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Introduction:-
There are several papers devoted to this topic by Mishra and Giorgio [11], Clarke [1] and Craven [2]. In the recent
past, KUK et al. [4] have introduced the concept of ( V, P )— Convexity, which is generalization of the V-convexity

for vector valued functions and derived the generalized Karush — Kuhm — Tucker optimality conditions as well as
weak and strong duality for non smooth multi objective fractional programs. Later, Kim et al. [3] extended their
resulty in presence of support functions. Very recently, Kim et al [3] have introduced the assumption of (V,p) —
convexity for (F.P) the following generalized non differentiable fractional programming problem (GFP);

f.(x)+s(x/C) ,. p}

Minimize ~ max { /li=1
g,(x)—s(x/D,)

Subjectto h;(X) <0, j=1,....m
Where T :=(f,....... f): R" >R’ g: =(9y,---0,) R" ->R" and
h:=(h,....h,) : R" —>R™ are continuously differentiable and for each I =1, .... P, C; and D, are compact
convex sets of R"

In this paper, we introduce (V, P, o) - convex function to derive the Kurush — Kuhn — Tucker Sufficient optimality

and Mond — weir type weak and strong duality theorems for a generalized non differentiable minimax multi
objective fractional optimization problem (GEP), in which numerator and denominator of each term consists of
support function, and a constraint set defined by differentiable functions.

Preliminaries and definitions:-
In this paper, we consider the following non differentiable multi objective fractional programming problem.
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(GFP) Minimize max { () +s(x/Cy) /i :1,....p}
i (x)—s(x/D))
Subjectto: h;(x)< 0, j=1....m
Where f :=(f,....... f,):R"—>R" g:=(g,,....9,) : R" >RP and
h:=(h,.....h,) : R"—>R"™ are continuously differentiable.
We assume that g;(X) —S(X/D;)>0,1=1,....p. Foreachi=1,....p, C; and D, are compact convex sets of R"
and define the support functions with respect to C; and D, as follows.
s(x/C) =max {<x_ y; >/y, eC}
And s(x/C;) =max {<x_ Y, >/y, €C}
Further denote | (X)z{ j/hj(x) = 0} forany x e R".
Let k (X) = S(X/C,) and RX) = s(x/D,) ,i-1.......P.
Hence K;(X) and I?,/‘(X) are convex functions.
Choose W, € dk; (x) and Woe dI?i/‘(x) such that
dk;(x) ={w eC;/ <w;,x>=5s(x/C;)}
And  dREx) ={ReeC,/<Rgx>=s(x/D,)}

9
Where dk; and dk4 are the sub differential of K. and K/ respectively. Further

Definition:-
A vector valued function f :R" — RP is said to be convex at u € R" if forany x € R" and foralli =1, ....P
one has

f00 — )2V fu) (x-u)'

Definition:-
A vector valued function f :R" — RPis said to be (V,P)- Convex at ueR" with respect to the function
a; . R"xR" > RJr /{0} and p, € R, i=1,...p, such that for any X € R" and for all i =1,...p it holds.
2
o (x,u) [ f () -1 (U)]Z Vi (u)(x—u) +p, ”Q (x, u)”
The following Theorem from [ ] will be needed in the sequel.

Theorem:-

Assume that f and g are vector valued differentiable functions defined on R"and

f(X)+<w,x>2>0, g(X)—<Wpx>>0 forall xeR". If f()+<w,> and —g(.)+<Wpo.> are
fl)+<w .>

(V,P) — Convex at U e R" with respect to the function € and ¢, i=1,...P, then —————— is (V,pP)
g(.)+ < Wo.>

convex at U € R" with respect to the function 5, and @;,i=1,....P where
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& (xu) = BOIE<WRXE
g;(u)+<wWau>

L jzei(x,u)

g;(U)+<Wau>

And @ (x,u)= (

fi(X)+<w, x> fi(u)+<vvi,u>}

That is for all i &, (X, U)
g,(X)—-<Wax> g,(u)-<wgu>

2V|: fi(u)+ < Wi’u>:|(X—U)t +p Hé(X’“)HZ

g, (u)-<Whu>
Definition:-
Let i)+ <w, x> = 6 (X), i=l,....P
g, ()— < W x>

<W,x> = s(x/C), <Wax> = s(x/D)
The pair (4,h;) iscalled (V,p;,0;) -convexat ueR",
If there exist ¢ : R"xR" — R, /{0}
g, (X)+ < Wh x>

&‘(X’u):gi(x)—<\%x> o, (x,u) >0
0. (x,u)= ! ia(xu)
R O S e

B :R"xR" >R, /{0}, p eRi=1..P, 0, eR,j=1.m
such that 6,(X) —6,(U) 2 & (x, u)V () (x—u) + 5, |8 (x, u)[| and
—h, (U) 2 B;(x,u)Vh, () (x—)' +o; |G (x,u)[

Optimality Conditions:-
The following Kurn —Tucker necessary optimality conditions for (GFP) from [

Theorem :
(Kuhn — Tucker necessary optimality condition) if X, is a solution of the prob

that one has 0 ¢ C, {th(xo)/ ] :1,....m} then there exist 4, 20.
fi(%)+8(%/C;)  f,(x,)+5(%/C,

] will be needed in the sequel.

lem (GFP) and under the assumption

iel(xo)::{i/max.

p
Z?\.i =l,p.j Zo,jzl,....mand W, ECi,WOE Di,i =l,...p,
i=1

Such that

g%iv[fi (X0 )+ < Wj, X, >J+iuj0hi (x,)=

gi(Xo)_(\%’Xo) =

: gi(xo)_S(XO/Dj) - gi(xo)_S(XO/Di

i

0
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<W;, X, >=S(X,/¢;),< WX, >=5(X,/D;)
leujhj(x
=
Theorem: 3.2:

(KUHN-TUCKER type sufficient condition), support that there exist a feasible solution x, for (GFP) and scalars

p
A>0i=1...p, > A =Lp;20,j=1...m and W; eC;,\Woe D;i =1,....p such that

i=1
i) Zp:klv[
i=1

f. (X, )+ <W;, X, >] m
<W,;, X

0, (x,)— < Wh,x, > +;“1th(xo):
>=5(X,/¢;),<Wp,x, >=5(x,/D;)

0

2 hh;(x
=
i) (6,h)is (V,p,0;) -convexat X,.

Then X, is an efficient solution for (GFP)
Proof: Hypothesis (i) implies that

0= va[ ‘(X ) <Wi X, >)+iuthj(xo) 3.1)

)—<Wo,x,>) T

Since (d)i,h ) is (V p;, O ) convex at X,, we have forall X €S
fi(X)+ew X i (X,)+ <w;, X, >
g;(X)—<Wox > g;(X,)— < W, X, >

25, (X, X,)V [ (XO))+<W"X >j(x—xo)t+pi‘§i(x’xo)z

(X,)— < Wo,x, >

and
0=—h,(X,) = B;(x X, ) Vh;(x,)(x=X,) +6, HOJ (xx,) 2

By using Q; (X‘XO) >0,i=1,...p and Bj(X,XO) >0,j=1...m we get
1 fi(X)+<w,x>) 1 f. (X, )+ <w;,x, >
di(Xlxo) gi(X)_<\%’X> ai(xlxo) gi(Xo)<\%’Xo >

— 2
ZVLfi(xo)+<wi,xo >j (X_Xo)t+&w (3.2)

9, (X,)— < W, %, > &, (X X,)
o Hej(x’xo)[
Bi(X %)

And0 = Vh; (X,) (X—X,)" + (3.3)

Adding (3.2) and (3.3), we get
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Zp: A, f(X)+<w,, x> _ZF’: Ao [ F(Xo)+<wy, %o >
i=1 at'()(1)(0) g'(X)_<\W91X > i=1 (_Xi(xlxo) gi(XO)_<\%’XO >
\%

I {Zw[ Ut < Wi X, )zu h,-(xoﬂ(x—xo)t

=} 0i (Xo)— < W, X >

2

b b Hei (Xlxo)H - O Hej(X,XO)
+> A+ -
2 ) T B 00k
Using (3.1), we have

i A\ Lfi(x)+<wi,x>J_p A (fi(x0)+<wi,xo>j

i=1 &i(X Xo) ( )_< \% X> i=1 (_Xi(XlXO) gi(XO)_<\%’X0 >
Pi He (X, XO)H G; Hej(X’XO)HZ
AR (xx0) Z (o)
S CICE 10,0300
As gkiw > ijm—ZOweget

L s e sl b e

i 04(X %) i=1 (X Xo) L G; (Xo)— < W, X, >

Thus we have

Zp: A, f(X)+<w;,x> N Z”: A, f, (%, )+<w;, %, >
= a;(X,%)  g;(x)-<Wo,x> T 0 (XX,)  9;(Xe)— < W, X, >

Suppose that X, is not an efficient solution for (GEP), then there exist a feasible solution x for (GFP) and

anindex I suchthat 6;(X) <0,(X,) forany i # I and @, where
£ (X)+<w;, x>

0.(x) =
(0= g; (X)— < W, x >
Since A, >0 and @, (X xo) >0,i=1,....P, we have

i ®,() Z )cb(xo)

It follows that one has

2 A, f(X)+<w;, x> o [(fi(X)+<wy, Xy >
Z a; (X, %) (gi (%)= < W6, X >J ) lz—ll ai(x,xo){gi(xo)_<\%’xo >j

i=1

forany i.

o (X Xo)

Which contradicts the inequalities (34) and hence X, is an efficient solution for (GFP)

Mond — Weir type duality:-
We now consider the following Mond-Weir type dual for (GFP)
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(DGFP) Maximize max {

(W) +S(u/C) /i=1,....P}
g;(u) -=S(u/D;)
f.(u)+<w,u> m
b AV ' Vh (u)=0 ,
su Jecttozll {g )< u>j +JZ_1:pJ J(u) (4.1)
w; eC,, <w,,u>=S(u/C,), WoeD,,
<\Wh,u >=S(u/D,), i =1,..mAk

A >0,i=1,. PZK =1, p;20,j=1.. mZMJJ =0

i=1

Theorem: (4.1): (Weak Duality) Let x be a feasible solution for (GFP) and let (u A, K, W, \ﬁ/@ be feasible for

(DGFP) such that (@, h;) is (@;,h)is (V, p,,0;) - convex at u. then the following cannot hold

( f,(x) +S(x/C)) j< [ f,(u) +S(u/C) j w2
9,(x)=S(x/D;) )\ g;(u)—S(u/D;)
Proof: Suppose that (4.2) holds that is

(fi (X)+<w;,x >j <(fi (u)+<w,,u >]

g;(X)—<Wo,x > | | g;(u)-<Wh,u>

p
Using ; >0,i=1,..P , Y A; =1, p; 20,j=1,...M we get

i=1

Zpl ) [fi (X)+ < w;, X >j<zp:k{fi(u)+<wi,u >J

i=1 g, (X)—<Wo,x> ) i3 g; (u)— < Wo,u >
That is
p p
ZK. X)+ < W;, X > zk. u)+<w;,u> 0wy
i=1 g (X) <\% X> i=1 g, (U) <\R/9,U >
and —Zujhj(u)=0 (4.4)
-1

By (V,P,0) convexity, we have

g + < WU > pi][8,0xx0)| x|
2 (g(u) <un>) '+ 20 ()

2 (X)+<wix>) &y (fi(u)+<w,u>
Z;‘ &(xu)( H(X)— < W, x > ,Zzl: a, (xu) | g;(u)—<Wh,u > <0

o, Hej(xyu)H2 _ 3 u,

And ZM,Vh (u)(x —u)" +i 1 Z

< —1 Vh. 0
2M g on & By W=
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That is, ZX V(f (u)+<w' u >J u)" +Z}‘ Pi HG (x, U)H

S gy —<wo,u > &, (x )
o 0, 0,0xxo)
And J;uth (X u)" +J_lejw <

By adding the above inequalities, we get

{ikiv[fi (u)+<w,u >j+zm:Mthj(U)}(X—U)t< 0

i1 g; (u)—<Wo,u > i1

Which contradicty the dual constraints (4.1). Hence (4.2) cannot hold.
Theorem 4.2:-
(Strong Duality) : Let X be a weakly efficient solution for (GFP). Then there exist A €R", i€ R™and
W e C such that (X, A ,FL,V_V,% is feasible for (DGFP). Moreover, If the weak duality holds, then
(X , iy ,H,V_V,\ﬁ/l) is a weakly efficient solution for (DGFP)
Proof:-
Take X awakly efficient solution for (GFP) and suppose that
0¢co {th(i )] :1,...m} Then there exist A €R”, i€ R™ and

W, eC,WeD,,i=1,..P
Such that

DR ( X)+(w;, X ]th(x) 0

i=1 g (X) (\8/9 X) =1
(W,,X) = S(X/C,), (WX)=S(X/D))

Zﬁ;hj(?) =0
j=1

_ P _
A >0,i=1..P, Y A =1

i1
Thus, (X, A LW, \% is a feasible solution for (DGFP). On the other hand, by weak duality (Theorem 4.1)
ax | S)TSKIC) iy ol g JTlW)+SWIC) 5y
9;(x) -S(x/D;) gi(u)_S(U/Di)

for any feasible solution (X, A, 1, W, W) of (DGFP). Hence (X , % , L, W, W0 is a weakly efficient solution for
(DGFP).
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