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12 The Rev. B. Bronwin on the Inverse Calculus

same purposes as this cotton, and if it be notoriously known
that what is now called pyroxyloidine was not brought before
the French Academy and the scientific world until towards
the middle of last November, the idea of attributing to France
the discovery of gun-cotton cannot be seriously entertained,
or of assigning to me merely a practical application of that
which another would have discovered.

I appeal to the justice of Frenchmen, to decide the point to
whom belongs the honour of not only being the first to apply
the new substance in question, but also of having first pre-
pared it—to MM. Braconnot and Pelouze, or myself. I
must, moreover, add expressly, that it was not xyloidine even
which led to my discovery, however intimate may be its rela-
tion with gun-cotton ; it was theoretical ideas, possibly very
erroneous ones, but which are peculiarly my own, as well as
some facts which I was also the first to discover. Suum cuique
is a principle of morality on which society at large rests;
why should it not be strictly respected in the republic of sci-
ence? M. Pelouze is a distinguished chemist, and already
possesses a sufficiently high reputation not to require to ele-
vate his pretensions on the merits of others; and I am fully
persuaded that this estimable chemist, of well-known truth
of character, will, appreciating with impartiality the circum-
stances which have occurred, freely render me the justice to
which I consider myself entitled.

Bale, Dec. 28, 1846.

I11. On the Inverse Calculus of Definite Integrals.
By the Rev. BricE BRoNwIN¥,

THIS paper contains several very simple and easy methods
in the inverse calculus of definite integrals; and they
show that the function under the sign of integration may have
more than one form. The exponents # and p are always
positive, and #-+p=i an integer.
First, let ¢(x) =3 A,,2™, an ascending series. Then

‘/OA .'/v""‘d:m(a—-—a:)=EA,,‘,/O‘A 2 ldr(a—a)™
1
=2Amam+" =1l dp(] —2)™
Ax 2(1 —2)

Lim+1) ={(a) suppose.

— m+n -
=T(m=Ana Tm+n+1)

* Communicated by the Author,
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Then also
T(m+1
I'n)Z A, (a—a)yn* I‘(T(Zl-ﬁ——r)l—) =¢(a—x);
and
I(m+1) ¢ R
I‘(H)EAmm o xP ldﬂ'(a .Z‘) +
=fawp'1dx¢(a—-.r),
or °
]’(n)I‘(P)EAmamHP(I‘T(’_':%)l) /. 2~V dad(a—z).

Operate with (d%)ton both members, and we have

13

PIDE)EAwa” =TT (@ola) = () /o tdota—a)

= (%z)ia?’ 0 ' do(1— o)1 Y(av),

by making e —x=av. Therefore
e 1
ztdrpla—2)= = o
S, i detla=2)=4(a), ol0)= s
d\é 1
(%) a? | dv(1 —v)P~Y(av).
Next, let p(z) == %—:’}, a descending series. Then

plata)=3—"

(a+w)’"’
and f o1 dagla-+a)=SA,, © gn-ldy
) o (atay
= © g Vdy A, L(im—n) _
VA G e

suppose. 'Therefore

(1)

A, T(m—
and
T (m—n © Pl ®
AN == A A AT

or
T(D()S P(rm(; L= [% o antiata).
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Operate with <%>Zon both members; then

(=1 T(mIY( )ETZ(%)i/olw“”’""dw(adrx);

or

Pla)= I‘(n I‘(P) da>f artdzb(a+ ),

f 2" Vdzp(a+z) =Y(a).
)

We may put ¢ (a) under a different form by making
aqr= g. The forms of ¢ (a) obtained in (1.) and (2.) differ

(2.)

from those given by Mr. Buole in the Cambridge Mathema-
tical Journal, No. 20; but by varying the process a little, we
might obtain his results. \g,fe may observe that the least
value of m in (1.) must be greater than (—1), and in (2.) greater
than #z4p or 4.

In ¢(2z) =¢Pp(0), which is Taylor’s theorem (D standing for

» change ¢(z) into ¢ (¢*), and then z into log 2 ; we have
o) +aPe(®). . . . . . . (a)

do
Therefore, also,

¢(a—z)=(a—x)°p(<),
and

./omw"““dwqb(a*-x)='{faw""‘dx(a-—-x)f’}gﬁ(s")

_T@rD+1) .
= T D 1nrD) @ "¢ E=Ya).

Consequently
A

THt a—apng(e)=d(a—a),
and D41

I(z)I'D+1) - n

P(D+n+1 {f I i }¢(e°)

=f 2#Ydry(a—a);

or °

PO ity ) 0@ =/ s debla—2),

¢
Operating with ((g‘-) on both members, we find
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d\' .
I‘(n)I‘(p)aD(p(eo)=I‘(n)1"(p)q:(a)=(%)‘/. 2P~ daY(a—x),
X 0
the same result as in (1.).
In (a.) change ¢ () into ¢ (%), and then # into %; we

have

p@)=aPp(e%); . . . « « . (b)
¢(a+x)=(a+a) Pp(e~"),

and therefore

and

‘/O-oo 2 'dzp(a+x)= {‘/()‘wxn—ldw(a+x)_D} o)

T(T(D~n
J— (l) (( ) )an_D(P(E_o)_ql(a).
Hence

PR (a4 ap-rp(e=9) =pa-+2)

F(L)%_gﬁ)__@ {‘/; ° zP~da(a +w)"‘D}¢(f°) .

=_/'wx”‘1dx\1:(a+x);

0

and

or
) S5 avge = f'7 wtdobiasa
And, as before,

(—1)'T()T(p)a~Pe(=)=(—1):T(n)T(p)¢(a)
= (éf‘z)l/o‘w‘”""dw(a+w),

the same result as in (2.).

We might by this method derive the forms of ¢ (a) given
by Mr. Boole; hut my object is merely to show ene use out
of many which may be made of the formulse (2.) and (5.)

If Ar=1, and E=14+A; Efr=r 4k, Efa" =a2"2*, Giving
to % an infinity of different values, multiplying the vesults by
any constants, and taking the sum, we have

wo@=¢E)}. + . . . . . (c)

It is plain that we may give to %, not only integer values,
but fractional ones also, and any values whatever, and nega-
tive as well as positive ones; for the operation E* performed
on 7, or on a7, merely changes them into r-%, and 2™tk re-
spectively. The function ¢(2) is therefore very general.
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Change # into a—2, and we have
(a—2) pla—2x)=¢(E)(e—2x)".
Therefore ) )
a. n—ld — )T —r)= E “ n—ld —\7
‘/0. r=ldr(a—z)ola—z)=0( )./0. 2 Vdz(a—x)

=B+ an a1 ~a) =T(a)g(B)ar g = ¥)

suppose. Change a into e —2, and we have

T(9(ENa—2)"* ey =¥(a—2),
and

I‘(")‘P(E)-I,—(I,;_(:-:—,_%_l!_——)-l—)‘/omxp'ldr(a—m)'+”r£axp—rdx¢(a—x);

or

I(n)T(p)p(E)ar+! r-:-zi-—:)l) -—‘/.rl"ldw a—x),

and
() (p)p(E)ar=T(n)(p)ae( ( )fxl" drd(a— ).

Change 27¢ (z) into ¢ (), and transform the second member;
then

‘/O-axﬂ—l dmp(a-—.z') =-.[/(a), a I‘(H (da) f dv
(1 —v)P=1{(av),

as before.
Resuming the equation

T(n)p(E) (a2 o0t 1) gy ),

Tr+n+1)
we have
o =1,
T(n)e( E)I,(r(_’_r—:_}_)ﬁ‘/‘:wl’-‘dx(a—x)r“i’ (ma x;;xlz(a —a)
or
P (p)p(Byar St D) [

Tr+u+1) J, (e—a)
1

=qgP-t vido(1 — )P~ Y(av).

S o1 1) xp(d )i

Multiply by e¢i-?=4a", and operate with (c_f) ; there results

n(n)T a”—i’—( )f v=idy(1 —v)?~ Y (av).
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If therefore we change 27¢(2) into ¢(2), we now have

.« _ ar d\'
~/o' P d_w(tlz z)=1Y(a), ‘P(a)—f@)—l‘(ﬂ (RE)
/’ v=tdo(1—v)P~"{av).

0

If we put D for %, then

Dk &’ — mksmﬂ’ ( —_ D)k e— L m .'v"e""” ;
and, as in (¢.), we have

e g(x) =¢(D)e*, ep(x)=¢(—D)er . . (d)
O, if we put p* for the operation which converts ¢ into afe™,
and ¢ for that which changes e~ into @#¢~"*, then

erplz)=¢(p)e, epla) =) . . (e)
and £ may be positive or negative, integer or fractional, or
any quantity whatever. 1 believe these formule are new,
and they admit of many uses.

Changing # into @+, we have
g—7(at+a) ¢(a+w)=¢(9)e—r(a+w) s
and

0 @K
f x"—ldxe"'("”’?(ﬂ+ﬂ’)=¢’(9)e"f/ 2"~V dwe*

0 0
=T(n)o(f) % e~7 =4 (a) suppose.
Changing « into a -+, this gives
1
{n)p(8) s gt =Y(a 4 ),
and

1 ® 1
T(n)ell) = s"‘“/O. ar=tdgs=* =T(m)T(p)p (O) e

o]
=f ePVdadla+x);
or ¢

(=1)r (")I‘(P)@.(@)S‘”‘ =(—1)T(r)T(p)e~¢(a)
= (dia):/(: 2P~ (a+ x).

Change the function ¢~"#¢(2) into ¢(x), and we have

‘/0 " edop(ata)=4(@) pla)= fézt)%()?r?_) (d%)i

[+ o]
/‘ x?=\dzd(a +2)
1]

as heretofore.
Phil. Mag. 8. 8.Vol. 81. No. 205. July 1847. C
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The equation

D)) o <7 = (@),

found in this investigation, gives

n)p(f) ;1; E”'(g) =1 (%):

r(n)gzs(e);7 ‘/0' ‘omrdo(1—v)r-re— (L) = /{; "vrdo
(l—v)l‘-‘xb(g).

Diﬁ"erentiate this for a, then

1 « 1
—I‘(n)q)(ﬂ) == v=P=1dy(1 —v)p—lﬁ—’(a’»>=a%/; 0P dy

(1—v)r—1 (g)

Make :7 —1=a, and

1 a
/ p—p—1 dxv(]_ _7)) P—‘E—"(E)
Jo
will be transformed into
-7 @ p—ld A a™? Tl .
E S aP=tdys =T (p) LI

and the preceding will become

—T(n)T(p)¢( 9)—~s“"“=~ f vrdo(l—v 7’""’( )

yi—t

and

Multiply by a?, and operate with ((T) » there results
(=1)T(»)T(p)e (9)5‘“"‘(—'1)’1‘( )L (p)e~"p(a)

= (day~ da vl "7’)”—]"’(5)'

After changing the functlon ¢, as before, we now have

© _ " =(_—1)i
‘/0‘ 2~ dzp(a+a)=Ya) ¢(a) T{n)0(p)

(&) ot fiiinra(). [

The formule (3.) and (4 ) are the same as those given by
Mr. Boole in the paper before referred to. From the last

(+)
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method of investigation, it appears that the functions ¢ and ¢
may be any whatever, consistent with the required relation
between them. DBat if we are obliged to integrate by series,
they will in general be subject to the restrictions mentioned in
(1) and (2.); I say, in general, for infinite quantities may

vanish by the operations (‘%)l.

To give an example in each of the theorems: in (1.) let

n=1, p= g Ya)=vz.

We find
1 2 d (ra
12 Fra=7 (%)
d 1
" 2@)=5;
then \[J(a)= vV Za
as it should be.
In (2.) let
n=g =g Yal= 77
‘We find

{I‘(%)}Q?(a) _ ;1% (log a—log o), ¢(a)= }!z-z;

and then 1
¥(a) Va

In the last example 7 and p are not conformed to the re-
strictions, but the infinite quantity goes out by differentiation.
The theorems (3.) and (4.) are likewise satisfied by these ex-~
amples, It must not be supposed that the values of ¢ (a),
given in (1.) and (8.), or in (2.) and (4.), are necessarily equal ;
for they will not reduce the one to the other. Yet we may
have

®© &

f 2"~V dag(a+x) =V(a), f 2 dag(a—x)=1(a)

0 0
in both cases; since we know from examples that the inte-
grals of different functions may be of the same form,

Gunthwaite Hall, near Barnsley,
May 24, 1847.

C2



