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XIV. A4 Generalized Hypergeometric Function with n para-
meters. By Dororay WriNcH, M.Se., Fellow of Girton
College, Cambridge, and Member of the Rescarch Staf,
University College, London *,

THE behaviour of the series

2
VI +a) 2T+ 2)(2+a)
r=1 r=1

as | z| tends to infinity has been investigated in several
particular cases. In the case when n=1 the series is easily
to be derived from the Bessel function, and its behaviour on
the cirele |z [= is well known. In a recent paper by the
present author, the case when n=3 was worked out. The
asymptotic expansion of the series in the general case has
gradually become apparent, and is established in this paper.

We may obtain the form of the asymptotic expansion of
the series

an—1<1+“la 1+ay . ltany; 2)
=1+ 3 —

n—l1 ?

=1yt DA +a)(2+a). (v+a)
r=1

zv

when | 2z | is large after the usual manner.
oFn-1(z) satisfies the differential equation

S(S+4ay).. (Bt an1)y=yz,
which becomes
309 + nay) (St na, 1)y =yt*,

if by analogy with the treatment of Bessel functions we put
z=(t/n)",

t/n being any one of the nth roots of z. Putting y=ett?y,
the equation becomes

(F+t—2) S +t+na—a) . (S +t+na,1—2)y=t"y,.

If & be chosen in such a way that the coeflicients of the
leading power of ¢ on both sides are equal, the asymptotic
expansion for (I, {(t/n)} will be

Sfin)ett (1 + %1 + %23 .. .),

* Communicated by the Author,
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where f{n) is independent of ¢ and the summation is taken
over the various values of ¢, which make

{E/n)r=z,
%1
t
descending powers of ¢, the equation resulting from the
equation

(S+t—2)(S+t+nay—a)... (S+t+na, 1 —2)y, = "y,

by the substitution of the appropriate value for @. Itis
evident that the coefficients «;, «;... are independent of
the particular nth root of z chosen. Clearly the relation
between the coefficients a;, o, . will involve more than two
consecutive ones ; we shall therefore not attempt to find any
but the first two.

The equation may be written in the form

yl(tn + 121 t"-l + 109 tn"l. o+ 1a,,_1t+1an) + S(!/l) (261.1t"‘1
+ 2a2tn_2- .ot 2an) +... +5”‘1(y:) (n-lan—lt +n—1an)
+3{(y1) ="y,
and the coefficients ,a, can be found by induction and
inspection. In order to find only the first few coefficients
in the series of descending powers of v, only a selection-of
the ,a; need be delermined.

Equating the coefficients of "-1, ¢"~2, {»=3 on either side
to each other, we get the equations

the series y;=1+ +%... being obtained by solving in

1‘11:0,
1@y 0y 10—, 20 =0,
102+ 1ag 143 — (s@p 2y + 200y a5) + 301 2y =0,

These equations determine @, a; and «,. As to the value
of the ,a; coefficients involved, it is evident that

n(n—1)
BTN, gl =y,
n(n—1)
2

The value of ja; is =2, where 3 represents the sum
1 r

of the terms
—&, nay—&, ... N, |—&,
taken r at a time. Since ja;=0 this gives
nol n—1

= 32=1a3+ ——2_"‘
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The values of the other relevant ,a, coefficients found by
induetion are as follows :

n—1)(n—2 — 1) (n— -
=3+ (_i)é(m)\?.,_ n{n—1)( 24‘3)(371 5).

(n—2)(n—38) n—1}(n—2)(n—-3)(3n—8)
2 5t ( 24 =

1a3=2+
3

N %‘ (s—1)(s —2);‘1— 3)*(3s—8) )
=002 (s,

1

«, and a, are then found to be
2
19g/201,  [102 + (301~ 982) 109 + 901 . 105]/2 5012,

respectively. Subsequent coefficients aj, a4 ... can be found
in the same way, but they will be increasingly cumbrous.
They are not, however, of the same practical importance, as
a; and «, will, in general, alone be required in applications.
The form of the asymptotic expansion of (F,-1(z) is then

n z
nEr n"r

s
-2 RN oy g
‘Z‘ ”?,ﬁ-\n)e nr(l+ +n2 72—}-...),
where
n-1
n—1
8y = 2“3"“"‘)—'
s=1

-

and ,z, represents an nth root of 2, the summation being
taken over the nth voots of 2.

Now, in the case of a value of ,z. which has a negative
real part, whatever the value of f(n) the corresponding part
of the asymptotic expansion, namely

8 ©
o B2 a,
=] e (1 2y
is asymptotically equivalent to zero. Hence, although it is

true that

Funs(e)~ 2] B2 r e (142 25

v=1 '"v(nzr)v

fr(n) corresponding to a value of .2, with a negative real
part, can take any value whatever, and there is therelore
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no sense in which any one set of values of f£{(n) corre-
sponding to such values of .z, gives the asymptotic behaviour
of (F._1(2) when |z|is large rather than any other. It
would therefore be misleading to leave (1) as it stands,
where certain functions of n are substituted as the values
of f.(n); for the asymptotic equivalence persists, what-
ever value may be given to those of the set of fr(n)
functions corresponding to nth roots of z with negative
real parts. There is, indeed, no sense in which one can
talk, for example in the case of n even, of a “sudden
jump”* in the value of the function of » multiplying

[z}

the exponential term ¢—?" as arg (2) changes from being

", . . . - 1
positive to being negative, since the product of ¢~"1% o

and any function of n whatever is asymptotically equivalent
to- zero, whatever the value of arg(z). We therefore
proceed to find the unigue set of functions of n, whose
existence is already plain, which makes the asymptotic
expansion of ¢F,—1(z) equal to

—s,/n 2 < o
2| VTS fu(n) e <1+ S =
‘ l R(nzr) éfo( ) v=1 nv(nzr)v)
. .o on—1
when |z| is large, s, being 3 a,+-—,=.
=1

2
If C is a closed contour containing the origin

an(l+6¢], 1+“2a 1"’“71—-1 H 3)

1 ) zft
= 2;2£0F71_1(1+6¢1...1+an—~1 ’ t) [1+l_"l:“n
_Ey qa
+1+%_2+%...]7..<2>

Further, if the contour is so chosen that |¢| and |2/¢| tend
to infinity as |z| tends to infinity (and it is plain that such
a choice 1s possible), it will be possible to obtain the leading
terms of the asymptotic expansion of (F, by ajproximating
to the value, as |z]| tends to infinity, of the integral in
which the leading terms of the asymptotic expansion of

oFa-1(t) and of (oo
zft z/t
L P prae

have been put in the place of these series.

+ ...

* Cp, E. W. Barnes, Proc. Camb. Phil. Soc. 1906.
Phil, Mag. 8. 6. Vol. 41. No. 242. Feb, 1921, N
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Now it has been established * that

u ug Uy, —a “(a-—l)
m+l+u.~2#+u+“' cu T (14 o) —afu— by

o1 1
—[” Pa.u D(a—1).u? I‘a—v ]P(”“

if largu| <, u™ being interpreted ns e~« €%, logu having
its 1m'101na1y part between + 1.

It remains to choose the correct hypothesis for the
asymptotic expansion of ¢F,_,(2) and to prove its correctness
by induction.

The relevant data are

1+

(1) If | 2| is large and |argz| <,
Ja(z) ~ (qu)j[cos (z—inmw—im) I:l—}- ]

—sin (z—§nm— ) [%—fi:']
222+ ]
e )

) [ i(-1s)

where s;=n + .
(2) If [2] is large,
oFs(1+ay, T4ay, 1+a5; 2)

~Fl+o¢11—‘l+a21_‘l+as — 3o Fayt a,+ 32 454
9523/ [e

i wmi . 1, m
etz e--‘g("ﬂ+ﬂz+«»a+3/2)+ e-.4z;~*e+.§(¢1+~2+z3+3/2)]

= It +ay Plg_{_a? 't +“ “_ [ Az +e41; %
(2m)* v 4
—4; +m
+e zz ]

Barnes, loc. cit.
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Both of these results fall under the hypothesis that
OFn-l(l + [5]) 1 +ag, ... 1 +a,.1 C)

(1 R ® L,
~ II‘(T—’]taf% 3 ”Zr(nzr) —'SIL[]_ +3 71.7%7’_, ,
(2m) % \/n R(,z,)=0 v

where (,2,) = means the complex number whose argument
is —s.Xarg (n2,), and the summation is taken over those
values of ,z, the nth root of z whose real parts are not
negative.

We may now proceed to discuss the value as | 2| —> % of
the integral in which the integrand of the integral (1) has
been replaced by the leading terms of the asymptotic
expansions of the series.

We have
(1 +«,) ,
27ri0F,,(z) ~ ”1‘”—_—1——~ ‘:}% e r(ntr) “on
@m)F va©

2/t —ay__ © 114 o (ét
x (6‘ (z/t) v§1 z”F(an—l-{—v)) t’

The only limitations on C, which is a contour in the
t-plane, are, that it shall enclose the origin and be such, that
onit [¢t] and [¢/t| are large when |z| is large. We may
therefore choose as the contour a circle with its centre at
the origin and with radius &, provided & and |z{/& are large
when |z|is large. Then

kid 642
HF(1+9¢S) , s M‘/nez___n"a_%n _i0+351rsn
1
oFa(2)~ 51 _j R ’
(27) 2 A/n

X (efvp—o) (l_:;J)'“n e ian®0 _ § R ) ,

o=1 Z”I‘(a,,——l + ’U)

the s-summation being taken over integer values of s, such
that

w _O+2sm
——QS n 5‘5’

¢—0 being the argument of 2/t (requiring sometimes a
different valwe of ¢ in different parts of the range), which

lies between —m and +a. [The special case when
N2
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¢ —0=+m or —= will not arise.] Let I, and I, represent

.04 2sm 8, L,
-2 _0tm, & i(p-0)

'ad t— i\ =
‘" S T sty r T el (Lg_') g ~iaa(0—0) 40

TS

.04 2sm
= n&l/"et w - _on LN © Sveive

n n on e

Se 8 e xS 2l
-8 v:lzp(“n"l'l'v)

de

respectively. I, is made up of a set of integrals of an
oscillatory exponential type and we may approximate to
their values by Kelvin’s method. ¢ Critical points ™ of the
integrands of these integrals occur where the derivative of
the exponent is zero, or
042tn .

d%(nSI/"e'T+%e'@_o)) =0,
and are easily seen to exist when, and only when, 8=z [""*%.
Taking this value of 8, we satisfy the condition that on the
contour C, |¢|and |z/t| are large when |z] is large.

The integrals to be evaluated for I; are then of the form

+2¢x

[
yn+1[, 8 = 4 HP—6)
Dm0

-1

x|z]

sptay, - (9+2t1r
e n

Fn) 8+ —0)an)
dé

“ (rritical points” are those values of @ for which

6+n2tw —(p—0)=2vr
0+ 2t 4 _p_O+2r n
or n 2V7T—¢> 0— n+1 -—2V7r.n+1. . (3)

Suppose 8=¢—{ is a critical point of the integrand of ,I;,
that is to say ¢—{ satisfies (3) and is less than or equal to
o in absolute value. Then

sytay, ¢
T ¥ 8yt [P nar i n+1
t11~2 1t ]Z] n+1l e n n_.(' el | n+] 6 ("+1—'2n 62"')(16
¢ e>0 JO=C+m
8, Fa,+d
~ 3 |z T latndd, (h D2 -
-—gf;f_"'g‘ 7l+1’

since as x tends to infinity

oo — . Ly
e dz~3 M, if —5 <arge<

.

SIE

o
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From the equations. (3) it is plain ithat every value of & is
such that
lzll/n+leig

is an (n+1)th root of 2, and the summation is taken over
those values of ¢ alone which are less than or equal to /2

in absolute value. Thus the asymptotic equivalent for I,
is the sum of certain terms of the form

2n7 (s, + L 1
AR an'i'g)en-!— ﬂ+1z1'
'\/n‘— 1 (n+l r) )

— L
.9n+1—sn+un+ 3

or since

of the terms of the form

2n . N .
- +1 .z
— 2z, ntle n+1%r,
r\/n i (n+1 r)

The question remains as to whether, when all the integrals
of the term I, are taken into account, any of the (n+1)th
roots of z with a non-negative real part are excluded (it is
of no importance whether those with negative real parts are
excluded or not) and as to how many times terms corre-
sponding to each of these roots occur. A slight consideration
of the equations (3) shows that the first possibility is cut out.
As to the second point, it is clear that only values of § less
than or equal to 72 in absolute value need be considered.
In this restricted class of cases, it is plain that the same
value of ¢ cannot occur in the case of integrals corresponding
to two different values of . Hence

n n
Ul +«,) IT(14 a)
- a1 i~ " E(n+1zr)—s”+le(n+l)"Hzr

@m) % An (2m): N +1
the summation being taken over values of 2z, satisfying
the conditions
(n+1zr)”+1 =<

™ <71'
—_—— < ap 2 -
g=<arg, .5, =g

(441%,) " "+1 being interpreted to mean the complex number
whose argument is
_sn+l X arg n+lzr’

The integral I, has no “critical points” in the Kelvin
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sense, and therefore by considerations which are sufficiently
well known in applications of this method, the important
“groups of errors” in the divergent development of the
functions all arise from I;. We shall, however, show
independently that I, is negligible compared with I;.

In considering I, we again choose a circle with centre =0
and radius & as the contour, but are free to choose § as we
please provided only that § and |2z]/8 are large when |z is
large. Then

&
g‘ entr e ™ X dt ,’

re
1/n
- 1\5‘ enﬁv
=
[ lJe
o L R 2w
T o — n =
.<_‘~We716 S no T g

<

2ms

a”srl/neT isnksr dt,

But let & be so chosen that
S=lz )n/Z(n+l).

Then

) 1 nr __R(sn)
J 0 i< Renis "V g 4D FeED
SO =
c <
Whatever the value of », this is negligible compared with
any of the terms

(’?n—%l‘gr(n+ 121_) 841

in which R(z,)>0. Hence I, is negligible compared with I,
and the asymptotic expansion for o, results in the form

T (14a,)

g=1
OF"(]‘ +“17 e 1+a,, H 2’) —~ (27)" vﬁi

2 en+1”'+1z"(n+1:r)‘sn+1.
[arg(n412,) | =T

This result is of a similar form to the one assumed for
oFn-1 and already proved for oFj;, and is therefore now
established in the general case. The complete form is
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then
11 F(l +“8)
oFa(lday, ... 14a,; 2)~ m
“ arg, 112y l 11 {n+1 T) v= 1(Il+].) (7:+15r)u

2

It is worth while to notice the forms which result for
oFn-1(2) and for ¢F,_;(—2z) when z is real and positive. If
n—1 Y —
x is real, positive, and large, and s,= % a,+ nTl
1
x a?

n-1 + n—

1+4+- T
I'H(lirzx) 2ITI (14 o) (2 + )
1

+ ...

n—1

O 0(L+a) "
Nl__)_l______ -—S,z/ﬂ[ (2 [1 2 vn:l
naxv

(277) \/n
oy Amwt 2t
e W—lcos[ » gin — (s, + '0)] :l

2An =x/2 e 2nt
P / €Oos n
As a first approximation we may record the result

t=1

n-1
v Il +a,) /
1 + - <+ ~ ]—_-T_ ~8p /N
21
n- 2 ont 9 rtsn
X {eﬂxl/ +2 3 Moo oog (71.11/" sin tml_ Zmis )},
t=1 n n
or
n—1
11 F(l + a}.)
1+’n(_u1¢“+-«-"“ L-“T n"%
e en Ty
2¢
e 2mt
x {eu+2 2 eucos oS (u S1112:t ZWtSza)}
=1

giving the familiar result

Cu
Ia i — Y
() v 2mu
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and uscful results in other cases such as

r—1
IIT14a,
1

14— (”/’") e~ ()T
1!1111+ocs (27r) \/r

ucosz—r . 27 21TS,-
X | et + 2e " cos| u sin — =~ —— ],
r r
when » is 4, 5, 6, or 7, and iu the case of =8

7
l-] T'l+a,
~ @) a2

(u/S
1! Hl+oc
1

“ weos T . T T8, s
x [é +2¢  4cos (u sing — ﬂlg) + 2 cos (u— Tg):!,

and so on.
Similar results are available in the case when ¢ is negative
and real,  Tf @ is large, real, and positive

14 - o (u/8)*

ne1l
. InIr{i+ae,)
il 1 —
1 ————‘n_l + f-\_.__———“;l Z Su/n
1 1111-‘_“" (2m) * \/n
-1l
nTE g, @D s 2t—1 -
x iz e1u [e55] s [COS 71.’131"" sin = _77;_7 _— 25 1 _—
5 . 2t-1 2t -
E o ncos (nx‘/" Sin—— 7 — — 71-(.;"+ ,,)]

and again, as a first approximation, we may put

n-1
21y * , _

[ z + ) 111 T'l4 a, sn n’z—s M;,ncos(‘?g;l’)j
Tl T : & u 2 2

2m) ? Vn

X COS (n.z’l/” sin 21;1_*1'”_2—{;_1 .Nn).
Or 7t— 1 _

("/n)n 11 Pl+a" 2‘—] =3 ucosQ—DF
T4 ~ 2——“ n

1 11144, (u/n) ° =21

(27) ? \/n
2t—1 2e-1 )

X COs (usin—— T ;S ),
n n
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which gives the corresponding result in the case when n=2
to the one already pointed out for I(v), viz.

2
da(v) ~ \/;r—v cos(c—%w—%w),

and nseful results such as

1— r(f’{?’)r HF1+% (vjr) = e ot 08 —1 T
1! I;Il+a, 2-") \/,,

m MWs,
X COs 'LtSlIl———"* y
r r

for r=1,23,4,5; and for r=6,
6
1_ (u/6)

N(;I%}/;t/‘% (u/6) %[ /8 cos (u sin /6 —7[6(Sa+5/2))
+ cos (u—m/6(Za+5/2))] ;
and so on.
The other (n—1) solutions of the equation
S(Sa)(Sta).. (94 y=3,
satisfied by
y=oF,_(L4a, 14+ay, ldea,_ ;)

are the series

o, _(ltay—a, . lte,_—a,l—a,

1+« a,. . l+a,_—a; 2)

r+17 %

with »=1, 2,..n—1. Culling these solutions yy, ys,...,._,,
since the sum of the parameters for y, is Sa—na, it is
plain that the asymptotic expansion of ¥, is of the form

fa. — o, + 7}—;—{

2 ()2 G

or ~(zet3Y)/ "e,w]/n,

S 1 (n)z
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so that we have
y_:zj;.(n)z-s"/ne"zl/n,

=3 ) e,
Y2=3 2 f;(n); =/ gzl

Y= =z n—l-/; (R)Z—G'Jne"zl/n,
n—1

where sn=3a + 5

Linear combinations of y, y,,...y, |, therefore exist which
behave, when |z|is large, like z~*/"¢ns'/", or like

1/ g 277
z—al,jne"z cos cos (nzl/” sin gﬂ —_— @ﬁ) .
n n

XV. A Statistical Survey of the Colowr Vision of 1000
Students. DBy R. A. Houstoun, D.8c., Lecturer on
Phlysical Optics, and Marcarer A. Duxrop, Zhomson
Ezperimental Scholar in the University of Glasgow *.

NDER the title of “A Statistical Survey of Colour
Vision,” there appeared a paper by Dr. R. A. Houstoun

in the Roy. Soc. Proc. A, vol. xciv. p. 576 (1918). This
paper described the results of a test made on the colour
vision of 79 observers by means of an apparatus similar to
the Edridge-Green colour perception spectrometer. Each
observer determined the number of monochromatic patches
he saw in a continuous spectrum ; this number varied from

Fig. 1
»
=
* >
" ® »®
x ® x
x ® »
® w »® o
®x Q » ®
0 Q0 x»x X O xR
x® 00:080;::
8880 Qo %X %
% 8 x Q990gQ x0Q x
Q 00x0000000C0GO0O © x
5 3 )y by "
5 10 1S 20 25

five in the case of the colour-blind to twenty-six in the case
of an observer with exceptionally good colour vision. The
results were exhibited in the diagram (fig. 1) where the

* Communicated by the Authors.



