The Elastic Curve, under uniform normal pressure.
By
A. G. GreenmLL of Woolwich (England).

The mathematical discussion of this problem, due originally to
Maurice Lévy (Comptes Rendus, XCVII), is given by Halphen in his
Fonctions elliptiques (F. E.) t. II, Chap. V, as affording an interesting
application of Elliptic Functions to a mechanical problem.

The subject is of practical importance to the engineer, in the
consideration of the stability of boiler tubes and flues, with the high
pressure and temperature now employed, and also in its bearing on
the buckling tendency of the steel plates of a ship, when required to
be very thin, as in a torpedo boat.

In the present article the mathematical treatment of Halphen is
resumed, as an exercise on the theory of the Elliptic Integral of the
Third Kind; and some cases are worked out in which this integral
is of the simplest pseudo-elliptic character, so that the form of this
Elastic Curve can be calculated numerically by means of existing
mathematical tables, including those given by Legendre of the Elliptic
Integrals.

The reader is referred to articles in the Proceedings of the London
Mathematical Society vol. XXV and XXVII (designated in the sequel
by the abbreviations L. M. 8. XXV, XXVII) for the development of the
analysis of the results quoted in this article, which is intended to
provide an additional mechanical application, in which the results
are reduced to a shape in which numbers can be substituted imme-
diately, as illustrated by the diagrams.

1. We start with Halphen’s notation and formulas for Lévy’s
Elastic Curve (F. E. II, Chap. V)

(1) -;- — 447+ 2B,

connecting ¢ the radius of curvature, and » the central distance; and
denoting the length of the perpendicular from the origin on the
tangent by p,
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2) 292 _ 4404 2B,
so that, integrating,
(3) p==Art+ Br* 4 C.
Then
1 7dr2\2 o
4 T &) =r—p

=12 — (4r*+ Br* 4+ C)*= R,

suppose; so that

- 1 dr?
(®) S=7% f VR
an elliptic integral, of the first kind.

Again
8 a8 p  Ar‘4Bri4C
( ) ’d'g' = pr T 72 ’
so that
1 Ari4Brt4-C
(N 0 = —?:f VR ar?,

introducing Elliptic Integrals of the Third Kind.

2. But now, in the inversion of these elliptic integrals, we shall
follow a different procedure from Halphen, and employ as our Standard
Elliptic Integral of the Third Kind the form (circular)

1 ‘Pis—o)—V—~2 ds
2 s—o¢ Vs’
where s iIs a new variable (which must, not be confounded with the s
employed above to denote the arc of the curve, distinguished in the
sequel by an accent).

Also
(2) S=4ds(s+ 2 — {0 +9)s + 29}%

=4(s—8) (s — &) (s — 83),

where z and y are the quantities defined by Halphen (F. E. I, p. 103);
2 is the value of § when s is replaced by 6; and P is a certain
constant at our disposal, so chosen as to cancel the secular term de-
pending on the elliptic integral of the first kind, when (1) is made
pseudo - elliptic by selecting as a parameter a fraction fo’ of the ima-
ginary period o

The elliptic argument » is given by

(3) wu= | 75

8o that s is a one-valued elliptic function of u.

(1) I=
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This may be distinguished as s(x), and then 6 = s(v), v deno-
ting the parameter of I the elliptic integral of the third kind in (1);
and now, in Weierstrass’ notation,

4) V—2=+4ip'v, when v =fa'
Replacing I and P in (1) by I(v) and P(v),
& (u— —iP(o)+Lo ju
(5) s I(v) = log 1/6 (u+”) [ ]
(6) e2il{v} 9%:__?% eliP()+28olu

Su—1v) 2kou

I A
(Halphen, F. E. I, p. 224), on taking

) % tP(v) = % v — §v.

3. Changing Halphen’s « into # — v, and his » into 20 (F. E.
II, p.197),

2
(1) {"2" = [p(u+ 'U) — 920 {p(u —v) — p2v],
@) L —putv)+ p(w—0) — 2920,
R 1
©) Ry pu—0)— 3 pluto)
_ 1 plupv
T2 (pu—pvP’
4) ¢ __ 1 pu—0—puto)
e P20 pu—v)—pu+to)

This shows that » = oc for 4 =9, and r = 0 for u = 3 v, thus
suggesting the new substitution

r pu—p3v
(5) @ Pu— po

In the notation of L. M. 8. XXV, we write
(6) pu —pv = M2(s + ), ig'v = M3z;
(1) pu — p20 = M, 9’20 = M3zy;
(8) pu —pBo=M*(s+x —y), ip3v=M(—2z+y—y);

) pu— pdo—M2(s+224EY), iggy — Jpo 2E=VEDTEZY,

Now to reduce the integrals in (7) § 1 to the standard form (1)
§ 2, substitute
300
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(10)

and

(11)

A. G. GreenEILL.

s+a:—
a2 sz
1
& _ 37
a2 (s+a)*?

and writing ¢ for s 4+ z, and T for the corresponding value of S,

(klx?) ) T=480¢ —2) — {(1 + y)t — z}?,
this makes
1
T
»? ”—R t—y 4
(13) ==
{2t2—-(1-!-:!/)t+m}2
4t
1
(14) . -
As
1 1 2
(15) L_1l(-9),
therefore
4 7\ r C
(16) r=4a () +Ba(3) +7
— 1ty (1. . 7?2
1— 2y 1 a2)+ zyz I_az ’
so that
(17) dad—=-" ., Bag—— 22—9—y C__ z—y+44,
2y*’ 2y* 7 a Y
and
(18) = e - e+ ),
32 — 2y — 2y 74
(19)§;=4y4 =[5 22 y =2yt
__l_(w-—y ?/2)(393 y—9) r? _(z—y+9¥
x? 2
rrt__z—y—yV (7 z—y+y°)
=S50 [GG— =0 - (G — ==Ly,
Thus p = 0, when
’ ?_ 2x—y—ytyl{( +y)?2—8z}
(20) a 2

and then R = 72
" At a point of inflexion, ¢ = oo, and

(21)
(22)

7 Ba  2x—y—y?
at  24a3 2z ?
2z
t=s+zx=

1ty
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Now, from (10),

& r s —yl-d:>2 ’

so that d»? and ds are of the same sign if y is positive;
@ TS

® Lt fE—
(26) 0 — ‘é’ 2t2 —~t((1t—igg)t+m @;;?

— 1 x 1 —z+y—9
—'f (y 2 sz 2 s4z—y )
and now 0 has been resolved into three elliptic mtegrals , one of the
first kind proportional to the arc s, and two of the third kind, with

parameters » and 3.
4, Written in the standard form (1) § 2,

= 1 Pwy(s+x)—=x ds
) )= —‘Z—f stz Vs’
P(2v)s— d
@) I(20) = + f (2ois —ay g
2

s+z—y Vs’
so that, in (26) § 3,

(4) 0 =I(v) + I(3v)+ [y— % P(v) — 2 P(30)]u
= I(w) 4+ I(3v) — uP(2v),
in consequence of the formula
6)) P(v)y — 2P(2v) 4 P(3v)
= 2¢{§v — 2¢2v 4 £3v)

209’20 2y

= peo—pv = =2y.

The formula for the addition of the parameters of two elliptic
integrals of the third kind may now be employed for the simplifica-
tion of I(v) 4 I(3v) in the expression for 6 in (4).

5. In the first place it is easily verified by a differentiation that
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) 1(8) — 31(v) = sin~t L :
(st ap{s+ao—y)*

2t a2 ~QA+y)+2)+2
2(s +2)% (s + 2 — 9}

== cos*l = 4,

== ¢os !

in Halphen’s notation (F. E.1I, p. 196); so that

(2) 0 =0 — i=41(v) — uP(2v)
P(2v) §
= 41(’0) - " ="

This is otherwise evident from the intrinsic equation of the curve
in (1) § 1, which gives

(3) g.gz,_,,}g —44r + 2B,
‘ dr?
4 dw = (24r* 4+ B) 75
- i
so that
6)] @ = 41{v) — uP(2v),
because
(6) P2v) — 2P(v) = 2¢(§2v — 2&w)
PR L 3 DR T y.
g) ? — %
6. By another method of addition of the parameters, we find
(1) I(o) + I(3v) = I(4v) + 0,
where
2 @ == sin—! Vs

2]/§(s+w>(s+w—y)(s+m ‘51%1"—4’—’-?)}

2z—y+y (s+z—ax

== ¢cos™? Y

]/ (s+x;(s+w stz % y+”z)§

which can be verified by a differentiation.
In fact, the general formula for the addition of parameters can
be written

3) I(mv) + I(nv) = I(m -+ n)v+ O

where
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Vs

) ® — sin—1
2V{s~s(m'v).s-s(nv).s——-—s(m-{-n)v}
Sp—$
V- 2”‘ S + V—=, % 8, —S,
== cos™! s

2V{s—-sm.s—-sn.s——sm+,,}

to be verified by differentiation,

7. But it is difficult to combine I(4v) and ® into a single term;
so that, for practical purposes, it is preferable to calculate I(v) and
I(3v) separately, and then to combine them into a single term, which
we shall denote by ¢, with

(1) 6 =0 — uP(2v).

In general, with a parameter

r’

@) v == Enﬂ, n odd,
}(x—-3) 3 (0=~3) ;
3) I(o) = L sin—1 & ““*’g Ty
= L cos—? nP )"0y .
n 9#7: 7
(n—3)
4 I(3v =~sm"‘t% B bl YT
(4
2t —y2"
= L cos—1 ”P(?’”)ﬂ(n_l)-f-'"
that " 2@—‘”)%” |
80 a
" g1 1-2-n(1>v+1>a.a>)t'*—2-;-1>,zc"'3-;-.--+PM Jr
o) = — SIn—
n 2(t2 — yo)¥®
— 1 cos—t 2% 4 Q" 14+ @,
" 2(2 — ytjt "
With a parameter
(6) v = -:—;—, n odd ,
1 (a~3)
@ Ie) = st PO Yty ity

i(n—1)
1 2
= - 008! e — n+ V(E—t),
¥

with a eorresponding expression for I(3v), so that 0" assumes the same
form as in (D).
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With a parameter
(8) v=3-, modd,

1 t’n -1
9) I(v) = . cos™* ~—7t- Yt —t, .1 —1t,)

. 2n P )"t 4- ...
= él_M: sin—t ( )t“ + I/(t — t3) 3

with a corresponding expression for I(3v); but 6" again assumes the
same form as in (D).

8. Writing ¢ for % (again a different use of the letter ¢ to that

employed in (1) § 1, which must now be distinguished in the sequel
by an aecent when used to denote the radius of curvature), and repla-

cing ¢ by 1 , then () § 7 will assume the form

n——2 H %3
(1) 0 = % sin—! + He” ;: s VP
Qo
2) _ L oyt SH T A T,
Y - ,
Qo*
where
- — - 2 — 2
(3) P — (2 — 22UV SoVESY g0
From (7) §1,
1
20—y —y? z—y-+y°
@ e=iJf*‘ e Ty

0
so that, from (1) § 7,

P(2v) 2 dr?
Zay VR

a@—}-%?(?ﬂ)f%

2 Y p. 2 —y—y? x—y+y°
e

oVP

) o' =0+

do
in which

D Y —— g2
(6) 2L P@2v) — XY — Y pay).

x

The comparison of the differentiations of 8" in (1) and (2) will
lead to sufficient equations, and even superfluous equations to serve
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as verifications, for the determination of the coefficients H and L,
when %, z, y, and P(2v) are assigned.

Omitting the algebraical details, it will be found in this way that
the leading coefficients are given by

22 ~y—o Y

(7) HI&W—E‘*—“W%;P(Q‘U),
- Y

® L= —n - P(2v),

©) M= [P —n L P[220 d Py

— 2yt
x )

(10) Ly=— +nl PEo[22=¥=8 4 ¥ p(2y)]

1
’”"?Liﬂu

1) Ly=-—2=4*0 g .

9. It will also be found that, if P is split up into the two
factors P, and P,, where

(1) P,mm§+?f.%;f%+2%£_*x”i+yz
(-G + 5 it ooyt

@) szgm?ﬁ%iﬁg+ pf 1 2oyty
—(+ DG -5 - =5+,

we can generally, when #» is odd, replace the expressions for ¢ in
(1) and (2), § 8 by (writing # for )

-2 B-m3 n—4 ;3 .
3) o = 2 sin—t L HRTERT ey p,
qr
9 2% ___ hot—3 i ...
4) = — cos™ ! : qu”hzr VP,

leading to the differential relation
ri+L Puoy+ .‘E:%iﬁ
(5) ar = YVP 3
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and now we find
(6) hy =0, H ==2h,, H,=h?-42h,...
and the number of coefficients & required is now only half that required

in the previous method.
10. The curve becomes an algebraical curve by making

(1) P(2v) =0,
and now
D e g 42 D e — 2\2 _ 2
(@) Hl-—-——f«——%——y«,L,—»—r-O, H?‘(W“)“&%jl’
Lz"'——:O;
and further
22—y~ 20—y —y Yty n—6 y
(@) Hy—(PEEL) —22o¥o¥ 2TYTY N X,
1
L3=_~_§_%%’ .

But, in the general case, a secular term #P(2v) is associated
with 6, and this is expressed in terms of Legendre’s Fo by

P2v)
4 _L\e?)
) Vor—s9 = 07
where
2.2 ___.S"'—Ss 2=32—"‘33 ‘2 8§ — 8,
(5)b sin® @ = T2, #t=10—0, P
or
y 1
(6) 4 F@)
]/(31- $2.8;— )
where
1
$y — o (81 83)
1 8§—3§ 1 —_— 2
7 cot? = p= 2 2 '2=*‘[1 ““““”“’"""‘],
( ) 2 4 V(si""sz-ss""sz)’ % 2 +V(31"‘32-33“’32)

according as the discriminant of S in (2) § 2 is positive or negative.
11. As a first application of the preceding analysis, take the
parameter

i

1) fz;a—:%w,

and the associated integral (L. M. 8. XXV, p. 210)

1
1 g-s—!—m
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where
3) S =4s% — (s + m)2.
We now substitute
r? 1
1
-8
y 4
(5) 'd'z—z st
so that
p __ S4+m
(6) @ 28
and
) Ada*=—=m, Ba=-, C=0.
Now
©) s=3 [fn—a [ g —au;
and
1 1
1 Tty
0
1 t3‘,3—}—m
——-—2'*‘] SVS ds
=1 % %
1§
= cE+D]+5 5
or

(10) -Z—(mg§+1)=2sin(3a—%'),

where m is an arbitrary number,
The discriminant of S is — m?(1 4 27m), which is positive in

the region 0 > m > — -1—

To obtain a closed curve, the real period @ of the elliptic integral
» must be made an aliquot part of =, by an appropriate choice of m.
12. The next case of a parameter

B
‘U=-§—CO,

is obtained by putting y = 0 (L. M. S. XXV, p. 211); but this makes
r? == g2, so that the curve is circular, and the case is devoid of
interest.
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13. With a parameter

) 0= o,
@ 76=0, or z=y—y> (L M.S. XXV, p. 216);
and now
(3) Adad=1"Y% Bg=_1=39 o_o.
v 2y * % 2y ’
- _ y
) Q_Ef'—l-—s-!—x
6) t=sto=y 2
2
(6) S’—y =Y aai,-z
(7) p = r2(dr? 4 B)
1 2
®) E =gy o (=95 —143y]
__ 26+2)—1+4y
®) Art+ B =~
10 _1 faryB .,
(10) 0 3 VR ar

-1 m2y(s+m)——m ds

_—ff s+ Vs
1

==(y -5 Pv)u + I(»),

where

(11) P@) =3,

x 2
w6+ y—y)—y(—y
(12)  I(o)= é—f > sty—y° ;/i;

1 l/{sz—'"'1;;—(1"‘31)(1—52/)8-}—-2-3/2(1_?/)2}
s (3+?/——y2)'§'

s—-;— 1—y) (1—2y)
1

—_— 2
c+y—yi Vs =)

so that
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1
(13) o+ (5 —9)u
1 oo Vi@ —r) {4gpat — (1 —y) (1 —59)a’r + (1~ 9)*r}]
=3 sin 2yat
1 (l—yprs— (1 —3y)a?r
== 5 €OS I o Sy g
m—g-cos*l —f—?=-§-&.
By putting y = — T we obtain the algebraical curve
. 4
(14) r3 = g% cos 39, with —g— = ({—) .
As y diminishes from %, points of inflexion come into existence,
where
(15) r? __ 1—3y,

a? 22y }
also p ==0, when

2 1—8
(16) =i

The discriminant of S is negative in this region of

1
(17) 1>3/>‘§’,
and
F 1 — g2 1 2
(18) U= =2 4‘30‘32*2‘@3 R Vy azi,-z:

%

(19) e (1—43) (;+3y’r), ot (144%) (___%1 4 33,4,);
16y 16y

and the apsidal angle

3y
3
(20) 0=7%— K.
Y
In Fig. 1 the apsidal angle O = — %{ %, corresponding, by

trial, to y = 0. 156, nearly.
We can write (13) in the form

¢2)) g == 2 gin—1 Vie—n{eya —(1—yar— (1 —yr}]

3 2V (ya®)
Via+r{2ya+ (1 —yar—(1—g)r*}]

cos“1
=3 2V (ya®)
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In the region where the discriminant of S is positive we can
put (L. M. 8. XXV, p. 217)

Fig. 1,
—e
(22) Y= 3=fcyic
and now write (21) in the form

sin—!

2
3
—;— cos™! ]/[—~ (1 +

Arranged in descending order

1)%1+<1-—c> ]
FDt—a—9 L]

(23) 0 =

e—¢? 2 1—e 2 ¢ 2
(24) s = 3 —Bef 2/ ST (2—5c+2c2 » 83 = (2—5c+2c2) ’
with ¢ negatlve, c< —1.

(25) =106 — - Fo,

with
) 2 —_—? 1—2
(26) Sm?q’=1_c_oca rzr , # ‘2cs+cc”
and the apsidal angle
_z _ _2_ . 1—c+4 ¢
%) 6 8 V(—20+e4
Inflexions come into existence whem —1>¢> —¥2—1,

and then

g2 1—ec-f ¢,
(8) & = T—a
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while p = 0, when

r2 1—c¢c+4c®
(29) &= o
1
2 1—cH¢?
(30) 6=¢ + 3 V(—2c3+c4) F‘p, ‘ .
with

(31)  sin? @ = (¢* — 2¢) Fi——f—é,
and an apsidal angle

— l—cHc?
(39) © 6 + 3 ]/(__ 2034 ¢b) K

In Fig. 2 the apsidal angles are ‘
made — 60° and 120°, by taking
¢ == — 1.5, abhout.

We can also make use of a quadric substitution

Fig. 2.

1 1
8t — T =y (1—5y)s+ T y:(1—y)?
s —y*

=s—;0—6y+ 9+ 2L,

(33) -

for the reduction of the secular term «; this will lead to the same
modulus as before for a negative discriminant of S, changing to its
reciprocal for a positive discriminant.

In the separating case, when y = 1

9 ]
(34 2 -2(sL—3),
(35) 2= (=2)(-42),

.. .1
and the curve has an asymptotic circle, of radius - a; the outer and

inner branches being given by

: 2 e
(36) 6 = sin™! V 1'—‘ =) = V3 sh—1 Vm,

— cos—1 T 2 --11/_.3?’.2___
= cos™! — > V3 ch I

and

6 emsnmi e Y
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14. With a parameter

() 0=+,
) 95 =0, when z=y (L M. B3.XXV,p.213);
1 1— c 1
(3) dat =g, Ba=-— 375, o=3;
and
Lo O+ +HQ+H
(4) e __:___5__5 1 @ 10 2 3VP
Qot
=—1—C‘.OS"1 @ +L194+ -+ Ly
5
Qo
where
A) P=— {o* — (1—2) o+ z}*+ 42%0;
also
(6) P20) = 1232, P(4o) = — 12
so that
342
@ a0 _ 1 ¥ et
do 2 oVP
and we find, as in equations (7)...(11), § 8,
(8) H =2z, H,=2% H,~=—2z?

y=—143z, Ly=—z+432*, L,=—22?432%, L,=—a*—

L, =2%; also @ =_2cz.
Written in the form of (3), (4) § 9,

3—{-m———}-a:

(9) o =—§~sin’“1 MTV 1)
2(3)
' r
——3'+$-— - &
(10) = —z— cos~1 9———1”——:%—— V' P,,
2V (—2)
and
(11) Pi=— L4 (l—-n) 5+2c0 — 2

=(1-DE+L+2L—2),
(12) P=(1+ D)5~ 5 +22+2).

223,
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The algebraical case is obtained by putting

(13) &=,

and 1 now oscillates between 1 and —;-(1/ 10 — 1), the real root of

1 7 1
(14) as+a2+—"—_—’3—'—‘0
Now in this algebraical curve,
= 3 r 72
1) g=vz—at7

so that p never vanishes; and at the
inflexions

1 1
(16) §=’§‘1/3» *g=§'
The ecurve is shown in the an-
nexed figure 3.

15. With a parameter Fig. 3.
(1) V=
=+ o,
(2) p,=0, when z=2(1—2)? y=2(1—2) (L. M.8. XXV, p.222),
1 . 1—32+422 c z
@  Ad=g Be=—Ta—5 7= "o
_ 3—9z2-452 __—1+3.z+3z2.
(4) P(?'D) Y B P(‘l:?)) - 7
Writing » for -2, the differential relations
1—32-422 2?
5 ae rt— 1—2z ¥ — 1—2z
(®) = 7P ’
1—8z-43822 22
©) de’______ri‘" =z 1=z
ar r VP !
are satisfied by
1
o 3—92452% [*do
@) 6=2 T(1—2) Vp
e
o — 8-— 9z 522 w_c_i{_s_
= — | 7
where
(8) 6'==—,27—sin‘1 T5+k"r4+h2;3+u-+h5’/.?”/
qr
® = oo REMEERE S SRy Py,
qr
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(10) Pl=—rt 4 23T e gar

==+ + 5+ 1)

— &

and now we find

(11) hy =0, hy=—142z, hy=12, h =2, hy = — —;

1—2

2 42 |
g = (1—22
Putting
94 V21

(12) PRv)=0, z= =5
we obtain two algebraical cases re-
presented in figure 4.

16. With a parameter

(1) ’0=—§—w',
' (2) Py =0
Fig. 4 when
z=01—e¢)(1—c+c?), y=c2(1—c) (L M. S.XXV,p.232),
_l—cH4¢t __1—2ctete O 1—c.
@) da= 21—’ Ba=- 2¢t(l—¢) ’ a 2¢ ?
1—3¢4 7 —7+418¢—15¢*+5¢3
@ Beo =TI gy T tee
and, writing » for -21,
4) 9'=-§Sin—-1 r7+h;r6+h2:5+...+h7VP“
gr?
(6) —-g—COS--l r7T— h19'6+h21'5 ..._h7’/P2’
!19'7

1 —2 2 cs 2 ___ p8 —_—)2
(7) P1=-—-r4+ lj_c}-]icj— T2+2lic—;-:c’r+1€(—lc—{f)cz

__(1-'—'9’) 7'3+7’2+ C'c—_fc.c2 + lc_glc—_l_c)c2]

¢c(1—2c¢+4-3¢?) __c(1l—g¢)
(8) by =0, hy=—="T—7%" b=7—3a
1—3¢c+ 3¢t __c(l—e¢)(1—2¢) _ cd(1—e)?
W=t —re h="T—xe » W= "icxe
h7 SEl—c)

1——c+c’
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In the algebraical case
(9) P2v) =0, 1—3c24Tc*=0, ¢c=— ﬁ-}-—lf_%, fﬁ%(l/5+1)

and the curve is shown in fig. 5.

Fig. 5.
17. With a parameter

(1) 7)-7—"——5—(10,

we must employ the Transformation of the Tenth Order, and put
(L. M. S. XXV, p. 235)

(2) x__=_(c+1)(0—~1)3 _ (c+1) (c—1)

cl@—dc—1p? YT Tt — 1)’
g __ __ ele—=1) _éte43e—1t € e+1
@) da®= c+41° Ba = 2 —1 ' a | e—1
- 3¢e—1 _e—c+47¢c—3
4 Pl) =5 P@0) =S a1
—__3¢tTdtet1
P(4v) = — "1
and now we find
7-3+1‘..__.._c_:’:_1_.
A ’ 2 . ¢ c{e—1)
O e == — SIn 1 P ,
(®) . 3 VP,
r3+1+_?_1*’.L
(6) —..—..—%cos—l a %C(C““I) I/-ng
qr
where

R (e =)
(8) P2=(1+¢)(7'~—c+1)[(r+ci12__022;;6521 ’

¢ -

= — gl
©) ¢ = 4c(c—~1)3

31*
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In the algebraical case
(10) PR2v) =0, ¢~ +T¢—3=0, c--——(}/10—1)2— 0.3526,

so that ¢® is positive, and 7:— oscillates between 1 and zti=3‘836,

giving a curve of the same character as fig. 3.
18. To counstruct the curve for a parameter

(1) 0= QT‘;B"’

in the form

@) o = 2 sin—t DEher R p
11 e

3) = 2 eosm THMT - Thyp
11 qr?

we must take (L. M. S. XXV, p 242)

@) o=—re(l+0) (142e+/C), y= —lHiFLTC

where

(%) C—=1+4c4 8e2 4403,

(6) P(20) = 6"'27“4‘440;;113_0;4-(8—&13@1/0

O P(4v) = 12+430+44;'2ng—<6+9®1/0.
With y,; = 0, (L. M. 8. XXV, § 50)

© =%

) a:==;z—(—1%_—cj{1—}—26—-20?+2c3+6c4+c5—{-0+2c7+cs
F+(1—2¢—c+c—ct—e5)Y 0},

(10) y=2(lc~—j~_—c-5§{l+3c+0+0+204+c5+(1—0——-02)1/0},

(11) C=1+4c+ 62+ 2+ ¢t 2644 ¢,

(12) 13P(2v)

64126962 —3363F 4c¢t 8¢5 — 18¢5—11¢7- (40— 1562+ 7’11/ C
o 2(1+}e¢)? ’
(13) 13 P(4v)

___—14—54¢c—83¢*— 79¢* — 70¢* — 62¢° — 36¢8 — 9¢"+ (8—26¢— 6902——2503-!-90‘1/0
2(1-4-¢)? 1
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(14) 6'=%Sin—1 r“+h‘2rs+hﬁ+“.+kﬂVP"
gr®
(15) - % cos™1 r11+h’r9~k§+'°'—h" V' P,.
gr?
With p,, = 0, (L. M. 8. XXV, § 56)
2w
(16) P = 1
(A7) 2= mg_(%) { (69 4 268 — 27— 85— 3664+ 63+ 262-4-0—1)
(+3¢+3)
+ (P44 —665—15c5—8c+4-4 3462
+4c¢4-1) VC b
18) gy — 2Dt 022 —¢d1) (2+3c)3
(18) y=— 5D (et 40—2e2—o +3)
+ (*+-2¢3+0-3¢c -1y 0},
(19 C={(c*—c¢—1)(c*+3¢c+3),
(20) 15 P(2v)
(186549 ¢*—3064—35¢%} 12¢*-9¢1-6) (c*+- 3¢ 8) - (18> 85! 14 c3— 51 ¢2— 48 c—9)clVC
o 2(@F3¢+3) ;
(21) i5 P(4v)
_ (11¢54-33¢54-30 64 —25 63—66 £2— 57c—18) (c®>4-3¢-3)F- (115455 ¢' 118 ¢31-123 ¢ 54 ¢ —3) eyce
T 2(c*+3¢c+3) ’
(22) 8 — % gin—1 718 4 hyr!! +hs;;5’°+“ '+hxa]/P“
qr?
(23) = % cos—1 T Terl — ha:_;o t o —heyp .
qr?

This is as far as we can go at present with these Klliptic Functions
of the First Stage, and their Division-Values (Theilwerthe); the next
cases of p,; = 0, and p,, = 0 have proved intractable by this method.

19. With a parameter

(1) v = @
@) 6 = +sint Xy p
Qeo*
(3) — TJ;_ cos—! o*+ Lye® +3L29 + Ls
Qo*

and, turning to the Transformation of the Twelfth Order (L. M. S.
XXV, p. 248)

—e(l 1 ) (14 —c(1 1 c?
@ smmessganie, it
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. 14 ¢?
(5) 40° = — 2e(Fe)dAFectey?

142c44c2+2¢3 4 ¢t
(6 Ba 2e(ld-0 (A Fefe) °

C c(1+¢)
() r A+ cF d

and we shall find

(8) Hy = — (14,

2(1 2)2
L= — S5

I —  (Ferateter
2 14 P ’

(1 4
L3——-—— 1(_,:-0?2

. 2¢ (140,
Q_‘ 1+62 7

@ P=(-HGE- e —SFE - atrar g,

leading on differentiation to
142¢-42¢34¢t c(1+4¢)®

qoy 49 1O T E0key 0T ige

do 2 oVP ?

2 142¢c+44c4-2¢+- ¢t e (1-c)?

any e __t? 14 T iteE

do 2 o VP !
go that

, 2 (14 c+ e

(12) O —0=gF1s ;/p

and the secular term cannot be cancelled, so as to obtain an alge-
braical curve.
Equations (2) and (3) can also be written in the form

(18) =25 (""H"Lc V[(I")(“)““‘H” c‘li‘ff}],
16)

L= =) Y[+ DE+9) 5 ruta —<SEH ]
e/ L)

(149 =

oo ro
8
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L4

20. With the parameter
* (1]

1) Y=

where » is an integer, we must proceed to transformations of the
order 8,3 and it is convenient to employ the Elliptic Functions of the
Second Stage, explained in the Transformation and Division of Elliptic
Functions Proc. L. M. 8. XXVII, p. 449, where we put

_ mia ___(—2m)e
2) == Gmmp Y= T a—m
so that S has-the factor
ma?
3) $— Sy =
r? 1 —mn\2
mie o _( m )
@ —m r? ’
1=
on putting, as in (10) § 3,
4 s+o=-Y et
1=
2 (1—2m)ae—m(l—m)?
(5 _ mia E§+ m?
) S == (ot-——m)2 f 4

The other factors of S being denoted by s — s, and s — sz,
(L. M. 8. XXVII, p. 452) we find, after reduction,

(6) 4(8—33)(3-—5‘5.)=482+4(1-—2m)a—-1m28+ mA (1 — 2m)? o?

(¢ —m)? (—m)*

_ o m“g—:—i— §4(1——2m)a——1+2m—-2m2} ng-}- g'z(1-~2m)a——tn—l-m?}z
- e .
o (-%
It is convenient in the sequel to put
() (1—2m)a —= (m—m?)B = L,
®) @m—1p =T
and to change the scale of the figure by putting
2 p? 1 —
9 %5-—=p, where E;-—-:%;
o l=m
m® o m
(10) S—=% =i "an Tm e

1—m



488 A. G. GregxAILL.

(11) do* = — '2'6:%?3 = 2(1~2m”;2(1—m>6¢

(12) Ba= —m C2gnodin=tnt__ 0=t
(13) 7 = (1—m) 2Ottt — (1w s
14 2= 2(,_2,;’;(,_m)ﬁ[a4+ 2(8—2p+1)" " 5

— @p— (5]
— — e i F26—2r— V)5 — 26 + 1}

or
(1) PO et 2—2p—1)0— 28+ 1)

e tT2(B—27—1)e—2841
46Vy

When m — m? in negative, we put

2 —
(16) %—:-——-—-—-9, where %=mm 1;
and now p is negative, and
17 b __ ot +2(—2y—1)e—2841
(0 b 1V (- )
Also
4 2} 2(28—2y—1 28 1)
(18)  4(5—s2) (5—sp) = ;s © + 2( B( ) )9-)%;( B—1)
T—m ¢
- m{l—2m)a 1
( ST E=" ma—m m
T—m ¢
1
— 8
R m 4
(20) BT 1—m s+
_ P, P,
16671 "9)4
where
@1y P, =

=—0"42(2y4+1)o—1
(22) P, =*+42(2—2y—1)e + 26—1),
(28) P = PP,
=—{e*+2(8—2y—1)¢ — 28+ 1} + 168%y0;

and
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1—m
1 [+2(B—2y—1e—28+1
(24) 0 = 2.] L de,
e
24 Y mn

L ¢+ Pl ;e —28+1 .

i

de |

(26) e—-e_.ﬁp(.z@)l_m 7%

21. As the effective parameter in the expression of the curve is
4v, and now

(1> 4y = ‘:g"
we find that 8" can be reduced to either of the equivalent forms

T H" P H, y

2) 0 = %— sin—?! T P,
Qe®
n—1 L n—2 s L
(3) = ;t— cos—1 ¢ + Ine _1,+ + Ly V..
Qe*

This implies the identical relation

4) @o"= (¢ '+ Hyo" 2+ -+ H, 1)) { — 0"+ 22y +1o—1)}
+ (o' + Lyo 2+ e-F Lna)* {01+ 228 —27—1)¢
+@p—1)}

leading to the relations

Z—-—l = (25“"1) L‘z——h
useful for the determination or verification of the coefficients H and L.
.The comparison of the differentiations of (2) and (3) will serve

better for the determination of these coefficients; and in this manner
we find

(6) H, = 2y+1-u%1)(2v)—~m~—,

——28+2y+1—nd Poo 2

i
l

H, = (28—1)L..
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The curve is algebraical when P(24) == 0, and then
() Hy =2y41, Lj=—-28+42y+1,
3
®) H,=4@y+17— 4, L=28—6By+3p>—4646y+1;

the roots of P, =0 are now imaginary, and ¢ oscillates beiween
m

i and ~—2 or [Y(y+1) + V7]
22. In the simplest of these cases, when
1

n=1, dv=0, v=_0,
we shall find that 8 = 1, in consequence of the relation

in (329) L. M. 8. XXVII, p. 450; and now
V{i—e+2(1+2y)0—1}

r —_— g _1
(2) 0 sin A ,
, 24 2(1—2 1
3) —  eostViet (21/9 Ne+1}
(4) = -;- sin—1 % - % cos—1! ‘ﬂ;%’;i-ti-
Also
P(4v) =0,

and

49 __ __1le—1

ae 1 2 —4y0—1
6 a8 T rve—
T 0 —6= 2p [
(M 6 v | 75

¢
Making use of the quadric substitution

(8) B _ —e+20+2y)e —1

P, e +21—2y)e+1 "’
then ¢ = -+ 1 give the turring points of ¢, where ¢ assumes the values

¥ 1+y

(9) m and — —T'

We must distinguish between the two cases of y << 1, and y > 1.

I. 0 < y < 1; the roots of P, = 0 are imaginary and ¢ oscillates
between

(10) 00, 05 = [VA+2) V7],
the roots of P, == 0; also
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Y gy _(e—1p
1 —y ¢ (1—9) Py’
14y __ (o412
(12) Pt — 2P
G ®
de ¥ at
1) 2y fde_y/
|23 1—y i+y ¥
. 7/(4""+7—'f?,,—t)
an elliptic integral of the first kind, with modulus % = y; and putting
1 —1
(14) cosq>==]/( -:" %;‘I’
2y (B, (42 _
(15) 2y 7p % of. Ay 2 Fo
so that
(16) 6 =6 —«Fo,
8, 6, and @ starting from zero, where
(17) 0 = o= /(14 2) + V4l

When og=1, ¢ = —3— w, Fo =K, and the arc of a loop is
bisected ; and
(18) 6 == sin—!})/x = cos—1)/(1—x).
When
e=0=[/(1+x — Vs, p==, Fo= 2K, 6=0;
and the apsidal angle
(19) O = —2x2K.
At the inflexions, p==2%, which
makes

(20) Py=4%2+44x —1= (2%+1)>—2
which is positive if
x> -;— (2—1) > sin 10°57';

and p=0, when p?— 4x%9 — 1 =0,
which makes P;=2(¢—1), which is
positive, so that the curve is looped.

Fig. 6 has been drawn for a
small modular angle, about 4°45
so as to show the running pattern, in the penultimate form of the
case discussed by Halphen (F. E. II, p. 219).

IL 1<y <, the roots of P,=0 are real, and denoting
them by g, and g,,

Fig. 6.
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(21) e, 0 =1[Vy +vV(r—1J
and
Q¢ °:
22) 23f§§=1/( Y )j/ di — Eo,
VP y—1 +1
J Vvt 2

. 1
with a modulus % = 5 and

(4w P . o — 1\2
oo =ty Mo=0+u(T)

Thus at the bisection of the are of a loop,

<2y Pt
(23) sin q)_%(e-l-l)"”

4
(24) A2 =)/(1—=«?), and o= 77(1+”)+’/(1—”).
Vidw—7a—u

At the inflexions, ¢ = -:— , which makes P, =2 — (-i'- —_ 1)2 ,
so that x > 2()/2 — 1) > sin 56°.
The outer branch (¢, > ¢ > ¢,) has the apsidal angle

(25) 0=-m—K,

and is of the same character as the curves in Case I for a negative
discriminant; and the curve is now

. completed by the inner branch

(02> ¢ > 0y),
with the apsidal angle

(26) 0= a+kK,

. forming a running pattern, without
points where p = 0, and without in-
flexions.

An example is given in fig. 7 for
apsidal angles of — 45° and 2259
. when the modular angle is about

66°21’; this may be compared with
figures given by Halphen.

In the separating case between I and II, % = 1 and an asymptotic
circle, ¢ = 1, makes its appearance; we find

Fig. 7.

. Vi—o*+60—1) V(—o0?+60—1)
S — ain—1 h._]_ -
(27) 6 = sin Ve —s T

2Ve Va(e—1)’
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in the outer branch; and

.1 V(—1460—0® —1 V(—=1460—0¢?
— 1 1
(28) 0 = sin 27 ~+- sh Va(—a
== —1 —¢@ -1 __lbj-_g_,.
_€os 7o - ¢ch 7r0—o

in the inner branch.
23. Proceeding to the next case of n =2 and a parameter

4y = —%— @', and considering only the algebraical case with P(2¢) =0,

then, from (2), (3), (7) § 21, the equations can be written

(1) 8= snr1(9+27+I>7/{"02+2(°’7+1)9~1}
F)

Qe
@ = %cm—l(g—26+>y+1>7/{92+g@<zs 2y=1e+ (-1}
and we shall find from the differentiations that
@ s=—DF, - B ey
so that we must put ¢ = — %: , and now

2 V341 5 2
» (3— % ) + 5 V841)
(4) B = 3 ’

%(Va—{- 1)*

so that p never vanishes; but there are points of inflexion where

V341
O F=Sy

2 _sl3y /s,

as shown in fig. 8.
24. Tt will not be difficult to work out the corresponding algebraical
cases of the parameters

Fig. 8.

: | B 1

(1) 4o = o), | &, IREE
when the equation of the curve takes one of the forms
@) 6———3— sin—1 92+(27+1)9+H2 VP,

Qe
3) % cos—1 &= @f—2y— e+ L VP,

QQ%
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or
4) 0= —i— sin—1 & F (27+1)5:;*‘ Hyo + H, yP,,

- 3 —(28—2y—1)p2 L Lg

(5) == %cos'~1 o’ — (2f—2y Qg)f + Lyo + L, VP,

Writing 6 for 2y 4+ 1, and & for 28 — 1, we shall find in this
way that the equations (2), (3) lead to

(6) g=—2 ?(-gz_—_‘—;g

and

(0 504 304 80°— 96%+1=0,

(8) S+ 6854216t} 3483F 21246+ 1=0,
a reciproced sextic, which can be written

©) (64184 2634 62(s 4 1) =0,

as that

(10) (e+12+ (V4 —7/2) e =0,

(1) e=—1—1yatLy2—(—312)/(F/4+1)
= — 1. 7H8994.

Similarly the equation for ¢ may be written
(12) 4 14 4> +0) +2)/28 =0,
giving

(13) &= — o

1
V2 VeV (Ve+1)
and fig. 9 has been drawn in accordance
with these numerical results.

25. Having rectified the curve,
by means of equation (5) §1, and
found its perimeter L, we may suppose
the tube, of which the curve is the
cross section, to spring out to a
circular form of the same perimeter L
and radius ¢= L/2x suppose, on
releasing the pressure p given by

Fig. 5. p=8EIA (Halphen, F. E. II, p. 194);
while according to the formula (F. E. 11, p. 235) the external pressure P
at which the circular form becomes unstable, and tends to buckle into

— 1287167,

% waves is given by P = (n?—1) %I, where I = '1'15 (thickness)?, and
Z is the modulus of elasticity of the material.
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The length ! of half a wave is given by (5) § 1

1 r'gd 2
(1) =1 17%’
so that, with "
2 bz —1
(2) @ _ - blz 3 EE- o=z mm ’
[
{ 1 “do 2K
3 LA —29 —9) -
( ) b 2_Ab29‘ V-P 51/( 7’) I/(PoPa)
where
4) Py =02 +2@B—2y—1) ¢, + @B—1)
=48(0,+B—1),
) P, =48(es+B—1),
(6) Py Py = 1682 (p*+ 4y —47),
and
7 2 '2___}_——62%—237—-27(7-%-1),
(8) w2yt e VO HD(ERE—2y —1)

B2 (p*+4By—1y)
The arc i1s bisected where
9) e=V(PP)—B+1,
(10) 7 =B8—1+4BY (B*+46r—1y).

Now on releasing the pressure from a tube collapsed into n waves,
the tube springs out to a circular form of radius ¢, such that the half
wave becomes an arc of a circle subtending an angle zx/n; and thus

(11) =1,
Vey) K
(12) L= 0 :
b VE+apr—an La
Then s
p _ 8Ac
(13) P~ wr—1

_ s (=gt x\*
Pl @y —ant \ L a

Thus, in fig. 8, in which # — 2, we find that x —

3 and
32 / K\ =
(14) z.2 (T-) — 1.285,
w

—

2
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so that an increase in pressure of 284 ¢/, will collapse the tube from
the circular form to that shown in fig. 8.
In fig. 9, where n = 3, we shall find that

(15) X —2— 4,

== 1,319

N

(16)

an increase of nearly 32 ¢ over the pressure at which the tube
begins to collapse into three waves; to preserve the stability of this
form the tube may be hold at the points of inflexion.

It will be noticed that the moduli of the elliptic functions which
occur are the same as those required in the motion of a top having
four or three cusps: this is consequent on the relation P(2v) = 0;
and we may utilise this analogy in proceeding to the next case of
equations (4) () § 24.

26. For the nexf case, in which the cross section of the collapsed
tube is the algebraical curve, of four waves,

(1> 0= % sin—1 93+H192(?;2H29+H3 VP17
(@) 6 = ~i~ cos™! 93+L192Q+2L29+L3 VP,
@
with
(3) H=08, Li=0—¢c—1, H=150—,

Ly=5 @—e—172— > &, H,—=:L,

82 —1—68(8 —e—1) -+ 283

L. — 8
8§ 2(30s440 —28—2) ’

we are led to a reciprocal equation for &, of the 18% degree, which,
on putting & 4 é— == z, reduces to
(4) (x4 2) (2* — 2) (32° + 825 — 98zt — 68823 — 1900 22
— 2624z — 1528) = 0.
Putting z = 5—— — 2, the sextic equation becomes
®) Yo+ 20 y° 4 22y + 6497 — 4y* + 112y — 24 =0,

an equation of the same structure as (28%) L. M. S. XXVII, p. 597,
having two real roots, 0.21 and — 19.02176; of which the second
gives a value ¢ = — 1.3810617, and thence & = — 1.135, which
gives Fig. 10,
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27. When the cross section has five waves, the form is given by

(1) 0 = —;— sin—1! 94+H193+H2€f+H39+H4 V-PU
Qe?

@) 6 =L oost &bt lact Tet Ly yp
Qo*

with the same expressions for H,, L,, H,, L, as above; and an in-
vestigation is in progress on the elimination of H,, L;, H, for the
formation of the equations for & and J; the equation for & will be

Fig. 10. Fig. 11.

reciprocal, by analogy with the preceding cases, and will have the
same structure as equation (314) (L. M. S. XXVII, p. 604) which is
required for the determination of the motion of a top, complete in
five cusps.

It is now found, on examination of equations (326) — (329),
L. M. 8. XXVII, that we can determine the algebraical curve with n
waves by putting

’

(3 - cn 5
) b 22
cn ——
20
m—1 1 1
4) — = tan 5 ¢ tan & @,
K ¢ K’
(5) Fo,=@2n—3)5;, Fo.=@@n—1)5;;
the modulus being determined from the condition that
. Je sn-él—g dn-éI% K sn%—’ dn%—’
(6) Zg;;=~—-—--f—-—-, orZ-v-b-w .
cn o0 1 + cn e

Mathematisghe Annalen, LIL 82
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These formulas have been tested on the preceding algebraical
curves, with two, three, and four waves; and they enable us to draw
fig. 11, an algebraical curve with five waves, by putting » = 5, em-
ploying the co-modular angle 66° 9 corresponding to the root ¢ ==17.4
in equation (314), L. M. S. XXVII, p. 604, for cusps at intervals

4 . . . . . .
& ® I azimuath, in the corresponding case of algebraical motion

of the Top.

28. Looking back over these and similar calculations required in
mechanical problems which introduce the Elliptic Integral of the
Third Kind, it will be remarked that a desideratum is the formation
of the series of functions, analogous to the s», ¢n and dx functions
of Abel and Jacobi, as defined in Halphen’s F. E. 1., Chap. VII, p. 222.

By means of these functions it is possible to express

Slu —
(1) O(u, v) = =2 g,
when
2 27
(2) V= ‘37 '”=—,n1,

by the st root of an integral function of pu and p'u; the logarithm
of this function being an Elliptic Integral of the Third Kind; and
Abel’s pseudo-elliptic integral is reduced to

1 Pu,v) 1 S(u—v) 5,4
) T8 = T 8 Ty ¢

being the integral ¢I(v) of equation (1) § 2, its differential coefficient
with respect to % being

1 . P)(G—o)—V—2=

(4) 2t §—¢ ’
with
(5) §$—6=pu—pv, YS= —gu, Y—Z=1ipv.

The requisite materials of the analysis will be found in L. M. 8,
XXV, by means of which it is possible to make

(6) {EU—9 pul*— 4 4+ iBYS,
™ {Eluts) l'— 4 _iBYS,
(8) (s — o) = 4° + B*S,

where 4 and B are rational integral functions of s, of the order

——21~(n-— 1) and —%—(n—-—fi) if » is odd, and of the order -%—n and
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—%— (n —4) if » is even; and, from L M. S. XXV, XXVII, the values
of A and B can be written down for the numbers
9 n=3,4,506,T1,8,9, 10, 11, 12, 13, 14, 15, 16, 18, 20, 22.

" When # is even, the relation can be written in the form

(10) {@—“—:—”lew}’ = PV(s—5)+ Q¥ (s — 5.5 — 5).

SusSv

Also, when #» is odd, it will be noticed that S, on putting
§ — 6 = {?, can be resolved into two factors T, and T, cubics in £,
and that we can write

S .
(11) %%%—@—96"“} =LyT +:iMyT,,
with
(12) *= LT, + M?T,,

in which L and M are integral functions of ¢, of the order %— (n — 3).

Thus for instance, for n = 11, we are able to infer from § 18
of the present article, and from L. M. 8. XXV, p. 241, that

u
4’)‘(0 , 2
o(u—57) (i a5t
€

(13)

Su 64“0
— % # — a, B+ a,t* — a3t + a,) VTz
+ 5 i+ 08+ ayt + agt + a) VT,
in which
(14) f=s—oc=pu—yp2,
(15) T, =284+ 1+ 9+ 22¢ + 2y,
(16) Ty=28— 1+ y 4 2at —ay,
14 4c42c24+ V0
(18) ye=—c¢ 2(1+ ¢ ?
(19) C=1-44c-4 8¢t 4 4¢3,
4?.(0’ . 6+27c+44c2+lsc3+(8+136)1/0
(20) p = 22(1+¢)

32+
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21) o= — 2“(?1:%3 {24T¢4+102+ 46+ @+ 3¢) Y C},

1

(22) ay=— 55 {1410c 4 4024 82¢3 4 86¢t + 406

L6854+ (14-26)2 (14 4e+262))/CF,

@3) ay= 5 {14 8¢+ 28>+ 52¢ + 50ct + 2065+ 28
+ (1420 (14+4c+ 624268 )/C},

(24) a, = ;(-1-‘:;—@ {14 11¢c+ 54¢2 4 151 ¢3 -+ 255 ¢t + 254 ¢5
+135¢8 4 32¢7 4- 2¢8
4 (14 9¢+ 342673 69¢t 432654 5¢8))/C} .

The ,,multiplicative elliptic functions® «, 8, y, 0 introduced by
Professor Klein into the Theory of the Top are of the same nature
as this function ®(u, v), qualified by factors which are exponential
functions of the time [Princeton Lectures, p.31; Klein-Sommerfeld,
Theorie des Kreisels, p. 420] and the time is expressible by Legendre’s
elliptic integral I'p, the only transcendental function now required to
be tabulated.

A sufficient number of these functions will enable us to explore
the analytical field of a mechanical problem by a series of the para-
meter v which are the simplest aliquot parts of a period, between
two of which any actual numerical case may be taken to lie.

We are thereby relieved of the necessity of tables of the © fune-
tions, and even these would be useless when the parameter » was a
fraction of the imaginary period, as is generally the case, as seen
above.

We can however change » immediately to a fraction of the real
period, merely by changing the sign of s and S in our expressions,
and thereby tabulate an algebraical series of the ,,Theilwerthet of the
© and Z functions of Jacobi.

Artillery College, Woolwich (England), November 1898.




