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ON THE LINEAR INTEGRAL EQUATION

By E. W. Hozson.

[Received November 8th, 1913,—Read December 11th, 1913.]

I~ most of the literature in which the linear integral equation

b
J©) =) —-AJ K (s, t) p(t) dt

is the subject of consideration, somewhat narrow restrictions are placed
upon the nature of the given function f(s) and of the nucleus X (s, ?).
The nucleus K (s, #) is usually taken to be continuous except at points
lying on o finite number of curves with continuously turning tangents,
and such that any straight line parallel to either of the axes of s or ¢ in_
tersects these curves in a finite number of points only. The function f(s)
is usually taken to be continuous, and the continuous solution of the
equation is then obtained by Fredholm’s method. In the present com-
munication a wider range is given to the functions K(s, t), f(s). The
definite integrals employed are supposed throughout to be defined in
accordance with the definition of Lebesgue, and the function f(s) is re-
stricted only to be a summable function. It is shown to be sufficient, in
order that the solution of the equation may have only the same discon-
tinuities as f(s), that K (s, ) be restricted in respect of its discontinuities
in a much less stringent manner than that referred to above. It is shown
that the only summable solution of the integral equation is that given by
Fredholm’s formula, the nucleus being limited in the square for which it
is defined. A large part of the communication is concerned with the
cases in which the nucleus is unlimited. Iredholm himself considered
the case in which the nucleus and a finite number of the repeated nuclei
are unlimited, the remaining repeated nuclei being limited. 'This case has
been treated more fully by Poincaré and others, but is here treated with
greater generality than hitherto, at least so far as I am aware. The
theory of the ecanonical sub-groups of the resolvant of a limited nucleus,
in the form given by Lalesco, has been here applied to the complete in-
vestigation of the case of an unlimited nucleus just referred to. As this
x 2
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case is the one which actually arises in the application of the theory of
integral equations to Dirichlet’s problem and other problems in the theory
of the potential function, it appears to be desirable that the extension of
Fredholm’s method to such cases should be fully investigated. Certain
cases in which all the repeated nuclei are unlimited, but in which Fred-
holm’s method is still applicable, have been here considered.

The Continuity of Integrals with respect to a Parameter.

1. With a view to a discussion of the nature of the solutions of linear
integral equations the following theorems will prove useful.

(@ If K(s,t) is Uimited and summable in the square defined by
e LS5 b a<tK b, and if for any fized value s, of s the set of values
of t for which K (s, t) is not continuous with respect to s, for s = sy, forms

b
a set of linear measure zero, then J K(s, £) ¢(£) dE 1is a continuous func-
a

tion of s at s = sy; where ¢ (t) is any summable function, whether limited
or unlimited in the interval (a, b) of ¢.

Those values of s for which K (s, £) is not summable with respect to &,
if such exist, form & set of linear measure zero. Such values may in the
theorem and in the proof be simply disregarded. The theorem holds good
whenever the integral exists.

Let M denote the upper limit of | K(s, ¢)| in the square for which it
is defined ; and let Ey denote that set of points ¢ for which

| $£)| > N,

where N is some positive number. Let s,, s, ..., 84, ... be & sequence of
values of s which converges to the limit s,.

The integral of [K (s, £)—K (s, £)]¢(£) with respect to £, taken over
the set of points Ey, does not exceed in absolute value

2l LEN) P

and this is less than the arbitrarily chosen positive number e, provided.
N is chosen so great, and therefore the measure of Ey so small, that

[ olee <y

To estimate the integral of [ (s,, £)— K (s, £)] ¢ (£) taken over the set of
points C(Ey) complementary to Ey, let u, (é) denote K (su, £) ¢(£), and let.
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#(€) denote K (s, £) p(€). Then | u,(£)| is less than some fixed positive
number for all values of n and for all values of £ that belong to the set
C(Ey); hence, in accordance with a known theorem, we have

lim 5 u, (€)dE = j u(§)d§,
new JC(Ep) C(Ey)

since u,(£) converges to u(¢) for all values of £ belonging to C(Ey), with
the possible exception of those belonging to a set of which the linear
measure i8 zero. It follows that the absolute value of the integral of

(K (84, €)=K (54, £)] ¢ (€) taken over the set C(Ey) of values of £ is less
than e, provided » is greater than some fixed integer n:.

The numbers N, m heing chosen as has been explained, we now see
that

b .
| j [ (5ms 61— K (55, ] p(@)dE | < e,

provided n > m. Since e is arbitrary, we see that

b b
1mij£w®@=ij&¢@%

Haw Ja a

As this holds however the sequence of values of s which converges to s,
is chosen, it has now been proved that -

b
|| K6 o 9@

is a function of s that is continuous at s = s,.

9. In the theorem (@) we may replace the variable s by -a pair of
variables (s, £), and no essential change will be needed in the proof of the
theorem. The sequence which converges to s, will be replaced by
gequences 8, Sy, ..., Si, ... converging to sy, and ¢, &, ..., &, ... con-
verging to ty; u,(€) will now denote K(s,, %, £), and u(§) will denote
K, t, £). We have now the theorem :(—

) If K(s, t, §) is limited and summable i the domain defined by
aLs<h a<tLh a<<ELD, and if for the values sy, t, of s, t the
values of € such that K(s, t, £) is not continuous with respect to the plane
domain (s, t), at (sq, to), form at most a set of which the linear measure is

(]
zero, then j K(s, t, &) ¢(€) d€ s continuous with respect to (s, t) at the

point (so, to); where o (&) is any summable function, limited or unlimited
in the interval (a, b) of €.

In case K (s, ¢, £) is a function of the form f(s, £) ¢ (¢, £), it is sufli-
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cient, in order that K(s, ¢, £) may he continuous with respect to (s, £), that
f(s, £) be continuous with respect to s, and g(¢, £€) be continnous with
respect to £. Accordingly we have the theorem :*—

© If f(s, 6), 9(¢, &) are limited and summable in the two-dimensional
domains a <s<<b, e <EKD and a<t<<h, a<ELD and if
S (s, £) 1s continuous at s = s, with respect to s for all values of £ with
the possible exception of those belonging to a set of measure zero, and

g(t, £) vs continuous at t = t, with respect to t for all values of £, with a
4

stmilar exception, thenj fls, &) g, &) ¢ (£) dE is continuous with respect
[/

to (s, £) at the point (s, ty) ; where ¢(€) is any summadble function, whether
1t be limited or not in the interval (a, b).

8. The particular case of the theorem (c) which arises when

6,6 =K(,8), gt &=K(E 9

will be useful later. It follows from the theorem that

(]

L K(s, §) K€, ¢) $(6)dE,

(]
or, in particular, j K(s, &) K(¢, t)dé,

is continuous with respect to (s, £) at a point (s, ¢y, if K (s, ¢) is continuous
with respect to s at s = s, for all values of ¢ which do not belong to some
set of linear measure zero, and if it is also continuous with respect to ¢ at
t = ¢, for all values of s that do not belong to some set of linear measure
zero. '

If K(s, ¢t) is a function defined for a < s < b, a < ¢t K, such that,
for each value of s, it is continuous with respect to s for every value of ¢
with the possible exception of a set of linear measure zero (dependent in
general on the particular value of s), and also such that a similar condi-
tion holds for each value of ¢ as regards continuity with respect to ¢, the
discontinuities of K(s, t) will be said to be regularly distributed. We
now have, by employing the theorems (a), (c) above :—

(@) If K(s, 1) is limited and summable in the domain a <<s <D,
a Lt b, and if it have its discontinuities reqularly distributed, the

* The partioular case of these theorems (b) and (¢} which arises when the function ¢ (¢)
is taken to be a constant has been given by Prof. W. H. Young, in an article ‘* On Parametrio
Integration,”’ see the Monatshefte fir Mathematik und Physik for 1910, p. 141.
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(] b
integral j‘ K(s, &) K (£, ) dE, or, more generally, s K(s, &) K(£, t) ¢(£)dE,

where ¢(€) is @ limited or unlimited summable function, is continuous

with respect to the two-dimensional domain (s, t) throughout the whole
\ .

plane domain. Moreover, j K (s, &) ¢p(€) d¢ is a continuous function of s

]
Jor all the values of s, und 5 K (&, ) ¢(£)dE is a continuous function of ¢
Jor all the values of t. ‘

As in the case of the former theorems, those values of s for which
K(s, £) is not summable with respect to £, and those of ¢ for which K (£, t)
is not summable with respect to £, if such exist, may, as they form sets of
linear measure zero, be disregarded. The theorems hold whenever the
integrals exist.

By some writers* the discontinuities of K (s, ) are said to be regularly
distributed in the square for which the function is defined if all the dis-
continuities with respect to (s, {} lie on a finite number of curves with
continuously turning tangents, no one of which is met by a line parallel
to the axis of s or of ¢ in more than a finite number of points. The
theorem (d) shews that the more general definition given above introduces
a sufficient restriction on the function for the purposes of the theory of
integral equations. It will be observed that the term ‘‘regularly dis-
tributed,” as here used, refers only to the discontinuities of the function
with respect to the variables s and ¢ sepavately, whereas the narrower
definition hitherto employed has reference to the discontinuities with re-
spect to (s, ?).

In case the discontinuities of K (s, t) with vespect to (s, £) form a set of
linear measure zero on every straight line parallel to either axis, the
above integrals exist without any exception.

The Method of Successive Substitution.

4. The well known method of successive substitution, when applied to
the equation

b
Flo) = ¢(s)—>\5 K(s, 0 () dt,

* 'See, for example, Bocher's Tract, An Introduction to the Study of Integral Equations,
p. 3.
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gives us

b
$() = fO+A j (K (s, +FNKy(s, ... +N1 Ko (s, O] (0) dt

b (b .
e J j K6 E) K€ €)oo K ) p) AL dE A, ... A

where Ky (s, £), Ky(s,?), ... denote the successive repeated nuclei corre-
sponding to K (s, ¢); provided this expression has a definite meaning.

We shall in the first instance suppose that K(s,?) is limited and
summable in the square for which it is defined, and we shall suppose that
Jf(s) is summable in the interval (a, b), whether it be limited in that in-
terval or not.

In accordance with a known theorem,* since K (s,?) is summable in
the square a < s < b, a Lt L b, it is summable with respect to s for
each value of ¢, with the possible exception of a set of values of linear
measure zero ; and a similar statement holds good as regards summability
with respect to ¢, The function K(s,?) being limited, it follows that

b
J K(s, t) f(t)dt exists for each value of s, with the possible exception. of a

linear set of measure zero. The function
b
Kys, ) = j K6, 6K 0 dé,

exists for all values of s and ¢ with the possible exception of those belong-
ing to sets of linear measure zero. Moreover K,(s, t) is a continuous
function with respect to (s, f), in case the discontinuities of K (s, ) are
regularly distributed. It is easily seen that similar statements apply to
Kq(s, 8), K,(s,9), ....

The series K(s, ) +AKy(s, ) MK (s, )+ ...

converges uniformly and absolutely for all values of s, ¢, A, such that the
terms of the series have a definite meaning, and such that

1
O<IN<INI < =g

where M denotes the upper limit of | K (s,?)| in the square for which it
is defined. We denote the sum of the series by —K (s, #).

* See my paper on ‘‘ Some Fundamental Properties of Lebesgue Integrals,’’ in the Pro-
ceedings, Ser. 2, Vol. 8 (1909), p. 25.
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It follows that, whether f(¢) is limited or not, the series

b b
j K(s, t)f(t)dt+>\j K,(s, t)f(t)dt+7\2jb Ky(s, ) f(O)dt+...

b
converges to —j K(s, t) f(t) dt,
uniformly for all values of s and A for which the terms of the series have
a definite meaning, such that
0 <A< M-
It will be shewn that the integral equation is satisfied by

$(5) = f(s)—)xr[?(s, b Fdt,

for 0 <IN <IN

which determines ¢(s) for every valae of s, with the possible exception of
a set of linear measure zero.

Since

b b
P(t) = f(t)-}-?\ja K¢, t) f(t’)dt'+7\25 I, ) FE) dt' ...,

we may, on account of the uniform convergence of the series with respect
to (¢, A), apply term by term integration with respeect to ¢, after multiply-
ing both sides by the limited function K(s,?). We have thus

jb K, ) p(dt = jb K(s, t) f(t)dt+>\f K,y (s, O ft)dt

A2 jb Ky (s,  f(O)dt+...

— 26 —J),
A ?

remembering that the order of repeated integration in a Lebesgue integral
is immaterial.

It has thus been shewn that the value of ¢(s) assumed above satisfies
the integral equation. The following theorem has now been estab-
lished :—

(e) If the nucleus K(s,t) of the integral equation

b
J) = </>(s)—Aj( K (s, t) ¢p(t)dt
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be limited and summable in the square for which it is defined, then if
f(s) be any summable function, Limited or unlimited, the equation is
satisfied for every value of N, such that

' 1

b _
by $(s) = f(s)—xj K, 8 f@®dt,

where —K (s, t) s the sum-function of the series
K(s, ) +AK, (s, t)—|—>\2K3(s, H+4....

The value of ¢ (s) 1s determinate for every value of s, with the possible ex-
ception of those of a set of linear measure zero. In case K(s,t) has its
discontinuities reqularly distributed, K(s, 9 has the same points of dis-

b

continuity with respect to (s, t), and S K (s, t) f(t)dt is a continuous func-

1

tion; thus in this case ¢(s), f(s) have the same points of discontinuity,
and if f(s) is continuous, so also @s ¢(s). .

5. There is one case, in which the nucleus and all the repeated nuclei
are unlimited, to which the method may be readily extended. Let us
'auppose that K(s, ) is of the form wu(s)v(¢) P(s,?), where P(s,f) is a
limited summable function, and wu(s), v(f) are unlimited, but such that
m(s)v(s) is a summable function in the interval (a, b) of s.

(J
Let g I,u.(s)v(s)|ds=A,
and let the upper limit of | P(s, £)| be B. We have
b
Ky(s, &) = M(S)V(t)j v(€) P(s, E) m(€) P (£, H)dE

[

= u(s) v(t) Pyls, 8),
where | Py(s, )] < 4B

b
Similartly K5, 8) = 5 Ky, &) K (€, ¢

b
= 1w v(0 || v(€) Pu O u6) P&, 0 ¢

= u(s) v(t) Ps(s, ¥),
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where | | Pyls, t)| < A°B2.
In genel'a,l Ifu (si t) = “’(s) V(t) Plb (3) t))
where | P, (s, )] < A" B™.

We have —K(s,t) = u(s) v() { P(s, ) +APy(s, ) +A2Pg(s, &) +...},
where the series converges uniformly for all the values of s, ¢, A, such that
0 <A< NI < 1/4B.
Let it be assumed that f(s), whether it be limited or not, is such that
f(s)v(s) is a summable function. We see then that

- jb R (s, t) f(t)dt

h b
= u(s) ” FO Ve PG, t)dt+7\5 F(&) v(t) Py(s, 8)de
h
+>\25 F()v() Py(s, Odt+... } ,
where the series in the bracket on the right-hand side converges uniformly
for all values of s and A, such that

0 <A <INI<1/4B.

The integral equation is satisfied by

b —
o) =f (s)-xj“K (s, 8 f(tydt

b 2
= f(s)+A LK(s, t)f(t)dt-f—/\’J Ky(s, 0) f@O)de+...,

provided - 0L IN|<1/4B;

for we have

f¢menm
" f " "
= 1) | j v(®) f(® P, t)dt+>\j v(&) F(&) Py(s, t) dt

b

+x

[

V(O FO By(s, D+ |,

where the series on the right-hand side converges uniformly for all values
of s and of A, such that
0 <A <INI< 1/4B.



816 Pror. E. W. Hossox [Dee. 11,
'_The expression is equivalent to (s); (s), and therefore the integral
equation is satisfied by the value of ¢ (s) assumed.
We have thus :—

() If the nucleus K, t) of the integral equation
D
0 =902 K6, 0 p0at

18 of the form u(s)v(t) P(s, t), where P(s,t) is a limited summabdle func-
tion, and one or both of the functions u (s), v(t) are unlimited but such
that u(s)v(s) is summable in the interval (a, b); then the equation is satis-
fied by b

¢ () =f(s)—7\j“K(s, t) f(t)dt,

for all sufficiently small values of |\|, where —K(s,8) denotes the sum
of the series K(s, 8)+AEy(s, 8)+... ; provided f(s) is a summable function,
and such that f(s)v(s) is also summable in the interval (a, b) of s.

As an example of the application of this theorem we may take

P(s, t)
|s—al? t=F]"

K, t) =

where p and ¢ are both less than 1, and a, 8 are both in the interval

(a, ), but are unequal. In this case f(s) | s— 8| ¢ must be summable.
Again, we may take '

P(s, )

ZalF =l

Km0=“

where p+¢ <1, and a is in the interval (d, b). As before f(s) |s—a] ="
must be summable.

6. Let us suppose that K (s, t), Ko(s, t), ..., Ka1(s, t) are all unlimited
in the square for which K (s, ?) is defined, but that K.(s,f) is a limited

b
function. It will further be assumed that S | K (s, t)| ds is limited for all
b a
values of ¢ in (a, b), and that J | K (s, ?) | dt is limited for all values of s
a

in (a, b). Let a, B denote the upper limits of these integrals.

b
We have Ko, t) = j Ka(s, §) K (€, t) dE,
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and therefore | Kus1(5, 8) | << oMy,
where M, denotes the upper limit of | K, (s, ¢) |. Again we find that
Kopa(s, ) < @M, Kuisls, t) < a®M,,
It follows that the series
A LR (s, O) + A Ky (s, O+
i8 uniformly convergent with respect to (s, ¢, A), provided
0L AN €A\ < T

If we had expressed the repeated integral K,.(s, #) in the form

1
L K, &) Ko (€, 8)dé,

and proceeded as before, it would have been shown that the series is uni-
formly convergent if 0 < [A| <Ay < 1/8. The radius of convergence of
the series is therefore not less than the larger of the two numbers
1/a, 1/8.

We shall agsume that f(s) is either limited and summable, or that it is
unlimited and summable, and also such that

IX’ (Sy t)f(t)v K‘Z(ss t)f(t)r seey K‘m-—l (sy t)f(t)

are all summable in the interval (@, d) of ¢, for each value of s (with the
possible exception of a set of values of linear measure zero).

Subject to these assumptions, it can be verified that, if ¢ (s) denote
the sum of the series

b
7O Ko 0 fodet .43 [ Kasts, 0508

3= [ Kt 0 f0de+..

this value satisfies the integral equation, for every value of s for which
the terms have a definite meaning. We have thus obtained the following
theorem :—

(9) If there exists a repeated nucleus Ki(s,t) that is limated, and of
v
j | K (s, )| ds exists, and has a for its upper limzt for all values of t, and

" :
J | K(s, &) | dt exists, and has B for its upper lLimit for all values of s,
a
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then the solution of the integral equation in the form
. . h —
80 = /6= | B, 070,
for all values of |\| which do not exceed the greater of the two numbers
1/a, 1/8 is obtained by taking —K (s, t) as the sum of the series
K(s, )+AK (s, O)+...;
provided f(s), if it be not limited, is such that
K(s, 8) f(8), Kyls, 8) f(8), ..., Ku-a(s,8)f(2)

are all summable with respect to ¢, for every value of s (with the possible
exception of values belonging to a set of linear measure zero).

As an example of the application of this theorem, the well known case

P, 9

g—t|*’

K, ty= |
where a <1, may be cited.

7. It has been shewn by E. Schmidt, by a method depending upon
the use of Schwarz’s inequality, that

[K (s, 8] <[“ 1K G, ) gdsdt:ln— j (K G, t)”dsj 1K (s, )12,

where it must be assumed that the integrals on the right-hand side have
o definite meaning. This may be applied to the method of successive
substitution in certain cases when K (s, ) is unlimited.

If we assume that {K(s, )} is summable in the square for which

K (s, t) is defined, and also that j {K(s, t)}*ds has a finite upper limit for
h
all values of ¢ in the interval (a, b), and further that J {K(s, §)}*ds has a

«w

finite upper limit for all the values of s, we see that the series
K (s, )+ AK,(s, )+ N2Kg(s, O+ ...

converges uniformly for all values of s, ¢, A, such that
-
< <IN < JH (K, ndsat}

and thus that the method is applicable.
This theorem is less general than the theorem (g) of § 6, because it is



1918.] THE LINEAR INTEGRAL EQUATION, 319

applicable ounly in cases in which K,(s, ¢) is limited in the fundamental
square.

Fredholm’s Solution of the Integral Equation.
8. Fredholm’s solution of the integral equation is given by
b -
0] =f(s)—/\$ K(s, t) f(t)dt,

D (r})

D®)

where —R(s, 0 =
the quotient of two integral functions of A, expressible in the forms
S » b S, f] 2
D(\}) =K60-\| k(] 2) dét.
3 y £

(_- ),L\;L i U S gl’ ‘:2, veey é’:m é Jé ¢
+ m! Ju j'u S K (t fl) é‘zr ceey é';,m.) d$1dSQ "'d‘:'.’"+""

b
D(A) = 1 j (f]y é])(l(.]"{'--.

— T\ i fh G -
+(_.1')—A5 s K (":11’ S;‘zr . tm) d( dsﬂ .. dfm""---:

m! wJu €y € +-or S

'~

s @ &
the notation I <?;§ 5’,‘) heing used for the determinant
<1€2 - ut

"t‘

K@E, &), Kén &), .onw K(Ea &)
K. &), K& &), .., K&

K&y £y KEn &)y ey K ,,L>'

It is known to he sufficient to ensure that D (A t) D(A) are integral

functions, that I{(s, ¥) should be a summable funetion which is limited in
the square for which it is defined. It simplifies the statements to
assume that K (s, ¢) is summable with respect to s for every value of ¢, and
with respect to ¢ for every value of s. This assumption will here be made,
‘though it is not necessary for the essential validity of the results obtained.
It is clear, by employing the usunal method of verification, that in this
case there is a solution of the integral equation, given by Fredholm’s
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formula, provided A is not a zero of D(\), and provided f(s) is &
summable function, limited or unlimited. e have, by taking out the
term K (s, ¢) multiplied by its minor,

8, fl» 52: ceey fm S1s (g, ey f,,, p
K (t fb gﬁr oo S‘M) - I((s’ t)K <§17 ‘52, ceey f +EM(S, ),

where E,(s, f) denotes the determinant

0) K(flu t)r K(fﬂz’ t): eoey K(Emv t)
K(sl 51)7 If(glc fl); . If(gﬂ» ‘fl)y sy Ii(fm' fl)
K(S, 52)7 IL (§1; Sﬁ)) I( (529 Sa), ey IL ({mr fﬂ)

K (8, fm)y K(Ep fm); K(gm E«m); sees K(E’m fm)

On substitution in the expression for D (A ‘:), we have

D (A%) = DoV K, b+ ELN J' j n(s, OAEdEy ... dEw.
Hence the solution of the integral equation takes the form
. :
#6) = foO+x [ K, 070 at

1 (=)mAm
+3(T)z( ,,z. H . En(s, O f (Ot dE,dE, ... déa.

By applying Hadamard’'s theorem to the determinant E, (s, ?) it is
seen that, for any value of A which is not a zero of D()), the series in the
last term of the right hand side converges uniformly with respect to (s, ¢).
The determinant Ey(s, ¢), when expounded, has the form

z i K(sr Ep) K(fq» t) K(Sa,y gﬂl) I((Eagy fﬂg) ree If(ga,,._lr fﬁ,,,_l);

where the indices ¢, ¢y, ag, ..., an—, ave all different, and also the indices
P Bi Bz +-., Bm-1 are all different. On substitution in the expression for

1 (_l)mxm
DA m!
terms. The terms of the first of these kinds, corresponding to ¢ = p,
are of the form

¢(s) we see that the coefficient of consists of two kinds of

b (b
A J j K, &) K (&, t) f(t) d&,dt,
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where 4 denotes a constant. In case the discontinuities of K (s, are
regularly distributed, we see by theorem (d), that

b
L K(s, &) K (&, 08,

is a continuous function of (s, ¢), and it then follows that the term is a
continuous function of s. The terms of the second kind are of the form

b o U]
Al ] ] K6 & K ) K 6. K ) K60 0 /0
dtdg, ... A&y,

On the same assumption, that discontinuities of K (s, t) are regularly dis-

b
tributed, we see that j’ K(s, &) K (&, &) d€, is a continuous function of

b
(s, &), say C(s, &) ; then J C(s, &) K €y, £)dEy is continuous relative
a
to (s, &), and 8o on. The term ultimately reduces to the form
bro .
| |, 7o e m € s e,
where F(s, £) is continuous with respect to (s, £,) ; this reduces to

f’ GG, B (0 dt,

where G (s, t) is continuous relative to (s, ¢), and therefore by the theorem
(d) the term is continuous relative to s, for any summable function f(¢).
Since the series in the expression for ¢(s) converges uniformly with
respect to s, for any fixed value of A, and since its terms are continuous,
it follows that its sum-function is continuous. Therefore, when K (s, t)
has its discontinuities regularly distributed, ¢(s) and f(s) have only the
same points of discontinuity; and in particular ¢(s) is continuous when
f(s) is so.

It can be shewn that Fredholm’s solution is the only possible solution
which is summable in the interval (a, b). For, let w(s) be any summable
solution of the integral equation, thus

)
fit)y= w(t)-AL K(t, §)w() de.

Multiplying the equation by K(s,t), and integrating with respect to ¢
SER. 2. VoL. 13. ~o. 1210. Y
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through the interval (a, b), we have

b _ v _ b (b _
L K(s, t) f(H)dt = j K(s, t)w(t)dt—?\J’j K(s, ) K8, £) w(f)dEdt

=Yw<t> [R6,0-1 [ R6 0 K 0 a2} ar

h
= —J K(s, t)w(t) dt,
in virtue of the fundamental relation

G 0+K6 0 =\ | K6 OKE 0dé

(]
Since now j K(t, £)w(€) df has been shewn to be equal to

b _
—[ &0 700,
we see that w(t) =f(t)—'>\J’bI?(t, &) f(E)dE,
b _
or, w(s) =f(s)—>\J K (s, t) f(2) dt,

and thus w(s) is identical with Fredholm’s solution.
The following results have now been established :—

If the nucleus K(s, t) is limited in the square for which it is defined,
and f(s) is any summable function, limited or unlimited in the interval
(a, b), then for any value of \ that is not a characteristic value, the only
summable solution of the integral equation

b
F = ¢(s)—>\ja KGs, ) ¢ (6 dt

ts that of Fredholm. Moreover, in case the discontinuities of K(s,t) are
reqularly distributed, the solution has only- the same points of discon-
tinuity as f(s), and ts continuous if f(s) be so.

A non-summable solution of the integral equation may exist which
will not be given by Fredholm’s method. Assuming that, in the equation,
the integral is restricted to be of the Lebesgue type, it may happen that,
although ¢(f) is not summable in the interval (a, b), K(s, t) ¢(t) is so.



1918.] THE LINEAR INTEGRAL EQUATION. 828

For example, the equation

1
1= ¢(S)—J K (s, & (8 dt,
0

where K, t) = t—38

admits of the non-summable solution
o(s) = 1/s.

An example of such a solution has been given by Bocher for the case
of Volterra's equation ;* he states that such solutions must necessarily be
non-integrable.

The Integral Equation with Unlimited Nucleus.

9. We proceed to consider cases in which the nucleus K(s, #) of the
integral equation is unlimited. Let it be assumed that one of the re-
peated nuclei K,(s, t) is limited, K,_i(s,?), K,_2(s,?). ... being all un-
limited.

The method of successive substitutions discussed in § 4 shows that

b b
¢(8) ==f(s)+?\L K (s, &) f() dt+2\* L Ky(s,0) f(Ddt+...

2= [ Kaats, 00 a3 [ Kats, 0 p 0t

it being assumed that K(s,f) and the limited or unlimited summable
function f(¢) are such that

K(s,0) f(t), Ko, ) f(O), ..., Kuoals, ) f(D)

are all summable in the interval (a, b) of ¢, for all (or almost all) the
values of s.

If the integral equation has a solution, that solution. must satisfy the
equation

b
d(s)—A" L K.(s, 1) () dt = fu(s), (A)
where f,(s) denotes
b

foA| K6 0 fast. x| Kot 0 00

# See Bicher’s tract, p. 17. It has been remarked by Prof. \V. H. Young that the solu-
tions contemplated by Bocher are examples rather of unlimited than of discontinuous func-
tion ; see his paper ‘‘ On Integral Equations,” Quarterly Jowrnal of Math., Vol. xr1, p. 184,

Y 2



824 Pror. E. W. Hosson [Dec. 11,

If it be now assumed that the integrals

b b
YK(s,t)dt, ng(s, nat, ... jK,,-l(s,t)dt,

b D
jK(s, afod, [ Ko ofodt ... | Ko nfod

all exist, and are summable functions of s, it follows that f,(s) is a
summable function of s, and that the equation (A) has a single solution
given by Fredholm's expression, provided A" is not a characteristic value.
Conversely it will be shewn that this solution ¢(s) of (A) also satisfies
the given integral equation.
Let the functions ¢,(s), ¢5(s), ..., Pa(s) be defined by

$1(8)= A ﬂ K(s, t) ¢(t) dt+£(s),

0 = | K6, 0,0d+70

3 =1 [ K6, 09003116

It w111 be shewn that, in virtue of the hypotheses made as to the
naturé’of the functions f@), K(s, t), these functions ¢,(s), ¢a(s), ..., Pn(s)
are all summable in the interval (@, b) of s.

The function ¢(f), being given by Fredholm’s formule, is equal to
fa®)+x(0), where x(f) is .& limited summable function of ¢, for a fixed
value of A. Since

jb K(s, ¢ ¢(Hdt = ij(s, f) f,.(t)dt+f K(s, ) x (Hdt,

b
it follows from the hypotheses made that 5 K(s, ) ¢(¢)dt is .a summable

function of s; therefore ¢,(s) is a summable function of s.
Again, we have

( )
Pa(s) = f(s)+7\LK(s, ) f(Hdt+ )\“L K,(s, t) ¢ (t) dt,

and it then follows that ¢,(s) is a summable function of s. Simiiarly it
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may be shawn that ¢5(s)... ¢a(s) are all summable functions. We have
(] (]
#a(s) =f(8)+7\jb K(s, t)f(t)dt+...+h"“5 K1, &) f(O)dE

)
4 J Ka(s, ) p(0) dt
= fa A" jb Kals, &) p()dt

and therefore Pu(s) = ¢ (s).

By adding the equations which define ¢,(s), ¢(s), ..., ¢a(s), we see that

¢’(s)+¢’(3)+'"+¢"(s)=f(s)+7\jb ¢OF O+ .. Fhpur®) g oy a4
n ’ ?

n [

and since p () = ¢u(d),

it follows that 21 O+ o) +... +$us)

"

satisfies the given integral equa-

tion, and it therefore satisfies the integral equation (A). Since (A) has a
unique summable solution, it follows that

— $18)+ o)t ...+ ¢uls)
$6) = 1 n ’

and thus that ¢(s) satisfies the given integral equation.

The following theorem has now been established :—

If K(s, t), Ky(s, 8), ..., Kuoi(s, t) are unlimited, and K, (s, t) is limited
m the square a L s<b, aLtLd, and if r K.(s,t)dt exists as a
summable function of s, for r=1,2,8, ..., -11,——"1, then +f f(s) be any
summable function, limited or unlimated, such that f K. (s, f@®)dt is a

summable function of s, for r =1, 2, 8, ..., n—1, the integral equation
b
o == [ K, 0 90t

has a wnique summable solution given by

2.

(/)(9) =f1b(s)+xu5 Wf)l(t) dt,

“
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where D.,,'()\" j) de)zotes the integral function
b é 2 (b

- S s1> A J j (8, o fﬂ) —
(P sty ) )y 8 ) dads
and D,(\") denotes the integral function

J K. (& £)d2, 7‘2”5 j K, (8 &) dédgy— ..,

K. (s, t)—N‘j

and K, (5}’ '5?’ e f’,) denotes the determinant
fb f?v resy f"

I{n(gp 51), Kn 51’ 52\7 crey If'n(éfl’ ST)
Kn(fg, 61 IL,, Coy fg); veny If,;(fg, Ea)

'n fu fl I(n(fa" fg): seey Ifn(gr; fi) }

The function f.(s) denotes

o[ K, 0 foart. 43 [ Kasts 0 70

The value of X must not be a zevo of D,(A").

10. Using the notation Ka(s, £, \") for the reciprocal function of
K, (s, t) when the parameter is A", we have

b, ()

K, t, \Y) = — D00
N n

*Thus the solution of the integral equation

1
Flo) = ¢ (s)—)\”L Kals, ) p(0d2,

is o(s) = F(s)—-)\"j 2 (8, &, AW F(¢)dt.

Writing the solution of the equation

fs) = ¢(s)—xr K(s, 8 g0t

in the form ¢ (s) = f(s)—A JbK’(s, 8 f(0)dt,
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we obtain from the expression obtained in § 9 the relation between K(s, ¢)
and K,(s, ¢, \").
(4
It will be convenient to use the notation U,y(s) for s K(s, t) x(t)dt,

the symbol U, denoting therefore an operation. We have then also
b b b
Uix(s) = Uaj K(s, t)yx(t)dt =‘j K, t) dt'j K@, t)x(t)dt
(]
=j’ K, (s, &) x(®)dt,
b
and generally Usx(s) = 5 K,.(s, &) x(t)dt.

b
In & similar manner we denote by V,x(s), J K(¢,s) x(t)dt, and therefore

b
Vix(s) denotes j K.(t, s) x(t)dt. With this notation the integral equation

can be written in the form
f©) = ¢ =AU, (s),
and the associated equation in the form

f$) = ¢(s)—=AV,¢(s).

We have now, from § 9,
K(s, t) = — {K(s, ) +AKy(s, ) +N2Kq(s, )+ ... 4 A2 K, _1(s, 1)}
AN AV ANV AN T R Gs, 8 A,

If G.(s, t, \") denotes that part of K(s, ¢, \") which consists of the
sum of terms that contain negative powers of A*—\}, where A] is a charac-

teristic value, or zero of D,(A\"), then that part of K (s, t) which becomes
infinite when X has any one of the values A;, A\ e, A e’ ..., \;&"}, where
w is a primitive n-th root of unity, is that part of

AN LHAV ANV AN PP G, 6, A or Hs, 8, N),

. which consists of negative powers of A—XA;, A—w],, ..., A—w""'A;. The
remaining part of K(s, t) remains finite for the values XA;, wh;, o™\, ...
of A.
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We tind easily that

1

N 1{H(s t, >\)+wH(9,t w>\)+w2H(s,t > A+ + n— IH(S t o' 1)\)

=G5 4L A";
thus G(s, £, \") is expressed in terms of the function H(s, ¢, \).
In aceordance with Lalesco’s theory* of the canonical forms of the

resolvant G (s, £, \"), that resolvant is expressible as the sum of a number
of canonieal sub-groups, each one of which is of the form

(9 t) C‘Z (3’ ) Oql(q t)
)\u A"’ + (An »1)2 + + ()\n n)p H

where Cy(s, £) = ¢,(5) Yy (D) + () Yra(&)F . c. 4 b, () W, (8),
Ca(s, &) = a1, () Yra (&)t atz 9(8) Yz (B) + ...+ ap1 pp-1(8) (D),
Cs(s, 1) = ayag y(8) Vg (D). Fap-z2ap-1 pp-a(s) VY (8)

Cp(s: t) =00 ... a4y ¢1 S) \bp

The sets of principal functions
6:1(5), Pa(s), ..., ¢p(s) and Y (8), Yu(d), ..., Yrp(d)

form a biorthogonal system. Of these only ¢,(s) is a fundamental func-
tion, 2.e., & solution of the equation

¢@—PJK@J¢wm=Q

Only ,(s) is & solution of the reciprocal equation

Y (s)—Ay S(b K(t, s)y@)dt = 0.

If, in the expression for H(s, ¢, A) in terms of G(s, ¢, A"), we substi-
tute all the sub-groups of the above form of which G(s, ¢, A") is composed,
we obtain an expression for Hf(s, £, A\) which consists of terms each of
which involves ‘a negative power of A"—A]. These terms may be ex-
pressed by resolution into partial fractions, each as the sum of terms
involving negative powers of A—X;, A—w), ..., A" —a"'A,

It thus appears that the part of K (s, #) that becomes infinite when A\

* See his Introduction a la théorie des équations intégrales, Chapter II,
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has one of the values \;, o\, oA, ..., "1\, is of the form

s, , 6. Ww> (5,8 , CO(s,8)
A=A +(>\ ?\1)2 (?\ Al)”] [?\—w)\ (?\—wxl)"‘+"']+"

s, ) s, 0
+[7\—-w"’ I\ + “‘IA)"‘+ ]

where all the functions C are expressed in terms of the principal functions
$), Y (@), of Ku(s, £, \").
The function K (s, #) must satisfy the equation

K(s, )+ K(s, ¢) = Ajb K, t) K@, tae,
which is a necessary condition that
#0) =N [ K, 0 f)
may satisfy the integral equation
fis) = ¢(s)—>\J:K (s, O () dt.

It is clear that the parts of K(s,#) which involve negative powers of
A=A, A=y, ..., A—@" "I\, must each separately satisfy this equation.
It follows that Lalesco’s theory of the canonical sub-groups must be
applicable to '

CPs, 0

s, 1) | s, 0
+ A=A "’

A—N (7\—7\1)2+'"+

as also to each of the other such portions of X (s, #).

This part of K (s, t) is therefore expressible as the sum of a number of
canonical sub-groups, each one of which is of the form

By(s, 0) | By(s, ¥ B,(s, )
A— xl+(>\—>\,)2+ +<7L'Tv’

where By(s, &) = P,(s) ¥, )+ D5(8) Vo) +... 4+ Py () ¥, (8),
By(s, t) = B8,8,(5) Ty0+...+8,..8,_1(s) ¥, (8),

B,(s, ) = BB ... B,-1%,(s) ¥, (0.
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The sets of functions
®,(8), By(s), ..., By(s) and ¥,(8), ¥,(0), ..., ¥, (0

are principal functions forming a biorthogonal system. The function ®,(s)
is the only one of these functions that satisfies the equation

$(5)—A\ U, P()=0
and ¥, (s) is.the only one which satisfies the equation
V()= Vs ¥(s) = 0.

We proceed to form that part of K. (s, ¢, A" that corresponds to one of
the canonical sub-groups of K (s, £). Corresponding to

Bl (S‘, t) B2 (sl t) Bﬂ (s! t)
A=)\ + ()\—)\1)2+"'+ A=)V

the part of K, (s, ¢, A" is

N1 )

w
X 1[ Bl(s't)h A +w7\ Wy v

U |

_o
+Bﬂ(s’”{o\ s+ o ot o)
+... :

1
+B(”"t’lo« s g T +<“-1>\ A)"J]

Employing the identity

1 o -1 — ,nxn.—l ds—l 1
(>\—>\1)'+(w>\ ot +(~-17\ AP T (s=1)! dNTT AT\

where s =1, 2, 8, ..., ¢, this expression may be written in the form

Bis.t) 1 a4 1 1 &1
v—xi T 11 B s o T i Bele O gn oyt

! 1

+ d)\q -1 xn A" .

1
(qu)! Bq(s, t)

It will be observed that the first term in this expression is the only

one which involves the first power of N 1 T and that the last term is
1

the only one which involves the g-th power of 1 )\,,, the other terms
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1 o
contain more than one power of )\,, Each canonical sub-group corre-

sponding to any one of the values A;, wA, ..., ©"~'A; of A in K(s, t) gives
rise to a part of K. (s, t, \") of the above form. The sum of all the parts
of K,(s,t,\") so obtained must be equivalent to the expression of the
same resolvant as the sum of canonical sub-groups. It will, however,
be shewn that

B, (s, t) 1 1 a-’ 1
An + 1! BQ( t) d)\ An )\n ++ (q_l)! B‘l(s’ t) dxl— An Xn 4

is itself equivalent to one of the canonical sub-groups of K.(s, t,\"). To
see this we observe that this expression satisfies the condition that it is
the resolvant of the nucleus

B(s t) 1
N + {18t 05 w+ 1 Bl t)dA’ e
d 1
+(q 1)'B(s,t)ax_({:—1 —)\_11_1,,

with the parameter A". Denoting this last expression by k.(s, £), and the
former one by k. (s, £, \"), it is sufficient to shew that
— b —
kals, 0+ Fals, 6,39 =3 [ a6 ) Bt 6\ a.

[

In accordance with Lalesco’s theory, the functions B satisfy the conditions
1Bt 9 Bt 06 = Bussa (5,0,
for 1 <a+B—1<q. Forming the expression for
Az jb kuls, t) o (8, £, N @t

the coefficient of B, (s, #) becomes, in virtue of the relation quoted,

1 1 @t 1 1d 1 #F 1
N (p—DUaN—T X =7 T 11 dn; AF dNE NN

1 & 1 &% 1
o dNI N ANETE AP xl+

1 @1 1
(p—1! IAFTH X7 XX

+
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which is equal to 1_ & 1
DI N
@1 1
or to B—Di (-X;* + x‘—x;')'

and this is the coefficient of B,(s, £) in %.(s, ) +%"(s, ¢, \"). It has accord-
ingly been verified that

Bl(sy

t) a1
=P +1'B“( t)dA At — x'+ F =

Bq(s’ t) le—l At— Xa'

(g— 1)'
is 8 resolvant, for the parameter A". This resolvant can be expressed es
a canonical group, or else as the sum of a number of canonical sub-groups.
But the latter case cannot arise, because since the expression contains a

term in ZK"-—I_A—”)'“ the order of one of the sub-groups must be g, and if
1

there were other sub-groups the total number of principal functions in s
would exceed g, being the sum of the orders of all the sub-groups, and
this cannot be the case, because the total number of linearly independent
functions of s involved in the expression for the resolvant is equal to g.
Therefore the above resolvant is reducible to & single canonical sub-group
in K, (s, t, \". ‘

It must therefore be reducible to the form

Cl(si ), Cals, ?) Cy(s, 9)

At + ()\n Xu)ﬂ + + (X"‘ Nn)q
where the functions Cl, Cg ..., C, are expressed in terms of principal
functions ¢, (s), ..., ¢,(8), Y1 (), ..., V().

. . 1 1
On equating the terms in N—Xb (=X we. have

B, (5) ¥, ()4 By (s) Wy(t)F-... +B, (5) ¥y (t) = ¢1(8) Y1 (O)+... 4 9o (8) Y, (O),
and BiBs... By—1P1(8) ¥, () = ayag ... am11(8) Yo () ;

from which it follows that the fundamental functions ¢,(s), ®,(s) must be
identical, as also the fundamental solutions yr,(s), ¥,(s) of the reciprocal
equations. The other principal functions ¢,(s), ..., ¢,(s) can be expressed
as linear functions of ®,(s), ..., ®,(s); and a similar statement applies to

‘lbl (), \,bg(S), veey \/fq_l (s).

It has now been shewn that :—

To each canonical sub-group in K(s,t) there corresponds a single
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canonscal sub-group in Ku(s, t, ) ; the fundamental solutions of the
wntegral equation, and its reciprocal in the one case being identical with
the fundamental solutions of the integral equation and its reciprocal in
the other case. The corresponding canonical sub-groups have the same
order. .

11. Let it now be still assumed that all the repeated nuclei K,(s, ),
Ky(s, t), ..., Ku_1(s, ¥ are unlimited, but that K,(s, £) is limited in the

(]
fundamental square. It will also be assumed, as in § G, that J | K (s, t)|ds
«

(] 13
and j | K (s, t)| dt are limited functions. The trace J K, (s,5)ds corre-
« B

sponding to K,(s, t) being denoted by k,, we see that X,, k.1, ... are all
finite.

Let the function @, (\), defined for all values of A, be such that, for
sufficiently small values of | A|, it is the sum-function of the series

ka n__ kn+1 A+~ k"+‘3 A2

n n+1 N2 e

which has a radius of convergence > 0. The function ¢,(\) outside the
circle of convergence is determined as the analytical continuation of the sum-

D, ()\" Z)

D, (\")
functions of A. This theorem has been established by Poincare* in the

function. It will be shewn that ¢ ® and ¢ ® are both integral

special case in which each pole of K. (s, t, \") is of the first order, and in
which there is only one fundamental function corresponding to each such
pole. The theorem will here be established, independently of any such
restrictions, by means of the results developed in § 10.

We have, for sufficiently small values of | X |,

— dleO‘)'__ -1 n
—W —_ k‘nX ’i"k‘n.-ﬁ-lx +--~

» ’ 3 »
— - . -2 ¥ .
- )\n ! E x"pku+np+)\“ E A“P]ln+'up-i-l‘|'---’+'>\2n ~ Anpl“2n-—l+n‘n-
p=0

p=0 p=0

* See ‘‘Remarques diverses sur l'équation de Fredholm,” in the Acta Mathematica,
Vol. 33, 1910.



834 ’ Pror. E. W. Hopsox [Dec. 11,

d@n )
)

D) eDa(e))
A L —D,, %) ds+\ L L ——-——Dno\n) K, (¢, s)ydsdt

It follows that the value of — , for all values of A, is given by

n S
’I=§_1 n—-1+4q o [® D,,, (A t') ' ,
+ =2 A J@j@ W If7(t ’ s)dsdt',

provided it be assumed that

(/] b h
j 1K\, 8] ds, j | Ky(s, )] ds, ..., 5 | Knss, 8] ds

are all limited functions of ¢.

Hence we have

()

-Dn (An) t=s ds.

]
—_— d?i:;\o\) — N‘—lja [(1+>\V¢+>\2Vf++7\"" V:l—])

In accordance with the procedure in § 9 for finding that part of K(s, t)
which becomes infinite when A" has the value A}, a zero of D,(\"), we

d@a Q)

ax that corresponds to & canonical sub-

now see that the part of
group of K (s, t) is

5”%@%®+m+%®%m
a A_7\1

Bi1(5) Yra(s)+... + 851 $q-1(5) Yy (s)
+ TESWE +:| ds,

and this is equal to )\_qx . Here we have taken A, to be the character-
1

istic value for K (s, f) corresponding to the characteristic value A;
for K.(s,t,A\"). A similar result would hold for a canonical sub-
group for which wA; or any of the numbers «®A,, ..., 0" '\, is the
characteristic value. The sum of all the integers ¢ taken for all the sub-
groups which belong to all the characteristic values Aj, @), ..., &*7'); i8
the sum of the orders of all the canonical sub-groups belonging to
K. (s, t, A" for the characteristic value A7, and is therefore the degree of
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multiplicity. of the zero \; of the function D,(\", in accordance with
Lalesco’s theory.

The complete value of d d,;\o\) consists of the sum, taken for all values

of A, of terms of the form

P _L
>\ +)\-—w)\1+ +3 Iy,

where p,, P, ..., P, are integers, any of which may be zero, and such that
Pr4pet...+p, is the degree of multiplicity of the zero Al of D,(\"),
together with a function which has no singularities for any finite value
of X\. Tt follows that %™ ig of the form

ST (1_ %)’" P (1__ _7;\_> P pnvery (1_

P, -
A ) n eP,." (A'm“ l'\")
P ’
1 1

wn—l 7\1

and it is therefore an integral function of A.

D <>\" :)

QW
To show that e D, 0%

is an integral function of A, we observe that

ns
b, )

D,y ’
sub-group in the expression for K(s, t) of order a,, and therefore PL>=ay;

n s
2. ()

it follows then that A, is not an infinity of eQu“)W , and similarly

if a, is the order of infinity of A—AX; in there must be a canonical

that wX;, ®®\,, ..., " I\, are not infinities of that function. Since

D, (XL ;>
ey )Y
D, (X")
of integral order, it is an integral function of A.
Since

has no infinities for finite values of A, and all its zeros are

K@ )=— [K (s, O)4+AEKyls, 4. +N" Kuoas, 9]

D, (N* j)
el Y

D)I, An
-—X"’"l{1+AV¢+A2VE+---+A"'_1 sz-l} ——e(i,.()\)#'
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it now follows that K(s, ¢) can be expresséd as the quotient of two integral
functions of \. Hence we have the following theorem : — '

If Ki(s,t), Ko(s, 0), ..., Ku-1(s, t) be unlimited, but K,(s, t) is limited
in the fundamental square, and if

b (7 b b
J | K(s, 8| dt, 5 | K (s, )| ds, 5 | Ky (s, t)|ds, ..., 5 | Kuoi(s, 9) | ds
are all limited functions, the resolvant K (s, t) of the integral equation
h
flo = ¢(s)—>\j K ) ¢ () dt

is the quotient of two integral functions of A.

12. In the ordinary case in which K,(s, t), Ky(s, ¢), ... are all limited
_ functions, and thus %,, k,, ... are all finite, we have

) 2 (b (b
g~ TA— BN RN - 1_7\}' K(s,, 51)d51+%§ 5 K (:1: ze) dsydsy+ ...

1y 2

mym (b b
- veny &
Gl VN j S X (s,, Sgp v ) dsyds, ... dsn
m! a ‘ 81y Sgy +eey Sm

+....

S1y 82y <ees Sia

Let K, ( ) denote the determinant

S1s 82y <evy Sm
0’ K(s-Zs sl)y ey K(Sm, sl) ’
K(sy, 89, 0, very K (8m, Sg)

K(sy, sw), ceoy 0

which is obtained by putting zero for the terms K(sy, 81), K (S S), +.ny

, . . S1y Sgp ovey S
K ($m, Sm) In the diagonal of K ( 1 9% oo ”9.
S1s Sgy «vvy Sn
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It is easily seen that
b (b b
. K(slv 823 eey sm) ..
L ja Sa 819 825 o1y Sm dsydsy ... dsn
= [ r (oo ) g, s
P PR ° 519 S9y «evy Sm 17558 +ee T

(4
+mk15 j S K, 81’ S0 -5y s’""l) ds;dsy ... dsm—)

31, 32» ooy Sm~-1

m(m— 1) 3 j

a

8] . Sm—2
j j 10 Gy dos
[ « s

19 ey Sm—2

+....

It follows that

20D
1=k 2+ %?j jK (81’ s”) dsy dsy—

81y 8

—1\m\m b >
+( 1)™\ j ”.5 K (Sp 89y 1rey sm> dslng---dsm

m! S1s 839 covs Sm

xz m A™
= {1-k+B 5 - e 4

N v

PEDL (]

m! 819 82 +00y Sm

That the second series on the right-hand side is an integral function
follows from the fact that it differs from the expression for D(A) only in
the assumption that the value zero is assigned to K (s, t) when s = ¢, the
function remaining unaltered otherwise. We thus see that

A2 81y 83
Pan 12Ut LY ; j b °2 +
3 1'+ 91 KO (Sl, Ss) dsld&z .

1)m A h (b U 81y Sgy c ey Smy
+ ( 'Nz, Jttjn ot jl Ko ( e ) dSIdsa o dsm

. S5y 82y <105 Sm
+...

and this holds good for all values of A. The coefficients in the series on
the right-hand side involve powers of %, %3, ..., but are independent of #;.
SER. 2. vVoL.18. wxo. 1211. Z
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b b
Thus ” j K, (2 :: j:) ds,dsy ... dsm
1 KK
alble!... af

e (_ 1)u+b+...—m’

the summation being taken for all integral values of @, b, ¢, and of
a, B, y, ..., (>1), such that aa+4-b8+... = m.

Let us now consider the special case of the method of § 11 which
arises when n = 2, 7.e., we suppose K(s, t) to be unlimited, but Ky(s, ?),
Ky(s, ?), ... to be limited. It has been shewn that e~#'-¥s\=.. jg then
an integral function. In its expression in powers of A the coefficients
involve powers of kg, ks, ..., and these coefficients are of the same form as
has been obtained above. It follows that in this case the series

AQ (N ¢d 81, So
1+ EJ J K, (sh s,) ds,dsy+ ...

——1ymy\m (b b
S (i) andn st

m! - 81, Sa, -

is an integral function, and it represents %™ the denominator in the ex-

D, (x*3)
pression for K(s, ). The numerator —e%® _D,,(T)t has been shewn in
§ 11 to be an integral function. -

It can be shewn in the same manner as above that the numerator in
the expression for K(s, ) ‘differs only from that in Fredholm’s formula
in having zero in all the diagonal terms of the coefficients, instead of
K(sy, s1), K(sg 8)y «.. o

‘We have now established the following theorem :—

. b b
If K(s, t) is unlimited, but such that 5 |K (s, 8| ds, j | K (s, 9)| dt are

Umited functions, and if Kys, t) is limited, then the solution of Fredholm's
equation

b
flo = ¢(s)—>\L K, &) ¢(0 dt

-4s given by the modified form of Fredholm's expression that arises when

zero 1s substituted for K(sy,s,), K(sg S9), ... tn the diagonal terms of

K (s’ Sup eees s’"), K (s" v s"'), which occur in the integrals that express
t, Sl, sesy 3m 31, veey 8,,,, :

the coefficients of the two integral functions. The function f(s) may be
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)
any summable function, limsted or unlimited, such that S K(s, 0 f(®)dt is
a summable function of s. *
This theorem is a generalization of the well known theorem of Hilbert
applicable to the special case
Ns, t) = M
’ [s—el*’
where a < }, and P(s, £) is a limited function.

In the more general case in which the order of the first repeated
function that is limited is greater than 2, the forms of the integral func-
tions that occur in the expression for LK (s, ¢) are of a less simple character.
These forms have been investigated by Poincaré (loc. cit.).

18. In the case in which K (s, ) is of the form wm(s)v(¢) P(s,t), where
® ($)v(s) is summable in the interval (a, b), already considered in § 5, it
can be shewn that Fredholm’s formula is applicable to obtain the solution
of the integral equation. In this case all the successive repeated nuclei
are unlimited, containing u (s) »(¢) as factor.

- (8, by by, uiy t,,:)
We have I <f, bty ot equal to

u(8) v(&) m(ty) v(ty) ) v (ty) ... w(Eu) v (Em),
multiplied by the determinant
P(s, t), P, t), ..., Pls, tw
P(t, 8, P,t), ..., P, tw

P(tu, 8), Plbw, 8y, ..., Pllm, tm)

Hence, since the numerical value of the determinantis, by Hadamard's
theorem, not greater than AM™m*", where M is the upper limit of | P(s, )|,

b
a.ndj | m () v(t) |dt, has a definite value y, the series in Fredholm'’s

expression is of the form

. AQ - Nu
w(s) v (0) (ao—al)\+a2§i—...+(—1) tns )

where | am l < M™m m.,ym‘

It follows that the series in the bracket is an integral function of \. Ina

similar manner it can be shewn that the denominator in Fredholm’s ex-

pression is also an integral function of A ; therefore Fredholm's expression
z 2
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is equivalent to w(s) v(f) multiplied by the quotient of two integral func-
tions. The value of —K(s, ) so determined is the analytical continuation
of the expression given in § 5, and satisfies the necessary condition for
being the resolvant of K (s, £), as may easily be verified.

We have therefore the theorem ;:—

If K(s, t) vs of the form wm(s)v(t) P(s, ), where P(s,t) ts limited and
w(s), v(t) are one or both unlimited, but such that m(s)v(s) is summable,
the solution of the integral equation is given by Fredholm’s formula, in
case f(s) is such that f(s)v(s) is summable in the interval (a, b).

Finally, it may be remarked that this theorem could be extended to
cases in which P(s, #) is unlimited, for example, to & nucleus of the form
(8 v (® l%(i—t‘l where « <3, and Q(s, ) is limited, the formula of
Fredholm being modified in the manuer explained in § 12.



