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Abstract

Model reduction by moment matching can be interpreted as the problem of finding a reduced-order

model which possesses the same steady-state output response of a given full-order system for a prescribed

class of input signals. Little information regarding the transient behavior of the system is systematically

preserved, limiting the use of reduced-order models in control applications. In this paper we formulate

and solve the problem of constrained optimal model reduction. Using a data-driven approach we

determine an estimate of the moments and of the transient response of a possibly unknown system.

Consequently we determine a reduced-order model which matches the estimated moments at the

prescribed interpolation signals and, simultaneously, possesses the estimated transient. We show that

the resulting system is a solution of the constrained optimal model reduction problem. Detailed results

are obtained when the optimality criterion is formulated with the time-domain `1, `2, `∞ norms and

with the frequency-domain H2 norm. The paper is illustrated by two examples: the reduction of the

model of the vibrations of a building and the reduction of the Eady model (an atmospheric storm track

model).

1. Introduction

Given a full-order system and some specific properties of interest of this system, the problem of model

reduction consists in the determination of a reduced-order model that, under some particular operating

conditions, possesses the chosen properties. The problem is of fundamental importance in the modern

control and systems field because the majority of the theory and methods developed in this field relies on

the availability of an accurate but simple model [1]. Depending on the properties that the model reduction

technique preserves we obtain families of different methods, such as balanced truncation [2, 3, 4, 5],

Hankel-norm approximations [6, 7, 8] and the interpolation approach [9, 10, 11, 12, 13, 14, 15, 16].

Further details on these and other techniques are given in [17]. In the moment matching approach, the

property that the reduced-order model systematically preserves is the steady-state output response to
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a prescribed class of input signals, i.e. the reduced-order model possesses the same steady-state output

response of the full-order model for some prescribed “interpolating” input signals. This interpretation

of the moment matching approach has been introduced in [18] (see also the monograph [19]), where

it has also been shown in which measure this point of view is related to the classical interpolation

theory. From this interpretation, it is clear that reduced-order models by moment matching do not

preserve, in a systematic way, information about the transient behavior of the system. To mitigate this

issue in this paper we address the problem of determining constrained optimal reduced-order models

by moment matching (with respect to a norm to be specified). In particular, we want to determine a

model which is constrained to possess a pre-assigned steady-state output response and that, at the

same time, minimizes the error between its transient output response and the transient output response

of the full-order system. This problem is somewhat related to a classical optimization problem in

model reduction, i.e. the determination of optimal H2 (or other norms) reduced-order models, see e.g.

[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 16, 30]. The main difference between these works and the problem

that we are studying is that the reduced-order model to be optimized is constrained to interpolate a

given class of input signals or, equivalently, interpolate a given set of points. On the contrary, in the

classical unconstrained optimal H2 model reduction also the interpolation points are parameters of the

minimization, i.e. the system is required to minimize the frequency response error for all frequencies

but it is not constrained to have zero steady-state error for pre-assigned input signals. The reason

that justifies the interest in the constrained problem is that in many engineering applications, such as

modeling of power systems and power converters [31, 32], optimal control of wave energy converters

[33] and data-driven controller tuning [34], the system is excited by a specific or desired class of input

signals. It is then of primary importance that the steady-state error for this class of signals is identically

equal to zero and just of secondary importance that the error with respect to other input signals is

minimized.

The paper extends and complements [35], in which the authors, inspired by the learning algorithms

given in [36, 37, 38] to solve a model-free adaptive dynamic programming problem, use time-snapshots

and data matrices to determine an estimate of the moments of the system to be reduced. In particular,

the present paper focuses on the preservation of information describing the transient behavior of

the system to be reduced. In particular, the main contributions of the paper is to pose and solve a

constrained optimal model reduction problem from time-domain data. To this end, after recalling

the results in [35], we describe how to extract information regarding the transient behaviour of the

system to be reduced and then how to determine a reduced order model that possesses the specified

moments and minimizes the transient error. It is useful to point out from the onset that data can

be used with two different scenarios in mind. One is the determination of reduced-order models from

real measurements (which can be affected by noise). The other is the determination of reduced-order

models from simulated data merely to avoid the use of the high-order system matrices, thus obtaining

a computational advantage (sometimes this approach is referred as non-intrusive model reduction, see
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e.g. [39]). While we do not exclude the use of the proposed technique in the case of real measurements,

in the following we focus on the second application.

The research objective of this paper is clearly at the intersection of large and active research

areas, such as model reduction and system identification. For instance, the use of time-snapshots

and data matrices is reminiscent of the methods based on proper orthogonal decompositions, see e.g.

[40, 17, 41, 42] and [43], and on subspace identification, see e.g. [44] and [45]. In model reduction,

a data-driven moment matching approach for linear systems has been introduced under the name

of Loewner framework in [46], see also [47]. This method constructs reduced order models by using

matrices composed of frequency-domain measurements. This (with the exception of systems in special

form such as bilinear systems [48]) makes intrinsically difficult to extend the method to nonlinear

systems. An extension to time-domain measurement has been proposed in [49], in which, however,

the time-domain measurements are used to produce frequency-domain measurements (thus again the

technique cannot be extended to nonlinear systems). Another time-domain model reduction technique

has been proposed in [39], in which, however, the moments of the system are not matched. In system

identification, various time-domain data-driven techniques have been presented, such as the eigensystem

realization algorithm, see e.g. [50, 51, 52] and [53], and the dynamic mode decomposition, see [54]. In

summary, while recognizing the large amount of work in this area, this paper proposes a technique for

the determination of reduced order models from time-domain data which are constrained to match a

given set of interpolation points. Thus, differently from system identification, the method has a deep

connection with the moments, and differently from the Loewner framework (and its generalizations)

there is no need to use frequency-domain tools at any stage, opening up the potential extension of the

technique to nonlinear systems.

The rest of the paper is organized as follows. After briefly recalling some definitions, in Section 2 we

formulate the problem of constrained optimal model reduction. In Section 3 we present the first set of

results: a method for the estimation of the transient response (Section 3.2), an analysis of the choice of

the norm in the optimization problem (Section 3.3) and a constrained optimal reduced-order model

(Section 3.4). In Section 4, we discuss how to select the initial condition of the reduced-order model

(Sections 4.1 and 4.2) and we provide an algorithmic overview of the results of the paper (Section 4.3).

In Section 5 we present two examples: the reduction of the model of a building and the reduction of the

model of an atmospheric storm tracking system. Finally, Section 6 contains some concluding remarks.

A preliminary version of this paper has been published in [55]. The additional contributions of the

present paper are as follows: first, while [55] considers only the `2 norm, in this paper we discuss

also other `p norms and, in addition, we establish a result for the H2 norm. Second, we compute

error bounds and we provide results to determine the optimal initial state of the reduced-order model

in various cases. Third, we illustrate the results using two new physically motivated examples. In

summary, Sections 3.3, 4.1, 4.2, 4.3, 5.1 and 5.2 are original contributions. Sections 3.2 and 3.4 are

extended versions of the material described in [55].
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Notation. We use standard notation. R≥0 denotes the set of non-negative real numbers; C<0 (C0)

denotes the set of complex numbers with negative (zero) real part. The symbol I denotes the identity

matrix and σ(A) denotes the spectrum of the matrix A ∈ Rn×n. The symbol tr(A) indicates the trace,

i.e. the sum of the elements on the main diagonal of A. The symbol ⊗ indicates the Kronecker product.

The vectorization of a matrix A ∈ Rn×m, denoted by vec(A), is the nm× 1 vector obtained by stacking

the columns of the matrix A one on top of the other, namely vec(A) = [a>1 , a
>
2 , . . . , a

>
m]>, where

ai ∈ Rn denotes the i-th column of A and the superscript > denotes the transpose. The superscript

∗ denotes the conjugate transpose. A matrix is said to be non-derogatory if its characteristic and

minimal polynomial coincide. The symbol εk indicates a vector with the k-th element equal to 1 and

with all the other elements equal to 0. The symbol ι denotes the imaginary unit. Given some finite

set of data points X = {xi ∈ R : i = 1, . . . ,m}, the discrete `p norm of a function f is defined as

||f ||`p = (
∑m
i=0 |f(xi)|p)

1
p , with 1 ≤ p < ∞, and the `∞ norm is defined as ||f ||`∞ = supxi∈X |f(xi)|.

When the set of data points is countably infinite, we denote the norm as the `p norm. The H2 norm of

a complex valued function Φ(s) is defined as ||Φ||H2
=
√

1
2π

∫ π
−π |Φ(eιω)|2dω.

2. Problem formulation

Consider a linear, single-input, single-output, continuous-time, system described by the equations

ẋ = Ax+Bu, y = Cx, (1)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, A ∈ Rn×n, B ∈ Rn×1 and C ∈ R1×n, and assume that (1) is

minimal, i.e. controllable and observable. Consider the signal generator described by the equations

ω̇ = Sω, u = Lω, (2)

with ω(t) ∈ Rν , S ∈ Rν×ν and L ∈ R1×ν . Let S be a non-derogatory matrix such that σ(S)∩ σ(A) = ∅
and let the pair (S,L) be observable.

Definition 1. The moments of system (1) at (S,L) are the elements of the matrix CΠ, where Π is

the unique solution of the Sylvester equation1

AΠ +BL = ΠS. (3)

In addition, we call the eigenvalues of S interpolation points.

In this framework, introduced in [18], a family of reduced-order models is characterized as follows.

1The Sylvester equation is an invariance equation which is related to the problem of output regulation. The relation

between moment matching and output regulation is explored in more detail in [19] and [56].
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Definition 2. Consider system (1) and the signal generator (2). Then the system

ξ̇ = Fξ +Gu, ψ = Hξ, (4)

with ξ(t) ∈ Rν , F ∈ Rν×ν , G ∈ Rν×1 and H ∈ R1×ν , with ν < n, is a reduced-order model of system (1)

at (S,L) if there exists a unique solution P of the equation

FP +GL = PS, (5)

such that

HP = CΠ, (6)

where Π is the unique solution of (3).

If σ(A) ⊂ C<0 and σ(S) ⊂ C0, then the interconnection of system (1) and the signal generator (2)

possesses the output steady-state response yss(t) = CΠω(t). If moreover σ(F ) ⊂ C<0, then the

interconnection of model (4) and the signal generator (2) possesses the output steady-state response

ψss(t) = HPω(t) = CΠω(t). Hence, the moment matching method preserves, by construction, the

steady-state response of the system. However, the transient response of system (1) is not preserved by

the model (4). This is a notable drawback of this approach that limits the use of reduced-order models

by moment matching in control applications. In this paper we investigate the possibility of embedding

some type of information about the transient response of system (1) in (4). Formally, this problem can

be formulated as follows.

Problem 1. Consider system (1) with a fixed initial condition x(0), model (4) and the input u described

by the signal generator (2) with a given matrix S and a given initial condition ω(0). Suppose that A,

B, C and x(0) are unknown, but that we have access to y(t) and ω(t). Determine the initial condition

ξ(0) and the matrices F , G and H such that system (4) is a constrained optimal model of system (1),

i.e. solves the minimization problem

min
F,G,H,ξ(0)

||y − ψ||`, (7)

with ` a discrete norm to be specified, subject to the constraint that equations (5) and (6) have a unique

solution P for the given matrix S.

Since the focus of the paper is on data-driven model reduction based on time-domain measurements

(as presented in [35]), it is natural to formulate the problem in terms of a discrete ` norm. Special

interest is given to the `2 norm, but throughout the paper connections with other `p norms and with

Hp norms are discussed. Note also that the use of discrete ` norms allows formulating and solving the

problem also for unstable systems (this is not possible with Hp norms). We postpone the discussion of

the unstable case to Section 4.3.
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Remark 1. The optimality conditions of the unconstrained H2 problem, i.e. the problem in which

also the interpolation points are parameters of the minimization, are known since the ‘60s and are given

in [20]. The first numerically effective approach for the determination of optimal H2 reduced-order

models, the IRKA algorithm, is given in [16]. The output of the algorithm converges to an optimal H2

model. While stability of the reduced-order model is not a priori guaranteed, it can be achieved with a

“good” initialization step. In [30] a variation of the IRKA algorithm that guarantees stability is given.

Remark 2. The constrained ` optimal model reduction problem offers the possibility of obtaining

the best approximation in terms of a specific ` norm and in addition to preserve, with zero error, a

prescribed steady-state response. The choice of solving the constrained or unconstrained problem

depends, as always in engineering, on the specific application. If the interest of the designer is to have

the best approximation along all the frequencies, then the unconstrained H2 problem should be solved.

On the other hand if the designer knows that the system is driven by a specific class of input signals,

for instance like in the case of power systems [31], wave energy converters [33] or data-driven controller

tuning [34], then the constrained problem should be solved.

Remark 3. One could wonder if the reduced-order model solving the unconstrained H2 problem is

also a solution of our problem. Assume that the prescribed matrix S is such that σ(S) ⊂ C0. This

assumption makes sense because the aim of the paper is to construct a reduced-order model from

input/output data and, thus, it is expected that the input of the unknown system is periodic. A

necessary optimality condition for the unconstrained H2 problem is that σ(F ) = σ(−S∗). This makes

the H2 norm of the reduced-order model not well-defined because the model would not be stable. Hence,

the optimal solution of the unconstrained H2 problem cannot be an optimal model of the resulting

constrained ` problem.

3. A reduced-order model preserving the transient response

In this section we provide a constructive solution to the constrained ` optimal model reduction

problem. To this end, we first recall an algorithm published in [35] for the estimation of the moments.

The second step is to extract information regarding the transient response from data. Then, before

solving the problem, we show that different error norms can be considered in the optimisation problem.

Finally, we gather all these steps and provide a solution to Problem 1.

Notice that if Π is the unique solution of the Sylvester equation (3), which is the case if A and S do

not have common eigenvalues, then the output of the interconnection of system (1) with (2) can be

written, see [18], as

y(t) = CΠω(t) + CeAt(x(0)−Πω(0)). (8)
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If the system is asymptotically stable and σ(S) ⊂ C0, then yss(t) = CΠω(t) is the steady-state response

of (1), whereas ytr(t) = CeAt(x(0) − Πω(0)) is the transient response of (1). For the time being we

assume that the system is asymptotically stable and that σ(S) ⊂ C0, and we postpone the discussion of

the unstable case to Section 4.3. Moreover, consistently with the formulation of Problem 1 we assume

that A, B, C and x(0) are not known, but that we have access to the input and the output of the

system.

3.1. Estimation of the moments (see [35])

Consider a sequence of sampling times {tk} and the sequences of sampled output {y(tk)} at {tk} and

of sampled states {ω(tk)} at {tk}. In [35], an algorithm has been devised to determine an approximation

C̃Πk of CΠ at the sampling time tk using {y(tk)} and {ω(tk)} with an arbitrary small error, i.e. given

a small strictly positive number η we can iterate the algorithm until the inequality(
C̃Πk − C̃Πk−1

)(
C̃Πk − C̃Πk−1

)>
≤ η

tk − tk−1
, (9)

holds. When the approximated C̃Πk satisfies (9), we indicate such C̃Πk, with abuse of notation, as

C̃Πη and we call the elements of C̃Πη the estimated moments of system (1) at (S,L).

3.2. Estimation of the “transient response”

Consider the sequences {y(ti)} and {ω(ti)} that have been used to obtain the estimated moments

C̃Πη. From these sequences, we can construct another sequence {ỹtr(ti)} given by

ỹtr(ti) = y(ti)− C̃Πηω(ti), (10)

that, by comparison with equation (8), represents an approximation of the term CeAt(x(0)−Πω(0)),

which is the transient output response of system (1). Note that if the sequence {ỹtr(ti)} is identically

equal to zero, then x(0) = Πω(0). If this is the case we select a new random initial condition ω(0),

generate new {ω(tk)} and {y(tk)}, and determine a new sequence {ỹtr(ti)}. We reiterate this procedure

until we obtain a non-identically zero sequence {ỹtr(ti)}. Let χ(t) = x(t) − Πω(t) and consider the

system

χ̇ = Aχ zf = Cχ. (11)

The transient output response ytr(t) of system (1) coincides to the free output response zf (t) of

system (11). Thus, the estimated sequence {ỹtr(ti)} is equal to the “estimated” sequence {z̃f (ti)}.
We now briefly recall the prediction-error identification problem as presented in [57]. Consider the

sequence {z̃f (ti)} (note that the input is identically zero since this is a free response) and the problem

of determining the parameters

θ̃ = [F̃ , H̃, χ̃(0)],

where F̃ ∈ Rñ×ñ, H̃ ∈ R1×ñ and χ̃(0) ∈ Rñ, with ñ ≤ n, are approximations of the matrices A, C and of

the initial state χ(0), respectively, of system (11). Define the prediction-error as e(t, θ̃) = z̃f (t)− ẑf (t, θ̃),
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where ẑf (t, θ̃) is the predicted z̃f (t) using the estimated parameters θ̃. The prediction-error identification

problem consists in determining

θ̃ = arg min
θ

1

N + 1
JNl (θ), (12)

with

JNl (θ) =

tN∑
t=t0=0

l(z̃f (t)− ẑf (t, θ)), (13)

where l : R→ R≥0 and tN > 0. Many different algorithms to solve this problem have been presented

(see [57] for an overview) and some of them are readily available in several programming languages. For

instance the command “ssest” of MATLABTM (extensively described in [58]) solves the problem (12)

for a squared or linear error norm, i.e.

JN`2 (θ) =

√√√√ tN∑
t=t0=0

|e(t, θ)|2 = ||e||`2 , (14)

and

JN`1 (θ) =

tN∑
t=t0=0

|e(t, θ)| = ||e||`1 . (15)

In the following, we assume that we have solved the prediction-error identification problem (with respect

to some norm) and that we have determined F̃ , H̃ and χ̃(0).

Remark 4. The command ssest computes the Hankel singular values from {z̃f (ti)} and provides an

estimate of the order ñ of the identified system. If it is possible to generate new data, this information

can be used to redesign the signal generator and change the order of the reduced-order model matching

the order ñ. If this is not possible, the information on the singular values is ignored and the order

ñ = ν is selected.

3.3. Selection of the error norm

Depending on the selection of the function l in (13) we can identify optimal F̃ , H̃ and χ̃(0) with

respect to different norms.

One of the most common and widely used norms is the Euclidean norm given in (14), i.e. the `2

norm. This norm is differentiable and if the approximating function is linear, as in the case under

consideration, then the problem becomes a linear least-squares problem. Moreover, since the norm is

strictly convex, there exists a global minimum.

Another norm of interest is the `∞ norm. In this case the maximal absolute error is minimized.

The resulting problem is not strictly convex, so the optimal solution is not unique, but it can be easily

solved rewriting the minimization problem as a linear programming problem (with the definition of an

auxiliary variable).

Another common choice is the `1 norm, namely (15). The characteristic of this norm is that the

minimization does not consider points of zero measure, i.e. single outliers points. Also this problem is
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not strictly convex, so the optimal solution is not unique, but it can be solved recasting it as a linear

programming problem (with the definition of N auxiliary variables).

Since the problem we are considering is the identification of a linear system (without input), other

more general costs can be considered with a reformulation of the minimization problem. For instance,

a maximum likelihood method can be considered instead of a prediction-error algorithm. In this case

the cost of the minimization problem would be

JNlog(θ) =

tN∑
t=t0=0

− log fe(e(t, θ))

where fe is the probability density function of e [57].

More interesting is to link the `p minimization problem with the Hp minimization problem. To this

end, we restrict our analysis to the H2 norm. The reason for this last restriction is clarified below. We

assume that the signal e is defined for all t ∈ R≥0 (and recall that the system is asymptotically stable).

Thus, there exist sampling times tj , with limj→∞ tj = ∞, such that the norm of square-summable

sequences, i.e. the `2 norm, is defined for the signal e.

Theorem 1. The H2 optimal F̃ , H̃ and χ̃(0) can be determined solving (12) with the cost function

JN` replaced by

JH2
(θ) = 1

2

∑n
k=1

[
limj→∞

∑tj
t=t0=0 |e(t, θ)|2 : e(0, θ) = εk

]
= 1

2

∑n
k=1

[
||e||2`2 : e(0, θ) = εk

]
.

(16)

Proof. The proof is based on the observation that the Laplace transform of the free output response can

be interpreted as the transfer function of a multi-input system with n inputs equal to the components

of the initial condition. Then the result follows from the multi-input multi-output signal interpretation

of the continuous-time H2 norm given in [59, Chapter 2]. In fact, consider the `2 norm of e(t, θ), i.e.

||e||`2 =

√√√√ ∞∑
t=t0=0

|e(t, θ)|2,

and the discrete L2 norm for the Laplace transform E(s) of the signal e(t, θ) on the unity circle, i.e.

||E||L2
=

√
1

2π

∫ π

−π
|E(eιω)|2dω.

By Parseval’s theorem, the time-domain and frequency-domain norms are equal, namely

||e||`2 = ||E||L2 . (17)

Let Φ(s) be such that E(s) = Φ(s)e(0, θ) and consider
∑n
k=1 ||Φ(eιω)εk||2L2

, i.e. the sum of n terms
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||E||2L2
when the initial condition e(0, θ) is selected as εk, with k = 1, . . . , n, namely∑n

k=1

[
||E||2L2

: e(0, θ) = εk] =
∑n
k=1 ||Φ(eιω)εk||2L2

=
∑n
k=1

1
2π

∫ π
−π(Φ(eιω)εk)(Φ(eιω)εk)>dω

=
∑n
k=1

1
2π

∫ π
−π tr[Φ(eιω)εkε

>
k Φ(eιω)>]dω

= 1
2π

∫ π
−π tr[Φ(eιω)

∑n
k=1

(
εkε
>
k

)
Φ(eιω)>]dω

= 1
2π

∫ π
−π Φ(eιω)Φ(eιω)>dω

= ||Φ||2H2
.

By (17) we have

1
2

∑n
k=1

[
||e||2`2 : e(0, θ) = εk

]
= 1

2 ||Φ||
2
H2
, (18)

which proves the claim. �

The meaning of this result is that if instead of minimizing the error between the output response of

system (11) and the predictor for an arbitrary initial condition, we minimize the sum of n of these

errors with initial conditions selected in each term of the sum as a different vector of the natural basis,

then the solution is (for t→∞) optimal with respect to the discrete H2 norm. Note that the cost (18)

is quadratic and thus we can apply a gradient algorithm to determine the global optimal solution.

Similar relations with Hp norms for p 6= 2 cannot be trivially inferred. In fact, our derivation is

based on Parseval’s theorem and on the properties of the trace operator that hold only in the quadratic

case.

3.4. Constrained optimal reduced-order model

Now that estimates of the steady-state response and of the transient response are available, we want

to determine a reduced-order model by moment matching that possesses the estimated characteristics.

Proposition 1. Suppose that the pair (F̃ , H̃) obtained solving the prediction-error minimization prob-

lem (12) is observable, σ(F̃ ) ⊂ C<0 and σ(F̃ ) ∩ σ(S) = ∅. Then there exist unique matrices G̃ and P̃

solving the equations

F̃ P̃ − P̃S = −G̃L, H̃P̃ = C̃Πη. (19)

In addition, the system described by the equations

ξ̇ = F̃ ξ + G̃u, ψ = H̃ξ, (20)

is a model of system (1) at S.

Proof. Using the vectorization operator and the properties of the Kronecker product, equations (19)

can be rewritten as  I ⊗ F̃ − S> ⊗ I L> ⊗ I

I ⊗ H̃ 0

 vec(P̃ )

vec(G̃)

=

 0

vec(C̃Πη)

.
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By observability of the pairs (S,L) and (F̃ , H̃) and the fact that σ(F̃ ) ∩ σ(S) = ∅, the solution vec(P̃ )

vec(G̃)

=

 I ⊗ F̃ − S> ⊗ I L> ⊗ I

I ⊗ H̃ 0

−1 0

vec(C̃Πη)

 (21)

is unique. The claim that the resulting system is a model of (1) at S follows from the fact that this

system belongs to the family of models (4) given in Definition 2 (if we allow the relaxation CΠ = C̃Πη).

�

Remark 5. Proposition 1 provides the unique reduced-order model which satisfies equations (19) for

fixed matrices F̃ , H̃, S, L and C̃Πη. In particular, the proof of Proposition 1 gives a constructive

method to determine the only two available variables, i.e. G̃ and P̃ .

Corollary 1. The model (20) belongs to the family of models given in [18], i.e.

˙̂
ξ = (S − ĜL)ξ̂ + Ĝu, ψ = C̃Πη ξ̂, (22)

Proof. Consider the change of coordinates ξ̂ = P̃−1ξ. By multiplying on the left-hand side the first

equation in (19) by P̃−1 yields P̃−1F̃ P̃ = S − P̃−1G̃L. The system in the new coordinates is described

by the matrices P̃−1F̃ P̃ = S − ĜL, P̃−1G̃ = Ĝ and H̃P̃ = C̃Πη. �

Corollary 2. System (20), with G̃ selected as in (21), is a constrained ` optimal reduced-order model

which interpolates the moments of system (1) at S.

Proof. The state space model (20) has ν2 + 2ν parameters (the matrices F̃ , G̃ and H̃). ν parameters

(the matrix G̃) are used to satisfy the ν constraints which guarantee that the model matches the

moments of system (1) at the prescribed interpolation points. All the remaining parameters, namely

the matrices F̃ and H̃, are obtained with a prediction-error identification algorithm that, as shown

in [57], solves the optimization problem (12). Finally, note that as a consequence of Corollary 1, the

fact that G̃ is satisfying the moment matching condition instead of F̃ or H̃ or a combination thereof is

without loss of generality. �

Remark 6. Proposition 1 includes assumptions about the matrices F̃ and H̃. Since these matrices

are the result of a constrained optimization procedure, one may wonder if these assumptions hold. In

general, in fact, if the estimation procedure does not fail, then the function ssest generates (or can

be forced to generate) matrices satisfying the assumptions about the observability of the pair (F̃ , H̃)

and the eigenvalues of F̃ . In particular, the function ssest has an option which can be used to enforce

stability (this is needed only when the transient is diverging but we still need to obtain a stable model,

for some reason). In this last case the option guarantees that the estimated model described by (F̃ , H̃)

is stable, although the obtained model may be sub-optimal. The third condition follows from the

marginal stability of the signal generator. More details on these identification issues can be found in

[57, 58].
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4. Error bounds and selection of ξ(0)

In this section we focus on the determination of an “optimal” initial condition ξ(0) of the reduced-

order model. First of all note that the selection of the initial condition is included in the minimization

of (12). In fact, also the function ssest of MATLABTM returns the optimal initial condition. However,

once an optimal model has been obtained, we may want to test it thoroughly, i.e. we use the same

matrices F̃ and H̃ comparing the responses of the system and of the reduced order model for different

initial conditions. In this case, we update from input/output data the optimal initial condition of the

reduced order model without the need of repeating the identification procedure for F̃ and H̃. In the

following we consider two cases (u = Lω and u 6= Lω) and we provide bounds on the approximation

error.

4.1. The input of the system is u = Lω

In this case, considering the approximation introduced by using the estimated moments C̃Πη with

the `2 optimal reduced-order model (20), it is easy to show that

||y(t)− ψ(t)||`2 ≤ ε̃η+

+
∣∣∣∣∣∣CeAt(x(0)−Πω(0))− H̃eF̃ t(ξ(0)− P̃ω(0))

∣∣∣∣∣∣
`2
,

(23)

where

ε̃η =
(
CΠ− C̃Πη

)(
CΠ− C̃Πη

)>
||ω(t)||`∞ .

Remark 7. ε̃η can be made arbitrarily small decreasing the threshold η in (9), see [35] for more detail.

Thus, we can minimize the error between the two output responses selecting ξ(0) as the minimizer

ξ̃ of the function

VLω(ξ(0)) =
∣∣∣∣∣∣CeAt(x(0)−Πω(0))−

−H̃eF̃ t(ξ(0)− P̃ω(0))
∣∣∣∣∣∣
`2
,

(24)

i.e.

ξ̃ = arg minξ(0) VLω(ξ(0)). (25)

Theorem 2. Define the time-snapshots Ỹp ∈ Rp×1 and Σ̃p ∈ Rp×ν as

Ỹp=

[
y(0)− C̃Πηω(0) · · · y(tp)− C̃Πηω(tp)

]>
,

and

Σp =
[
H̃ H̃eF̃ t1 · · · H̃eF̃ tp

]>
.
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If the matrix Σp is full-rank, then

ξ̃p = z̃f,p(0) + P̃ω(0), (26)

with

z̃f,p(0) =
(
Σ>p Σp

)−1
Σ>p Ỹp, (27)

is an asymptotically converging approximation of the optimal initial condition ξ̃, i.e.

ξ̃ = lim
p→∞

ξ̃p. (28)

Proof. Note that VLω(ξ̃) = JN`2 (θ̃). Thus, recalling that z̃f (t) = y(t)− C̃Πηω(t), to compute ξ̃p we first

determine an approximation z̃f,p(0) of z̃f (0) from

y(t)− C̃Πηω(t) = z̃f (t) = H̃eF̃ tz̃f (0),

which yields (27). Equation (26) follows by comparison with equation (8) written for the reduced-order

model, i.e. ξ(t) = P̃ω(t)+ξtr(t) = P̃ω(t)+ z̃f (t). Note that assuming that the pair (F̃ , H̃) is observable

(see Proposition 1) implies that the matrix Σp is full rank for p = ν. The resulting ξ̃ν is such that

y(0) − ψ(0) = 0. However, this does not minimize (24). To this end we should select p as large as

possible to obtain the least-squares estimation of ξ̃, yielding (28). �

Corollary 3. Consider system (1), model (20), the signal generator (2) and the optimal initial condition

ξ̃ computed as the solution of (25). Then

||y(t)− ψ(t)||`2 ≤ JN`2 (θ̃) + ε̃η. (29)

Proof. The claim follows directly from equation (24) and the inequality (23). �

Remark 8. If the moments CΠ are known, then ε̃η = 0. Hence, the norm of the error between the

output responses of the two systems is, as expected, the optimal cost of the prediction-error problem.

4.2. The input of the system is u 6= Lω

Assuming that we have obtained a constrained optimal reduced-order model as described in

Section 3.4, we want now to determine the optimal initial state of the reduced-order model when the

input is not an interpolating signal. The objective is once again the minimization of

||y(t)− ψ(t)||`2 .

However, in this case ψ is the output of (20) determined in Section 3.4, i.e. F̃ , G̃ and H̃ are fixed and

we have to determine only the optimal initial condition ξ̃. Note that equation (8) does not hold and we

have

||y(t)− ψ(t)||`2 ≤

≤
∣∣∣∣∣∣y(t)− H̃eF̃ tξ(0)− H̃

∫ t
0
eF̃ (t−τ)G̃u(τ)dτ

∣∣∣∣∣∣
`2
.
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However, the problem can be easily solved at this point and the optimal initial condition can be

computed as

ξ̃ = lim
p→∞

(
Σ>p Σp

)−1
Σ>p Ỹp, (30)

redefining the matrix Ỹp ∈ Rp×1 as

Ỹp=

[
y(0) · · · y(tp)− H̃

∫ tp
0
eF̃ (tp−τ)G̃u(τ)dτ

]>
.

Hence, we have constructively solved Problem 1, i.e. we have computed the unique, up to a change

of coordinates, reduced-order model which possesses the estimated transient and, simultaneously,

achieves moment matching at the prescribed interpolation points. Moreover, we have determined the

optimal initial condition to minimize the error between the output of the system and the output of the

reduced-order model.

Remark 9. The relation (30) holds in general and can be used also when u = Lω. In fact, it is easy

to show that (30) gives the same result as (28) for u = Lω.

Remark 10. In practice p cannot be infinity, so it is fixed “large enough”. The complexity of the

routine computing the optimal initial condition depends upon the magnitude of p. Consequently, one

can trade off accuracy (high p) and computational speed (low p).

4.3. Procedural overview and unstable systems

We can now summarize the results of the paper in a procedure to determine reduced-order models

achieving moment matching at prescribed interpolating signals that are also optimal with respect to a

selected norm. The method can be applied to input/output measurements or to data generated from

simulations. The procedure is summarized in the following steps.

1: Compute the estimated moments C̃Πη [35, Algorithm 1].

2: Compute the sequence {ỹtr(ti)} from equation (10).

3: Compute the minimizer of (12) using a prediction-error algorithm.

4: Compute G̃ from equation (21).

5: Compute the optimal initial condition ξ̃ from equation (30).

If the system is asymptotically stable and the input is bounded, the procedure that we have outlined is

completely data-driven and no knowledge of the matrices of the system is required. From a computational

point of view, since the matrices of the original system are never used, the complexity of the proposed

method depends only on the dimension ν of the reduced order model (with ν << n). The most critical

operation, from the point of view of obtaining a good reduced order model, is therefore the solution of

the prediction error problem using system identification tools.
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At last, we consider the case in which the system is not asymptotically stable. In this case we

cannot distinguish between a steady-state and a transient response, however, the output response still

satisfies equation (8). Thus, we may proceed in two ways.

1. We assume that the matrices A, B and C are known and, thus, that we can compute the

moments CΠ solving the Sylvester equation (3). The rest of the procedure, i.e. the use of the

prediction-error algorithm and the determination of the reduced-order model, can be applied

to this case without modification (and without requiring A, B and C). In fact, note that the

sampled sequence used in the prediction algorithm is truncated and, as a consequence, the discrete

`2 norm is well-defined.

2. We determine a stabilizing control law using, for instance, the results in [60, 61]. In fact, in [60] it

is shown that it is always possible to find a data-driven stabilizing state feedback control law for

controllable linear systems, whereas in [61] it is shown that the data-driven stabilizing control can

be obtained also with output-feedback (for a large class of linear systems). Then, after applying

this stabilizing feedback, we can use the results of the paper for the asymptotically stable case.

Finally, to obtain a reduced-order model of the original open-loop system we can exploit the

open-loop model reduction technique given in [62]. Note that in this case, the procedure is entirely

data-driven even for the unstable case.

5. Simulations

In this section we illustrate the results of the paper by means of two examples. In the first example we

reduce a model describing a building with 8 floors. This first example entails a relatively low dimensional

system to be reduced which, however, has a frequency response with several peaks and consequently

is of difficult reduction. In the second example we reduce the Eady model, an atmospheric storm

track model. This second example has large dimensionality and it is characterized by dense matrices.

Both systems are benchmark models described in [63]. The system matrices can be downloaded from

[64]. In both cases the matrices are used only to generate a single time-domain sequence {y(ti)} (for a

randomly generated initial condition). This time-domain sequence is then used for the computation of

the reduced order models using the procedure outlined in Section 4.3. No operation has been performed

on the matrices of the two systems to be reduced.

5.1. Los Angeles University Hospital building model (n = 48)

Mechanical models can be described by the second-order differential system

Mq̈ + Cdq̇ +Kq = Bdu
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Figure 1: Bode plot of the building model (solid/blue line) and of the optimal reduced-order model (dotted/red line).
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Figure 2: Bode plot of the error system. The top graph is in decibel whereas the bottom graph is in degrees.
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Figure 3: Case u = Lω. Time histories of the output response of the building model (solid/blue line) and of the output

response of the reduced-order model (dotted/red line). The bottom graph shows the absolute error.

where q ∈ Rκ, M ∈ Rκ×κ, Cd ∈ Rκ×κ and Bd ∈ Rκ×1, with M positive definite. This system can be

written in the form (1) with

A =

 0 I

−M−1K −M−1Cd

 , B =

 0

−M−1Bd

 ,
and C taken according to the application. In particular, we consider the model of a building (Los

Angeles University Hospital) with 8 floors, each having three degrees of freedom, i.e. displacements in

x− and y−directions, and rotation [65, 63]. The resulting system (1) has a state of dimension n = 48.

The output of the system is the 25-th component of the state which corresponds to displacement in

the x−direction of the first floor. Note that this model has been reduced with various methods in [17],

obtaining a reduced-order model of order ν = 31. In this paper we reduce the system with a model

of order ν = 19, interpolating at the points 0, ±5.22ι, ±10.3ι, ±13.5ι, ±22.2ι, ±24.5ι, ±36ι, ±42.4ι,

±55.9ι and ±70ι (corresponding to the main frequency peaks). Using the MATLAB R2014a function

ssest to implement the prediction-error algorithm, we determine a constrained optimal reduced-order

model as defined in (20). Fig. 1 shows the Bode plot of the system in solid/blue line and of the

optimal reduced-order model in dotted/red line. The vertical dashed lines indicate the interpolation

points. Fig. 2 shows the Bode plot of the error system. We note that the main frequency peaks are

approximated with negligible error and that the approximation is uniformly good2. However, some

2The two Bode plots in Fig. 2 should be overlapped for low frequencies because 0 is an eigenvalue of S. The mismatch

noticeable a low frequencies is a numerical artifact: by direct computation, the moment at 0 of the system is 0, whereas
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Figure 4: Bode plot of the Eady model (solid/blue line) and of the optimal reduced-order model (dotted/red line).

minor frequency peaks are not maintained in the reduced-order model. This fact suggests that a

reduced-order model with higher order could be used to improve the approximation of the minor peaks.

Fig. 3, top graph, shows the output response of system (1) in solid/blue line for a randomly generated

initial state x(0) and the output response of the reduced-order model in dotted/red line for an initial

state ξ(0) computed as described in Section 4.1 (the input satisfies u = Lω). The bottom graph shows

the corresponding absolute error. We note that the qualitative behavior of the reduced-order model can

be considered satisfactory and that the lack of the minor peaks in the Bode plot of the reduced-order

model does not impair significantly the time-domain behavior.

5.2. Atmospheric storm track model (n = 598)

In the second example we consider the idealized model of the mid-latitude storm track, the so-called

Eady model. The model is discussed in [66, 67] and the numerical values of the parameters used in the

paper are taken from [63, 64]. The model consists of a Boussinesq atmosphere with constant stratification

and constant shear in thermal wind balance on a channel with periodic boundary conditions in the zonal

x−direction, 0 < x < 12π; solid walls located at two latitudes y = ±π2 in the meridional y−direction

and a solid lid at height z = 1, simulating the tropopause (ground at z = 0). The mean velocity is

varying only with height and it is equal to z. Zonal and meridional lengths are non-dimensionalized by

L = 1000 km, vertical scales by H = 10 km, velocity by U0 = 30m/s and time by T = L
U0

, so that a

time unit is about 9h. The channel has a linear damping at the entry and exit region to model the

the moment at 0 of the reduced order model is -1.47e-17. In semilogarithmic scale this results in a visible mismatch.
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lack of coherence of the cyclone waves around the atmosphere of Earth. The perturbation equations for

single harmonic perturbations in the meridional y-direction of the form φ(x, z, t)eιly are

∂φ

∂t
= ∇−2

[
−z∇2Dφ− r(x)∇2φ

]
,

where ∇2 is the Laplacian ∂2

∂x2 + ∂2

∂z2 −l
2, D = ∂

∂x and l is the meridional wave number. The linear damp-

ing rate r(x) is taken, consistently with [67], to be r(x) = h
(
2− tanh

[(
x− π

4

)
/δ
]

+ tanh
[(
x− 7π

2

)
/δ
])

,

with h = 2.5 and δ = 1.5. The boundary conditions express the conservation of potential temperature

along the solid surfaces at the ground and at the tropopause and are obtained evaluating the equation

∂2φ
∂t∂z = −zD ∂φ

∂z +Dφ− r(x)∂φ∂z ,

at z = 0 and z = 1. The dynamical system in the generalized velocity variable ψ = (−∇2)
1
2φ is

governed by the operator A = (−∇2)
1
2∇−2(−z∇2D − r(x)∇2)(−∇2)−

1
2 yielding

dψ

dt
= Aψ.

The dynamical operator is approximated spectrally in the zonal direction and with finite differences in

the vertical direction yielding a linear system (1) of order n = 598 [64]. In [67], this model (however,

with a discretization of order n = 400 instead of n = 598) has been reduced using balanced truncation

to order ν = 60. In this paper we reduce the system with a model of order ν = 17, interpolating at

the points 0, ±0.7ι, ±0.721ι, ±0.8ι, ±0.9ι, ±1.2ι, ±1.3ι, ±2ι and ±7ι (to interpolate the steady-state

for constant inputs, on the central features of the Bode plot and at a few high frequency points.) .
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Fig. 4 shows the Bode plot of the system in solid/blue line and of the optimal reduced-order model

in dotted/red line. The vertical dashed lines indicate the interpolation points. We note that the

approximation is good in the range of frequencies under examination but that, at high frequencies, the

two responses start to diverge. Thus, we check the qualitative behavior of the reduced-order model

when the input is not Lω. To this end, we select the input as

u =
∑ρ
i=1 wi cos(fit), (31)

where f1 = 3, f2 = 15, f3 = 23, f4 = 37, f5 = 0.1, f6 = 50, f7 = 0.001 and the weights wi are randomly

generated (in this simulation w1 = 0.0406, w2 = 0.0877, w3 = 0.0177, w4 = 0.0950, w5 = 0.0676,

w6 = 0.0510 and w7 = 0.0724). Note that the input (31) has sinusoidal terms which are not part of

the interpolated signals. Fig. 5 top graph, shows the output response of system (1) in solid/blue line

and the output response of the reduced-order model in dotted/red line when the input to the two

systems is selected as in (31). The initial condition of the reduced-order model has been computed

from equation (30). The bottom graph shows the corresponding absolute error. We see that the error

amplitude is small compared to the amplitude of the signal. However, the error does not decay to zero

(since the steady-state of the two systems is different).

6. Conclusion

In this paper we have solved the problem of constrained optimal model reduction by moment

matching. Using a data-driven approach we have determined the unique reduced-order model which

possesses the estimated transient and, simultaneously, achieves moment matching at the prescribed

interpolation signals. The discrepancy between the output of the system and the output of the reduced-

order model has been characterized and a method to compute the optimal initial condition of the

reduced-order model has been given. We have also discussed connections with some special `p norm

and with the H2 norm. The results of the paper have been illustrated by means of the reduction of two

benchmark models based on physical systems.

Further research will focus on the extension of the technique to nonlinear systems and to measure-

ments affected by noise.
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