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A B S T R A C T

The increasing interest in the undrained cyclic behaviour of unsaturated soils is justified by the evidence of the
beneficial effect of desaturation on liquefaction resistance and is thus strictly connected with the need to put
forth sound tools to be used in the design of Induced Partial Saturation (IPS) interventions. IPS is still far from
being a routine technology because of the lack of such design tools, as well as of simple technologies to obtain
and preserve it on site. This paper offers a contribution to the first issue, based on the energetic interpretation of
laboratory results that highlights the role of the volumetric and deviatoric components of the specific energy
spent during undrained cycling on the liquefaction mechanism. Independent experimental results taken from the
literature are successfully simulated using this interpretation. Then, stemming from the theoretical and ex-
perimental considerations reported in the first part of the paper, two possible approaches to calculate the desired
degree of saturation of a loose sand (design goal for IPS) are introduced and discussed.

1. Introduction

In shallow, saturated and loose sandy soils, a seismic ground motion
can cause a rapid increase of pore water pressure, with a subsequent
decrease of effective stresses that may eventually lead to a loss of shear
strength and to liquefaction. Since in this transient state the soil be-
haves as a fluid, liquefaction is a relevant cause of damage to structures
and infrastructures during earthquakes. Therefore, it is of the outmost
relevance to identify mitigation techniques able to tackle the risk and
satisfying the requisites of soundness and reliability in design, en-
vironmental compatibility and cost effectiveness. The mitigation ac-
tions belonging to the family of ground improvement techniques (i.e.
those concentrating on the ground and not on the foundations of
structures) may modify soil density (compaction), composition (addi-
tion of fines or cementation), water flow patterns (drainage) or the
degree of saturation (induced partial saturation, IPS). The latter is
considered one of the most innovative and promising technologies
against liquefaction (e.g. Refs. [1–9]), especially when the goal is to
protect existing buildings that may suffer from the use of more invasive
ones [10]. Recently, some in-situ trial applications of this technology
have been carried out to decrease the susceptibility of liquefiable soil
deposits (e.g. Refs. [11,12]).

It is well-known that partial saturation increases the liquefaction
resistance because of the very low volumetric stiffness of the gaseous
phase. During undrained cyclic loading, if the soil tends to contract, the
volume of the gas phase decreases and consequently the pore pressure

build-up is reduced. This simple mechanism has a large effect even
when the saturation degree is as high as 99%, and obviously becomes
more and more relevant as the degree of saturation (Sr) decreases. From
a qualitative point of view, it can be also said that desaturation sharply
reduces the volumetric stiffness Keq of the equivalent pore fluid (gas
plus water), as shown by the available analytical relationships (e.g. Ref.
[13]).

In laboratory testing, liquefaction is usually studied through un-
drained cyclic triaxial or simple shear tests. Even though cyclic simple
shear tests apply more realistic stress paths, cyclic triaxial tests are
more popular and widely used to assess soil liquefaction potential. The
results are usually interpreted in the CSR vs. N plane, being CSR the
Cyclic Stress Ratio and N the applied number of constant amplitude
stress cycles. Nliq is the value of N needed to reach liquefaction for a
given value of CSR. For N=Nliq, the applied cyclic stress ratio re-
presents the Cyclic Resistance Ratio CRR. The locus (Nliq:CRR) identifies
the Cyclic Resistance Curve. Conventionally, it is assumed that lique-
faction is triggered at 5% double strain amplitude (strain criterion) or at
Ru= 0.90, being Ru=Δu/σ′0 (stress criterion), where Δu is the excess
of pore air pressure for the specimen with positive suction measure-
ment, otherwise it is the excess of pore water pressure [7]. In this work,
the previous one will be adopted, following the considerations reported
by Mele et al. [4]. In triaxial tests, CSR is defined as:
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where qd is the cyclic deviatoric stress and σ′c is the confining effective
stress. Eq. (1) defines CSR for both saturated and unsaturated soils,
provided the effective stresses are properly defined, for instance using
the expression proposed by Bishop and Blight [14]:

= +u u u( ) ·( )un a a w (2)

where σ is the total stress and ua, uw e χ are respectively the pore air
pressure, the pore water pressure and the material parameter ac-
counting for the effect of the degree of saturation. The term (σ-ua) is
called “net stress”, while (ua-uw) is the “matric suction” (s). Several
definitions of the parameter χ have been introduced by previous re-
searchers [14–16], in this paper, the parameter χ is assumed equal to
the degree of saturation Sr (≤100%) as shown by Refs. [17,18]. The
difference between the undrained cyclic behaviour of saturated and
unsaturated soils is the existence of volumetric strains εv in the latter
caused by the compression of the gas phase and, in a minor part, by the
increase of its solubility in the liquid phase connected to the increase of
pressure, as ruled by Henry's law.

Testing on three fine sands differing by gradation and mineralogical
origin (Fig. 1 and Table 1), Mele et al. [4] showed that during un-
drained cyclic triaxial loading of loose unsaturated sands, whatever the
applied CSR, εv increases to a final value εv,fin at liquefaction which
depends only on the initial state, defined for instance via the degree of
saturation (Sr0), the void ratio (e0) and the initial net stress (σ-ua)0.
Considering the deformation process isothermal and applying Boyle
and Mariotte law, the final volumetric strain at a constant confining
total stress σc and with an initial air pressure ua,0 can be written as
[4,19]:
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Eq. (3) holds for any material that, during the cyclic loading pro-
cess, experiences positive volumetric strains (i.e. compression). There-
fore, it cannot be applied do very dense soils, which may experience
dilative behaviour. Since this research aims to study the behaviour of

loose, liquefiable soils, this is only a theoretical drawback, and does not
limit the applicability of the approach.

The relationship between the initial state and the volumetric de-
formations in undrained cyclic tests is shown in the εv:σ′un plane
(Fig. 2a) for the experimental tests reported by Mele et al. [4]. Since for
bauxite the minimum and maximum void ratio were not evaluated
(Table 1), the degree of compaction Dc is reported for it in the figure,
defined as the ratio between the dry density of the specimen (ρd) and
the maximum dry density (ρdmax= 1.70 g/cm3 in this case).

Fig. 2a indicates that, for the three tested sands, the average curve
for each value of Sr is the same for all the tests. Interestingly, in a non-
dimensional plane (σ′un/σ′un,0:εv/εv,fin, Fig. 2b) a unique curve is ob-
tained for all the experimental results, having the expression:
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v
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Even though it is expected that some differences may appear at
much higher confining stresses because of the increased gas solubility,
it must be highlighted that on site liquefaction is a critical mechanism
for the possible effects on structures at ground level only when it takes
place in shallow layers (i.e. at low confining stresses, say for
σ′un≤ 100 kPa). Therefore, from a practical point of view and with this
limitation, Mele et al. [4] suggest that it is reasonable to consider eq. (4)
as a general law, valid for all possible intrinsic and state properties of
different soils at low confining stresses.

2. The use of specific energy to predict the liquefaction resistance
of unsaturated soils

In recent years, energetic concepts are increasingly developing, with
the main aim to determine the parameters that could better define li-
quefaction potential of a soil deposit [20–22]. The energetic approaches
seem to be very promising, due to the fact that the dissipated energy
required for the onset of liquefaction is practically independent of the
applied loading pattern (uniform and non-uniform) [23,24] and type of
test performed (cyclic torsional, cyclic triaxial, cyclic simple shear or
centrifuge tests) [25,26]. All these studies refer to saturated sandy soils,
highlighting a strong dependence of dissipated energy on excess pore
pressure ratio [21,27,28]. On the contrary, very little has been done on
the effect of energy on unsaturated sandy soils (e.g. Ref. [4]; but only
with reference to the effect of the volumetric component).

In this paper, an energetic interpretation of the results of un-
saturated tests has been done considering both the volumetric and de-
viatoric components. A partially saturated soil can be considered as a
three-phases thermodynamic system. In order to quantify the energy
spent by the soil specimen during the pore pressure build-up process till
liquefaction during laboratory testing, four hypothesis will be in-
troduced:

• The process is isothermal (i.e. no heat is generated or lost during the
test);
• The mass of the system is constant (i.e. no increase or decrease of
the mass of air, water or soil in the specimen during the test);
• The system is thermodynamically open (i.e. within the specimen the
deformation process implies internal flows of air and water);
• The pore gas (air) can be treated as an ideal gas.

The total specific energy of deformation Etot needed to reach li-
quefaction can be seen as the sum of two components:

= +E E Etot liq v liq s liq, , , (5)

where Ev,liq is the volumetric specific energy and Es,liq is the deviatoric
specific energy to reach liquefaction.

The role played by these two components within the liquefaction
phenomenon will be discussed in the following.

Fig. 1. Grain size distributions of the sands tested by Mele et al. [4].

Table 1
Physical properties of the sands tested by Mele et al. [4]].

Material Property Sant’Agostino (SAS) Bauxite Inagi sand

Fines Content (d < 0.075mm) (%) 20.0 40.6 29.5
Specific Gravity, Gs 2.674 2.642 2.656
D50 (mm) 0.200 0.200 0.115
emax 1.01 – 1.645
emin 0.37 – 0.907
Uc 16.7 400 30.0
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The volumetric specific energy can be seen as the sum of three
components [4]:

= + +E E E Ev liq v sk liq w liq air liq, , , , , (6)

Ev,sk,liq, Ew,liq and Eair,liq represent the specific work done respec-
tively to cause the deformation of the soil skeleton, the flow of water
and the flow of air into the pores network. They can be expressed as:
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Ev,sk,liq depends on the stress state (σ′un) and on the initial void ratio
e0 (Ev,sk,liq= f(σ′(Sr), e0)), while it depends neither on CSR nor on Nliq.
Obviously, Ev,sk,liq= 0 for undrained tests on saturated soils. The in-
tegral of eq. (7) represents the area of the average curve σ′un-εv (i.e.
Fig. 2a) for a specific soil state. The integration extremes for the vo-
lumetric strains have to be assigned to calculate Ev,liq. These are 0 and
εv,liq, respectively corresponding to the effective stresses (Bishop's no-
tation) σ′un,0 and σ′un,liq. The latter is the value of the effective stress at
liquefaction and is not nil because of the conventional definition of

liquefaction (εDA= 5%). It can be calculated as a function of the initial
degree of saturation Sr0 using the following equation:
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which is the best fitting curve of the experimental data presented by
Mele et al. [4] and reported in Table 2.

For saturated soils (Sr0= 100%), the stress and strain criteria give
the same results in term of Nliq, as shown by Mele et al. [4]. In Fig. 3, for
Sr0= 100% it is found that σ′un,liq/σ′un,0= 0.1. This is consistent with
the definition of liquefaction according to the stress criterion, (i.e. li-
quefaction occurs at Ru=0.90), even though the results were inter-
preted in terms of the strain criterion.

Ew,liq is the specific volumetric energy of water and it is due to the
change of water content. For sands having a high degrees of saturation
(i.e. having a continuous water phase within the network of pores), the
variation of suction s during the cyclic undrained tests is generally very
low [4]. Then, for the sake of simplicity, the specific volumetric energy
of water (eq. (8)) can be calculated assuming for the suction s a con-
stant, average value without introducing a relevant error.

Eair,liq describes the effect of pressure variation in the gas phase, and
poses no problems in calculation.

Once the volumetric components have been defined, it is necessary
to quantify the specific deviatoric energy of the soil skeleton spent to
liquefaction, Es,liq, connected to distorsional strains εs. From a physical

Fig. 2. Effective stress vs. volumetric strain (a) and dimensionless effective stress vs. dimensionless volumetric strain (b) for some of the tests reported by Mele et al.
[4]. In all cases, the confining effective stress was in the range 50–60 kPa.

Table 2
State properties and energetic components calculated for the tests reported by Mele et al. [4]].

Test Material σ′un (kPa) e0 Sr0 (%) Ev,sk,liq (J/m3) Ew,liq (J/m3) Eair,liq (J/m3) Ev,liq (J/m3) Ev,liq,ave (J/m3) Es,liq (J/m3)

U_SA1 SAS 49.6 0.71 53.0 1700 0 574 2274 2280 4257
U_SA2 SAS 50.5 0.67 54.0 1700 −40.0 572 2232 4721
U_SA3 SAS 48.9 0.67 56.0 1700 −20.0 654 2334 7534

U_SA4 SAS 50.5 0.61 90.0 1095 0 106 1201 1192 3545
U_SA5 SAS 49.8 0.60 81.5 1095 0 210 1305 7042
U_SA6 SAS 49.8 0.59 87.2 1095 0 54 1149 3267
U_SA7 SAS 49.9 0.58 86.7 1095 0 13 1232 3043
U_SA8 SAS 48.8 0.59 87.6 1095 0 49 1144 2486
U_SA9 SAS 50.4 0.61 88.5 1095 0 27 1122 1427

U_BA1 Bauxite 51.9 0.91 58.0 2347 −138 1070 3279 3087 21638
U_BA2 Bauxite 56.3 0.92 56.0 2347 −167 991 3172 13308
U_BA3 Bauxite 51.8 0.94 56.0 2347 −109 572 2811 7987

U_BA4 Bauxite 47.4 0.76 84.0 933 106 145 1185 1200 1417
U_BA5 Bauxite 48.4 0.75 85.0 933 127 156 1215 3622

U_IN1 Inagi 62.2 1.20 49.0 3452 −581 1141 4012 4035 14492
U_IN2 Inagi 64.2 1.22 48.0 3452 −655 1323 4120 15902
U_IN3 Inagi 62.3 1.14 52.0 3452 −661 1182 3973 10306
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point of view, Es,liq is the sum of the areas of all the cycles in the εs:q
plane (Dcyc in Fig. 4 for a single cycle) up to liquefaction (defined in
terms of strains). Formally, for each cycle the energy is defined as:

=E dq ds sk cyc
D

s, ,

cyc (11a)

And therefore:

=
=

=

E E .s sk liq
N

N N

s sk cyc, ,
1

, ,
cyc

cyc liq

(11b)

Because of its definition, Es,liq is strictly related to soil damping, and
it thus quantifies the amount of energy dissipated during the distor-
sional cyclic path. Therefore, it depends on soil properties, soil state and
cyclic stress amplitude CSR. Since no distorsional strains are generated
by the work input into the liquid and gas phases, eq. (11b) represents
the only distorsional energetic contribution (Es,sk,liq= Es,liq).

The role of specific volumetric and deviatoric energies will be
analysed in the following using the previously recalled experimental
results obtained by Mele et al. [4]. To this aim, the state properties and
specific energetic components of all these tests are reported in Table 2.

Since for design issues the liquefaction resistance in simple shear
conditions (CRRcss) is needed, when using triaxial results it is custom to
calculate it correcting the one referred to triaxial conditions (CRRctx) as
[29]:

=CRR c CRRcss
r

ctx (12a)

where cr is:

= +c K2 (1 2 )
3 3r

0

(12b)

in eq. (12b) k0 is the coefficient of earth pressure at rest, evaluated as
K0=1-sinϕp, where ϕp is the peak friction angle. In this work, the value
ϕp= 35° was used for Sant’Agostino and Inagi sands, while ϕp= 36°
was used for Bauxite. It has to be remarked that the value of ϕp for
Sant’Agostino sand was experimentally measured, while the values for
the other two sands were estimated based on their gradings and mi-
neralogies. In the range of expected values for sands, variations of ϕp

have a minor effect on cr, so this assumption does not have any relevant
quantitative effect, thus being acceptable.

2.1. The role of the specific volumetric energy to liquefaction, Ev,liq –
approach 1

The volumetric specific energy Ev,liq (eqs. (6)–(9)) is a function of
the initial values of the effective confining stress (Bishop notation), of
the void ratio and of the degree of saturation (Ev,liq= Ev,liq(σ′0, e0,
Sr0)), and increases from zero (for saturated soils) as Sr decreases. In
this sense, Ev,liq may be seen as a synthetic state variable ruling the
increment of liquefaction resistance of sands (at low confining stresses)
from CRRs (Sr= 100%) to CRRun (Sr< 100%). In Fig. 5, the differences
ΔCRRctx=CRRun

ctx-CRRs
ctx and ΔCRRcss= CRRun

css-CRRs
css (eqs. (12a)

and (12b)) calculated for Nliq= 15 are plotted versus Ev,liq for the three
tested sands (Fig. 1). A clear relationship between ΔCRRctx (or ΔCRRcss)
and Ev,liq is observed for all the tested initial state conditions, con-
firming that an increase in the specific volumetric energy spent to li-
quefaction corresponds to an increase in liquefaction resistance, with a
rate that seems to reduce as Ev,liq increases. Based on the experimental
results reported in Fig. 5, the relationships between Ev,liq and
ΔCRR,Nliq

ctx and ΔCRR,Nliq
css (for Nliq= 15) can be expressed as:

= +CRR
E

p
E

p
105.7 10.16N

ctx v liq
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v liq

a

.
2

,
liq (13a)
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E
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2
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liq (13b)

In which the atmospheric pressure pa has been introduced to make
the relationship non dimensional. Fig. 6 (a for triaxial tests and b for
corrected experimental data) indicate that, in the range of Nliq of
practical interest (Nliq≤20), the same conclusion can be extended to all
values of Nliq: ΔCRRctx does not depend on Nliq but only on Ev,liq. In
other words, for Nliq≤20, ΔCRR can be univocally related to Ev,liq, and
therefore desaturation leads to a simple translation towards higher
values of CRR of the liquefaction resistance curve, without appreciable
change in shape. This procedure (approach 1) will be tested on litera-
ture data in §4.1.

Fig. 3. Experimental values of σ′un,liq/σ′un,0 and Sr0 [4], along with a best fitting
curve (eq. (10)).

Fig. 4. Definition of the specific deviatoric energy Es,sk for a single cycle in the
q:εs plane [4].

Fig. 5. Ratio between unsaturated and saturated liquefaction resistance at
Ncyc= 15 (ΔCRR,15

ctx and ΔCRR,15
css) versus Ev,liq/pa.
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2.2. The role of the specific deviatoric energy to liquefaction, Es,liq

As mentioned above, the specific deviatoric energy to liquefaction
Es,liq can be evaluated from eqs. (11a) and (11b) as the sum of the areas
of all cycles in the εs:q plane (Fig. 4). Therefore (unlike Ev,liq) it depends
on the applied cyclic stress (CSR) and on the number of cycles to li-
quefaction (Nliq).

For some of the unsaturated tests reported by Mele et al. [4]
(Table 1), the current specific deviatoric energy Es has been evaluated
along the whole path to liquefaction and after (Figs. 7–9) to show its
evolution.

The figures indicate that in the first cycles the relationship Ncyc:Es is
roughly linear, with a slope which depends on the applied CSR and on
soil state. This means that, for each test, the specific deviatoric energy
spent in each of these first cycles is roughly the same, i.e. no significant
change in the shape of each of them is taking place. Approaching li-
quefaction, shear strains and damping sharply increase, and so does Es.
The onset of liquefaction (Ncyc=Nliq, Es=Es,liq, as conventionally
evaluated for εDA= 5%, and indicated with vertical arrows in Figs. 7–9)
corresponds to the highest gradient in the Ncyc:Es plot for all tests, ex-
cept for U_BA1 and U_BA2 (Fig. 8a). For these two tests, according to
the strain criterion liquefaction occurs at a value of Ncyc higher than
that at which the gradient is the highest. The results of tests U_BA1 and
U_BA2 are related to the sudden onset of large plastic strains before
reaching liquefaction (maximum gradient in Fig. 8a, sharp increase of
εa in Fig. 10a). Analysing in detail the results of these two tests, it can be
noted (Fig. 10a) that the axial strains do not cycle around zero, with a
sort of ratcheting mechanism towards the negative values likely related
to a shear failure in extension prior to the attainment of liquefaction.
Fig. 10b reports the results of test U_BA5, on the same material

(bauxite), showing that in this as in all the other cases but tests U_BA1
and U_BA2, cycles are much more symmetric around the Ncyc axis, and
shear strains rapidly increase in correspondence of pore pressure build-
up leading to liquefaction. A confirmation is given by Fig. 10c and d, in
which Ru versus Ncyc is plotted for the same tests: for U_BA1 and U_BA2,
in fact, liquefaction in terms of pore pressure increments takes place at
a number of cycles much higher than that corresponding to the strain
criterion (Fig. 10a and c), while for test U_BA5 the two criteria give the
same result (Nliq= 7–8, Fig. 10b and d).

Figs. 7–9 also indicate that the values of Es,liq increase as the degree
of saturation decreases and as the applied cyclic stress CSR decreases.

Fig. 11a reports the same experimental results in the Es,liq:CRRctx

plane, confirming that the value of CRR attained in each test, for each
soil and initial state, is uniquely related to Es,liq. Since state conditions
of unsaturated soils during cycling tests are well represented by Ev,liq, a
much more general interpretation can be obtained by plotting the ex-
perimental data in the normalized plot in Fig. 11b, in which a unique,
non linear relationship links Es,liq to the term (CRRctx·(1–5·Ev,liq/pa)10),
where the exponent has been calibrated to obtain the best fitting of the
experimental data with the equation:

=E p e0.297s liq a
CRR

E
p

,
16.7 1 5·ctx v liq

a
,

10

(14a)

Similarly, considering the cyclic resistance ratios in simple shear
conditions (eqs. (12a) and (12b)) a best fitting relationship is found as:

=E p e0.300s liq a
CRR

E
p

,
23.7 1 5·css v liq

a
,

10

(14b)

Summing up all the experimental evidences, it may be concluded
that - for a given soil - Ev,liq represents the state variable defining the

Fig. 6. ΔCRRctx versus Nliq (a); ΔCRRcss versus Nliq (b).

Fig. 7. Es versus Ncyc along the cyclic undrained tests on unsaturated Sant’Agostino sand [4] for a low (a) and high (b) degree of saturation. Liquefaction triggering is
indicated by the vertical arrows.
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modification of position (increase of resistance) of the liquefaction
curve due to unsaturation (Fig. 5), while Es,liq is the energetic variable
that, given the value of Ev,liq, defines the cyclic resistance CRR (and
therefore also the number of cycles to liquefaction Nliq).

2.3. The normalized cyclic resistance curve based on total specific energy –
approach 2

In the attempt to find a relationship between the specific energy
spent to liquefaction and the cyclic resistance ratio CRR, Mele et al. [4]
proposed a relationship between CRR/(Ev,liq)0.5 and Nliq. In this paper,
based on the above reported evidences, the contribution of the specific
deviatoric energy is also accounted for, and the experimental results are
reported in the plane CRRctx/(1+Etot,liq/pa)6 versus Nliq (Fig. 12a),
where Etot,liq is the sum of the volumetric and the deviatoric energies
spent to liquefaction (eq. (5)). In Fig. 12b the normalized cyclic re-
sistance curve of the triaxial data are compared with corrected data
through Castro correlation (eqs. (12a) and (12b)).

The best fitting of the experimental results in Fig. 12a is:

+
= +

( )
CRR N

1
0.039 ln( ) 0.285

ctx

E
p

liq6tot liq

a

,

(15a)

Which can be transformed in simple shear conditions (eqs. (12a)
and (12b)) as:

+
= +

( )
CRR N

1
0.028 ln( ) 0.202

css

E
p

liq6tot liq

a

,

(15b)

Eqs. (15) assume that whole the considered experimental results

may be analysed together, thus implicitly assuming that the only in-
fluent parameter to quantify the liquefaction resistance curve is the
total energy. This is true only if there is no other relevant effect, like for
instance soil grading. Actually, the experimental results reported in
Fig. 12a seem to indicate that such a dependency may exist, as the finer
soil (Inagi) plots on the lower part of the graph, while the coarser one
(Bauxite) on the upper one. However, the experimental results are not
sufficient to introduce explicitly such a dependency. With this limita-
tion, eqs. (14) may be seen as a synthetic way to express the cyclic
resistance of unsaturated fine sands accounting for the specific total
energy spent to liquefy (Etot,liq). The use of the total specific energy
allows to plot the CRR-Nliq curve of unsaturated soils without knowing
the one in saturated conditions, while by using only the specific volu-
metric component of the energy (eq. (13)) the latter is needed.

Eq. (15a) has been calibrated on experimental data having a limited
range of void ratios and confining stresses. Other tests must be carried
out to confirm the validity of eq. (15a) and eq. (15b) out of the tested
ranges of state properties, and to check its possible dependency on grain
size distribution within the broad family of fine sands. However, it has
to be emphasized again that liquefaction occurs in loose sand (low Dr)
and at shallow depths (low confining stresses). Therefore, even though
the curve of Fig. 12b (eq. (15b)) cannot be intended as a general law for
all possible soils states, it can be of extreme usefulness to predict the
effects of induced partial saturation in the conditions of maximum
practical interest on site, as shown in §4.2.

In the following, the consistency of the two possible approaches will
be tested on independent literature data.

3. Procedures to evaluate the liquefaction resistance of
unsaturated soils on site

The experimental evidences of the role played by the energetic
components Ev,liq and Es,liq allow to propose two simple and straight-
forward approaches (previously defined approach 1 and approach 2) to
plot the liquefaction resistance curve of unsaturated soil on site (in
simple shear conditions) for a given material and initial state (σ′un0, e0,
Sr0). The parameters of the equations proposed in this paper were ca-
librated on loose sands and low confining pressures, so the models
hereafter presented allow to simulate the cyclic resistance curves of
unsaturated soil under these conditions. The steps to calculate the two
components Ev,liq and Es,liq are the following:

Calculation of the volumetric specific energy.

1. Once the initial stress state, void ratio and saturation degree (σ′un0,
e0, Sr0) are known, from eq. (3) the final volumetric deformation of
the soil, εv,fin can be calculated.

2. Known εv,fin, the regression curve reported in Fig. 2b (eq. (4)) allows

Fig. 8. Es versus Ncyc along the cyclic undrained tests on unsaturated Bauxite [4] for a low (a) and high (b) degree of saturation. Liquefaction triggering is indicated
by the vertical arrows.

Fig. 9. Es versus Ncyc along the cyclic undrained tests on unsaturated Inagi sand
[4]. Liquefaction triggering is indicated by the vertical arrows.
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to obtain the analytical relationship σ′-εv along the cycling loading
path for the specific considered case. In order to calculate the
component of the specific volumetric energy related to soil skeleton
deformation Ev,sk,liq (eq. (7)), the integration extremes for the vo-
lumetric strains have to be known. As mentioned above (§2) εv,liq
corresponds to σ′un,liq, which can be found from eq. (10) once σ′un,0
and Sr0 are known. The volumetric strain at liquefaction εv,liq can be
finally calculated using eq. (4).

3. Having the water retention curve, eq. (8) allows to calculate Ew,liq.
Again, the integration extremes have to be assigned. Based on the
experimental evidences reported by Mele et al. [4]; the value of the
degree of saturation at liquefaction Sr,liq can be simply assigned as
Sr,liq = Sr,0+0.08.

4. The volumetric specific energetic component of air flow to lique-
faction (Eair,liq, eq. (9)) can be calculated using the regression curve
of Fig. 2b: once the state at liquefaction is known in terms of ef-
fective stress σ′un,liq (Bishop's notation) as indicated at step 2, the
corresponding value of air pressure can be calculated, from eq. (16)
because σliq, Sr,liq and s,liq are known.

= +u S s( ) ·a liq liq un liq r liq liq, , , (16)

Similarly, since εv,liq is known, the value of ρa,liq can be calculated
(because the mass of air within the specimen is known and constant).

5. The total volumetric component of the specific energy Ev,liq can be
then computed using eq. (6), based on what has been obtained in the

steps from 1 to 4.

Calculation of the deviatoric and total specific energy.

6. Since Ev,liq is known, once the cyclic stress CSR (expected earth-
quake) is assigned Es,liq can be calculated from eq. (14b) (Fig. 11c).

7. Etot,liq can be calculated as the sum of the two components
(Etot,liq= Ev,liq + Es,liq).

With approach 1 (§2.1), it is necessary to know the cyclic resistance
curve in saturated conditions (CRRs

css-Nliq) and the soil water retention
curve (relationship between the degree of saturation Sr and suction s) to
calculate Ev,liq (steps 1 to 5) and therefore ΔCRRcss (eq. (13b), Fig. 5).
Then, the cyclic resistance curve in unsaturated conditions can be ob-
tained by just ΔCRRcss to CRRs

css:

CRRun
css(Nliq)=CRRs

css(Nliq)+ΔCRRcss (17)

With approach 2 (§2.3), the knowledge of the saturated liquefaction
resistance curve is not needed, but the deviatoric specific energy has to
be calculated and added to the volumetric one to obtain the total spe-
cific energy (steps 6 and 7). Using the correlation (eq. (13b)) between
CRRcss/(1+Etot,liq/pa)6 and Nliq, assuming CSR=CRRcss, the corre-
sponding value of Nliq is obtained. By repeating the procedure from step
1 to 8 for different values of CRR, the cyclic resistance curve for cyclic
simple shear condition can be finally obtained with approach 2.

Figure 10. εa versus Ncyc for bauxite: U_BA1 and U_BA2 (a) and U_BA5 (b); Ru versus Ncyc for bauxite: U_BA1 and U_BA2 (c) and U_BA5 (d) [4].
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4. Application of approaches 1 and 2 to literature data

In order to check the consistency of the previously exposed proce-
dures, the two approaches have been applied to estimate the cyclic
resistance of unsaturated soils for which experimental results are
available in literature. In particular, triaxial tests results from Wang
et al. [30] and from Okamura et al. [12] have been used. The previous
ones have been obtained on the same Inagi sand tested in this work (at
different degrees of saturation) and on Toyoura sand, while the results
reported by Okamura et al. [12] have been obtained on a sand of a test
site in the Kochi prefecture, Japan, hereafter simply called Kochi sand.

For completeness, some information on these soils are reported (soil
gradings in Fig. 13, along with those of the three sands tested by Ref.
[4]; on which eqs. (13a) and (15a) have been calibrated, and physical

properties in Table 3). Okamura et al. [12] do not provide the value of
the specific gravity Gs for Kochi sand (see Table 3). In the calculations,
the value Gs= 2.674 (as calculated for SAS) was assumed. Considering
the very little range of values of Gs for typical sands (see, for instance
Table 1), this assumption is expected to have a minor effect on the
results in terms of calculation of the specific volumetric and deviatoric
components of the energy spent to liquefy.

4.1. Approach 1

The values of ΔCRR15 for the tests reported by Wang et al. [30] and
from Okamura et al. [12] have been plotted in Fig. 14 along with the
curve reported in Fig. 5, for triaxial tests. The good agreement of the
literature data with the regression curve (eq. (13a)) obtained on the

Fig. 11. CRRctx vs Es,liq (a); CRRctx·(1–5·Ev,liq)10 vs Es,liq (b); Cyclic triaxial and corrected triaxial data (Castro correlation) in the plane CRR·(1–5·Ev,liq)10 vs Es,liq (c).

Fig. 12. Normalized cyclic resistance curve for cyclic triaxial tests (a); Normalized cyclic resistance curves for cyclic triaxial and corrected data (Castro correlation)
(b).
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results of Mele et al. [4] confirms that this approach is consistent. The
cyclic resistance curves of these soils, given the specific testing state
conditions (represented by Ev,liq), have been obtained with approach 1
as described in §3 (Figs. 15 and 16). The curves interpret reasonably
well the results obtained by Wang et al. [30] (Fig. 15), with some
overestimation of CRRun for Inagi sand, and a slight underestimation for
Toyoura sand.

For Kochi sand (Fig. 16), the curve well fits the experimental results
pertaining to the lower values of CRR, while it largely underestimates
the result for the highest value (corresponding to the lowest value of

Nliq). This shows the major drawback of the use of approach 1: being
based on a simple translation of the cyclic resistance curve (ΔCRR does
not depend on Nliq) it is not able to catch the possible change of cur-
vature of the unsaturated cyclic resistance curve. Furthermore, it may
fail in the prediction of unsaturated cyclic resistance if applied out of
the range of values of Nliq on which the saturated resistance curve was
obtained (as is the case for Kochi sand reported in Fig. 16).

4.2. Approach 2

Figs. 17 and 18 report the cyclic resistance curves obtained with
approach 2, respectively to predict the experimental results by Wang
et al. [30] and by Okamura et al. [12]. Both figures show that this
modelling approach well fits the experimental results in unsaturated
conditions, with a higher accuracy than approach 1.

5. Approaches 1 and 2 as induced partial saturation (IPS) design
tools

The two procedures previously described can be used to predict the
cyclic resistance of unsaturated soil in simple shear conditions and may
be thus seen as relatively simple design tools to calculate the desired
degree of saturation to be obtained via IPS for a given soil to increase its
resistance to liquefaction.

Approach 1 is simpler to adopt, as it assumes that the liquefaction
resistance curve related to a given degree of saturation can be obtained
as a simple upwards translation of the one in saturation conditions. As
previously discussed, the assumption that the CRR-Nliq curve does not
change shape at different values of Sr is a strong simplification and must
be adopted with extreme care. With all the experimental data adopted
in this paper (the ones by Ref. [4]; on which the approach has been
calibrated, and the ones by Refs. [12,30]), however, the approach
seems to hold, at least in the range of values of Nliq of engineering
interest (say Nliq< 20). Likely, it will lack in accuracy for low or very
low saturation degrees and higher Nliq. But these conditions are of little
practical interest: because of the sharp increase of liquefaction re-
sistance with just a little desaturation, IPS usually aims to reduce Sr to
values not lower than 85%–90%.

Approach 2 needs a few calculation steps more than approach 1,
being based on the calculation of the total specific energy and not only
of its volumetric component. However, it has the advantage of not
needing the knowledge of the saturated liquefaction resistance curve to
predict the behaviour of the unsaturated soil. The result is not a
translation of the CRR-Nliq curve, and any shape may be obtained, de-
pending on the combination of specific volumetric and deviatoric en-
ergies to liquefaction. Approach 2 needs just the knowledge of the state
parameters and of the soil water retention curve.

Comparing the simulations of independent experimental data re-
ported in Figs. 15–18 for the two approaches, it can be noted that ap-
proach 2 better simulates the cyclic resistance of the three different
sands. This is not surprising: being based on the calculation of the total
specific energy spent to liquefy, it takes into account both the initial
state conditions via the volumetric component, and cyclic damping via
the deviatoric one (not considered by approach 1).

In the design of IPS, the goal is to find what degree of saturation Sr is
needed to guarantee for the structures to protect a satisfactory perfor-
mance with reference to serviceability and limit conditions with the
desired safety margins, with reference to any kind of mechanism related
to liquefaction [31]. In particular, two scenarios may be foreseen: one
in which the risk is linked to the attainment of liquefaction (i.e. a
temporary but total loss of stiffness and strength of the liquefied soil),
and one in which the pore pressure build up may trigger limit states in
the structures (e.g. bearing capacity failure or excessive settlements)
before liquefaction is reached. In the first case, an increase of CRRcss for
the given value of Neq (which is the number of cycles corresponding to
the design seismic action) is needed. In the second case (which may

Fig. 13. Grain size distributions of the soils tested by Mele et al. [4] (Sant’Agostino,
Bauxite, Inagi), Wang et al. [30] (Inagi and Toyoura) and Okamura et al. [12]
(Kochi).

Table 3
Material properties of the soils (literature data) on which the two approaches have
been checked. Properties of Inagi sand are not reported, as the same soil was tested by
Mele et al. [4]] and therefore the information are reported in Fig. 1.

Material Property Toyoura sanda Kochi sandb

Fines content (< 0.075mm) % 15
Specific gravity, Gs 2.656 –
D50 mm 0.20 0.15
emax - emin 0.898–0.611 –
Uc 1.90 5

a [30].
b [12].

Fig. 14. ΔCRR15 versus Ev,liq. Comparison of the proposed relationship (eq.
(13a), Fig. 5) with the experimental results by Wang et al. [30] and by Okamura
et al. [12].
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refer to situations in which the safety margins against liquefaction may
be sufficient in saturated conditions), it is simply asked to have lower
pore pressures for N=Neq. Formally, this may be seen as the need to
increase, for the given value of CSR, the value of Nliq to a higher value
Nliq*. Both scenarios ask for an increase of soil capacity via IPS to cope
with seismic demand, and the two procedures depicted in Fig. 19 can be
alternatively considered to this aim.

Increase CRR

The first procedure, on the left side of Fig. 19, refers to the need of
increasing the safety factor against liquefaction. This means that the
original safety margins are known (i.e., the saturated CRRcss-Nliq curve
is known). In this case, it is trivial to know what increment of

Fig. 15. Cyclic resistance curves of Inagi and Toyoura sand obtained with approach 1 along with the experimental data reported by Wang et al. [30] at different
relative densities and at a confining stress of 60 kPa.

Fig. 16. Cyclic resistance curves of Kochi sand obtained with approach 1 along
with the experimental data reported by Okamura et al. [12] at different relative
densities and at a confining stress of 88 kPa.

Fig. 17. Cyclic resistance curves of Inagi and Toyoura sand obtained with approach 2 (eq. (15a)) along with the experimental data reported by Wang et al. [30] at
different relative densities and at a confining stress of 60 kPa.

Fig. 18. Cyclic resistance curves of Kochi sand obtained with approach 2 (eq.
(15a)) along with the experimental data reported by Okamura et al. [12] at
different relative densities and at a confining stress of 88 kPa.
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liquefaction resistance (ΔCRRcss) is needed once the desired safety
margins are given, and therefore the previously proposed approach 1 is
best suited as design tool. In fact, by knowing ΔCRRcss it is possible to
calculate Ev,liq (eq. (13b)). For high values of Sr (as will generally be the
case for IPS), the contribution of Ew,liq is negligible. Therefore, Ev,liq can
be considered as the sum of two components (Ev,sk,liq and Eair,liq).
Through an iterative procedure, the design value of Sr (Srd) can be fi-
nally calculated. Notwithstanding the limitations of approach 1 pre-
viously discussed, it has to be highlighted that Nliq is usually lower than
20, and thus its use is confined to the range of values of N on which it
has been experimentally tested.

Increase Nliq

In this case, the seismic action (CSR) leads for N=Neq to excessive
pore pressures (but not to liquefaction). There is the need to reduce
such pore pressures, regardless of the original safety margins against
liquefaction. The saturated liquefaction resistance curve is not a ne-
cessary design tool in this case, being the design goal to increase Nliq till
Nliq*. The quantification of Nliq* is out of the scope of this paper and
will be discussed elsewhere. Generally speaking, it may be obtained
once the maximum tolerable pore pressure umax at N=Neq has been
evaluated with reference to the specific critical mechanism. In the case
of bearing capacity failure triggered by pore pressure build up during
seismic shaking, for instance, there are bearing capacity analytical
formulations (e.g. Ref. [32] from which the value of umax(Neq) at failure
can be calculated. Then, using an analytical expression for the pore
pressure build up curve u= u(N) (e.g. Ref. [33]) calibrated on such a
value, Nliq* is obtained.

In this case, approach 2 is best suited as design tool, as depicted on
the right side of Fig. 19: once Nliq* has been assigned, eq. (15b) allows
to know the ratio CRRcss/(1+Etot,liq/pa)6 (considering in this case
CRRcss= CSR). The total specific energy to liquefaction Etot,liq is the
sum of two components Ev,liq and Es,liq, where Es,liq can be computed as

a function of CSR and Ev,liq (see Fig. 11b, eq. (14b)). Etot,liq is therefore
given by:

= +E E p e0.300tot liq v liq a
CRR

E
p

, ,
23.7 1 5·css v liq

a
,

10

(18)

Using eq. (18), the design value Sr,d can be calculated as done with
approach 1 with a simple iterative procedure.

6. Conclusions

The laboratory results analysed in the paper allow to conclude that
liquefaction resistance of unsaturated soils is strictly related to the
specific energy spent to liquefaction. The volumetric component of such
an energy univocally identifies the position of the CRR-Nliq curve in
unsaturated conditions, once the position of the saturated one is known,
and may be seen as a synthetic state variable. The deviatoric component
is strictly related to the seismic action (CSR).

These experimental evidences have suggested two possible ap-
proaches to predict the liquefaction resistance of unsaturated soils, that
may be seen as relatively simple design tools for IPS, with reference to
different design goals. It has to be emphasized that the two approaches
were calibrated on experimental results obtained in triaxial conditions
on loose, fine sands with a very limited range of confining stresses
(≈50 kPa). However, they have been successfully tested on in-
dependent literature results also out of this range of state conditions: in
fact, some of these results were obtained with a higher relative density
(Dr= 72%) (namely Inagi sand [30]) or at higher confining stress (data
from Ref. [12]; σc= 88 kPa).

Since the two approaches have been proposed by interpreting some
experimental evidences, thus with an inductive procedure, further re-
sults are obviously needed to confirm their validity, and to check the
possible effect of soil grading - which was not considered in this study -
within the broad family of fine sands.

Fig. 19. Possible procedures to calculate the degree of saturation needed to increment liquefaction resistance of sandy soils. The once on the left refers to Approach 1
(increase CRR); the one on the right to Approach 2 (increase Nliq).
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List of notations

CRR: cyclic resistance ratio
CRRs: cyclic resistance ratio required causing liquefaction at a fixed number of cycles in

full saturation
CRRun: cyclic resistance ratio required causing liquefaction at a fixed number of cycles in

partial saturation
CSR: cyclic stress ratio
Dcyc: area of the cycle in the plane εs:q
Dc: degree of compaction
Dr: relative density
D50: average particles size
e: void ratio index
Eair,liq: specific energy of deformation of the air at liquefaction
emax: maximum void ratio
emin: minimum void ratio
e0: void ratio at the end of consolidation phase
Es: distorsional specific energy
Es,liq: distorsional specific energy at liquefaction
Es,sk,cyc: distorsional specific energy of soil skeleton for each cycle
Es,sk,liq: distorsional specific energy of soil skeleton at liquefaction
Etot: total specific energy of deformation
Etot,liq: specific energy of deformation needed to reach liquefaction
Ev,liq: volumetric specific energy needed to reach liquefaction
Ev,liq,ave: average volumetric specific energy needed to reach liquefaction
Ev,sk,liq: volumetric specific energy of soil skeleton at liquefaction
Ew,liq: specific energy of deformation of water at liquefaction
Gs: specific gravity
Ncyc: number of loading cycles
Neq: number of cycles corresponding to the design seismic action
Nliq: number of cycles to reach liquefaction
Nliq*: desired number of cycles to reach liquefaction
pa: atmospheric pressure
qd: cyclic deviatoric stress
qmax: maximum deviatoric stress for each cycle
qmin: minimum deviatoric stress for each cycle
Ru: pore pressure ratio
s: suction (=ua-uw)
sliq: suction at liquefaction (εDA= 5%)
Sr: degree of saturation
Srd: degree of saturation of design
Sr,liq: degree of saturation when liquefaction occurs (εDA= 5%)
Sr0: degree of saturation at the end of consolidation phase
ua: air pore pressure
ua,0: initial air pore pressure
ua,liq: air pore pressure when liquefaction occurs (εDA=5%)
uw: water pore pressure
Uc: coefficient of uniformity
ΔCRR: difference between CRRun and CRRs at a fixed number of cycles
Δu: excess pore pressure
εa: axial strain
εDA: axial strain (double amplitude)
εs: deviatoric strain
εv: volumetric strain
εv,fin: volumetric strain at the end of cyclic test (σ′un= 0)
εv,liq: volumetric strain at liquefaction (εDA=5%)
ρa,liq: mass density of the air when liquefaction occurs (εDA= 5%)
ρd: dry density of the soil
ρd,max: maximum dry density of the soil
σ: total stress
σliq: total stress at liquefaction
σ′: effective stress
σ′c: effective confining stress at the end of consolidation
(σ-ua): net confining stress
σ′un: effective stress for unsaturated soil (Bishop notation)
σ′un,0: effective stress for unsaturated soil (Bishop notation) at the end of consolidation

phase
σ′un,liq: effective stress for unsaturated soil (Bishop notation) when liquefaction occurs

(εDA= 5%)
χ: Bishop's parameter
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