On Some Cases
of Wave-Motion on Deep Water.

(By H. Lams, Manchester.)

This paper treats of some problems of wave-motion on deep water. For
simplicity the motion is supposed restricted to two dimensions, one vertical,
the other horizontal.

The first section contains a somewhat simplified demounstration of the
results of Cavcry and Poisson relating to the waves due to a local initial
disturbance of the surface. The metliod leads to one or two novel formmulae.

The next problem is coucerned with the effect of a periodic expansion
(a «simple source ») at an internal point. From this we easily derive the
wave-system due to a sudden explosive action.

Finally, | consider the waves produced by the motion of a submerged
horizontal cylinder, advancing steadily at right angles to its length, through
still water. A somewhat remarkable expression for the wave-making resistance
experienced by the cylinder is deduced.

M

{. The Caunchy-Poisson Wave Problem.

Let the axis of @ be taken horizontal, that of y vertlically downwards,
the origin being in the free surface. The component velocities of the fluid
satisfy the conditions
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The motion being assumed to be small, the variable part of the pressure is
given by

9 :
R TRt 2 (3)
i

where ¢ is the density. The surfaces of equal pressure at any instant will
be, approximately, horizontal planes; and the vertical displacement upwards
at any point of such a surface will be
1 4y .
o= g ;97 ’ (:@)
to the first order. In particular, the form of the free surface is obtained by
putting y =0 on the right hand of this equation.
The constancy of pressure at the free surface requires that

P, 9P | 0P _ 5
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for
y =
This gives
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to be satisfied for y = 0, the terms neglected being of the second order.
The typical solution of the preceding equations, corresponding to a state
of initial rest, is

7 = c0S ¢ { cos B , (7)
p=g §,1_n:c_§ e cos k x, (8)

provided
ot =gk (9)

This represents a simple-harmonic train of standing oscillations, of wave-

length 2=/k.
By superposition of such trains we derive the case where the initial
form of the free surface is any whatever, say

7= f (), (10)

for ¢ = 0. In particular, if the initial elevation is confined to the immediate
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neighbourhood of the origin, and is such that

o0
‘—wf(ag)dle, (11)
we have
@:%«” §Elf—£e“"”coskwdk (12)
— ’Q‘ Jw sin 6 ¢ =99 cos (3* @/g) d 0. (13)
1" 0

The surface-elevation at time ¢ is then given by (4); thus

7= lim 2 (= cos ot e—9 cos (¢® xfg) o da. (14)
y=0 T g Jo
This solution was discussed at length by Caucuy, but the investigation
can be simplified in various ways. One fairly direct method is to take ad-
vantage of the principle that, owing to the symmetry with respect to the axis
Oy, the value of ¢ throughout the fluid is determined by its values along
this axis. Now when =0 we have

oo
p= [ sin o £ el i g, (15)
]

or, in virtue of the formula (*),

oo b
J e~ sin 2b x d ® == e ‘ e*dw, (16)
0 Jo
1
2g° L (F . '
o= }Te—ﬁJOe dz (17)
my "
if
Er=gt/hy. (18)

(*) This formula occurs as a subsidiary result in the familiar process of evaluating La-
place’s integral

oo )
J{) e~ cog Qb da

by means of a contour integration. It has of course long been known,
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To find the general value of ¢, we have only to write y — i @ for g, and take
the real part, the square roots being interpreted in accordance with the re-
quirements of continuity. In particular, to obtain the value of » at the free
surface y =0, we put, for positive values of «,

A A __Lm im
(—ix)" = e ", B=ne" (19)
where
w= (gt*/hx). (20)
Thus, from (17)
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where ; has been written for ze” The surface-elevalion 1s then given
by (%), viz. we find, taking the real part,

g

t 9 Y
o= —T oS (P“ - ma) (Z 2- (Qe‘)
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This is the result obtained, in different ways, by Cavcry and Porsson. When
g /b x is sufficiently great, the upper limit of integration may be replaced
by oo, and we have

1
- . .
gt (g A | ‘ .
B T GOS8 | — - T (23)
% j» \4‘9& L
I x”
in virtue of the formula
Zos ot do — ’.m sinp?dp = . (24)
to v i Jq h 02 v (2 X

The general value of ¢ can be expressed in a similar manner. We
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write
Lo
y—ix=re® p=ove’ (25)
where
o =/(g /& 7). (26)
We thus find
S
2 e .
P == Q_QT eib 6—w'~’em‘ eg?eﬂa d 0 (027)
——— J O
wTY
or, taking the real part,
4
29° (o t , |
o — 29 [ 6=t cos | (¢ — o) sin 0 | do. (28)
5 - 1

Tt

The interpretation of the expressions (22) and (23) has been fully dis
cussed on a former occasion (¥), with special reference to the later stages
of the motion, when the hypothesis of an initial concentration of an eleva-
tion of finite volume on a mathematical line of the surface begins to betray
its artificial character. The indefinite increase in the amplitude of the waves
passing any particular point, as time goes on, which is indicated by the
above formulae, is replaced by a more or less gradual extinction when the
initial elevation is diffused over a band of finite breadth.

A convenient representation of a diffused initial elevation is furnished
by the assumption

fo) == =

oo
e —Fo 3 Q
e s J’“e coskx dk. (29)

This admits of any degree of concentration, by diminishing the value of «,
the integral amount being still given by (11). I wish to point out that this
case is already covered by our formulae, provided these be suitably inter-
preted.

It was remarked by Porssox that the condition (b) of constancy of pres-
sure for a moving particle is satisfied (in the case of infinite depth) throughout

(*) Proc. Lond. Math. Soc., vol. 2, p. 371 (1904); Hydrodynamics, 3rd Ed. Art. 238.

Annali di Matematica, Serie III, Tomo XXI. 31



242 Lamb: On Some Cases of Wave-Motion on Deep Waler.

the fluid, and not merely at the surface. This is readily seen to be the case
with the typical solution (8), and its truth in the case of (28) follows by
superposition, the equations being linear. Let us now fix our attention on
the particles which initially lie in the plane y = «. The formula (28) will relate
to these provided

r=(x* + «%), tan 6 = xfa, (30)
so that
L
W = g Pl (@ 4 o) 31)
The vertical displacement is given by (4), or
LA :
"= gt dw (32)
Hence, differentiating (27), and taking the real part,
h=— [cosﬂ——@m}oe(é’- ) ~”cosi (0 — o*)sinh 4 26 z dp] . (33)

Since the pressure is counstant for the particles in question, we may imagine
them to form a free surface, the fluid above being annihilated. The initial
elevation at this surface is got by putting e =0, viz. it is

cos B i %
f == -

wr

x? + PR ’ (34')

which is the law above referred lo.
At points of the surface whose distance from the origin is large com-
. . 1 .
pared with =, 0 is nearly equal to o Hence provided o® cosf, or g i* a/4r’,

is small, the formula (33) reduces approximately to the shape (22), which
relates to the case of a concentrated eclevation. Moreover, if at the same time
g &/r be large, we have the simplified expression (23).

. | . .
When, however, as { increases, Z;gt“ hecomes comparable with 7*[=,
the case is altered. To examine the limiting form which (33) assumes when

o’ cos § is large, we write

o . .
9620 | gl gy 0| e - (35)
Jo Joo y(L—=9)
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where Y (36)
Now , |
[[e fts=2—2a[ o= (1 —s)ds
Joo vl —s) s (36,)
:Q"mola,’:e“”(l—és-—-é—:—;—fs“—----)ds. |

The series in brackets is uniformly convergent, and the integration can be
effected term by term. The result may be written symbolically

t d 1.1, & 1
2 — e 2P T L ) (e )
A EETE
and the limiting form of this when a is large is
1 1
@ TagT
Hence )
¢t Qwe%"wjge(e—‘”)ewdo == ”’“91}2 , (36,)

ultimately. Taking the real part, we have from (33), on taking account
of (31),

9 :
as the asymptotic value of the surface-elevation.

The result is independent of «; but this peculiarity appears to be spe-
cial to the particular type of initial disturbance. In the general case the later
stages of the disturbance are marked by the recurrence of groups of waves,
of gradually diminishing amplitude, following one another at intervals.

2. Waves due to an Internal Source.

I propose now to investigate the surface waves due to a source of di-
sturbance at any given depth (f) below the free surface. The source is sup-
posed in the first instance to be periodic, its velocity-potential being

¢ == — 521—_ log r. e (38)
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where r denotes distance from the point (0, f), and ¢ is preseribed. The time-
factor e is, in the sequel, temporarily omitted. We assume, for the total
disturbance produced by the source,

4

i ¥
o= g log [ 41, (39)

where r», denotes distance from the point (0, — f), and y is to be deter-
mined. Hence, at the free surface (y =0) we have ¢ =1y, and

de [ 9y

v (39,

e e
= ‘Oe coskwdk-{—ay

W .

The surface-condition of constancy of pressure therefore reduces to

Tk _ Ok (e
o : ﬁjoe coskwdk, (40)

to be fulfilled for y = 0. This is satisfied by

(gD cog ko
=), E—gn 4k (4)

k)

which also satisfies (2), and fulfils the condition of zero velocity for y =
The time-factor e is of course understood. If we put

¢ = g, (42)

so that 2w/ is the wave-length corresponding to the prescribed period 2 #/s,
we have

oo g FUHD cos ko .
-M—‘ L ——""adr. (43)

This integral is of course indeterminate, but we contemplate, for a moment,
its « principal value » only. Now if = be positive, the principal value of the
integral

00 gk
j (44)

Jo kE—n dk

is found by a contour integration to be

R e [ e metn d 45
ine —+ o M —ix . (45)
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Hence, taking the principal value in (43), we have

y = et ginxw

1 (“‘mcosm(y+f)—-xsinm(y—#f) (46)

e dm
® Jo m? ~+ »? ’

where the upper or the lower signs are to be taken according as « is po-
sitive or negative. The last term diminishes indefinitely as « increases, and
will be disregarded.

The expression (46), when multiplied by e, satisfies all the mathematical
conditions of the problem, but it does: not fulfil the physical requirement
that the surface disturbance, at a distance from the origin on either side,
must consist of waves travelling outwards only. The conditions are, however,
still satisfied if we superpose the value of y corresponding to any arbitrary
system of free waves; in particular we may add the term

i €7D cos % . 47
This makes
y =1 e WD g FFN L g (48)
and therefore
- 2 e e F L ete,, (49)

which is in accordance with the physical principle (*).
In real form, we may say that a simple source whose velocity poten-
tial is
(pz—gl?logr.cosat (50)

will generaie a wave-system whose form is given, at a distance from the
origin, by

—,;—_:~~‘§ e cos (6t o ww). (61)

Since ¢ = g », the amplitude of this wave-system is a maximum, for a given
amplitude of the source, if 2%« = 1; that is, when the wave-length is 4= f.

(*) The somewhat artificial procedure is avoided if we introduce slight frictional forces,
as in the author's Hydrodynamics, Arts. 240, 241,
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The case where the time-variation of the source follows any arbitrary
law, say
1
?=—9. log ». F' (1), (52)
can be derived by Fourier’s theorem. Thus in the case of an instantaneous
impulse about the instant ¢{ =0, sueh that

J°_° F(t)dt—1, (53)

we have, neglecting the terms which are of least importance when x is very
large,

-,,:---—J e eos(st zraw)ods (6%)
0

where » =*/g. It would not be difficult to transform this integral into a
more intelligible shape, but as we are already committed to an approxima-
tion it may be sufficient to apply the method of approximate evaluation
given by Kevviv (*). For large positive values of this gives
‘1“ 5 1
y - 2 2 e = gif] 2 .
= — _i_ g b, cos (F‘l-t- _ L fc} . (55)

The amplitude at any point diminishes indefinitely as ¢ increases. It becomes
insensible when the wavelength falls below (say) double the depth of the

source.
If a cylinder whose radius o is small compared with f be placed hori-
zontally in a liquid at a depth f, and made to oscillate horizontally at right

angles to its length, with the velocity

Ucosal,

the velocity-potential in the immediate neighbourhood is given by

s 0 - "
o="Ua £y logr.cosat, (56)

(*) Phil. Mag. (6), vol. 23, 1887; Papers, vol. 4, p. 303. See also Rayleigh, Phil. May. (6),
vol. 81, 1911. The method had been employed by Stokes (1830); see his Papers, vol. 2, p. 341,
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approximately. It is evident that the results appropriate to this case will be
obtained from the foregoing by differentiating with respect to . Thus, for
the surface elevation, we find from (1)

- %f‘gi Eoe*cos (st —xux), (67)

for large positive values of . From this we could derive the case where the
cylinder receives a sudden shift parallel to @, of small amount.

3. Waves due to the Motion of a Submerged Cylinder.

Finally, we may consider the disturbance produced in the flow of a uni-
form stream by a submerged cylindrical obstacle of small radius. The cy-
linder is supposed placed horizontally at right angles to the stream. This
problem could be deduced from the one last-mentioned, the relative motion
being the same if the cylinder be supposed to advance through the fluid,
which is otherwise at rest. As independent treatment is however, here adopted,
the cylinder being assumed to be at rest, and the motion «steady ».

Let ¢ denote the general velocity of the stream in the direction of x-
positive, and let us write

p——ow(l+5e)+1, (58)
- f " 6 sin ke (k) d k, (59)
0
where
r=v e )| (60)

the origin being in the free surface as before, and f denoting the depth of
the cylinder. The function « (k) is yet to be determined. For the equation
of the steady free surface we assume

" — f :Qcos ko B(k) d E, 1)

where » denotes elevation above the mean level.
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The geometrical condition at the free surface is

o9 _,dn

dy dw’
to be satisfied for y = 0. Since (58) may be written in the form

Q= —0c —aﬁcfme"‘”—f’ sinkxdhk -y,
J O
this condition gives
ka*ce " - ka(k) =Fkc B(k).

Again, we have, at the free surface,

P gyt vely —gy— L (22
=9y —g (el =gy Q(am

o 3

=gy+ka 02f ¢ Neoskaedkl—o g—é -+ const.
O

oo o0
=gn -+ k' a’ ogf ecoskaxdk — kcf cos kx o (k) d k <+ const.
0 0

This will be independent of «, provided
gPR)+ R a* e —kea(k)=0.

Combining this with (64) we find

Q2R a’ct e

p(k>:_m—i
or, if we put
% = g/c’,
, ke
B(k)=2a [t
Henee
"o0 -kt ‘
‘GmQOLZJ wdk
0 k—=»
o -
2‘2@2‘ e ecoskaedh+2xa’ ws‘zﬁ_ifdk
J0 Jo k—x
, Qan . . ‘me‘ﬂfcoskm
“m+94aJ0 Wﬁ“dk

(62)

(63)

(64)

(65)

(67)

(68)

(69)

(70)
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Now, if ® >0, the principal value of the integral

oo 6_kf+1'kar
J 0o B—x i .
Is
o0 p,eimfma
— i et __ § ‘ f—-—a———- dm. (72)
o tm 4

Hence, taking the principal value in (70), we find

_ 2a'f
—w2+f2

4 Qnra’e sinra

ki

(13)

—maz

d m.

" (xsinmf—mcosm e
+Jo m* -2

The last term becomes insensible for large values of «. Since the expres-
sion in (70) is an even function of x, we must have, for large negative va-
lues of =,

2a° f

. 9 rmaae=sinx ‘ i
e 2wxa’ e sinxa -+ ete (74)

On the disturbance represented by these formulae, we can superpose
any system of waves of length 2w/x, since these could maintain their posi-
tion in space, in spite of the motion of the stream; and if we choose as our
additional system

n=2wx%a" e sinxw, (75)
we obtain, finally,
n :M+4‘EKC§2 e~*sin z» @ -+ ete (76)
m? + fZ Y
on the downstream side (x> 0), and
20t

on the upstream side (x<C0). We have now annulled the disturbance, at a
distance, on the upstream side, as is required for a physical solution (¥).

(*) As in the former problem, the procedure is improved, at the cost of some increased
complexity in the formulae, if we introduce frictional forces.
y
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As this is one of the few cases where the « wave-making » resistance can
be calculated, it may be worth while to give the result. The mean energy,
per unit area of the water-surface, of the waves represented by the second
term in (76) is (*)

L 9p+ Gmrat ey
and the addition made to the area occupied by the waves, in unit time, is ¢,

per unit length of the cylinder. Again, if B be the resistance experienced by
the cylinder, the additional wave-energy is Rc¢ per unit length. Hence

R=4xr*gpa' «* e, (78)
For a given depth of immersion (f), this is greatest when x f=1, or
= y{gf) (79)

The formula (78) also gives, of course, the resistance when the cylinder
. ) . . N - .
advances with the velocity ¢ through still water. In terms of this velocity

we have
BR=47="¢g"psa* ¢ e 2lle, (80)

The graph of this function of the velocity is appended.

|
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Manchester, November 18th, 1912,

*y Hydrodynamics, Art. 229.




