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( 653 ) 

T H E  ARRANGEMENT OF SUCCESSIVE CONVERGENTS I N  
ORDER O F  ACCURACY. 

BY ALEXANDER BROWN. 

(From the Applied Mathematics Lalmatory, South African Colleqe.) 

(Read Septeiiilxr 15, 1915.) 

5 1. One of the iiiost important USBS of simple coiitiiiued fractions is for the 
solution of the problem fo $ t d  t l ~ e  fraction, whose c7e)iomiriutor does w i t  ezceed 
11 y h e n  integer, which shall wiost closely cipproximnte t o  (1 giwe?t. m t n b e t  c o w  

naetisurab7e or inconamen.surnble. A practically coiiiplete solution was pro- 
vided by Lagrange in 1769 in his paper “ Sur la Resolution des Equations 
Numericyues ” * aiid his treatineiit, iiivolvinq the use both of priiicipal coii- 
vergents (frnctioiis  pvincipales) aiid of intermediate coiivergents ( f ine t ior t s  
sewndnires) ,  has hecoiiie the classic eipositioii in test-lwolis of algehra. 
His results i ive the fraction nearest in defect, aiid the fractioii nearest in 
excess, satisfying the conditions. He does iiot coiisider the question of 
deciding which of these two fractions is nearest i n  a lwlu te  value to the 
given nuinher. 

Chrystal, in his AZgabru,t vol. ii, p. 424, Es.  10, gives a rule “ eiia1)liiiq 
us in most cases to save calculatioii in deciding between the closeiiesh” of thth 
fraction in defect and that in excess, but the rule is iiot easy to  apply ; whilc 
Serret, iii his C07~1.s d’Alg;bre Szcp‘Crieure,f p. 24, leaves the cluestioii as 
Laqrange dealt with it. The preseiit paper was written to give mi easy 
iiiethod of deciding between the two fractions, aiid to arraiige the successive 
coiivergeiits in such a scheme that the nearest in ahsolute value satisfyiiig 
the stated condition could be a t  once picked out. Afterwards a short iiote 
by Muir 5 was found On C~nvergen t s ,  in which the saiiie method of dis- 
criiniiiation is giveii without proof. This note semis to have heen overlooked 
b y  later writers. 

* “Mkmoires de l’Acad6niie royale des Sciences ct Belles-Lettxrs de Berlin,” t xxiii, 

+ “Algebra” (Chrystal), 1859, part ii. 

6 Report of the British Association for tl:e Advanccinent of Science for  1876. 

1769. “ CEuvres de Lagrange” (Serret), 1868, vol. ii, p. 563. 

Sixth edition, 1910. 
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I give below a proof of the rule and a method of armiiging t'lie COU- 

vergents in one set so as to show the nearest in defect, the nearest in excess 
aiid t.he nearest in absolute value, sat'isfying the st,ated condition. 

§ 2.  Coiisider the simple continued fraction 
1 1  1 

2 = c T 1 + - ~  n, + - - + . . .  u:; + C l , + . ' '  

aiid let the successive principal convergent's be p, /yl ,  p,/p3, . . pJ/q. . . 
Arrange the set,s of quantities : 

0 b  PJYP Y : h  . . (A), 
1/07 1-'2/929 Pi144 I . (B), 

aiid hetween any successive two p,/pl  and pi + 2 / p r  + int'erpolat,e the set 

(iiit'ermediate convergents). 
When the sets are coiiipleted they give fractions iiicreasiiig iii Oo111- 

ylexit,y and respectively increasing and decreasing in magnitude, wliich 
continually approach x. These sets provide solutions to the probleiii of 
finding t,he fractiou of given complexity (;. e. with deiioiiiiiiator less tlian a 
given nuinher) nearest in defect or nearest in excess to x. A doubt is left as 
to  which of the two is nearest in absolute value. 

Of the two fractions here iiientioiied it is known that oiici (at least) iiiust 
l)e a principal convergent." The final prvhleiii is thus restricted to a coiii- 
parison between a priiicipal convergent of one set aiid ail iiiteriiiediate 
convergeiit of the other set. 

For precision let p j y 1  and p + 2 / q i  + 2 be two successive priiicipd odd 
convergents ; p~ + 1/yi + 1 is a principal even convergent, and the quest'ion is 
whether p / +  J y l +  is nearer P, where I .  can 
have any integral value froin 1 to i r ,  y -  1 .  

or (pL + + , I /  (y/ + ~ q ,  + 

Let xi + be rlrfiiied b ~ '  
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(Chrystal's result, already referred to, fo11un.s eabily. ) 
We now ohserrc that 

1 

I 1 
'lli 1 C ' / + l  1 x 1  0 2  

I n  selectiiig the coiivergeiits nearest in alisolute value to z, we seek to  
exclude those interiiiediate coiivergeiits which are further froiii z in absolute 
value than is y l+ l /yc+ : i. e .  the to lie excluded satisfy the inequality 

and 'r/ = _ _  + + . . . +  

D, > D3 

The cases of a / + ?  odd a i d  a, + ?  even must be distinguished. 

(1) a,+? odd = 2)tz + 1 (say). 
1 1 
a, + 2 a /+  1 

Since - + . . . and - + . . . are Iioth proper fractioiib, the 

inequality is satisfied by T = 1, 2, . . . W L  only. 

(2) a,,+ even = 21)~ (say). 
It is certain that values of v up t.o OIL - 1) are to lie excluded. 
The value T = 11% is to  he excluded oiily if 

1 1 + . . .  > - 1  + . . . + &  1 

a,/+ :I < (1.1 + 1 
a , + ,  = a ,+1  and a ,+*  > a, 
at+:{ = U , , + l ,  %+.l. = Oh a , / + ;  < % - I  

a,, + 
L +  
at+:% a ,+& 

i.e. if 
or if 
or if 
etc. 
The test is an easy one to apply in practice, for n-e are conipariiig 

partial quotielits respectively right a d  left of a particular partial quotient. 
A difficulty arises when the comparisoii has to be carried so far that oiie 

of the partial fractions terminates ; this can be overcome by adding m's as 
partial quotielits a t  the end, as many as necessary. Thus mc may write 
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1 1 
- + - -  . . .; and we note that for the purposes of the (12 = up + 

00 03 

comparison we replace al by a. 
An interesting special case occurs when the two partial fractioiis coinpared 

are actually equal ; this requires that all the correspoiiding partial quotients 
be equal in pairs : 

a. e .  a,,+,=ah-l, aI+2=uh--3 ... C ? y - y = U ; .  

I n  this case the iiiterinediate convergent and the priiicipal coiivergeiit 
The value of IC is thus uiider coinparisoil are equidistaiit in value froiii s. 

half the sum of these two coiivergents, and we inay write 

a result which can he got by applying the properties of symmetrical con- 
tinuants.* 

The reasoiiiiig, used ahove for I odd, gives ideiitical results for 2 even. 
$ 3. To ohtaiii a conveilkilt scheme of arraiigeiiieiit take ail example 

2 + $ + : + 4 + f  + ;. 
Write dowii the principal odd and the principal even coiivergeiits, and 

011; 2/ l ,  (7/3), 12/5 ; 17/7, 90137 ; 163/67. 
l / O  ; 5/2, (22/9), (39/16), 56/23; 73/30, (%36/97), (399/164), 562/231, 

Certaiii of the interniediate coiivergents inay  ION he reiiioved as being 
further from the true value than is a priiicipal coiivergeiit with a smaller 
denoiniiiator. 

interpolate the iiiterinediate coiivergents. W e  have the two bets, 

72551298 ; 8881365. 

In the set hetween a i l  and 17/7 L I , + ~  = 3, and we relnove 7/3 only. 
I n  the set hetween 512 aiid 73/30 a,+, = 4, aiid we reinwe 22/9 cer- 

tainly and possil)ly 39/16 ; here al+? is 2 aiid ccI is 3, i. e a,+? < uL aiid so 
39/16 must he removed ; and so 011. 

Those to lie removed are enclosed Iiy brackets in the above list, and the 
f ractioiis left have the property that Iietweeii two of thein consecutive 
in coinplexity iio simpler fraction can be iiiserted as near in absolute value 
to the fractioii as the less coinplex of the two. 

The followiiig arraiigenieiit in groups which erid iiistead of begin with a 
p riiicipal coiivcrgeiit has advantages : 

Fractions in defect. Fractions in excess 
01 1 1 / O  
( l i l ) ,  211 (3/1), 512, 
( 7 / 3 ) ,  1215, 17/7 (22/9), (39/16), 56/23, 73/30 
90137, 163167 (236/97), (:399/164), 562/231, 

7251298, 888/365 
The iiiethod of coiistructioii is as follows : 

Muir, Proc. Roy 8oc Ediii , 1873-4. 
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ArrangemevLt qf Successive Convergents in Order qf Acciwac!y. 657 

Write down O i l  aiid l / 0  
0 + 1 0 + 2 x l  
1 + 0 ’ 1  + 2 x 0’ then ___ 

then 1 ~ 1 ,  + . ~ _ _ _ _ _ _ _ _ _  + i .e. 3/1 and 5/2 

i. e .  l / l ,  aiid 2/1 

O t 2 x 1 ’  
and so 011, the number of ternis in each set being deteriiiined b y  thr corre- 
sponding partial quotient. 

The terms to be removed are now the earlier members: of a set. 
When these are removed we obtain a series of fractioiis of lrast coin- 

plexity nearest z in absolute value by reading along the successive liiiv-, 
completely froin left to right, e. g. the fractions nearest 888/365 with deiioiiii- 
nators less than 10, 20, 40, 100 are 17/7,  17/7, 90/37, 1&3/67, all lwiiig iii 
defect . 

The particular fraction 1/0 is exceptional. 
The actual differeiices are tabulated below in the oidrr of thr ~ I ’ C V I O U ~  

table : 
2.43 m 
(1.43), 4’3 (.57), .067 
( . lo) ,  .033, 4048 
.00045, .000041 

(.0115), (.0046), .0019, 40034 
(.00011), ( .000050),  .000093, .0000U!), 0 

A further example is added to show the special points iiieiitioiied iii S 2 : 

The table of coiivergents is 
2 + + + t S f  + ’,. 

O / l  I/O 
l /L  2/1 (3/1), (5/2), 7/54 9/4 
11/3, 2019 
(109/49), 198/S9 

(99/13), 49/22, 69/31, 89/40 
(287/129), 485/215, 683/307, 881/$9tj. 

The convergents 311, 29/13, and 287/129 can be removed a t  oiice. 
Iii settling the doubtful ones renieiiiber that  we use m instead of the 

first partial quotient, and a, for any partial quotient after the last or before 
the first. 

For exclusion of l/l 4 < 00. 

For 5/2 2 < w .  :. 5/2 is excluded. 
For 11/3 4 = 4, 2 > a, ; this iiot true. 
For 49/22 2 = 2 ,  4 = 4, a, = 00. 

For 109/49 4 = 4, a, > 2. 
485/218 w < 2 ; this is iiot true. 

:. l/l is excluded. 

:. 11/3 is included. 
:. +: and %$ are equidistant. 

:. 109/49 is excluded. 
:. 485/218 is included. 
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