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LECTURE. 

Ey 0r.rvcr. B ~ n s c ,  Esq., foriiicrly Profcssor of Nnthcnintics, Civil 
Enginccrs' Collcge, Pntncy. 

GCSTLF,JIIX,-A scir~itific Iccturc could oiily iiitcrcst or ciitcrtnin :I, 

highly ciiliglitciicd and eq)cricnccd audience like tlic grcntcr portion of 
tlm OIIC that I 11a-i~ tlie honour to address, cit1:cr by bringing to their 
minds subjccts long forgottcii, or by offering ~nntcrials for tliouglit 
upon iiinttcrs engaging tlicir ininicdintc nttciitioii ; and bnt for tlic 
iicwncss and importance of my siibjcct, it would be my first duty to 
npologisc for cntcriiig upon tlie priiicipia of this or any scientific sub- 
ject, Iiowcvcr profomid. T~ICII, v;itlioiit fmilier introcloction, pllow ~ n c  

Dual aritlimctic is a iicw art of manocurring niuiibcrs and iarcsti- 
gating the rclntions.of quantitics with cnsc niicl accuracy, wit11 or with- 
out tlic iisc of tables. 111 thc iiiost. gciicrnl sciis:c dun1 nritlinictic is n 
iiew art, and not mcrcly a ncw iiictliod of obtaining rc;ults that might 
bc found by arts prcvionsly laioi~ii. Tlic sciciicc of dual nritlinictic 
uiifolds tlic capabilities of iimiibcrs in nii origiiinl iiiniincr, cstcnds tlir! 
boundaries of inatliciiinticnl science, and cstablislics iicw rules, by 
\yIiicli iiiaiiy difficult l~roblcri~s of tlic greatest ntility and inqiortancc 
arc solred with cnsc, mitliout tlie aid of tnblcs, cmiibcrsonic fonnnlw, 
or mctliods of approsinintion 11re~iously rcsorted to. 

Tlic term dim? is anploycd bccause tlic art  has ttco Zrmckes, the 
bases of cacli brniicli being composcd of trco p r t s ,  but, cliicfly bccnusc 
tlic digits of a dun1 number may be subjcctccl to n variety of clinngcs 
in'magnitudc and position, while at thc same time constantly cqual in 
~ a l i i c  to tico iincAangcabZe cstrcincs, namely, n natnrd niimbcr and n 
]ognritlini to n known base. 

io say tl1at 

In coinbination tlie systcni is tlirccfold :- 
Katurnl Kiuiibcr I niinl Nuinbcr [ Diid Lognritliiii. 

Since tlic digits of a diial iinniber arc susceptible of a 1-nst variety 
of clinnges mitliout nltcriiig its two iltinlntc valnes, diinl num1)rrs niny 
be said to 1)c clinngr:Jilc witlicwt liciiig vnridh!. 
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36 TSTE XTTiIV SCIEXCE OF DU,tL ARlTIT3IETIC 

Xiinhers in the dnal sp tem of ni.itlinictic ?re expressed -by thc 
continued product of tho powers of one or II161'C of the bases which arc 
scldoin introduced into the figtlrativc operations of tlic art. IIo~I-cvc~, 
the pomrs and productfi arc al~wys obtai~iablc by coilinion bddition 
nnd sriblmction. 

xnxs qf the ff.?celftlimJ .?),.Cl,lCfi. 1 

3. N . . . . (10000 + 1); (1000 + 1) ; (100 f 1) (10 4- 1); (1 +l) ;  
(&t 1); (&+I); (&c+1); ...... 1; 

more conreiiientlj* written 

+ cu .... 10001; 1001; 101; 11; 2; 1.1; 1~01;1*001; 1.0001; .... 1. 
increasing in magnitude from iiglit to left. 

Theso bases arc less and less as  they appro~cch 1, but cannot be leas 
than 1. 

- (u , ,. . (1 - 10000); 1 -. 1000); (1 - 100); (1 - 10); (1 - 1); 
(1 -A). (1 --I-). (1 - -1- * o O " ) ;  ...... 1 ;  1 0  100 9 

bnt more corrcctly vrittcn 

- (u .. . . - 0939; -999; -99; - 3; 0 ;  -0; -99; .9no.. 1. 

This scale of bases approaclics 1, but cannot be greater than 1. 
A sin& example will niake clear anything that may seem too abstract 

in these general statements. 
In ordcr to aroid tho common but fayltF practice of illustrating by 

sninll pct numbers, let us  take the supposcd diaineter of the csrtli 
througli tho poles, wllicli is said to be 78%*8509 statute miles of ~ z J O .  
feet cacli ; therefore, the diameter = 417OG091-152 feet, which, accord- 
ing to  isa age, is a contracted nictliod of csprcssing 

4 x (ioy+ 1 x ( i o ) 6 +  7 x (1015 + G x (1013 -t 9 x ( l O j ' $ l  + (lo)-' 
$. 5(10)-' -I- 2(10)-S. 1 

In coumou aritIimctic tho coeflicieiits 4, 1, 7, kc., arc tcrnied digits, 
and do not escced 0. In diial aritliinetic tlic porrcrs of 'tho bases. arc 
only registcrccl ; they are also plied digits, but tlicy may vastly csccctl 
9. Thus 4170GOQl*l52 is equal fo 

(1 - *l3'(l - ~1~)~(1 - *l'j3(1 - *16)@(l - .1s)9(l - *llG)l(l + I)? 
(1 + -1Z)yl + *1y 
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APPLIED TO NAVAL AXD MILITARY UALU’LTLITIOX’S. 39 

The bnses being omitted, this dual number is mritten 

417@6@91*l52 
II 

0 0 0 0 3 2 3 8’0’1 i t 2  @,~~,2,@,O,O,O,O,O,O, 9 f ’ 9 t 1. 9yf 

- - 
’0’ 9 - 9  
r )  2 3 8’9’1 $12 42, 

I 

511 O,4,1,9~G,9,5,G,S7 - - 
7 8 3 1 4 8 r S 4 3 4 ~  t ’ 9 ,  Y-9 9 9 ’ 

and equal to thousands of other dual niimbcrs, encli expressed by n 
different set  of dual digits, but emry one rcducible to tho sanie dual 
logarithm 1754615775,. 

In an cstcndcd form 417OG001*152 is cqiial to 

0 0 0 0 3 2 3 8.9 1 1 (10)’c2)’ 1 0,4,2,0,0,0,0,0,0,0, iiioro coimmiently 
i-rittcn ’3’2‘5’8’0’1 $12‘ 4,2, 

3 2 6 Src., are cnllcd dual digits, and express tlio pox-iers of the bases 
inrolred. The positions aro reckoned from left to right bcfore f represcnt- 
ing the descending brnncli, and from left to riglit after 1 representing tho 
ascending branch. Tho powers of 1-1 occupy the first position after!; 
tlio powers 1-01 the sccond positiou after I, an$ so on. Tho poirors of 

tlio first posit:oii bcforet ; tlic powxs of -90 occupies tlie second posi- 
tion bcforo \; and so on. According to this coiiveutionnl arrangement, 
’3 in the fift i position before rcprescnts (-9909!3)3, 0, in the first position 
aftcr 1 indicates that no pon-cr 1.1 is inrolrcd, and in general ciphers 
are employed f G  .indicate that no pourer of tho corresponding bases 
are inrolred. 

The position of n dun1 digit lxforc, bctvieen, or after the signs 1 mid 
1 points out its value. 

I ’  9 ’ 9 1 .9 . ’  7 f 

S 

’ 9 9  

1’ 
lip12 111111 

I’ 
A small figure placed at 1) designates the position occupied by a dual 

digit, and sometimes points out tho lending position occupied by the 
first of more dunl digits than one. nt espresses 10“ and IZ cspresscs 2”. 

2’ 

The comma (,) is employed in the operations of dual arithmeti?, 
mhile the period (-) is retained to separate wholo numbers frou deci- 
mal fractions. 
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130th braiiclics coiiilhied. 

,2'],2', .2', ,2', ,V~,l '~,~;,~'~ I1 18't 11,,112, t l3>l1 , , 1 1 ~ ~ 7 1 ~ , 1 1 ; , ? 1 ~ .  

Nine dud digits girc results triic to iiiiic places of iigurc~. Tcll 
cliial ctigits give results true to ten places of figures, and SO OIL 

A. dud nnmbcr is easily transfoniied into another, a11 of W-IIOSC digits 
being rednccd to  cipliers, except tlic last. 
rlml iiunibcr of eight digits into anotlicr, ~vliosc first sei-en digits we 
cipliers, is tcniied redtici,, n d i t c / l  n m ~ b e r  to the e 9 t  ~10~ii t ion.  

ri tlini. 

The tixiisformation O! 

A dud nuiiiber ~CCIIIW x to tlie cjghtii positioii is called n. dnal 1ng.n- 

For esan1plC-- 

In piacticc the S is omitted, and tlic esprcssiion is written 

2. = J G9314718, whicli represents (l~OOOOOOOlyg"'~'s. 

Tlieii G93147lS, is tcrmcd the dual logaritliiii of 2. and it-&en 
!,(a*) = G33147lS, 

Tlic dual logarithm of 4170G031.152 is'\equal to tlic \\-hole nniiibcr 
D u d  logarithms arc a l ~ ~ a y s  whole nimibers. 

By rery shiplcmcans tlic opcrntor cnii find any two of tlic tllrcc 
1754616775, 

corresponding iiiiiiibers :- 

Katiiral immber. I Dnnl nunibcr. I Dual logaiithm. 

The remaining onc being giwii. Indeed in a11 cascs tliesc reductions 
]nay be mndc by coiiinioii addition and subtraction. 

 lien, taking for granted that ice cnii iualrc such reductions mlicii 
required, I now propose to illustmtc the power of this iicw art by 
applying i t  to solre SOIIIO iniportant practical problems, the solutioii of 
wvhich ~ ~ o u l d  be eitlicr impossible, or SO laborious, that no oiic ~ o u l d  
attempt to perform tlic operations by arts prerionsly linnmi. 
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API’LIED TO XAYAL AXD 3lILITART CALCULATIOSS. 4 1 

ESAXPLCS. 
Es. 1, Find the 7th root of tlic cub0 of 41706@91*151. 

!,(4170F001*15P) 
II 

’32’5’9 ~ f l  0,4,2, = 1754G15643, 

- ioa197S189, = 3~6,4,0,3,6,4,2,1, 
5. 

1754615776, - F-- 

7 
3 1 6,4,@,3,6,4,2,1, = 1844.165. 

Es. 2. Ecqiiircd thc common lognritlim OC ~11706091~152 by n dircct 

10‘ = 4170G091*168, 
calciilntion, or solre tlie eqiiation 

J, (.4liOGO91*152) = ’3’2’5’9 4,2, = 1554(1157i5, 
5 .  1, (10) = :!,-2,3,2,C,7,3,2,0, = 23025S509, 

‘J’liai by cniiiiiioii rlirisioii 

Ex. 8. Rcqiiircd thc coiiiiiioii nn~nbcr nnsn-criiig to tho cniniiinii 
logaritlim 7-@f@19919 1 y  a direct cnlculntioii, 

‘i.GPO199-1.9 x 230265509 = 1754615775, 
1754615776, = r p  , 0,4,1,9,G,G,9,1, = ],(~1706091). ... ’i*Ci2010949 = tlic coiiiiiiou lognritlim oE 4l’iOGODl. 

Ex. 3. Gircii 3 4 5 G i S W  - 2345GiS.r‘  - 18345672 f 456.7891:~’ 
+ 5Gi59-12.z = - 41597S97G.065 to fiiid n mlnc of 2, true to iiiiio 
placcs of dccimals. 

Iu my vork on tlic 6‘ Art and Scicncc of Dual hitliiiictic,” it is slioirii 
that if +,,v2,7t3, . . . . bc x root of tlic equation 

tlicii ?tl,w@3 may bo formcd froin 
d f h4 + C.?3 + d.1,‘ + e x  =,G 

I / ,  = s - f i  
i j m . S  r  lib^ ~ C P  t PcIr’ t er * 

It rcqiiircs but little observation to scc that n  aloe of x lies bctwccii 
0 nnd 100, niid on n closer iospcction it will bc found that n ~ a l n c  lips 
bctwecn 10 nird 30. .T may bc fomd coiirciiicntly by pntting my 
iiunibcr. from 22 to 12 for r ; 20 is selcctcd, bccnwc its sqiiare7 ciil)e, 
“kc., arc easily olitniiicd niid opcratcd vcitli. 
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42 TIIE NEW SCIENCE OF DUAL ARITllYETIC 

ars = n, Zr4 = bl CJJ = c, (7ra = d, er = el 
f 11061W-id. -- 375308480. - 987653'6 f 183716*61 + 1135782.4 

+ 550 6 times + 110 ........ - 1500 4 times - 373 ........ 
- 950 3 tin1es - ........ 

2 times -t ........ 
1 time + 1 ........ - 

- 2G-i.. ...... (A)  take 
- 415.. ..... (f) from -- 

-950) - 151 (f 1 1, =lul, 

fl,!5u1, = a, Z,,14uI, = Z, c1/3u,, = C, ~7,12~,, == 4 

elIzJl, = e, 
4- 178150185° - 54948914G. - 1314566.942 + 221085.924 

+ 12493GO.G-l 

+ 8903 5 times 1781 ........ 
- 21976 4times 5494 ........ 
- 39 8timcs 13.. ...... + 4 2 times 2. ....... + 12 1 timo 12.. ...... 
- 1309) - 3712.. ...... (fi) take 
- - 

- 4159.. ...... (f) from - - 4-17. ....... (+ 10,3, = w.,, 

a2!5u,, = n, Z9\4u2, = Z, c213u2, = c, '7,12u,, = '1, e,[u2, = e, + 20G82G835'- 619178123. - 1437722.51 + 2W%7'1G3 + 1287217.52 

+ 103110 5 times + 20683.. ...... 
- 247GGS 4 times - 61917.. ...... - 420 3 times - 133. ....... + 46 2 times + 2 3 . . .  ..... + 128 1 time + 128 ........ - - 

1.14513) - 41227.. ...... (A) take - 41597.. ...... (f) from 

310 - 280 
(+ ~0,0,2,8,'= + 1 1t3& 

- 
81 

The root king thus far determined by contracted operations, let 

h e  siicceedig operation by using the coeficicnts of tlic given 
20 1,3,2,5, be substituted for x in the giwn equation. 
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JtppI,IED TO RAVAL AXn IIILITAEY U-U~CULATIONS. 43 

eqllatioil is iiidcpciideiit of those before employed to dcteiniin~ 
20 1 1,3,2,5,. V'ht  follo\rs not only dctcrniiiies z to tlic required 
dcgrco of accuracy, hit also corrects errors, if any be committed, 

1,1,3,2,5,0,0,0,0, = 12766017, 
square = 25532034, = 
C I I ~ C  = 38396061, = 
4th = 510GiOG8, = 
5th = 63830069, = 

, ,-, ¶*, 9 9 9 0 0  4 o 9 2 6 31-21' ~'15,3,4,2,4,0,7,9, f'14,0,1,7,4,0,2,9, P~2'G'5'0'0'0'5'0, 
+- 54.56759 - 2345.Gi8 - 123.4567 + 456.7891 
+ 209-127346* - 025398452. - 1448641.55 -I- 2358G3.66 

r11,3,2,5,0,0,0,0, + 5GiS9.12 + 123043827 

+ 107418 5 times - 250153 4 times - 434 3 times 
+ 47 2times -+ 129 1 timc 

- 145iO4)  
-- 
. ..t 

+ 209127316- - 625398352* - ld48541*55 + 236863.66 + 1290438*27 

- .i15S193S-i4*G2 (5) take 
-4159~789iG*OG5 (f) from -1 

12i79 
llG5G 
--I 

1123' 
10-20 

103 

:. 3 = 2011,3,2,5,5,8,7,G, = 22.724G'ilG 

Comnion number. Dual number. Dual logarithm. 

&C. 

Es. 5. Find tlic three sides of n riglit angled triangle tlint v d l  havo 
one of its acute angles eqiial 21" 19' 3i".S. 
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4-E TIIE NEW ECIEXCE OF 'DUAL AXITII3lETIC 

Tlic lcngtli of. oti arc of 21" 19' 37"% = *372229PS radius =: 1. 
In solring qncstions similar to this, tlic operntirc niinibcrs 

1 3 G 10 IS 21 28 SG .. .. 
~ I K I  2 G 12 20 sn 42 SG ' i d  .. .. 

wiI1 be rcqiiircd, as  wcII as tlic tisc of tlic folloiving 
Yoiiiig Dual Aritlimcticion," 111). 1 l G ,  117.) 

(SCC Tlic 

RULE I. 
Set down 10000* tinies tlic lcngtli of tlic arc, tlint iiicasiircs tlic 

lcnst of tlic acutc onglcs, and di\-idc it by tho square root of 2. Tilo 
qiiotient will be tlic don1 logarithm of tlic Iiypotlicnusc. 

RULE 11. 

Let ?L rcprcsciit tlic dual lognritlin~ of tlic 1iypotlicnnsc, mid froiii 
the sqiinm of 6 take A ;  tlieii 12 - 311 -+ 2 ; li2 - 5/i + G ; 11' - 'i?i + 12 ; 
kc., arc foiiiid by merely siibtrncting 2h and adding a t  each rjtc.1) n twin 
of thc scrics 2 G 1'3 20 . . . . . 

[A* - 3 1  -/- 21 is pi t  for I? - 31( + -, diviclcd lg- 168, 

Put A = thc ICt ig t l i  of tlic arc to radinil 1, and I3 = [P' - . A ]  t 

III what follows [h' - A]  is piit for I? - A, dividcd by lo8; 

n11d SO 011. 

c) = [A3-3h 3- 21; n = I [It' - 6?1 + G I ;  E = - [h' - ' ih + 1'2); Ii c 
G 10 

n 
16 

1.' = - [I,' - 91, + 203 ; kc. 
~ l l c l l  11 - C -+ E - G + I - kc., giws tlic bnsc, mid 

I - 1% + D - F f TI - kc., givcs tlic perliciidiciilar. 

Tllcsc rules arc rlciiionstrntcd ii? tlic a i i thds  n-or]: on thc sciciicc of 
iiiial nritlinictic applied to tyigoiioiiictrj-. 

],(.3722292S) 
II 

's'l9],0,2,1~0,S,n,3,o = '98S2452S 
1,V.j - = '34Lmi59 

'2GliOG37'i-1 = ],(.OG92i'i82) 

:. ] , (A )  = 2632*OSS /,(A2) = GOP'ii32. 
Ikit ~,(1*00002C32) = 2632, 

:. Rypotlirniise = 140001G32 
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1;s. G .  llcqiiired tlic log. siiic, log. cosine, log. tangcnt, log. cotitu- 

21° 19' 31% 
,(-3G3(39203) = '3'0'2'2't$l,s1,0,7,0,-= '1011-~1004 
,(.93184842) = '1'0'0'4'0'0'5'3~,0,3,0, = '709116G 

gwt, log. sccaiit and log. cosecant of 

'10114190~ 
TI '2632, 7091256, 

1 
'101141904. 

' i o i i -mm = log. siiic 
-- - 

'94050648 =.log. t;llgcUt. 

AIM'LIED TO NAVAL AND MILlTAliY CALCULATIONS. 45 

1? = G927732-
A = 2G32-

0925100-
52G4-

G91983C 
52G4-

G914Ô72-
&c. 

1? - h 

IC- — oh 

Ir — vh 
&c. 

Eudiua = 
Λ = 
Β 

C = 

I) = 

Ε = 

Y = 

G = 

11 = 
Perpendicular. 

Λ 37222928 
C "Ï141411 m-, eu. 
Ε 5930 
il 181 nr. eo. 

1-00000000 + 
•37222928 + 
•0G925100 — [A2 - A] 

898589 - [A2 - 3A + 2]'I 

79808 + [A5 - 5Λ + 0 ] ^ 
υ 

5930 + [AJ - 7A + 12]i± 

376 - [A1 - OA + 2 0 ] ^ 
I t ) 

Ε 
21 
Ε 
28 

19 _ [Λ» _ H/, 4- 30] 

1 + [Λ* - 13Α + 42] 

Baao 

ltiulius 100000000 + 
Β 1307-1900 nr. co. 
]) 79808 + 
Y lGi# av. co. 
H 1 + 

•3G3702Ö0 i-

Natiu-al siuo of 21° 19' 87"·8 = 

•931543-12 

•36370250 = -3G3G9293 
1-00002G32 

Ex. G. Kequircd the log. sine, log. cosine, log. tangent, log. cotan­
gent, log. secant and log. cosecant of 

21° 19' 37 ν·8 
,(•30309293) = 'ΆΌ^Ί^Ι,Ο,Ί,Ο, = '101141904 
,(•93154342) = ΊΌΌ'4·0Ό'5'8ΐ,0,3,5, = '709125G 

Ί01141904 Ί01141904 
Λ '2632, 7091256, 

Ί0Π44536 = log. sine '94050648 = . log . tangent. 
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46 TlIE XE\V SCIEKCE OF DUAL ABITUMEJXC 

'700125G 
A '9532 -- 

'liO93SSS = log. cosine 
10114453G, = log. cosccant. 

'JIOBOG-IS, = log. cotangent. 
7003S88, = log. secant. 

EL 7. Given thc cquntorial scniidinnictcr of tlle earth = uuity, w l  
thc p01:v ecniidinnieter = 9' = - "* Xcqiiired I, tlic latitiidc of the 

305' 
central zenith, E' = Sf" 20' 4G", the latitude of the apparent zenith, or 
the splieroidnl or gcogmphicnl Intitudc being given. 

Required also thc radius of the place of observntiou aucl its 
lognri th .  

l'ut p = rtidius of plncc of obscrvation. 

RULE. 

Take + of twice f1ic siiic of doubIe citlicr latitude, iiiuItiplJ- by 1000. 
atid the dual number 1 0,1,G,0,1,0,2,0, .the result gives the seconds to 
be added or substmctccl. 

p'= 2/ cos I' 
cos I cos (I' - I )  

. 154 9 1 7 9 1 , 9 .  

i i i  155991, 

0 0 0 1 0  0 0 9 t 0,0,2,0,0,0,0,0, 8-15 111 5 70 - - 
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Ar. co. 

1, (p) ='04276 ='1 {, 5,777,4, = 1, (.99905768) 

*: p = *99905768. 

Ex. 8. Given the alprent altitudc of thc moon's centre 8" 26' 13" (a) 
tllc true altitude 3" 20' 45" (A), the apparent altitude of ,z star 35" 40' 
(al), the ti-tic oltitudc 35" 3S'49" (Al), and the apparent distance 31" 
13' 26" ( d ) ;  required tho true distaiicc (D), EO as to find the longitudc 
at sea. . 

= 9.9095905 = tlic common log of p. 

3 

It is well kiiowvn that 
GO9 n cos A 1  COS D = [COS d + cos (tc + u,)] . - cos (A + A,) cos n cos a, 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
Su

ss
ex

 L
ib

ra
ry

] 
at

 0
4:

12
 1

8 
Ju

ne
 2

01
6 



.SG2523 = coa 30" 23' 5G"*8, tlic trac distancc I). 

Tliis iiumber, 4170GO91.153 Es. 1 is gciierally writteii, scieiitilicnlly 
q d i i i i g )  in tlic forni- 

.i x (10)' + 1 x (ioy + 7 x (1015 + G x ( i o ) ~ : +  9 x (ioy + 1 + 
10-1 + 5 x ( l q - 2  + 2 x (lo)-$. 

I ticvcr qnestion tlic conrciitional contraction of that  great iiniiiber 
t o  4170F091.132. Obsen'c, I ornit tlic fourth niiil also ilic second 
1)ov:cr of (10). In all cascs with coniiiioii tiritliiiictic tlic poycr of tho 
basc, a i d  :11so tllC bnsc, are Iillrecordcd. IYC lllcrcly set c10w11 tho 
coeflicicrit, its positioii bcforc or nftcr tlic decimal point. nrarlrs its. 
valne. It is readily slio\w that tlie dual systcm'of iiotntion is iiot as 
coiiipoimcl as tho comrnoii system. 

Tliis system poswsses & scrics of bases, althoiigli not emploj-ed inore 
rrcqucntly tliaii in tlic old system. I onIy eiiipIoy iny bases ncccssnry 
to SliOW \v11at tllLJ- 1 -  arc. 

I mill bcgin with + cu d i d  :go on to (10,000 + 1): (1,000 + 1): 
(100 + 1) : (10 + 1) : (1 + 1). Oiic of tliesc nnnibcru decrcascd o ~ c -  
tciitli ; tlie 0 t h  rcniaining stationary, which is 1 - . Proccediiig to 
(& + l),aiiil so on, mitil it nppronclics unity, bnt iicvcr bccomes 60 
siuall. 1 licac arc inorc coiircnieiitly writtcn by tlic eccoiirl line. 

+ c\, .... 10001; 1001; 101; 11; 2;  1.1 

Obscrvo 2 is oiic of iiiy Lnscs . . . 1 + 1. It ~vould iiot appear to bo 
t ; ~  at first view. 

This is cnlIcd tho ascciirliiig braiich, tIic based of tho :isccnding 
1 ) ~ i l l &  beiiig positivc, a i d .  tlic 1 poiiitiiig townrds n grcntcr niiniber. 
A C O I I I I ~ I : ~  , and an arrow] am tlic oiily two signs I eiiiploy to do all 
111y ~ o r k .  In this place do iiot iisc any otlicr iiiiiovatioii in iiiatlic- 
iiiatics. 

Tllc otllcr bnsc coniiiieiiccs v-i&li - cu ; mid gocs 011 (1 - lotioo) ; 

01).scrvc, 0 is Q b n ~  of my sptciii, bccnusc tlic bases niny bc wittell 

(1 - laoo);. (1 - 100); (1 - 10); (1 - 1); (! - +); (1 - +To) ; 
( 1  - .&90); . . . . 1. 

thus :- 

I c\3 .... - 9099; - 990; - 39; - 9;  0 ;  +!I; -93;  9 9 9 ;  .. 1 

It may ;ipproacli 1, but uc~cr  nrrirc to bc -:is grcrtf. Tlic olil,luse, 

4 
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APPLIED TO N3r\VAL AX’n 3fILIT.lRY C.\T.CUtz\TIOh’S. 49 

10, ]ins no such po\rcr of introducing 0 bctii-ccn psit ivc and ncgntivc 
,lumbers. 

Tlic arrow points iip 1 in ttic clesccndiiig br~iicli, dowirrards in tlic 
ascending 1. Tlic powers of 10 and 2 arc placed at  the centre of tlio 
&aft. 12 is tlic poircr of 10, wliilc 112 is tlic poircr of 2. 11 stands for 
position. 

Wlicn ten digits arc uscd tho rcsults arc true to ten places of 
figures; when t rcn ty  digits arc uscd tlic rcsults arc true to twenty 
places of figires ; \i-hcii oiic Iiundred digits arc used tfie results arc 
tlircc Iiundrcd placcs of figures. *The accuracy can 1)c carried as far 
as you please. 

IVith rcfercncc to Eknluplc 1, page 38, that is no power of 11; 
that is in tlic first position. Thcrc is the fourtli poimr of 101, and tho 
squarc of 1001 in tlm third position. 

The first base. Thcrc is 
1 + 10, first, s+!cond, and third, and so 011. Poi\-crs of 1-1 in tlic first 
position, powcru of 1.01 in tlic second ~iosition, poit-crs of 1-001 in tlio 
third position. 

So that tlic position of the digit shows tlic bnsc tliat is raiscd 
to tlic power, and tlic powers arc only cmp!oycd in these cases, not 
tlic cocflicicnts as in n corninon number. In n coinnion iiumnbcr tliey 
iisc thc cocfficicnt and not tlic pon-cr of the base.. In  my systcni I 
usc tlic indicc only. It is thc continued product of tlic 1)ov;ers of tlic 
base that forins tlic dual number, and not tlic sum. The dual 
numbcr niay assuiiic n thousand diKercnt forms, but it lins t r o  
nltimato values, t!ie dnnl logarithm on one sidc, and tlic Iiatiirnl 
nninl~cr on tlic other :- 

Tlicsc two cstrenio 
vnlucs iicrcr change. W l i n t  I liarc tcrnicd n dual lognritlini is a 
logarithm that is ten tinics niorc accurntc tliaii om talicn fioiii n tnhlc 
of semi figrc logarithms. I liavc, tlicrcforc, uscd eight positions. 

This is another forni of the saine ~iuiiibcr :-’8’3’1’4’6‘7’3’4’3’.1 t 8. 

That is tlic cightli pon-cr of 10. ncforc tlic aborc arrow tlic 
coiinting bcgiiis, and after this the digits, ’8’2’1’4, &c. 

Tlic eighth pan-cr of 9, thc cubc of 99, the first ponwx of 999, tlic 
fourtli poi\-er of 9999, and so on. 

Tlicsc arc tlic . dcsccnding numbers. Tc t  rcry diffcrcnt froni tlic 
clual number prcrioudy mcntioncd, j c t  amouiiting to thc snnie coninioii 
nurnbci; nud to thc sainc dual logarithm. Tlic following is nnotlicr forin 
of the snnie rlunl iiunibcr, all positirc, all on tlic riglit of tlic  ITO OW 

112 0,4,1,9,6,6,9,5,6,4, 

Tlic sercntli p o ~ e r  of 10, tlic sqiiarc of 2, no powcr of 11, tlic fourth 
power of 1-01, the first power of 1.001, so tho poyition of thc digits 
tclls tlic powcr of tlic bnsc. It must bc again obscrwd, I ncwr 
usc tlic bnscs in figurative opcrations. 

This numbcr is callcd n dcnl number because tlic bnsc is coniposcd of 
two parts ; it lins t n o  ultiinete vnlucs tlint iicvcr cliangc. But as n 

YOI.. x. I.: 

Thcrcforc is clcficicnt in r:~ngc. 

IVo will say 1s-o count from 1 + 1. 

Xatural number (dual nuniber) d u d  logniithm. 

(See El. p. 39). 

(SCC EL p. 39) :-- 
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50 THE XEW SCIESCE OF DUAL ARITHXUETIC 

whole it  is threefold, because the dual number is flesible, capable of an 
infinite variety of forms, and Iias two ralues. 

And 
lie can do niore than that; lie can tell wlicther Xi. Babbnge's 
logarithms are right or wrong, or Nr. Taylor's, or Jlr. Urigg's. I littrc 
supplied lar ic  tables, which can bc looked a t  when the Iccturc is 
orer, of clual logarithms for tlie use of business men, sailors, and those 
who hare to make calculations, but who do iiot n-is11 to make such 
calculations for thcmselres. n u t  tlicro is this difference between thc 
ordinary tables, that any ninn can tcll n-licther thoy are riglit or 
w.hctlicr they we virong. He can check thcni in fifteen minutes, and 
can tcll whether n dual logarithm, or a dual number, or a sine, cosine, 
or secant, or anything else, is ri@t or wrong, and in order. 

But if this system did nothing more than calculate logarithms, it 
~~oiilcl  bc n wry useless tliiug, indeed. 

I want to  cube that number, 41706091.152, and I r a n t  to take the 
screnth root of tlic cube. I a t  once find the dual lognrithm of that 
number ; first, tho dunl number, then the dual log%ritlini. I multiply 
tho dual logarithm by 3, and divide it b3- 7, and reducc it back ngain to 
its dual nuinber, and then bnck.again to tlic conimon number. So that 
I can take tho cube of n number, the screntli root of that, or raise it 
t c  .my power. 

Xy first example in this q-nopsis is, I i o r  to estract tho serenth root 
of n number, tlie first problem on pngc 41. 

Find tlic se-c-ciitli root- of tho cub0 of 41706031-152. 

If logarithms hare to be used, n boy can innkc them Iiimsclf. 

= 1, (1&44,1G>/tIie root required. 

I require to ealculntc in a direct wny tlic logarithm of that  number, 
bcing tho second csnmplc, or to s o l ~ e  thc equation 10% = 41706091.152 
(see Es. 2, page 41). 
Kow, in this solution, I do not beg tho question. I do not get any 

iumbcr beforo or behind ; I reduce it to n dual number a t  once, and 
thcn to n dual logarithm, I cliride that by the clual logarithm of 10, 
1~11ich I also find. The quotient is the common logarithm, by common 
di-iision. 

So that sou can ta la  up any number you like, cnlcnlate the logarithm 
from tho number itself. This problem was impossiblc beforo I diu- 
corered dual arithmetic ; with the formula generally giren fofthc pur- 
pose, it was nccessaiy to dodge from l up, and then, by a series of 
differences, interpolate, cithcr by machincry or otlier means, the in- 
termediate numbers. 

In tho third problem, I wish to find the number corresponding to tho 
logarithm. Therc is no formula to do it, and 110 one has e w r  attempted 
to girc ono that I mi acquainted with. It is rery easily donc by tho 
dm1 method, becnuso TO liarc nothing to do but to take tlic comnioii 
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APPLIED TO XLiT2iL. AXD 3ITLITARY CAT,CULATIOSS. 51 

logarithm, and niultiply it 1)y tho dual logarithm of 10, idiich giwx tho 
dual nunibcr ; bring it to n coninion number, and tlio reqnired d u o  is 
found. 

\TTo can test any conpion logarithm a t  once, and seo whcther tho 
logarithm bo correct :or not. Ercn tho first nunibcr gi;ircn in Baron 
Von T'egrn's sj-stem of logarithnis, tho logarithm of tho mean distance 
of tho earth from tho sun is mong. For that, alone, dual arithmetic 
requires some little commendation. 

In tlic higlier branches of mathematics, its ~-aluo is sliomi in siich, 
as finding tho area of tho curve of probabilities betn-een certain ordi- 
nates, and tho roots of largo equations. The fourth example is an examplo 
of tho fifth power of tho equation, in which the unknown quantity is 
ero1-i-ed nit11 rery largo cocnicients. This is tho general osprcssion 
for tho fifth porrer of an equation:- 

f-J 
'c 5a15+tbp'~3crsf.2dP#er u, = 

(See page 41.) 

Tho first dual digit must always bo equal to that. Tho denominator 
of that fraction is somctliing liko tho diffcrciitial of tlio equation, 
bccnuso you can see tlio powers 5, 4, 3, 2, becomo coefficients. But 
tho sign thero means eitlier plus or miniis, of plus moro things than 1. 
T o  linrc nothing more to do but to select any number TO like betmen 
10 and 30, say 20, 25, 30, and substitntc it for the unlaovw quantity 
in the original equation. I take 20, and then find out by taking fi-io 
times tho first, of which I put only tho first three figures, four times 
tho second, tlireo times tho tliircl ; I tlicn diridc the difference betmen 
fandfl by 950, which gires me 1, - (SCC Es. 4, page 41). 

difference; tlic nost would correct it. TIicn tho second digit will 
bo 3 by tho snmo simple process. But suppose I mako it 4, 5, or G, it 
does not matter, the next step will a l \ r q s  correct it. I continue that 
process, a t  last come to n stand-still. Xow, I do not car0 n.hcthcr I 
am right or wrong, I takc 0110 decided stcp, and I find exactly the 
rnlue of z to tho screnth placo of decimals, disregarding \t.hethcr all 
that work is right, or diether  it is wrong. I talm for granted that 
I liarc assumed that to bc tlic proper mluo of z. I square it, cubo it, 
take the fourth and fifth powx of it, bemuse me employ tlic logarithm of 
tlie root. I immediately tako tho original coeflicicnts, sulistitute tlicso 
for tho original coefficients, and no matter d i n t  has been dono bcforo 
this, ~rlietlier right or wrong in all that has been done, I determine 
exactly tlio wluc of z; and 2 is shorn  to bo equal to 20 t b c s  that 
diiial number. 

But supposing 1,sliould mako t t, o first digit 2, it docs not mako any 

:. z = 2011,3,2,5,5,S,$,G = 22.7246716. 

Xor ,  any inatlicniaticiali that will undcrta1;o to find tho T ~ U C  of z 
in that fifth pon-cr of tlic equation by any hiown process, I need not 
esplain to ninny hero tho labour ho would h a ~ o  to go through. Sup- 

r . 2  
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52 TlZE NEW SCII:K’CE OF DUAL ARITTTJIETIC 

posing I conirucnced iiiy operations with 22, I slionlrl. get tlic dual 
iiuniber, 22\0,3,2,5,5,S,5,7. That is tlic first I commenced with, simply 
because 2 is easily raised to any pon-cr. IIad I commenced with 15, 
I would lmvc got thc dual iiunibcr, 13!4,3,4,3,1,1,3,8 ; hnd I coiiinienccd 
v-ith 12, I would Iinw got the dual nunibcr, lf~G7C,G,9,8,4,4,’i. I am not 
limited to what I should begin with. I mi suro always to get the 
same dual logarithm, aacl the sniiie coninion wluo  of ;c to tlic scventh 
clecimal place. 

In  inylargcr work, when I enter into tlic limits of roots of equation, 
I show tlic shortest path. Although I show tlint the niere tyro cannot 
go astray, yet I also show how 110 call snrc all liis time by confining 
his oporatioiis to thc nnrron-cst limits. In  my 13-orlzs r then show liow 
a dual number may alrmys begin with n digit not higher than 3 ; that 
crcry second dun1 digit niay bc an 0 ; tliat it  is not necessary to do 
anything but add or subtract, not to multiply by n digit higher than 5. 

If it mere nothiug but finding tlie roots of tliesc coiiimoii equations, 
t ~ o u l d  bc of soinc usc. nut I undcrtnkc to solrc thc cquatioii 
sx =-a, ncmr solred before. I also solw ax + bx = cs; an cquntion 
that Augistc Conite, in -his Pliilosopliy of 3Iatlicniatics, lins stated 
that to solvc this last cquatioii has defied tlic wiI1 of mathematiciaiis, 
and that it would be ilnpossiblc to try to solvc it. 
I slid1 now go into the more practical part of dual nrithiiietic. 
Thc CIIAI~XAX: Would you explaiii one or two 1~reliniinar~- stages. 

Sliom the chnngc of a natural number into a dnal nuiiibcr, and n dnnl 
number into’ n dual logarithm and tho re%-crsc. 

U r .  BRYXE: Very ~vcll. I --ill put in tlic first position any digit 
p i  lib, 

13,4,3,7,G,2,6,S, 
I will put do\ni tlic arrow a i d  the digits. 

13,4,5,7,G,2,5,S, 

3805GOOS 
1 5 2 0 2 5 0 = 3,04,05,0 x Pi  

The fir& tlirce digits multiplied by .5, r i t l i  0 after cacli wliicli sub- 
tract. I linrc only two more nuiiibcrs to operate with to reduce n 
ciual number to a dual logarithm. I will piit them do\w, Slols and 83. 

8305GOOS 

Second digit times 33 = 133 
93054 = First digit times 81018 

33149101 = 
D unl logarit liiu of 13,4,5,7, G,2,5,S. 

Tliat is n dual logarithm. Any sclioolb~y would acquire tlic rule in 
fire minutes. The roversing of this process ~~-onlcl bring n dnal 
Iogoritlini back to n dual imniber, a proccss which ncrer conld bc done 
Iwforc. I t  was possiblc to calculato a logarithm with great Iabo11l; 
but to get R niunber back again was quito n different matter. I will 
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APPLIED TO XBVAL AXD MILITAEX CBLcuLATIoxs. 53 

put down anotlicr dual numnber, composed of both asccncling and de- 
scending branches. 

9 y t r ,  t 9. Y - 9 -  2 - r 4 3 2 b o  1 3,4,7,G,6,3,G,2, 
Add L . . .  1 0 1 0 8 5  1 5  2 0 3 5 Subtract 

2 S 7 5 3 G 1 6  3 8 2 4 5 0 1 2  
36052 x 2 = 7 2 1 0 4  9 3 0 5 4  = 31015 x s 

3 4 x 2 =  GS 1 3 2 =  33 X 4  

- - 

-- 
2 3 8 2 5 7 8 7 8 3 3 3 S 1 9  8, 

Supposiiig I wish to rcclucc a clual nulxber composed of twc brauclies 
to :I dual logaritlini :it one aurl thc same time, the diercucc of thesc 
nmnbcrs I1n\-c to be take11 : 

33338198, 
'238257S7 

9512411, 
Tlic cointnnts employed for tlic dcsccnding branch arc 36032 aud 

31. 
Taking it for granted, thCrCfQiC, tliat tho operator can convert natural 

numbers into dual numbers, dual nnmbers iuto dual logarithms, and tho 
revcrse, it is, indeed, n kind of gyniiiastics in calculation very msily 
acquired. IIe, then, lias to recollect that tlic arrow tells tlie position 
in ivliich the first digit stands. Thus 533 indicates that tlie second 3 is 
in tho tliird position ; but as there is no figure on tho arrow thus written 
13, the 3 is in the first position. IIad 2'n'7'~'3'~'clsl3,4,7,GY5,~,G,2, 
been reduccd to ~0,0,0,0,0,0,0,9512411, then let 1110 define what this 
dual logarithm is ; that thc dunl number coi-respoucling to it would be 
an 0 in tho first position, an 0 in the second, an 0 in the third, an 0 in 
the fourth, an 0 in tho fifth, ail 0 in tho sisth, and 0 in the seventh 
position ; and tho dual logarithm in tlic eighth position is 9512411, 
if I put 9512411, in tlic eighth position, we liavu n dual logarithm when 
all the other digits arc zeros, \vliicli is notliiug mom than tho basu 
1 ~ ~ 0 0 0 0 0 ~ 1  raised to the power 9512411. 811 dual lograrithnis arc 
1v1101c numbers ; tlicrc arc no fi.actions. Tlierefoiq 1~00~00001 is tlic 
basc that-I hai-c selected, and is inucli more correct tliau logarithm5 
to scvcn places of figures, aud is true to tlic'singlo cligit in the eiglith 
place ; altogether true to seven places. 

But n common logarithm is this : 10 being the base raised to tho 
p o m r  of *30103 is nearly equal to 2 ;  10 raised to the power of 
0.0103 D decimal, -30103 called the logarithm of 2. That is thc 
Cominon logccrithni of 2. Tlic base of n coiuiiion logarithm being 10, 
tllc povicr to wliich 10 is to be raised to produce 2, tlmt power is 
termcc1 tho coninion logarithm of 2. The hyperbolic system of 1oga- 
ritlliiis arc employed in the differential and integral calcdus, a ~ l  is of 
this sort :- 

2.7 18 28 18 28 18 29 
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54 
raised to thc ~ O K C ~  of *G9314718 = 2. It happens that thc dual 
Iogaritlim of a TiUmbCr and tlic hyperbolic logarithm 1 . x  madc UP of 
tllc samc figures ; but onc of them is divided by 100000000. So when 
I liarc the dual logaritlim of a nmiibcr I have 011ly to cast off 00000000, 
eight dccimals on tlic right, and I ha\-o thc hyperbolic logarithm. Tllc 
ciual logaritlun, therefore, answers all scicntilic purposes without any 
transmutation or chnngc, TvhiIc it has to bc cliangcd in other systems ; 
(1~00000001)"31~718 = 2. If wc tnkc 2.7182SlS28 for a basc it is vciy 
nI\TIil\-nrd. If I rcquirc 
greater accuracy, I take 1~000000001, tlic basc bcyond 1-00000001 ; 
i f  I rcquirc greater still I tali0 thc basc bcyond 1*OOOOOOOO1. 
If I r a n t  n calculation triic to  20 places of figures, I tdic  
1OOOOOOOOOOOOOOOOOOOO1, viliich you d l  see csplaincd in my book. 
But tlicrc is no way in wliicli you can clangc n fisccl nuinbcr like 10, 
or 2.718281828 ; my basc will girc it tlic powx of a series of bases, and 
so the flcxiibility of a dual nuubcr is of grcat advantage in many mays. 

I liarc talicn thc Nautical Almanac for 183G, and the plan 
of calculating longitudes by eclipscs or transits. It is neccs- 
sary first to +certain tlic radius of thc plncc v-hcrc I stand, 
also tlic longitude of tlic place wlicrc I s t ad ,  together mith tho 
Iatitudc of it. Iu this v-orli tlic cspression for thc radius p>Es. 7, 

)+; cos I is tlic cosinc of tlio page 4G. That is p = 
ccntrc lntitudc ; tlic otlicr I' is tlic grcnter latitude, that gircn by tIic 
lino pcrpcndicular to  tlic horizon. Xow, to  find tlic valuc of tliat ex- 
pression, I give a simplc rule, page 10, which is nothing niorc than to 
diriclc doublc tlic cosinc by 3;  multiply that by 1000. aiid the dual 
iiumbcr ~0,1,6,0,1,0,2,0, and tlic result gircs tlic scconds. I riccd only 
g o  as far as G O f . ,  liaring only used tlic first and second dual numbers ; 
and 1 find thc nurnbcr of dual scconds to bc Gl4, consequently tlic two 
latitudes diffcr by 614". Such a calculation as that is w r y  easily 
made by dual arithmetic. Xow, tlic cosiiio of I' is vcry nearly equal 
to the cosinc of 1. Tlic details of tlic solution of this problcm is given 
at pp. 10, 11. If you obsci-vc, tlic cosiiic of I' is so vcry iicar tho 
cosine of 1, you can tell by n fcw additions aud a fciv subtractions 
that that is thc dual logarithm of tlic cosiuc of 11, and nearly the co- 
siiic of 1. I can tell tlie cliffcrcncc a t  oiicc betwecn the dual log co- 
sines of thcsc two latitudes. 

Sir JOIIS Ilk-: Yon say a fern subtractions. Will you point out 
tlic subt ract ions. 

Mr. hssc :  i harc to do something with tlio number -8436PSOO 
until it bcconies qua1 to -8G502350, Es. 7. If you observe, I add twice 
to it in pcriods of thrcc figures. Thus- 

843%2S'OO 

TLIE NEW SCIEXCE OF DUAL ARITIIl\fE~Ic 

Xow, to comparc my basc with 2.T1S281828. 

cos 1' 
(COB I(c0s I' - 2) 

~ ~ G S G ~ S G  
Sir JOIIS II-u : Sou multiply tlic first tlirce figures. 
ah. 121-m~ : Yes, that is by 1,-2, 1, for 2. Tlint uuubcrcliffcrs from 

the original number, refcrcnce bemg made to the uulubcrs 
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APPLIED TO NAVAL -AND NIILITAXY OALOCJLATXONS. 55 

94502350 
*81511570 

9220 diffcrcncc 
(See page 46.) 

Common division gives tlic rcmnining numbers, but tlicy arc obvi- 
ously on the descending sidc. Tliesc arc all found by subtractions, 
;uid ody onc by addition. Tliat, thcn, is tlic dual nunibcr, which re- 
presents at once a dunl logarithm. I do not want to  rctrace my steps. 
I \vould llave been approsimating toviards tlicse results had I to turn 
back. Noom I wish to find the radius of tho’ cartli in the proposed 
latitude. Tlicrc is tlic dual lognritliu ’1885991, pagc 47, already 
found. Divide by 2 for the squarc root. I liaw rcduccd my formula 
into the logaritlirn of the diffcrcncc of thc cosincs. Wlien I liavo got 
tho-cosine I clividc that, and find tlic common nunibcr. By dividing 
the dual iiiiniber by tlic lognrithm of 10, tlicrc is thc coninion logarithm 
of p, sce pagc 47. In one minute I find tho common logarithm of p, 
an opcmtion wliicli gives astrononicrs a great deal of trouble ; bccauso 
I bring the logarithm back to the dual numbcr. The length of 

p is -39905768 
It is 

no ninttcr, if you want a hundred places of figures it is all tho same, 
without cmployiiig any extraneous number. hTow I take n more cs- 
tciisirc number tlian that. Derc is n problem (Esample 8, page 47) 
tliat has engaged tlic attention of naval men for n long time, tha t  of 
ditcnnining tlic longitndc at sen by lunar obscii-ations. Tlie solution 
of this question callcd tlic Kautical Almanac into csistcnce, aud, I 
bclieve, a large book-case might be filled with irorlis on this problem. 
I will show how to solve it without any logaritliu vliatcrcr, without 
a table, without any opcration cscept the operations exhibited in Ex. 8 
and Es. 5. 

Tlia CIIAIR~LLS : Tlic additions and subtractions alluded to aro ex- 
plaincd in this littlc book. 

Tlie lb .  WALTEI: XITCIICLL : IIavipg bccn n pupil of Nr. Byme, 
I think I 1;now what the geiitlcmwi present iyisli to haw explained. 
l’erhaps it would be intcrcsting to them to see how readily n h o w -  
lcdgc of Mr. Byrnc’s mctliod may bc acquired. 

Them arc two brauclies of Mr. Byrne’s art, an ascending and a 
descending. You rnay work with either nlonc, or saw n considcrablc 
amount of aiitlimetical computation by combining tlic two. For tho 
solie of simplicity I slall confinc my attention to tho nsccndiug branch, 
and show with w-hat case any dual numnlm of that braueh can be con- 
vcrtcd into :L coinuon nunibcr, 2nd conwrscly, how any common 
uumbcr can be clinnged into a dual one. 

I mill write down n dual number- 

Supposing it is ncccssnry to obtain this with grcatcr accuracy. 

17,?,G,0,7, 
Tho arrow-l is ;I s i p  that tho numbers following it represent G dud 
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56 TIIB NEW SCIESCE OF DUAL ARITIIMETIG 

nuiubcr of tlm asccuding bixncli, and iiot n common number. Tllc 
figures 7,2,G,O, kc., folloKiiig tho arrow, arc called drml digits, cacli 
digit being separated by n comma, tliesg digits 
qrcatcr or kss than 10. The digits again arc 
ind, 31.4 or 4th ‘position, according as they stand iu the lst, 211d, 3rd, 
or 4th position to tlic riglit of tho arrow. 
This iiuiubcr 1 7,2,6,0,7, is n contracted rcpresentntion of the con- 

tiiiucd product. 
~1~1~7~1~01>’~1~001~~~1~0001)” (1~00001)7  

Tlic first practical y~luc  of tlic du:d nritliiuctic which w u  iiiay 
notice, depciidu upoil the C ~ S C  witl! wvliicli any nunbcr may bo iiiulti- 
plied by nny of tho pon.cis of iiuinbers of tliu form 1.1, 1.01, 
1.001, ‘CC. 

This, according to our notation, 

1.1, = 1.1 =.1*1 
11 

p, = (1.113 = 1.21 
121 

p, = (1.1)5 = 1 .610s  
lGlO5l 

16, = (l.l)’= 1.771561 
1771561 

IS, = (1*1)8 = %*1485SSSl 
21435SS81 

LO, = (.1*1)” = 2.357947691 

In tlrc nborc csaiiqh it will bc readily sccu, that n-c h i - c  obtaincd 
the first iiiiic dual digits in the 1st position, or, in otlicr words, tlic first 
iiine powcrs of 1.1 by simplc ndditioii. 

!Chis method of inultiplgiiig by dual digits, using simplc acldition, 
may bo thus gcncraliscd. Supposc TVC multiply tlic nnmbcr 3.14159 
by I O , O , l ,  or tlic dual digit 1 in tho third position, ~diicli stands for 
tlic nuiuber 1.001. 

YOIT by comuioii iiiultiplicatioii- 
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APPLIED TO NAVAL AXD I\IILITABP CALCULATIONS. 57 

3.14169 
1.001 

314159 
314159 

314473159 
But tlii's i~ultiplicatioii can casily Gc pcrforuicd by ncldition in two 

lincs, by simply repcating tlic iiuuibcr to bc added, placiiig its digits iu 
tlic second liiic tlircc figures to tlic riglit, tlius- 

3.14473159 = 3.14159 X lO,O,l 

This process can casily be csprcsscrl in gcncrnl terms, thtls-fl(u 
inultiply my nuniber by a dual digit 1, innny position miitc thc nunibcr 
under itself, placing its digits as  inany figures to tho riglit .as tllc 
niiniber of thc position of tlic dual digit. This wry easy rulc \\-ill 
cnablc 11s at oncc to dctcrniinc tlio coiiirn~ii number which concsponds 
to the dual auinber 1 7,2,GY0,7. To avoid needless figures we slid 
only cnrry out our result to eiglit places of decimals, wc liovc already 
found tlic valuc of 1 7 to be 19457171. 

1-9 487171 = 17, -- )1gdsil, 

19'G820127 = l7,Iy 
(lDG8204 -- 
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58 TIIE NEW BCIERCE OF DUAL ARITUXETIC 

l -1  

-- 
1.1 

1.9998 6319 = 17,2,G,0,1, 

1.9995'5349 = 17,2,6,0,2?, 

1.9999'0319 = 17,'3,6,0,3, 

1.9999'2349 = /~7i?,6,0Js~y 

1"OO 

I2000 

(2000 

I2000 

1.3000 

-- 
-- 

-- 

-- 
19999'4349 = ~7,~,GyO,5, 

= 31, 

11 = p,1, 

11 - 
1111 

1*12823211 = 11,2,1 

According to tlic ivlcs of dccimal arithmetic, if wc neglect any 
iiumber in tlic 9th pIacc, wc innkc tlie uumbcr preceding it greater by 
one if the ncglectcd digit be grcnter tlian 4. 

Tho sanie uietliocl may erirlcntly bc cstcndcd to a dual number of 
any number of digits. 

It must not be supposcd that this is tlic onIy or most cxpcditious 
mcthod of conrcrting a dun1 number into 3 coninioii nunibcr, I only usc 
it to fillow that this conrersioii can bc inadc by siniplc addition without 

uming any law of Liiiomial coefficients, or any arithmetical proccss 
but that of simplc addition. 
I sliall now d i o v ,  convcrscly, how to fiiid tlic dual nuiubcr coim- 

sponcling to a coininon number. Supposc irc require tlic dual nmibcr 
v-liich rcprcscnts tho numbcr 1-1231i036. 

Referring back to our list of tlic rallies of tlic first iiiiio dual digits, 
I{-c scc that our nunibcr must be bctwcn 1 1, and 1 2, or wc might 
nd io  our table till OW first tivo digits corrcspondcd \\-it11 tlic nunlbcr 

Xow, it is cvidcnt if we increase thc sccoiid dual digit by 1, our new 
number will becoino too great, we therefore proceed to the third 
digit :- 
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APPLIED TO NAVAL AND YILITAGY CALCULATIONS. 59 

Any increase of the third cligit dl mnkc tho number too great, TVC 
thercfore proceed to the fourth and following digits :- 

1.123 23211 
lii23a 

1.123 34443 = ~1,2,1,1, 
111233 

1.12346 790 = 11,2,1,2,1, 
1112 

1.12346 911 = ~1,2,1,2,1,1, 
Ill2 

1.123470'23 = 11,2y1,2,1,2, 
111 

~ 

= ~~,2,1y2y1,2y1y 

1*123-17036 = ~1,2,1,2,1,2,1,2, 

I h a m  thus sliown horn any common number MU bo reducccl to n 
dual number, and conversely liom any dual number can bo changed 
into n common nuinber by simple pddition. Kow, tlie nest thiiig I 
propose to do is to convert a dual number into n dual logarithm. llero 
I may notico n very curious fact. Any common number may be repre- 
scntcd by n vast number of dual numbers, each differing from cacli 
othcr as to thcir digits, but all, when rcduccd, producing thc samo 
common number. For instance, the dual number ~7,2,6,0,7,8,2,6, may 
bc rcpresented by another dun1 number, \vlioso first digit is zero, and 
its third digit somc number greater tlian 70. This may again be 
reduced to another ~vlioso second digit is also zero ; and 60 on we may 
reduce the original dual number into one whose first sewn digits arc 
zero'sy and its cightli digit somc large number. I cannot detain youby 
demonstrating the method of this reduction, but sliall content myself 
by stating liow it may be done by b simple arithmetical iule. IVrito 
tlie dual number as n common number; adcl to this the number 31018 
multiplied by the first digit, and 33 inultipiied by tho second digit ; 
subtract from this sum five times the first three digits, each followed 
by zero, written as a common ntuuber. 

Thus to find tho dual logarithm of the dual number- 
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7 ” 2 6 0 1 S  
- 3 5 1 0 3 0 0  = 702OGOx5 --- 

G 9 3 1 4 . 7 1 6  
or, !7,%,6,0,7,8,2,6 = ~O,0,0,0,0,0,0,693147lS 

irliicli also iiicaiis that tlie number 

cater1 by the \rliolc Iiuniber G0314718 udl  produce tlic common iiuiiiber 
relmseiited by tlic dnnl number l7,2,6,0,7,8,2,6, which by the nictliod 
of reduction I liaro already demonstrated cnii be sliowi to bc cquiva- 
lcnt to tlic common number 2. 

We, therefore, call tlic niinibcr 69314i18 the dual logaritlim of tlio 
number 2. 

Kow, I tliink I ham snccecdecl in showing you lioir tlic dun1 l o p -  
ritlini of any corninon number may be obtaincd. These dual logarithms 
possess all the powers and properties of any other logarithms, and arc 
in addition arailable for operations in which coniuion logarithms mou11d 
fail. Iksicles tho hyperbolic or Nnpicrinn logaritlinis, and tlic Uriggs’ 
or coninion logaritlniis cnii a t  oiicc be cnlculatetl froiii tlian. 

To convert a dual lognritlini into n hyperbolic one count off ciglit 

li4!L‘hus-6931471S is tlic dual logaritlim of 2. 

raised to tIic po~vcr indi- 

‘rtires a d  place n dcciiiial iioint. 

-69314718 is the Iiypcrbolic logaritlini of 2. 
230256500 is tli6 dual lognritliin of 10. 
2.30258509 is the hypcrl~olic lognrithm of 10. 

To convert a dual logarithm into n coiiiriioii lognritlilii, that is, oiic 
whose base is 10 ; all wc liave to do is to divide the dual loga,?rithrn bx 
tlic nuinber 230258509, wliicli is tlic drial logarithm of 10, mliicli call 
readily bc done by tlic rilc for contracted division by dccimnla. 

If our number bc greater thnn 2 it is cvidcnt that our first danl  digit 
wiI1 bo greater tlian 7, but if our nuinbcr‘bc greater than P by dividiiig 
it by 2,4, or S, and some pon-er of 10, u-c can nlrmys rcducc it to a 
iuiimber of tlic form of a decimal whose first digit does not escccd 1, 
and is followed by tlic dccininl point. 

Now, if Professor Bj-rnc Iiod taught nothing iiiorc t h n  \rliat I liarc 
now sIiow~i you that I, as his pupil, can do, and any of you can do for 
yourselves by tlic simplest nritliiiieticnl Iirocesses, Iic 11-oulrl llaro n 
just riglit to claim the nierit of doing wliat all his liredeceseors, as 
iiintliematical professors, ha\-c failed to do, from tlic days of Sapier, 
Briggs, and Nomtoii, to tlic present timc. &it, in addition to tliis 
mry elenientaiy part of his art, Xr. Uyrtic lias s1ion.n you the appli- 
cation of it  to the solution of questions of vast importance, liitlierto 
defying the power of the c:ilculator. 

Xr. h n s r ,  : I feel wry proud of niy pupil, mid I tliinlr Iic Iios do~ro 
it n great deal bcttcr than I could do it iuysclf. But had I to stop Iicrc, 
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all(l Co~~ld I o l ~ y  I1ax-c shon-n you w1i:it lias bccii discussed in this 
1ccturc I \\--otild not liarc ~iindc 1iiy appcarnncc hcrc. But I 1iax-e 
satisfied iliysclf tlint, in tlic firc volumes alrcndy printcd, of wliicli 
~-011 will find on this tablc an account, I l iaw frnmcd n sgstcm to 
fi11pcrscdc mathcnintics as it is by tlic introduction of n ncw sciencc 
callcd tllc Cnlcdirs qf Foini, out of mhicli tlic dual cnlculns lias grown. 
~ ~ i e  books wliicli I hnvc in tlic 1 ~ ~ s  will supcrscdc tllc diffcraitinl 
and iiitcgrnl cnlculus, niid clear away fnllncics upoii wliicli tlicy arc 
based. 

Tlic CII-LIRJIAS : TVc ha-c liad an cstraordinnry lccturc. It 
c d c n c c s  cstrcmc boldncss if it is uiitiiic, and if it is ti-ue, it lins 
cstrcmc ingenuity, wlicn n-c rcmcinbcr that any estcnsion of tlic 
pon-cix of analysis iuidcr tlie old systcins, lins but incrcnscd tlic diG- 
culty and Iq-stification, fur it wns iro uncoininon thing for inntlic- 
maticinnsnot to bc able to rcad their own auswcrs. Xow, this systciiiiv 
really rcry siniplc. .I liare inysclf gone tlirougli a grcnt dcal of this littlc 
book, and tlic opcrntioiis arc 3s simp!c tliosc tlint 1i:ivc bccn cslii- 
bitcd to you by JIr. 3litclicll; in fact sonic of tlic proccss csliibitcd by 
bir. I3grnc, and wliicli sccnicd so very cliflicult, arc incrcly an applica-- 
tiori of tlic siinple proccss csplnincd by Nr. Blitcliell. It is a 
snhjcct so important that it ought to bc inrcstigntcd. (IIear licar). 
Nr. Byrne lias thrown down thc gountlct, and such imincnsc coiisc: 
qncnccs in crcry dcpnrtment of rnatliciiiatical scicncc arc involwtl, 
that tlic systeni ought to bc fully tcstcd. If niiy gcntlcman lias any 
ob-jcctioii to offer, hc ouglit to conic formard and substnntintc that 
objcction, if not, 110 ought to admit tlic sjstcm to bc corrcct. I t  innlxs 
mnthcmntical invcstigntions possiblc to tlic million. Tlic systciii i4 
casy to bc coii~prclicndcd by tlic lowcst intclligcncc ; it is just as 
simple as any of the opcrations of coiiinioii aritlimctic, and l c s  
abstrusc and dificult than sonic. Tlicrc arc 'a thousand occasions 
wliicli occur to 11s 'wlicii n-c should likc to bc indcpcndcnt of tlic 
actuary, tlic matliematicinn, and the. rind arcliitect. TYc profcs- 
sionnl iixn would likc to bc ablc to ~ ~ l c u l n t c  for oursel\-cs, and thc 
fact of our profcssional knowlcdgc m ~ u l d  girc us poivcrs of analysis, 
or means of addressing oursclvcs to obtnhi rcsults tlint wc Iiaw not 
now, bccausc mntlicninticiaiis in looking a t  tliiiigs from tlicir O W I ~  
stand-point and not from ours, do not rcally nrrivc nt tlic rcsult if-c 
want-I nican the practical result. EOW, this systcm will rciidcr 
cvciy man indcpcndcnt of the actuary and tile niatlicniatician in cvcry 
dircctim. I bcg gcntlcmcn not to bc dismayed bccausc tlicrc is a 
ncw systcin of notation wliicli sccins diflicult, but wliicli .is not really 
so. But though ~ i c w  it is w r y  simplc and definite, and cnablcs YOU 
much bcttcr to kccp in ricm your clime. A littlc attcntion to it, 
throwing orcrbonrd wlint you liarc bccn indoctrinntcd with to n grcnt 
cstmt,  and beginning as it wcrc with a blank sliect, you will find it 
simplc, and, as you. go on, you will bc astonislicd at  tlio inimcnsc 
powcr wliicli you will find in your hands. I bcg to commcnd it to tliis 
assciiibly. U'C liarc to tlianlc not only Jlr. Byrnc for tlic invcntion 
of it and for bringing it formard, but also Nr. Jfitclicll for tlic \-cry 
lucid I ~ J -  in wliicli lie lias illnstratcd it. TVc 1in.r~ also to tliauk 
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62 THE NEW SCIENCE OF DUAL ARITII3fETIO 

&Ie.ssrs. Bcll and Daldy for tlic public spirit with which they harc 
taken up this sclicme. Without any iiiiincdiato prospect of results, 
disregarding wstcd intcrcsts, they h a w  invcsted a considcrablo 
sum of money in its publication. I contend that t h y  arc nationa1 
bcnefactors. The Council mill bc anxious to afford crcry facility 
for inrestigation, and no doubt would girc a mccting for tho pur- 
pose, whcn qucstions might bc asked; and to facilitate tho ma!ter 
some of thc qucstious should be put in writing. 
bccn soaring in tbc higlicst regions of inathcmatics until lic lias 
got uitc traiiscendcntal. TVc unfledgcd ones must try to bring 

Rcar-Admiral Sir FBICDERICK KICOLSOS, Bart., C.B. : Ur. Byrnc has 
stated that his system will supcrscdc thc integral and thc dicrcntial 
calculus. 

Tho CIIAIRJIKN: Practically it comcs to that, it is more accnratc md 
much more simplo in i ts  dctcrniinntions ; and, as hc stntcd to you in 
onc or two cascs, which might be multiplied indefinitely, therc aro 
cqnations which cannot bc worked out by any other method ; therefore, 
as far as that gocs, tlic other systems arc valuclcss. 

Sir F~EDERICI; NICOLSOS : I simply wanted to put a qucstion. As far 
as I undcrstannd the question it is an easier way of solring problcms, 
which ham hitherto bccn solrcd by thc diffcrcntial and intcgral calculus. 
Tliat is as I undcrstood it. At  any rate, it is quitc n novcl proposal 
in mathcmatics. Nr. B p n c  lias gircn great attention and peat 
labour to it, and has published elaboratc books on thc subject. Tho 
question I was going to ask was simply this, whcthcr thcsc calcula- 
tions nnd thcsc books hare bccn submittccl to any rnathcmatician of 
wcll-known capacity, iu ordcr to girc n dclibcrato and an independent 
opinion on them? 

3Ir. Scorr RUSSELL: Perhaps ~ o u  will allow me to answer that 
question. I say tliat Air. 3Iitclicll is hinisclf onc of tho highest ma- 
thcmaticians in tlic land. I bclicvc the subject came bcforc him, not as 
n pupil, but as o judge ; and I bclicrc tho conscqucncc of its so coming 
bcforc him as a judge, was that hc cntcred himself as n pupil. 

Tlie Rcr. WALTER ~IITCIIELL: I will cnclca-rour to answer Sir F. 
Xcolson’s question. Tlic mliolc of tho dual arithmetic, and all tho 
morks now passing through the press, and all tho tables, I h a w  
looked through myself, and I liarc not found a faulty dcmonstration. 
Ercry problcm is Tcorkcd oiit by methods and principles as simplc 
and as easy as anything I hn=i-o shown sou; and that, I think, must 
be saying something about things which bclong to transcendcntal 
analysis, and thcrcforc Iiitherto only to bc understood by those 
who can cntcr iuto thc Iii licst branches of matlicmntical science. 
If this be true, it is somct%ng to  hare tho most abstruac spccu- 
lntions thc human mind can cntcr into, rcduccd to simplc addition 
and subtraction. I n  Xr. Bgrne’s book you mill find problems solmd 
by tho aid of La Place’s theorcm, and by tlic aid of Ln, Grange’s, and 
you rill find thc highest mctliods of tho diffcrcntinl calculus leading 
you to equations of most difficult solution, and you will bo inclined to 
say, “Tl‘liat n rcry awLnrard system this is in obtainiig thc truth.” 

31r. BgrnC 

him ? o m  to us till tvc arc able to fly. 
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Then you lime these same problcnis solred by processes ns siniplc as 
those I ha-ic sliown you. But Ah. Ii~-rnc goes fiirthcr, and gets 
simple solutions of problems wlierc thc tlieorcnis of Ln Plncc and. 
La Grange and all othcr knovn methods, utterly fail to givc any 
result. 

The CIIAIRMAX : ITaTiiig worked out thc rcsiilts by Mr. Bjiiic’s 
mcthod, any onc can cstablisli by existing incans that tlic answers arc 
perfectly true. I repeat that it is perfectly within tlic conipass of any 
one hero prcscnt, to establish that tlic answcrs arc truc. Thc Council 
vd l  bc glad to*gim tlic meeting an opportunity to nsli questions. 

Adjourned to Wc(1nesclay crening, January 24th. 

ADJOEII?;FD XEETIXG. 

TI7cdncsdn~, January 24th, 18GG. 

EEAT~-ADXIIL~L SIR F. E. XICOLSOX, Bart., C.B., in tho Chair. 

Tlic Crrmmn- : We arc about to resume tlic ciiscussion of Nr. Bpic’s 
#paper, which was read the otlicr day. I bclievc ah. Bpnc wishes to 
malrc some additional statements. 

Nr. Bnc- i~  : TicKing this subject from different stand-points, I 
rapidly passed orer one derelopnicnt after anotlicr without entering 
upon minor details. It is -ieiy iniportant at  starting upon any sub- 
ject that mc start right ; thcrcforc, I lcft it for a scparatc csplanntion, 
and I lime taken tlirec csamplcs, thc solutions of -diicli arc exhibited 
on tlie black board. All tlic figures employcd arc set don-n. Although 
tlicy arc common placc questions tlicy could not bc done without great 
labour before I disco-iercd this art  and scicncc. I l inm not taken thc 
easiest pllan, because tlint would not bring with it tlic mctliod of in- 
vxtigating, and yon will find that that mcthod of teaching which 
approaclics the mctliod of in-iestigntingmost nearly is alrnys tlic best. 

Tho numbers cshibited in the tabulated form I call o cratirc numbers. 

in the calculus of differences ; and found useful in calculations respcet- 
ing tlic doctrine of clinnccs. This tabnlatcd form is somctimcs called 
the arithmetical triangle. I usc it in tlircc t?iffcrcnt ways. Wlien 
I employ thcsc numbers in onc way in raising n povcr, it diffcrs 
inatcrinlly in tlic usc of them, in passing from stcp to step, wlicthcr 
positivo or nc&tirc. Any one can form this tablc in a minutc or 
so. I sct clo~vii a line of one’s perpcndicnlarly, and onc liorizontallj. 
I commcncc with a linc of units in a horizontal dircction, and another 
line in n pcrpcndicular direction. 

Thcy are used sometimes as binoinial cocfficicnts ; t P icy arc cmploj-cd D
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