complement of the range space of Sp where Sp =
[Sp−1, akp ]

bp = P⊥
Sp

b. (5)

The new residual is the smallest residual given the chosen set
Sp.

The iteration may be terminated in one of two ways. If
the number of directions of arrival is known or can be es-
timated, the algorithm is terminated once this number of
columns has been selected from the data matrix A. Alterna-
tively, the iterations are terminated once the residual becomes
sufficiently small, i.e., ‖bp‖ < ε .

3.1 Tree Based OMP and EDAMP

The extension of MP to a tree based search was introduced
in [14]. The MP algorithm is a greedy search through the
columns of A to find a subset of columns which can be used
to represent b. The search can be broadened to include not
just the best matching column but also close matches. Two
different methods were proposed. In the first method, the tree
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Figure 2: Tree Search Matching Pursuit

of possibilities was expanded by keeping the Q best match-
ing vectors from each MP iteration, i.e., {k(1)

p ,k(2)
p , · · · ,k(Q)

p }
at step p. This is shown in figure 2 above for Q = 3 where
each branch corresponds to the data vector and the node rep-
resents the residual vector which results. Each of the residu-
als generated was then used as the input to another stage of
the MP algorithm. This quickly led to an exponential growth
in the number of nodes considered. For a practical imple-
mentation, the number of residuals was limited. In a similar
manner to the M-L algorithm [15], a subset of residuals with
the smallest magnitudes were selected at each level.

This algorithm was adapted to the DOA problem in the
EDAMP algorithm proposed in [7, 8] and several heuristics
were introduced to prune the tree of search possibilities. In
particular, the number of branches considered was made vari-
able in size and level dependent. At level p, the number of
branches from each node was limited to Q = dN/δ pe where
δ is a decay parameter. Furthermore, the alignment between
vector was used to reduce the set of nodes considered. With
the definition

ρi j =
|aH

i a j|
‖ai‖‖a j‖

. (6)

the alignment between the best matching vector k(1)
p and each

of the other chosen vectors was obtained. A user-defined
threshold was used and vectors which satisfied ρ

k(1)
p k(i)

p
≤ ξ

were discarded. These enhancements kept the search wide at
the start of the algorithm and pruned the search space as the
depth increased leading to an efficient tree-based algorithm.

In EDAMP, each of the snapshots was processed one at
a time resulting in a different solution for each of the snap-
shots. A final solution was obtained by aggregating the re-
sults obtained from each of the individual solution vectors.
In the next section, we consider multiple snapshots at each
node of the search tree.

4. MULTIPLE SNAPSHOT MATCHING PURSUIT
FOR DIRECTION OF ARRIVAL ESTIMATION

(MSMPDOA)

In the DOA problem, there are a number of snapshots NS
available as described in section 2. The availability of mul-
tiple measurements in matching pursuit problems was first
considered in [16]. In the MSMPDOA algorithm, we pro-
pose incorporating multiple snapshots into each iteration of
the MP algorithm to estimate the DOA. Furthermore, we ex-
pand the search by considering a number of possible solu-
tions at each level of the tree. The combination of these two
innovations results in a novel algorithm which is shown to
improve greatly on the DOA estimation accuracy obtained
by processing one snapshot at a time.

A subset of the available snapshots is denoted by B =
[b(t j1),b(t j2), · · · ,b(t jL)] where L = 1 gives just one snap-
shot and L = NS groups all snapshots together in B. The
algorithm uses exactly the same methodology outlined for
OMP as described in section 3 but the alignment with ma-
trix B, instead of just with a single snapshot b, is consid-
ered. The Q columns in the matrix A which are best aligned
with the measurement vectors B0 = B are selected and these
column indices are denoted as k(1)

1 , · · · ,k(Q)
1 . The align-

ment is measured using the Frobenius norm instead of the
2-norm because of the multiple snapshots. Residual matrices
B1

(1), · · · ,B1
(Q) are formed corresponding to each chosen

column. The selection of a column vector and formation of
a new residual is repeated for each of the residual matrices
at a given level. The procedure is iterated until a satisfactory
solution is obtained to the inverse problem. At the pth step,
there are residual matrices Bp−1

( j), j = 1, · · · ,J. We denote
one of these residuals as Bp−1 to save on notation.
1. For residual Bp−1 form Ep,k = P⊥

ak
Bp−1

2. Select the Q columns which give the lowest values of
‖Ep,k‖2

F = tr(Ep,k
HEp,k). Denote the indices of these

columns by k(1)
p , · · · ,k(Q)

p .

3. Calculate each new residual B(i)
p = P⊥

S
(i)
p

Bp−1, i =

1, · · · ,Q where S(i)
p = [ak1 , · · · ,akp−1 ,a

k
(i)
p

].

4. Return to step 1 for each residual at the current level.
Once the current level is complete, advance to the next
level and continue from step 1 with the new residual list.
Continue to loop unless the termination criterion has been
met. As was already noted in section 3, this criterion
can be in the form of a known number of directions or a
threshold which the residual norm must fall below, i.e.,
‖Bp‖F ≤ ε .

Denote the number of columns selected at the end of the iter-
ations by ρ and the selected column indices in one solution
set by [k1, · · · ,kρ ]. These are easily related to the DOA from
the manner in which the matrix A was formed. In a similar
manner to [8] we employ some heuristics to limit the expo-
nential growth in the size of the tree. In particular, the num-
ber of child nodes from a parent node is limited to dN/dpe at
level p where d is an algorithm parameter.

5. SIMULATIONS

In [8], the performance of EDAMP was compared to ES-
PRIT and MUSIC and was shown to outperform both at low
SNR. Through a series of simulations, we demonstrate that
the MSMPDOA algorithm yields even better performance
than EDAMP at low values of SNR.

For each of the simulations below, we considered an Uni-
form Linear Array (ULA) with 10 elements in which the el-
ements were spaced a distance λ/2 apart. There were 100
possible angles of arrival and these were distributed uni-
formly over the range (−90◦,90◦). These angles were used
to form the columns in the matrix A. There were 2 incoming
signals of equal amplitude and Gaussian noise was added to
give the received waveform. The decay parameter δ , which
was described in section 3, was set to 10 to limit the num-
ber of nodes at each level. In each trial 100 snapshots were
considered. The DOA were estimated and if these matched
the true incident DOA, the algorithm was deemed to have
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Parameter Symbol Value
Number of angles N 100
Number of snapshots NS 100
Snapshot grouping L 1,5,10
Number of antennas M 10
Number of DOAs R 2
Decay parameter δ 10

Table 1: Simulation parameters.

successfully resolved the incident DOA. The simulation was
repeated over 1000 different trials and the percentage suc-
cess in accurately determining the DOA was obtained from
the trial results. For convenience, the important parameters
of the simulation are summarized in table 1.

We detail a number of different simulation scenarios in
sections 5.2–5.4 to fully compare the performance of the
EDAMP algorithm to the MSMPDOA method introduced in
this paper. However, we first examine the task of obtaining a
final estimate of the DOA given the solutions obtained from
each run of the algorithm with each run incorporating a fixed
number of the available snapshots.

5.1 Generation of Solution

The results obtained from each of the snapshots or groupings
of snapshots must be aggregated to obtain the final solution.
We considered a couple of different methods of accomplish-
ing this task. In the first method, a histogram of the different
DOA solutions was compiled and the most frequent solution
was chosen and used to provide the final DOA estimate. In
the second method, the solutions obtained using each group
of snapshots were averaged, and the largest entries (in mag-
nitude) in the resulting vector were used to provide the final
DOA estimate. The latter of these two methods gave supe-
rior results and was therefore used in the determination of the
DOA.

5.2 Widely Spaced DOA

We first considered two widely spaced signals where the
spacing was chosen greater than the Rayleigh spacing which
is the minimum separation that can be resolved by a beam-
forming method [1, 4]. For an antenna array with N ele-
ments, the Rayleigh spacing is 2π/N and the arrival angles
in this simulation were chosen as±7.2◦ so that the separation
exceeds the Rayleigh spacing.

The results of the simulation are shown in figure 3. L = 1
corresponds to the EDAMP algorithm, i.e., only 1 snapshot is
processed at a time. The other values of L incorporate L = 5
and L = 10 snapshots into the MSMPDOA algorithm. The
figure gives the percentage success in resolving the DOA.
All methods performed well in the higher SNR region. How-
ever, with SNR in the range −5dB to 5dB, the MSMPDOA
algorithm gave a success rate which was 10-30% better than
that of the EDAMP algorithm.

5.3 Closely Spaced DOA

Matching Pursuit allows the resolution of closely spaced sig-
nals as was first observed in [17] in the context of resolv-
ing two sines with frequency separation less than the Raleigh
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Figure 3: Resolution of widely spaced DOA ±7.2◦ using
MSMPDOA (L = 5,10) and EDAMP (L = 1)

distance. We show that this resolution ability of the MP al-
gorithm can similarly be exploited in the spatial domain.

We considered DOA of ±3.6◦ and the results are given in
figure 4. The format of the results is identical to that in figure
3. It is noted that for values of SNR above 5dB, the perfor-
mance of the different algorithms was perfect in resolving
the DOA. We found that there was a clear improvement in
the success rate obtained using MSMPDOA with L = 5 and
L = 10 over using EDAMP (L = 1) in the SNR region from
-7.5dB to 5dB. The MSMPDOA(L = 10) was also seen to of-
fer a performance improvement over the MSMPDOA(L = 5)
method in the range from -5dB to 5dB.
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Figure 4: Resolution of closely spaced DOA ±3.6◦ using
MSMPDOA (L = 5,10) and EDAMP (L = 1)
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Figure 5: Performance with two DOA which are randomly
selected from the range (−63◦,63◦) using MSMPDOA (L =
5,10) and EDAMP (L = 1)

5.4 Randomly Spaced DOA
In many cases, the DOA will be unknown but will be con-
fined to a certain range. In this simulation, the incident signal
was composed of two signals with DOA which were cho-
sen at random. From a practical point of view, the range
can be limited and we chose a wide range of (−63◦,63◦).
The results are plotted in figure 5 in a similar manner to fig-
ures 3 and 4. MSMPDOA with L = 10 is shown to give
much better performance than L = 5 in this scenario. Both
MSMPDOA(L = 5) and MSMPDOA(L = 10) performed
much better than EDAMP (L = 1). The performance im-
provement is once again more apparent in the low SNR re-
gion. For instance at 0dB, MSMPDOA(L = 10) gave a suc-
cess rate of 84%, MSMPDOA(L = 5) had a success rate of
72% while EDAMP had a success rate of 51%.

6. CONCLUSION

We have introduced a new algorithm for DOA estimation
which incorporates multiple snapshots of the received sig-
nal into a Matching Pursuit (MP) based algorithm. A tree
based search was used in combination with MP to expand the
search space. This new method, MSMPDOA, was shown to
give substantial performance improvement over running the
MP algorithm on each snapshot separately before aggregat-
ing the results to give an estimation of the DOA. In a series
of simulations, the successful detection of arrival directions
at low values of SNR was improved by 10-30% with this new
implementation. Further work on the algorithm will focus on
the advantages of the algorithm in an environment in which
the DOA are rapidly varying and the DOA must be calculated
over a small number of snapshots.
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