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There aro still three pairs of roots, of which two pairs are now very
small when e is very small ; and, inasmuch as when ¢ is null these
pairs of roots are equal, being zero, they may in the actual case
becomo imaginary for cortain values of I, m, n. Thus the instability
heroe attaches to the very slow waves which are outside the limits of
physicnl reality, With a rotatory coefficient of the p type, the ..
trouble would not occur at all.

On the Linear Transformations between Two Quadrics. By Henry
Taper, Clark University, Mass., U.S.A. Reccived May 6th,
1893. Read May 11th, 1893.

1. Introductory.

In Orelle’s Jowrnal, Vol. 1. (also Phil. Trans., 1858), Cayley gave a
representation of tho automorphic lincur transformation of the uni-
pavtito quadric function in the notation of the theory of matrices. In
this paper I cxtend Cayley’s method to the determination of the
genoral linoar transformation of a given quadric into another given
quadric, and apply tho resnlts to tho determination of tho general
real linear transformation botween two equivalent quadrics and to
tho reduction of a quadric to a snm of squares. The determination
by this mcthod of the goneral lincar transformation between two
quadries depends upon the solution of an algcbraic equation of the
a degreo; to which the problem, as it originally presents itself,
namely, the solution of a system of ' quadratic equations in #°
variables, is thus reducible,

Following Cayley, the matrix of o lincar transformation will, in
this paper, be regarded ag a qnantity susceptible of addition. The
sum or difference of two matrices is defined as follows :—

@y @y eee g ) (O by ol b ) = (Cankdy aykbyy o @by, ).

(g oy oo Uy by by ... by, @y kby @by oo @y by,

vee ese ees ase aas see | ] ees e ¢ ess cas sse e

Wy Wy oo (I bnl bn'.' e buu @, =+ bnl ‘ln‘.'d:bu‘s s auuib""

Products of matrices will bo taken as equivalent to componud sub-
stitntions.  Maltiplication is then distributive over addition, 7.e.,

¢ (W+x) = g¥+ox
(p+9) x = ox+¥x
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for any three matrices ¢, ¥, and x. A scalar® m, regarded as a matrix,
has the represcntation

(m 0 ..0).
0 m .. 0}

cee een

0 0..m

An equality betweon two matrices implies the equality of its corre-
sponding constitnents.

If ¢ is tho matrix
(an @y .o a ),
(2%} a” vee Qo

...... see eee

Q1 Qyg eee Qyy
the scalars g, for which

an—4g Gy ees Qun =0,
g Uyy—0 0o Oy
220 [12%] o Quy=—¢g

will, following Sylvester, bo termed tho latent roots of ¢. To denote
tho determinant of ¢, tho notation | ¢ | will be employed; and,
since tho left-hand member of tho abovo cquation is tho determinant
of p—g, it will be denoted by | ¢—g | .

1f the determinant of ¢ is not zero, and if

D=(A, Ay ... 4dp),
AIQ Aﬁ‘.’ oo AM

/ilu A'zn oo A""

whero 4,, denotes tho first minor of | ¢ | with respect to a,,, divided
by (¢, then

PP =dp=1;
i.e., © ig tho reciprocal of . We may denoto ® by ¢~'. Wo have
()" =y

* 1 cmploy the term sealer, as Tlamilton has dong, to designate the quantitics
roal and imaginary of ordinary algcebra, in order to distinguish these from matrices
rogarded a8 quantitics; the latter are non-scaler quantitics.

U2
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The transverse of ¢ (4.c., the matrix obtained by interchenging the
rows and columns of ¢) will be denoted by ¢. We have

@ =9,
@+ 9 =F+%,
(%) = V9,
@ = @

The matrix ¢ is symmetric if a,, = a,, for r,6=1,2, ... n, where a,
denotes the constitucnt of ¢ in the +'t row and st column. The
necessary and sufficient condition for a symmetric matrix is

%= 9.

The matrix ¢ is skew-symmetric if ¢,=—a, for r,8=1,2, ... %2}
for which tho necessary and suflicient condition is

p=—9

If 4 is any positive integer, I shall take ¢" to donoto the matrix
whose pth power is equal to ¢. The matrix ¢" may bo termed the
py, voot of 9. Tlvery matrix whose determinant docs not vanish has
a 't root for any index u. In gonoral, if tho order of tho matrix is
#n, the number of tho pt" roots is p". In the Comptes Rendus, xciv.,
Sylvester gave tho following expression for tho p!" rvot of any matrix
¢ whoso latent roots g,, g, ... g,, aro all distinet, viz.,

5, g = 9)(@—=g0) o (0=0,)(9=g,01) ... (0=00)

3 LA

G0 00) o G )G =G e (G 0)
When two or moro of the latent roots of ¢ aro oqual, tho expression
for ¢', ag stated by Sylvester, may be obtained by cxpanding this
expression in powers of ¢, and finding the limiting values of the
cocllicionts. If ¢ is real and symmetrie, for the caso of equal latont
roots, ¢'* may be obtained simply by taking the summation for the
distinet latent roots.® It is to bo obscrved that the roots of a
symmetric matrix given by Sylvester's formula (ns thoy ave linear in
powers of o symmetric matrix) aro themselves symmetric.

* Hoo Iroc. Lond. Math. Soc., Vol. xxir,, p. 461. Tho sumo is truo for any
matrix ¢, for which tho nullity of | ¢—g | , for any multipleIntont root g, is equal
to tho multiplicity of g. If ¢ 18 of ordor #, nullity m is equivalont to rank (Rang)
10—
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Wo may obtain expressions for (¢-')"* by substituting, in the above
summation, g7 for g/** We have

(¢'-x)m. — (¢r/,.)—1;
either of these expressions may, therofore, be denoted simply by ¢~

2. Cayley’s expression for the automorphic lincar transformation of a
quadric.

Lot Q@ donote the matrix of the coeflicients of the quadric

n
IE Qyy Ty Ty

where ary = Qe

If the variables = aro transformed by the linear substitution or
matrix ¢, so that

Ty = 'E:i P &,
the matrix of the quadric so obtained will bo equal to
¢Qo.t

It may bo required that the quadric so obtained shall bo identically
equal to the quadrie 25, (in which D,, = b,,), the matrix of whose
coefficionts is Q; for this the nceessary and sufficient condition is
that ¢ shall satisfy tho matrieal equation

0=,

It will bo nssumed that tho detorminants of tho matrices &, &,
and ¢, do not cither of them vanish. Since, by supposition,

(hyy = Ay, and 0, =D,

£ and &' are symmetric matrices.

* This follows from tho following mora general formula for any function of the
matrix ¢, givon by Sylvester in tho Johns Hopkins University Civenlars, Vol. 11,
viz.,

¥ (p—g ) D—70) eoo (D=Fe WD —=Fr41) ... (p—10)
= Zy ) e R el i M AN LR R I AL A,
Sl 1 b )(.’/r—.’/l)(!lr—!/'.') o (Fr—r1)Gr—grs1) - (9r—Fn)

+ Cayley, * Memoir on tho Automorphic Lincar ‘Transformation of tho Bipartito
Quadric Function,” Phil. Trans., 1868.
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For the case of automorphic transformation, 4.e., when Q= &,
Cayley has givon the following oxpression for ¢, viz,

¢ = Q1 (Q+Y)(Q-Y)"Q,

in which Y is an arbitrary skew-symmotric matrix. From this
exprossion for ¢, it follows that

$=0@Q-Y)" (Q+Y) 0!
=0 (2+Y) (Q=Y) Q'
therefore, substituting these expressions in the equation

Q=0
weo should have i ’

2 (24Y)" (2—Y) Q.02.0° (R+Y)(@-Y)"'Q=0.
But (2—Y) Q' (Q4Y) = Q—Y4+Y Y'Y = (2+Y) 2~ (2-Y) ;
from which follow, successivoly,
@+Y)1(Q-Y) 0 (Q+Y)(Q-Y)" =0,
Q(Q4+Y7)"1(Q=-Y) 2. Q.07 (2+Y)(2-Y)' 2 = Q.*

Bquating tho reciprocals of either sido of the last equation but

one givos
(@=Y)(24Y).2.(2=Y)"" (2+Y) = Q;

bat, if 9= (2—Y)"" (2+Y),
then ¢ = (A+Y)(2-Y)
= (2=Y)(Q+Y)";
therefore this oxpression for ¢ is nlso a solution of the equation
$0¢ =1

This expression is, howevoer, identically équal to Cayley’s expression ;
for from it we derivo

97 = (B4Y)(@-Y);

and from the equation ;ﬂ? =0

* Cayloy, ibid.
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it follows that $=01¢10;

therefore  (Q—Y)-1(Q+Y) =2~ (Q+Y)(Q-Y)'Q.*

As the expression (2—Y)-!'(£2+7Y) is somowhat simpler than its
equivalent, I shall employ it in what follows.

Cayley’s solution fails if it is required that ¢ shall have —1lasa
latent root, but not otherwise. For, if ¢ is any solution of the
equation

¢ =10,

provided —1 is not a latent root of ¢, we may put *

Y=28(—-1)(s+1)7",

whence we obtain Y=-%,
sinco ?=0¢"10" ¢
and also ¢ = (2=Y)"'(2+Y);
but, sinco Q=Y =0[1-(p—-1)(¢+1)""]
| =0 FF1-5=T)(p+1)"
=20 (p+1)",

#* Tho idontity botweon tho two oxpressions may also bo shown as follows :—
a-1(a+1@-1)-'a = a-t. ai(l+a-ira-Hal, a-i(1-n-ira-i)-la-t. a
=a-i(1+a-ira-Y)(1-a-ira-Y)-1at
=qa-4(l-qa-ira-Hh-1(1+a-ira-Ha
=a-i(l-a-ira-i)-1a-t. i (1+a-ira-Hat
= Q-1 (a+7).

t For, if P00 =0,
we havo $=0¢-1n-1y
therefore, it T=20(p~1)(p+1)"},

T (p+1)1(p—~1)0
= (¢p-1a-1+1)-1(ng-'a-1-1)n
= [a(e-t+1)a-']-t.a(e-'-1)0-1.0a
=a(p-1+1)1a-t. a(p-t=-1)a-1.0
=0a(¢p-1+1)-1(p"1=1)
=afe-1(1+¢)]-1. 071 (1-¢)
=0(1+9)1¢.¢1(1-¢)
==a(p+1)-1(p-1).
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it is evident that —Y has a reciprocal, and consequently the above
exprossion for ¢ in terms of the skew-symmotric matrix Y is possible,
If, however, —1 is a latent root of ¢, then ¢+1 has no reciprocal,
and we cannot pub

Y =0 (p—1)(¢+1)"",
which is required by Cayley's expression for ¢ in terms of Y.*

If —1 is a latent root of ¢, but not +1, then +1 will be a latent:
root of —¢, but not —1; for, if

lo+1|=0, |¢—1]|0,
then | (=)=1] =0, [(=)+1|#0.
Therefore —¢ can be represented as above, giving

$=—(@=Y)" (@4Y).
Thus the expression £(Q=Y)"'(Q+Y)
gives every solution of the equation
09 =0,

except those for which both 1 are latent roots.

3. Determination of the lincar transformations of one quadric info
another.

Cayley’s solution of the equation
$Q¢ =0
gives at once the moans of solving the moro general equation
$02¢ =1,

where Q and @' are known symmetric matrices. For this oquation
may be writton .
QO O Qg =

* Morcover, if ¢=(a-7)-1(a+T),
and if —1 is o Intent root of ¢, then
T—:—“"T la] =] (@@-1-1@%T+a=T)|
=] @-1"1a+7+1]|=|¢+1]| =0,

which is impossiblo, since, by supposition, | a | = 0.
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and, if O and Q-1 denote symmetric square roots of 2 and ',
respectivoly, and b= 0-ialy,
the equation becomes VY =9,

of which the general solution is
g =& (@=-Y)" (' +Y),

where Y is an arbitrary skew-.symmetric matrix. Therefore, the
general expression for the matriz ¢, satisfying the equation

P9 =0

(z.e., the gencral expression for the linear substitution that will transform
a gwen quadric whose matrim s (2 into another given quadric whose
matriv i3 ), 15

+ 0408 (2 —Y)" (@ +Y),

where Y is an arbitrary skow-symmetric matrix, and % and Q' are
symmotric squaro roots of 27! and Q' respectivoly. Expressions for
Q-4 and Q' may be obtained by means of Sylvester’s formaula.

This solution fails if the condition is imposed that
Y= -t ¢

+1

-1

-1 upper) , .
but not { +1 } , the {lower } sign is to be taken.

shall have as latent roots both +1. If { } is a latent root of ¢,

Another form of tho general solution is
$ = +(2=Y)" (Q+Y) i,
whoro Y is an arbitrary skew-symmgtric matrix. This solution may
be verified by substituting for ¢ in ¢ Q ¢, giving
LMt (Q=Y)(Q+Y)'2 (2=Y) (R+Y) Q-1 Q1
=Qi01.0.0°1Q1 =0,
It may bo obtained by writing the equation
;Q(p =

as 1 = 0,
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and proceeding ns in the derivation of the first form; or, it may be
derived from that. by substituting in it for Y the skew-symmetric
matrix Q1Q-1YQ-1Q as follows :—

Q-0 (Q/ —QAQ-IY QI (O + Q10T Q- )
= Q-0 (1—07Y Q1)1 00, Q4 (14+0- YQ-H) Q1
=0} (L-Q-1YQ-1)-10-1, Q) (1+0-1YQ-+) Q1. Q- o7
= (2-Y) (2+Y) Q- Q4,

The expression +Q-1(1=Y)'(1+Y) Q4

is another form of the general solution; it may be derived from the
first form by substituting in that for Y the skew-symmetric matrix
Qiyon,

4. Determination of the real linear transformations of one quadric
anto another.

Tho expressions for ¢ given in the last section will, in general, be
imaginary. If, however, @ and Q' are real and have the same num-
ber of positive latent roots,* there are reel values of ¢ satisfying the

.equation ; Q¢=0.

Theso can be obtained through the representation of @ and Q' in
what may be termed their canonical or standard forms.

Lot Q be a real symmetric matriz, and let g,, gy ... g denote its
positive latent roots, and —gus1y —gms2 .. gn its negative latent
roots ;* moreover, let

feun oy oo €0}

denoto a matrix whose constituents are all zero, except those in the
principnl dingonal, which are severally equal to ¢, ¢;, &e. Then, by
a well-known theorem, o real orthogonal matrix w, can always be
found such that -
Q=wbw,

whero 0= {g1 Gss +os Gour = Guusts v —Gn}+

The right-hand membor of the preceding equation I term the
canonical form of Q. Similarly, if Q' is a real symmetric matrix

* 1t is assumed that | 2 |, tho determinant of tho quadric, is not zcro; this is
equivalont to tho assumption that nono of tho latont roots of o aro goro. Sinco 8
is renl aud symmetric, its latent roots arc all real.
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whose positive latent roots are &, k, ... k,, and whose negative
latent roots are —hyn,), ~Ru4sy ..o —hy & real orthogonal matriz w,
can always be found such that "

Q= oy,

Wbere n= {h" hs» XY hm) —hm«}-h soe "'hu}o
Substitnting these expressions for £ and 0’ in the equation
;pfﬂ =0,
wo have ;;, bwp = wnn;,,
t.6, ;,;;,0«»'@«, =1

Denoting w,¢w; by ¢, this becomes
Yoy =,
of which the general solution, by the preceding section, is
Yy =20 (4—=")" (n+Y),

where Y is an arbitrary skew-symmetric matrix, and we may take

TS U WU U S

I T U L DV
wh= {A B o By B/ =1, L BV =T

consequently,

b fh b [k 3
0“ 4 — { -1 =2 . -n Smil wor pold }
d [ ’ 93 ’ In ’ Im+1 ! gn
is real.
We have

S 8"‘n‘;,.ﬁr, (n—Y)"! ;,.w, (n+Y) ;,.w,
=z B“n‘;, (w,h;,—-w,Y;,)“ (w,q;,+w,Y;,) @y
= & iyl (Q'—Y,)" (Q'+Y,) &y,
where Y, = W,Y;,

is an'arbitmry skew-symmeti-ic matrix., Therefore, the general ex-
pression for the real linear substitutions that will ¢ransform a given real
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quadric, whose matriz is Q, info another given real quadric, whose
matriz 15 Q' (2 and Q' having the same number of positive latent roots), ts -

@, 0 nh @, (' —Y) (¥ +Y),

where -1}, a real matrix, and =, and w,, also rea, have the meanings

assigned to them-above, and Y is an arbitrary real skew-symmetric
matrix. :

Another form in which this expression may appear is
@ (0=Y)" (6+Y) 0-tnt e,
= (0~Y)" 0,7, (6+Y) v,.w,0 n}w,
= (@m0 —m Yo) (@ 0m+ o Yo,) o 0 iy,
= (2=Y))" (Q+Y,) m0-inim,
where Y, = ;'lYﬂn
is an arbitrary real skew-symmetric matrix. The method of obtain--

ing this form from the first is evident from the last section,

5. Reduction of a quadric to a sum of squares.
In this case ' is of the form {c), ¢y, ... 6,}. Thus, if it is required

to trausform by a real linear substitution the real quadric ﬁa,,w,m,,‘
1 .

whose matrix is @, into the sum of squares :“:.. + @,%, then, by the

principle of inertia of quadratic forms, just so many of the s must
be positive as thero are positive latent roots of 2. As before, lot
T Js» +++ 9w, be the positive latent roots of 2, and —g..41y —Guszs «e— g
tho negative latent roots of Q. Siuco it is immaterial what subscripts
appertain to the &'s and their coefficients, it may bo assumed that the

first m of theso coefficients are positive, the remainder being nega-
tive. If

Q= :5; {glr Gar o0 Guy — a1 oos —'gn} w,

w being a real orthogonal matrix, the equation determining the
transformation ¢ is

;; {91» Qay ooo Gy = Gumnaly +oe _gn} W(P
= {GD Gﬂl soe Gm) =Wty ooe '—"G,.}.

Therefore, the general expression for the real linear substitution that
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will transform a given real quadric into a sum of squares, the coefficients
betng real, i8

:h;{ g;l' %’ ore %} ({G"Gﬂ""amv "Gm+h'"';'a"} _Y")“l

X ({Gu Gy .. Gu =Gy oo —Ga} +Y),
where Y is an arbitrary real skew-symmetric matrix,
Another form of the general expression is
<( /& @ @
£(0=Y) (Q+Y {\/-! G .. -_"}
( )7( )@ 7 ’ % ’ n ’

where Y is an arbitrary real skew-symmetric matrix.
6. Dependence upon the equation Yy =1 of the equations $Q¢p = Q
and Q¢ = ',
The equation ;Q =0
may be written ‘ Qg . QgQi=1,
since, if ¢ aatisfies this equation, it satisfies the former, and conversely.

This is also true if the two square roots -4 and O} are taken to be
symmetrio; and then, if

Y= Ql¢ Q.l’
the equation becomes v y=1
Thercfore o= ol

(where -t and @ denote symmetric square roots, and ¥ is an

arbitrary orthogonal matrix) is the most general solution of the
equation

«pvﬂ(p:().

Consequently, the problem of the automorphic linear transformation
of o quadric resolves itsolf into that of the representation of an
orthogonal matrix.

In this expression for ¢, no.generality is lost by regarding the
square root of 27, which appears in this expression, as the reciprocal
of that square root of © whiclr also enters into this expression for ¢ ;
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for every solution of the equation
909 =90
is & solution of the equation
Q-igQh.Qlp0-i=1,

in which the square roots of © that enter are all identical.*
Similarly, without loss of generality, any square root of & may be
taken, provided it is symmetric; and then, by a suitable choice of ,
all other solutions of the equation

;ﬂqb:ﬂ

may be obtained.+ It will be assnmed in what follows that the two
square roots of 2 entering into the expression for ¢ are identical, in
which case ¢ and ¢ have the same latent roots ; for then

$=g =1 Q=g =07 (J—g) O
and therefore |l¢_g | = | ¥—g]
for all values of g.
The equation 20 =9,
may, similarly, be written
Q-0 Qg Q=1

since, if ¢ satisfies this equation, it satisfics the former, and con-

# Morcover, if n:, n: denote distinct symmctric squaro roots of 0, and if
¢p=0"tyal
whero is orthogonal, roplacing ¢ by ¢ ala;$, which is also orthogonal, sinco
al a7t is orthogonal (for tho transverso of a'as! is n7dnd, and
“bod aba-d -} “b_aiph b=
ajtal.alajt=a;t.a. 0t saflabalali =1,

and the product of two orthogonal mutricos is orthogonal, the expression for ¢
Lecomes o, by n}, in which the squuro reots that enter are reciprocals.

+ Thus, if n} and n.: denoto two distinct symmotric square roots of 1, and it
¢ = ﬂf‘ ¥ ﬂt,
where ¢ is orthogonal, roplacing ¢ by n‘l n_;‘ ¥ n:n:‘, which is also orthogonal,
since n'l n;‘ and n: 0,4 aro orthogonul, ¢ becomes

—-iyql
a;tyal.
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versely. The matrices Q=) and Q! may be taken to be symmetric ;
aud then, if

Y= Qg 0,
the equation becomes Exp =1
Thereforoe p =071y,

in which Q-1 and Q7 are any pair of symmetrio square ‘roots of Q-!
and ', respectively, and ¢ is an arbitrary orthogonal matrix, is the
most genoral solution of the cyuation

;Q¢=Q

In what follows I shall give two exprossions for orthogonal
matrices, and their applications to the equations considored. Of
theso solutions of tho oquution

V=1,
the sccond is absolutely general, and, thorefore, gives rise to
expressions which contain every solution of the equation

pR9=10,
and every solution of the equation

. eQ¢ =0 (se0§7).

Tho first ropresentation of an orthogonal matrix which will be
be considered is Cayley’s; it gives rise to the solutions already
prosented in § 2 and § 3, '

Thuy, if —1 is not o latent root of the orthogonal matrix ¢, wo
may pat

y=¥=1.

. y+1’
whenco follows
Y )=t (=1 = o (1— “f —,
and . Y =(01-Y)"'1+Y)*

% This oxpression for ¢ is possiblo, for
T T w21
=21 = [t | = oy 1T #

therefore, T—~1 hus a rouprocul
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This is Cayley's well-known ropresentation of an orthogonal matrix
in torms of a skew-symmetric matrix. * If, however, —1 is a latent
root of ¢, Y cannot be thus expressed in terms of .

If —1is a latent root of Y, but not +1, —¢ will bo an orthogonal
matrix of which +1 is a latent root, but not —1;* thorefore —y is
representable as above, giving

y=—>1A=Y)"11+Y).
Therecfore, the expression
+(1-Y)""(1+Y)
will, for a proper choico of the skew-symmetric matriz Y, give every
orthogonal matrix, except those of which both -1 ave latent roots.

Substituting, for ¢, in the cquation
¢ = Qg

Cayloy's expression for an orthogonal matrix, we obtain the solution
of the equation ;Q(p =0
given in § 2. Thus
p=£011-Y)"A+Y)Q}

=20 (1=Y)" Q. Q (1+Y) 2

=2 (2-Y,)" (2+Y)),
in which Y, = QYo
is an avbitrary skow-symmetvic matrix. And, since the latent roots
of ¢ and of y aro identical, this expression for ¢ (as statod in § 2)
contains every solution of this equation, except those which have as
latent roots both 1.

Similarly, substituting (1-=Y)'(1+Y) for ¢ in Q-4 Q9, we
obtain the solution given in § 3, viz.,

p=£01(1=Y)"(1+Y) Q1
=200 O (1-Y)1 0, Q0 (14+Y) Q)
=070 (Q'-Y,)" (2'+Y)),
in which Y, =%y Qi

¥ Sco p. 296.
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is au arbitrary skew-symmetric matrix. .This exprossion contains
every solution of the equation

;/.;Q p=0Q,
excopt those for which -0 ¢ has both 41 as latont roots.

7. Solutions of the equations 9026 =20 and $Q¢="C, based on
Tazt's representation of un orthoyonal matriz.

Any matrix of non-vanigshing determinant is separable into a
product of a symmetric matrix and an orthogonal matrix. Thus, if
X is any matrix,

)Vxx =i

= (V)

but ;x is symmetric, therefore v XX may bo taken to be symmetric ;

and, if Y= -__,

thon Jy = "XX \/xx\/xx——-_———l*

V'xx \/xx \/xx vV'xx

The function —X_. will, for 2 proper choico of x, be equal to any
orthogonal mm;rix.x );‘or, if ¢ is any orthogonal matrix, and if we put
X = Yo,
whero w is any symmetric matrix whoso determinant does not vanish,

one value of this function of x is ¢; thus,

X_ l,// _ Yo _ =y
\/fx \/wlll 'l'w G

Thereforo, substltutmg for i in Q- Q, the most general solution of -
the matrical equation cpﬂtp Q s

p=0-1-X_q
XX

* Kolland and Tuit's Qualernions, Chap. »
VOL. XXIV.—No, 409, X
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in which'2" and Q! are symmetric square roots, and y is an arbitrary
matrix,
- Similarly, the most general solution of the matrical equation
§Qo=0"is
¢ =0 X0
XX

in which ©-4 and 07 are any pair of symmetric square roots of Q-
“and ', respectively, and y is arbitrary.

Expressions for ——7§v= may be obtained by means of Sylvester's
formulu. XX

On a Theorem for Oonfocal DBicireular Quartics and Oyeclides,
corresponding to Ivory’s Theorem for Oonfocal Oonics and
Oonicoids. By A. L. Dixon, M.A., Fellow of Merton College,
Oxford. Received and read May 11th, 1893.

Darbonx (MMémoires de U Acad. des Sciences de Bordean», t. viir and
1x.) and Larmor (Proc. Lond. Math. Soc., xv1., p. 198) have discussed
Py
¢ ()¢ (Q)
is o function of the position of P, is unaltered when for P and ( ave
substituted the corresponding pair of points, and have shown that, if
¢ (P) is « constaut, P and @ lie on confocal conicoids, and that, if
such a relation hold at all, P and Q lie on confocal oyclides (i.e.,
quartic surfaces having the imaginary circle at infinity as u double
line), or, if all the points are in one plane, on confocal bicircular

quartics.

I proposo in this paper to find ¢ (2), for bicivcular quartics and
for cyclides. Tho systom of coordinates used bhas been already
“investigated by Diboux and Casey.

I have added o proot’ of the theorem for the particular case

Ivory’s theorem and its extension, in which where ¢ ()



