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A NEW METHOD OF DESCRIBING A THREE-BAR CURVE
By Col. R. L. HrerisLEy, C.B.
[Received November 19th, 1917.—Read December 6th, 1917.]

1. The pedal triangle of a point on a three-bar curve, with reference
to the triangle of foci, has the property that its vertices are at fixed dis-
tances from a variable point.

This can easily be proved. If a, 8, and y are the angles subtended at
the moving point by the sides of such a triangle,

at+B+y = 2,
cos® a+cos? B+cos? y—2 cos a cos B cosy = 1.

Denote the sides of the triangle by z, y, 2, and the distances of the ver-
tices from the moving point by 7y, 1o, r3; then

2 2 2 2 2 2 2 2 Py
T ”"n— r Ty _l! r r7g—2
3+ 1 , cos B —_ l+ 2 co8 y — 2+ 3 .

cosa = s
273)‘1 27172 2"27‘3

and therefore
2,9 2 %9, 2.9 2 .29, 2 ; 2 2
rs (@ —rs—1)?+rs P —ri—r)? 1 (P —ri—ry)
+@—r—r) P —ri—) @ — =) = w1

If we denote the focal distances of a point on a three-bar curve by
u, v, w, the equation to the curve can be written

as (P —b1—c5)*+ bs (0 —cz—a3)?+¢; (w*— a3 —bo)’

+ (Ut —bi—c3) (' — ch—ap) w*—as—b) = dabics, (2)
where a,, b;, ¢;; ag, by, Cy; @4, bg, cg are the sides of the three traversing
triangles.

If we make 7, = a; 8in B, 7, = b, sin C, r3 = ¢38in 4, 2.e. the perpend-

icular distances of the point on the curve from the three traversing
links, and write for z, y, z the values wsin 4, vsin B, wsin C, which
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are the lengths of the sides of the pedal triangle for a point (x, v, w), then
equation (1) becomes identical with equation (2), showing that such a tri-
angle can be formed for any point on a three-bar curve.

2. This principle may be used for the purpose of constructing a
mechanism which will trace out a three-bar curve. If D, E, F are three
points, one on each of the sides of the focal triangle 00'O”, and we con-
nect them to a variable point H by three bars of lengths , m, n, then, if
they are the vertices of a pedal triangle at all, they will be those of the
pedal triangle of a point on a three-bar curve. The only condition that
they must observe in order that they should form a pedal triangle is that
the perpendiculars through them to the sides of the focal triangle should
meet in a point. This can be ensured in the following manner (see
figure).

l

/

Let the rod FG be made to slide along the side O0O'. Attach to it a
Peaucellier cell PQG whose fixed pivots are at @ and G, and which is
arranged so that the point P describes a straight line through F, perpend-
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icular to FG. Apply a similar mechanism to the other two sides of the
focal triangle O0’'0", and pivot all three points P together; then P de-
scribes a three-bar curve. The links /, m, » may have any lengths, pro-
vided that any two are not less than the third, and the focal triangle may
have any form. The moving links of the three-bar linkage will be respec-
tively m nsin C l

sind’ sind sinB’ sin B’

and the fixed side must be less than the sum of these quantities.

It is recognised that the sliding of the bars FG, &c. between guides
would prevent the mechanism being a true linkage. But the rod FG can
be made to follow the line OO’ by the application to it of two Peaucellier
cells both designed to trace out the same straight line OO'. It has not
been thought necessary to show these cells in the figure.

3. The equation to the locus of the point H can easily be found.

Let x,, y, be the coordinates of P, and z, y those of H. Take the
origin at O and OO’ as the axis of z. The point H is the intersection of
the three circles described with centres D, E, F and radii b, sin C, ¢gsin 4,
and @, sin B. The coordinates of D are

¢o— {(co—%) cos B+y,sin B} cos B, {(co—,) cos B4y, sin B} sin B,
those of E are
(zqcos A+y,sin 4)cos 4, (ryco8 A—+y,sind)sin4,
and those of F 5 O,
where 00’ = ¢,
The D circle is
£’ +y*—2z [¢cy— { (cy— =) cos B+, sin B} cos B]
— 2y [(co—x) cos B+ 1y, sin B]sin B
+ (@, cos B—y, sin B)*+(co—c») sin? B = 0.
The E circle is .
z?+y°— 2z (xyco8 A+, sin A) cos 4 —2y (z,co8 4+, 8in 4) sin 4
+ (o cos 4+, sin AP—cigin? 4 = 0,
and the F circle is |
:r”+y’—2x0x+z§—bf sin? 4 = 0.
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The last circle cuts the first in the straight line
22 (xy— o+ Yo cot B)+2y {(zy—cy) cot B—1y,;
—xi—2xyyscot B+yl+ci—u? =0, (8)
and the second in the straight line
2 (Ty—1Y, cot A)— 2y (z, cot 4 +yg) —z2+2xyy,cot A+y;i—A =0, (4)
2

in which N=c-b, p=c—al.

From these two linear equations z and y can be obtained. But we re-
quire z, and y, as functions of z, y. Equations (3) and (4) are

(@y—2)*+2 (ro—2)(Yy—y) cot B— (y,—y)*
—l(x—c)?+2 (@ —cyy cot B—y*—u®} =0,

(Lg—x)*—2 (wy—1) (yo—y) cot A — (yo—1y)*
— (& —2zxy cot A—y*—A%) = 0.

That is to say, considering 2, and y, as running coordinates, they are both
rectangular hyperbolas centred at H, and will have two real and two
imaginary intersections. The first is inclined at an angle of 45°—3B,
and has a semiaxis '

{—(x—cp*sin B—2 (x—cy) y cos B+%?sin B+u?sin B¢,
and the second is inclined at an angle of 45°+434, and has & semiaxis
(—a?sin A+ 2xy cos A +y*sin 4 +A?sin 4)%

Writing x', y' for xy—z, y,—y, the equations to the two hyperbolas
referred to their centres are

%4 22'y' cot B—y'*+C, = 0,
a'*—2z'y" cot A—y"*+C, = 0,
where C,=—{(@—c)?+2 @—cy y cot B—y*—pu?},
Cy = — (2 —2axy cot A —y*—2Y) ;
and their intersections are given by

—QtvP
D*

r"? =
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where @ = C,cot A+C,cot B,
P = (C;—Cyp?+(C, cot A+ C;cot B)?,
D? = 2 (cot 4 +cot B).

We see that P is essentially positive and that 4/P is greater than Q.
Hence we find

Ly = dH_«/—Ql))-I-x/P, x— V—%+VP’ p ———N/QZI)-‘/P, x—iv—Q—‘;vP,

and, substituting these values of z, and ¥, in the equation to the three-bar
curve, we obtain the factors of which the equation to the- locus of H is
made up. When rationalized it is of the 24th degree.

Since there are two real values of z,, y, for each value of z, y, we see
that two real points on the three-bar curve have the same H. Conse-
quently, the point H traverses its orbit twice for each complete circuit of
the point P. The equation of the 24th degree may therefore be a perfect
square and reducible to one of the 12th degree. The two real values of z,
and y, show that the two points P and P' on the three-bar curve which
have a common point H are on the same straight line through H and
equidistant from H, the length of HP being given by

24/ P
2 —
HP' = D
and the inclination of the line by

C,—

tan 20 = —

Cy cot A+ Cyeot B’



