
The Elas t ic  Curve,  under  un i fo rm normal  pressure.  

By 

A. G. GRWV.~HmL of Woolwich (England). 

The mathematical discussion of this problem, due originally to 
Maurice Lgvy (Comptes t~endus, XCVII), is given by Halphen in his 
Fonetions elliptiques (F. E.) t. II, Chap. V, as affording an interesting 
application of Elliptic Functions to a mechanical problem. 

The subject is of practical importance to the engineer, in the 
consideration of the stability of boiler tubes and flues, with the high 
pressure and temperature now employed, and also in its bearing on 
the buckling tendency of the steel plates of a ship, when required to 
be very thin, as in a torpedo boat. 

In the present article the mathematical treatment of Halphen is 
resumed, as an exercise on the theory of the Elliptic Integral of the 
Third Kind; and some cases are worked out in which this integral 
is of the simplest pseudo-elliptic character, so that the form of this 
Elastic Curve can be calculated numerically by means of existing 
mathematical tables, including those given by Legendre of the Elliptic 
Integrals. 

The reader is referred to articles in the _Proceedings of the London 
Mathematical Society vol. XXV and XXVII (designated in the sequel 
by the abbreviations L. M. S. XXV, XXVII) for the development of the 
analysis of the results quoted in this article, which is intended to 
provide an additional mechanical application, in which the results 
are reduced to a shape in which numbers can be substituted imme- 
diately, as illustrated by the diagrams. 

1. We start with Halphen's notation and formulas for Lgvy's 
Elastic Curve (F. E. II, Chap. V) 

(1) 1-- = 4 A t  "~ + 2JB, 
Q 

connecting ~) the radius of curvature, and r the central distance; and 
denoting the length of the perpendicular from the origin on the 
tangent by p,  
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(2) 

so that,  integrating, 

(3) 
Then 

1 (at, V (4) u \ a s /  

suppose; so that 

(5) 

1 elp ~ 4 A r ~  .~_ 233, 
~" dr  

p ~ A r  4 + B r~ + C. 

= r 2 - -  ( A t 4  .-~ B r  2 -~- 0 ) 2  = t~, 

f dr~ 
s-"~" 2 j I/~R , 

an elliptic integral, of the first kind. 
Again 

dO p A r  4 + B r  ~ + C 
"dS ~ 7 r ~ ~'  ' (6) 

so that 

(7) 0 = -~-  r~V~ ' 

introducing Elliptic Integrals of the Third Kind. 
2. But now, in the inversion of these elliptic integrals, we shall 

follow a different procedure from Halphen, and employ as our Standard 
Elliptic Integral of the Third Kind the form (circular) 

I = .4- v -  
8 9 6  YS '  

where s is a new variable (which mast, not be confounded with the s 
employed above to denote the arc of the curve, distinguished in the 
sequel by an accent). 

Also 

(2) ~ -  4s(s + x)~ - -  {(1 + y)s  + xu} ~-, 
= 4 ( s -  sl) (s - s2) (s - -  s3), 

where x and y are the quantities defined by Halphen (F. E. I, p. 103); 
2~ is the value o r s  when s is replaced by ~; and zO is a certain 
constant at our disposal, so chosen as to cancel the secular term de- 
pending on the elliptic integral of the first kind, when (1) is made 
pseudo -e l l i p t i c  by selecting as a parameter a fraction feo' of the ima- 
ginary period co'. 

The elliptic argument u is given by 
Qr 

(3) u -= r-~' 

so that s is a one-valued elliptic function of u. 
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This may be distinguished as s (u ) ,  and then a ~-s(v), v deno- 
t ing the parameter of I the elliptic integral of the third kind in (1); 
and now, in Weierstrass' notation, 

(4) I / -  2Y --- + i p ' v ,  when v ~ fea'. 

Replacing I and P in (1) by I ( v )  and P (v ) ,  

7/e ( . .  v) e[ ~,P(.)+~.],, (5) i I ( v )  --~ log r e  (u-l- v) 

(6) 

(H~phen, 

| ( u +  v) 

+ ( u -  v) e ~' 
| (u + v) 

F. E. I ,  p. 224), on taking 

I i P ( v )  = '~ v - -  Cv. (7) -~ -~ 

3. Changing Halphen's u into u -  v ,  and his v into 2 v  (F. E. 
I I ,  p. 197), 

( i )  -~ = [ ~ ( .  + v) - -  ~.gv] [ ~ ( u  - - v )  - ~ 2 ~ ] ,  

(2) -P = ~ ( u  + v )  + ~ ( u  - , , )  - 2~2 , , , ,  

1 p 'up 'v  
"2 (9 u -- p v)~ ' 

a x ~'(u -- v) --  ~a'(u + v) 
(4) - = 

~o'2v p C u - - V )  - -  p ( u +  V) 

This shows thai r ~ ~ for u - ~ - v ,  and r ~ - 0  for u ~ 3 %  thus 
suggesting the new substitution 

r* p u -  p3v 
(5) a --~- -~- ~ou -- pv 

In the notation of L. M. S. XXV, we write 

(6) ~ u - -  ~,v = M2(s  + x) ,  i ~ ' v  ---- M ~ x ;  

(7) pu  - -  p2v  ~-. M2s ,  i p ' 2 v  ---- M 3 x y ;  

(8) p u ~ 3 v - - ~ M 2 ( s - } - x - - y ) ,  i p ' 3 v - - ~ - M 3 ( - - x - t - y - - y ~ - ) ;  

(9) ~ u  - p 4 v ~ M 2 ( s  + x X - Y T Y * ' ~  Qa'4v ~-  M a x  x ( x - y T y * ) T ( x - y ~ ' ' '  

�9 �9 * �9 �9 �9 �9 * �9 o * �9 a a ~,  * �9 9 

Now to reduce the integrals in (7) 
w 2,  substitute 

w 1 to the standard form (t) 

30* 
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(10) 

and 

(11) 

and 

this 

(14) 

R 
a 2 

writ ing t for s-{--x,  and 

makes 

r* s + x - - y  
a 2 8 .3 f  - x ,  

1 8  
4 

. �9 

- -  ~ ( s + x ) ' ,  

T for the corresponding value of S ,  

T ~ - - - 4 t 2 ( t - - x ) -  {(1 - k - y ) t - -  x} 2, 

1 T 
p~ r ~ - -  ~ t - -  y 4 

a 2 a ~ t t a 

{ ~ t ~ - -  (~ + v ) t  + x } ~  
4 t 4 

l - ~ - y  
= 1 t-  �9 

a 2 t  - -  2 t  2 

As 

(15) 

therefore 

(16) 

1 1 ( r') 
t y ~ '  

P = A a a ( ~ ) 4  (~,)~- c, a -~t-Ba a "~t-a 

= 1  ' +y(1  a~)q- x (1 - -~ )2  
2 y  : ~  ' 

B a ~ 2x -- y --  y~ (7 x -- y + y2 
2 y  2 ~ a 2 y  z 

+ 

so tha t  

(17) A a 3 =  x 
2y~ ' 

and 

(18) 2 x - -  y - -  a 2 r~ -~ x - -  Y - l -  ' 

3 x  - -  2 y - -  2 y  ~ r 4 

X ~ 4  

( x - - y - - y ~ ) ( 3 x - - y - - y ~ )  r ~ 

x ~ a ~ 

= - " -  C ,  

Thus zv = O, when 

r~ ~ x  - y - y ,  + y V {  (l  + y ?  - s x  } 
a 2 2 X  

(s0) 
and then / t  = r% 

At a point  of inflexion,  Q = ~ ,  and 

( ~ 1 )  ~ ~ 2 ~ - u - u '  
a z ~ -  2 . ~ a  3 = 2 x  

Cx - y + Y~)~l 

X 

2 x  (2~) t - - s +  x =  1+--'-~ 
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Now, from (10), 
(23) a,., vas 

a~ ~ (s + x)~ ' 

so that dr 2 and ds are of the same sign if y is positive; 

(24) d# ~_ 2ay  ds 
rs '  

a �9 

(25) s" " 1 f alr~ f as 

i f 2 t , - ( l + v ) t + x  vas 
(26) 0 ~- V t (t-- y) Fs 

f (  ' ' 
and now 0 has been resolved into three elliptic integrals~ one of the 
first kind proportional to the arc s', and two of the third kind, with 
parameters v and 3v. 

4. Written in the standard form (1) w 2, 

Y J s + x  l/s ' 

1 . f  P(2v) s - - x y  d s  
(2) I(2~) = -r ~ VS ' 

1 d f _ v ( 3 v ) ( s + x - - y ) - ( - x + y - y * )  ds 
(3) Z(3v) = -r s + x - - Y  ~'S '  

�9 Q �9 ~ t ~ �9 Q 9 o �9 o ~ Q 

so that, in (26) w 3, 

1 P(v)--1 P(3v)-]u (4) o --- I ( ~ )  + I(3v) + I v -  ~ s 
I(v)  + I ( 3 v ) -  uB(2v) ,  

in consequence of the formula 

(5) P(v) - -  2P(2v)  + P(3v) 

2i(~v - -  2~2v + ~3v) 

~ 2 v -  p v  x 

The formula for the addition of the parameters of two elliptic 
integrals of the third kind may now be employed for the simplifica- 
tion of I(v)  + I(3v) in the expression for 0 in (4). 

5. In the first place it is easily verified by a differentiation that 
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O) I ( 3 v )  - -  3 I ( v )  = sin -1 F~ 3 1 

s(s + x)~ (s + x -  y)~ 

= cos -~ s (s + x) 2 --  (1 + y) (s + x) + x 
3 t 

COS - I  ~P ~ 2 ,  

in Halphen 's  notat ion (F. E. I I ,  p. 196); 

(2) 

so thai; 

o = 0 - -  ~ = 4 I ( v )  - -  u P(2v) 
41(v)  - -  P(~v) s~.  

y a 

This  is otherwise eviden~ from ~he intrinsic equa$ion of t~he curve 
in (1) {} 1, which gives 

(3) 

(4) 

so tha t  

(5) 
because 

a~, ~ !  ~ 4 A r  2 + 2 B ,  dd 

d o  .-~ ( 2 A t  2 + B )  dr2 

d s  

o = 4 I ( v )  - -  u_P(2v), 

(6) 

. 

(1) 
where 

(2) 

P(2v) - 2P(v) = 2 i ( r  2r 

~--- i - ~ -  ~ i  xO+y)  - -  I - -  y .  
v - - i x  

By another  re&hod of addition of the parameters,  we find 

I (v )  + I ( 3 v )  ----- I ( 4 v )  + O,  

r ~ sin-~ YS 

Y 

. ~ x _ v  + y 2  (s + x) - x 
COS - 1  _ _  Y 

( s + x ) ( s + x - v ) _ + x  ~ 7, 
which caa be verified by a differentiation. 

In fact ,  the general  formula for the addition of parameters  can 
be wr i~en 

(3) 
where 

I ( m v )  + I ( n v ) ~ -  I ( m  -[- n)v  -{- �9 
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(4 )  �9 - =  s i n - ~  V s  
2 V { s -  s(~v), s--s(nv) ,  s -  s(m+n) v} 

sra-- s 
V - z ~  s - s .  + V - z , ,  s , ~ - s .  

c ~  t s m - -  s , `  

2 V { s - s , , , . s - s , ` . s - s ~ + , }  ' 

to be verified by different~iatrion. 
7. But it is difficult ~ combine I ( 4 v ) a n d  (1) into a single t~erm i 

so ~ a t ,  for pract~ical purposes, it is preferable to calculat~e I ( v )  and 
I ( 3 v )  separat~ely, and then ~ combine them i n ~  a single t;erm~ which 
we shall denote by 0', with 

(1) o = o ' - -  

In general, with a parameter 

(2) v =  , n o d d ,  

I sin_ 1 t~('~-a)-{-qt'}(,`-5)-{ - . . .  ~ / T  

= _l cos- ~ 95p(v)t�89 
95 2t  { n 

(3) 

(4) I (3v )  = k sin-~ t~("-a)q-"" / T  
95 ~ (t - -  y j�89 ~ 

so tha~ 

1 
~ g O B - -  1 
95 

n/) (av) t�89 + ... 

2 it -- y)�89 

n (1;' v q- t '  3 v)t"-~ q- la, t'~-~ + .  . .q- l=',_~ 
(5) 0 " =  • sin -~ 2 / / T  

n ~ (t2 _ y t){~" 

~ C O S - - I  

(t ~ _ y t).~" 
95 

With a parameter 
s 

(6) v ~ - - d - ,  n o d d ,  

(7) 1 s i n _  ~ n t ' ( ~ ) t � 8 9  ] / ( t  - -  t~ t - -  t2) I ( v )  = -~ t~ ~ . 

1 c ~  1 t ~ ( " - ~ ) - i  - . . -  
---- ~ t~,` V( t - -  t3) , 

with a corresponding expression for I ( 3 v ) ,  so that O' assumes the same 
form as in (5). 
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With a parameter 
O3 

(8) v ~ - ~ ,  nodd ,  

(9) 1 t" -~ +. . -  / / ( t  - -  t ~ .  t - -  t2)  I(v) ~- ~-~ cos -~ t" 

1 
2 n  

~np(v)t "-~ + . . .  si.-~ e V ( t -  t~) , 

with a corresponding expression for I (3v) ;  but 0' again assumes the 
same form as in (5). 

8. Writing 0 for ~- (again ~ a different use of the lei/~er 0 to that 

employed in (1) w 1, which must now be distinguished in the sequel 
by an accent when used to denote the radius of curvature), and repla- 

cing t by Y then (5) w 7 will assume the form 

- ~ ~i~ + H"-2////)  (1) 0 ' - - -  i s in_  1 n Qo�89 

(2) 

where 

_1 cos- I d ' + L , C - ~ + ' " + z - ' .  
n Qq~,, ' 

(3) 

From (7) w I ,  

t ) =  - (Q~- 2~-u-u~ q +  ~ - u + u ' )  . + 4-~ 

f q~ 2 x - - y - - C -  x - -  y ..l- y e 
1 x o +  x d o ,  

(4) o = ~- oV-P 

a~ 

so that, from (i) w 7, 

(5) O"~-- O "JJ- 2 a y  d ~ 

1 

- •  ~-~ ~,,-~-y-~") ~-~,+~,: x x q +  x do  
2 o V P  

in which 

(6) 2-~-u .P (2 v ) -  ~  u~,~ =u .P (4~,). 

The comparison of the differentiations of 0' in (1) and (2) will 
lead to sufficient equations, and even superfluous equations to serve 
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as verifications, for the determination of the coefficients H and L, 
when n ,  x ,  y ,  and . P ( 2 v )  are assigned. 

Omitting the algebraical details, it will be found in this way that 
the leading coefficients are given by 

(7) H, == : , ~ - u - ~ '  - - n  u P ( 2 v )  x u ~ 

(8) L~ = - n ~ P ( 2 v ) ,  

O) / / ~ - ~ [  - ~ - u - ~  X 

x - - y q - y  ~ 

=l L1/ /~ ,  
2 

(11) L n  ~ -  x - - y q ' Y n  t~,~_~. 
x 

9. It will also be found that, if P is split up int~ the two 
factors /)t and /)~, where 

r~ 2 x _ y ~ y~ rn y2 r x - y + y ~ (l) P , = - ~ +  ~ - ~ + 2  ~ ~ 

= 0 - ; ) (  o , 

~.6 2 x - - y - - y  ~ r ~ y~ r x - - y q - y  ~ 

we can generally, when n is odd, replace the expressions for O" in 

(1) and (2), ~ 8 by (~ming  r for ~ )  

(3) O' ~ -~ sin -1 r J/'/), 

(4) 

leading to the differential relafion 

dO' r~q- y P(4~)r~ + 
(5) ~ '  = - -  r / / ~  

qr~} ~' 

x - y + y ~  
x 
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and now we find 

(6) J , , = 0 ,  H ~ = 2 & ,  - G = & ~ + 2 & , - . -  
and the number of coefficients h required is now only half that required 
in the previous method. 

10. 

(1) 
and now 

The curve becomes an algebraical curve by making 

= o ,  

x , L1 = 0 ,  H 2 ~ -  V u x ' 

L2 ---- 0; 
and further 

(3) H~ = ( ~ - - ~ - - Y ~ y - -  
sg 

1 y ,  
Ls = ' - - E n d ,  -" -. 

2 2 x - - y - - Y ~  �9 x - - y - } - y '  n - - 6  y~ 

But, in the general case, a secular term u P ( 2 v )  is associated 
with 0~ and this is expressed in terms of Legendre's Fop by 

P(2v) Fop, 
V(s, - s,) 

8t- -83  X2 = 8 ' - - 8  3 ~ ' 2 ~  s l - - s ~ -  
sin2 q~ ~ s ~ sa ' s~ -- ss ' st -- ss ' 

(4) 

where 

(5) 
or by 

(6) 

where 

i P('~v) 
2 

[ 1 ] 
s~ - E (s,+ ss) 1 s - - s ,  u, 2 ~ 1 1 ~  , 

according as the discriminant of S in (2) w 2 is positive or negative. 
11. As a first application of the preceding analysis, take the 

parameter 
2 

(1) ~; = T ~ '  

and the associated integral (L. M. S. XXV, p. 210) 

(~) I = ~Vs ds 

I sin_ ~ s + m  1 cos_ I V~ 
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where 

(3) 

We now substitute 

(4) 

(5) 

so that 

(6) 

and 

(7) 

Now 

(8) 

and 

(9) 

o r  

S = 4s~ - (s + m) 2. 

r z 1 

a 2 ~ 8 ~ 

I S 

a2" = 8 ~ 

a 289 

1 ! C = O .  

- - = a u ;  

dr 2 

0 
QO 

= LJ'2 S+sv, sm ds 
1 = I + ~ u  

1 s i n - l E l  ~" ( m ~  )]  -~T ~ a  ~ - - I -1  -] 1 $" 
a ~ 

( 1 o )  1 )  = s in  - -  

where m is an arbitrary number. 
The discriminant of S is - - m 3 ( 1  n u 27m), which is positive in 

1 
the region 0 > m > - -  ~ .  

To obtatu a closed curve, the real period a~ of the elliptic integral 
u must be made an aliquot part  of ~,  by an appropriate choice of m. 

12. The nex~ case of a parameter 
1 t 

is obtained by putting y = 0 (L. M. S. XXV, p. 211); but this makes 
r 2 ~---a ~, so that  the curve is circular, and ~he ease is devoid of 
interest. 
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13. 

(1) 

(2) 
and now 

(3) 

(4) 

W i t h  a pa r ame te r  

1 

7 6 - ~ - 0 ,  or x - - - ~ y - - y 2  ( L . M . S .  XXV,  p. 216) ;  

A a 3 ~ :[ - y .B a --~ ", --  s y C O; 
2 y  ' 2 y  ~ 

9~2 0 ~  a--~---1 . . . . .  Y . 
s-{- x 

(5) a 2 

t ~ s -l- x-~-- y aZ--r~ 

(6) 

(7) 

r* s - -  y2 ___ y 
h~ 

p ~-  r ~ (A r2 + B)  

(s) p 1 r '  [ (  r* - - - 1 + 3 y ]  

(9) 

(~o) 

where  

A r  2 + B ~ 2 ( s + x ) - l + y  
~ a ( s + x )  

a~ 

1 f A r * + B  d r  2 
0 ~ -  ~ V 2  

1 f 9y(s--l-X)s+x - - x  vBds 

.= ( y  - -  --r 

(11) t '  (~) - -~ , 

(~2) 

oo 

= 

(s + y - -  y2) _ y (1 - -  y )  d s  

s "4" y - -  y~ VS  

1 
3 

1 
~ C O S ~ I  
3 

f l  1 
s:  - 4-1 (1 - -  y) (1 - -  5y)  s -~- u y ' (1  - -  Y)' f 

1 
s --  ~- (1 --  y) ( t - -  2y) 

(s+y-~)~ F(s--Y~) 
so t~a t  
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(m) 

V[(a z - -  r ~) { 4 y~a  ~ - -  (1 - -  y)  (1 - -  5y)  a~r  ~ -{- (1 --  y )Zr  ~ } ] 
__ __I s i n_  I 

3 2 y a  ~ 

1 ( t  - -  y ) r  ~ - -  (1 - -  3 y ) a ~ r  
"3  e ~  2 y a ~  

i /~ . _ l  2 
:= -~ cos -~ ~- ~- . 

By putting y - - - - + ,  we obtain the algebraical curve 

1 As y diminishes from -~, points of inflexion come into existence, 

where 
r ~ 1 - -  3 y .  (15) - -  = a s 2 - -  2 y  ~ 

also p --~ O, when 
(16) r_~ ~--sy. 

a ~-~-~ 1 - - y  

The discriminant of S is negative in this region of 

(17) 1 :> y > -~, 

and 

29_.~ ~ cot2 l (18) u =  ~ u ~ ,  V ~o = 

(19) u z-~-- ( 1 -  Yk)S ( I+  aye) 
t6y ' ]  

and the apsidal angle 

s -  y~ 1 r ~ 
y t  gy  a~--  r e ' 

(20) 0 = ~ 
6 

In Fig. 1 the apsidal angle 
trial, t~ y ~ 0 .  156, nearly. 

We can write (13) in the form 

16y~  

1 
y - - Y  

K.  
y~ 

1 corresponding ,  by 

@1) V[(a-r)  { ~ y a ' -  ( 1 - y ) a r -  (1 -  y)r'} ] O'---- ~ sin - t  . . . . . . . . . . . .  

2 V(ya~) 

1/[(a + r'j { ~y a2 + O - -  y ) a r - -  (1--  y)r~ l ] 
"~ COS - 1  

V(ya s) 
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In the region where the discriminant of S is positive 
put (L. M. S. XXV, p. 217) 

Fig .  1. 

we can 

(22) 

and now write (21) in the form 

(~) ~'= ~-~ ~-~ fE~ (~- ~)(1 

~--- - ~  COS - I  

~ c  

Y ~  2_5c_[_2c ~, 

1--co ~) {1-- (1-- c) 5}~" 
Arranged in descending order 

( c - ~  v ( , - o  y 
(24) s , - ~  2 - - 5 c + 2 c ' 1 '  s ~ -  2 - -5c+ '2~-  ' 

with c negative~ c < -  1. 
( ~ -o)  

In the outer branch 1 >  a > 1 - -c  

(2 c )~ 
s a ~  --sc+uC~ ' 

(25) 
with 

(26) sin 2 ~ ~-- - -  

and the apsidal angle 

8 V ( -  ~c" + c') 

c2 a~ ~ r z  ~ 2  1 ~ 2c 

(27) O ~ = 
6 

2 .  a - e + e ~  K .  
3 V(-- 2c3 +c ' )  

Inflexions come into 
and then 

(28) 

existence when 

�9 ~ 1 - -  C ~ -  C 2 

a ~ 2 ( I - -  c)2 , 

- - I  > c > - - / / 2 - -  1, 



while p ~--- O, when 
r 2 1 --  c 4- c ~ 

(29) a "-~" = (1- -  c)' 

In  the inner  branch 

(30) 

with 

(31) 

and 

(32) 

an apsidal angle 

l_c>~>O �9 

2 1 - - c - l - c  ~ 
0 ~ 0"-]-- --~ V ( - 2 c ' + c 9  Fop, 

sin 2 (p ~-  (c ~" - -  2 c) a * - - r 2 '  

~t 2 1 - -  c -{- c t  

0 A- u Y(-'2c'+o) K.  

In Fig.  2 the apsidal angles are 
made - - 6 0 0  and 120 ~ by taking 
c ~ - -  1 . 5 ,  about. 

:Fig. 2. 
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We can also make use of a quadric substitution 

(33) 

1 1 ( l - -y) (1- -Sy)s2f -  ~ y ' ( l - -y )*  8 2 -  -~- 

Z ~  
8 ~ yZ 

ya 
1 (1 - -  6 y  -[- y2) -4" s - - y "  

for the reduction of the secular term u;  this will lead to the same 
modulus as before for a negative discriminant of S ,  changing to its 
reciprocal for a positive discriminant.  �9 

In  the separat ing case,  when y ~ @ ,  

(34) p r~( r' ) a " ~ -  a -T 4a*  3 , 

(35) a-- i ~ a. z - ~  a ~ ] 

1 
and the curve has an asymptot ic  circle, of radius ~ a ;  the outer and 

inner  branches being given by 

f( (36) 0 = sin -x I - -  a-~-) - -  -g t' 4r*--aS,  

/ 3rz r 2 / / 3  ch -1 / "  4~---~a" COS - 1  a ~ -~- 

and 

(37) 0 ~ sin -1 -~ -1- ~ r a2--4~ '' 



480 A.G. G~E~,-L 

14. With a parameter 

(2) 

(3) 

and 

(4) 

where 

(5) 
also 

(6) 

so that 

7 ~ - 0 ,  when x - -~y  (L.M.S.  XXV, p. 213); 

1 1 - - x  C 1 A a  s -~- - -  B a  ~-. 
2 X  ~ 2 X  ' a 2 

$- sin -~ Q r 

.~_ __1 cos-1 ~s.4_ L~q4 + . . .  "4-L5 
5 qq~ 

_ p = -  {q~ - ( 1 - x ) q  + x,}'~ + 4x~q; 

5 ~ 5 " 

(7) do" 1 ~ o + x  
do 2 o VP 

and we find, as in equations (7 ) . . .  (11), w 8, 

(8) ~r, = 2 x ,  ~ = x~, ~ =-- - x~, 

L 1 . - ~ - - - l + 3 x  , L 2 ~ - - x + 3 x  ~, L a = - - 2 x ~ + 3 x  a, 

Ls~--x3; also Q - ~ 2 x .  

L 4 ~ ~ X 2 ~ 2 X3~ 

Written in the form of (3), (4) w 9, 

(9) 

(~o) 

and 

(11) 

(12) 

O" ~ ai -t- x a ' t -  x 
~- ~- sin-1 

q.3 ~. 

~ - - -  ~ C O S - -  1 eb 
5 r 

r ~ r 
.P, ~ a, + ( l - - x )  ~ + 2 x  ,~ 

a / \ a  a " ~  "~i " ~  X a ~ , 

r - - ~ + x ~ - + x ) .  
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The algebraical case is obtained by putting 

(13) x = = 1  3~ 

I ( / / I 0 - - 1 ) ,  the real root of __r now oscillates'between 1 and and a 

r ~ ~'~ 1 r 1 ~ 0 .  

Now in this algebraical curve, 

(15) P a ~' r~ 1 ~- -= ~ a' a' -4- ~ ,  

so that p never vanishes; and at the 
inflexions 

r 1 //3 ~o 1 (16) a = : ;  ' a = : ~ "  

The curve is shown in the an- 
nexed figure 3. 

15. With a parameter ~ig. a. 
2 , ('U V = u  

(2) 7 7 = 0 ,  when x ~ z ( 1 - - z )  2, y - ~ - z ( 1 - - z )  (L.M.S.  XXV, p. 222), 

1 1 - - 3 z - [ - z  ~ C, z 
(3) A a 3  ~ 2-z' B a  ~ - -  2z(1--z) ' " a - ~  20- -z ) '  

(4) _P(2v) .~- 3 -  gz-}- Sz" _P(4V) ~ .  - 1 - { "  3zJr" az ' .  
7 ' 7 

Writing r for -~, the differential relations 

~r 4 1 - -  3 Z + Z ~ r~  Z ~ 

d O  1 ~ Z  1 - - Z  
(5) ~ = - -  dr  rYP ' 

r~ 1 - -  3 z -Jr- 3 z ~ r2 z ~ 
dO '  - -  7 ( 1 - - z )  1 - - z  

(6) - -  = - -  
d r  r 1/ t)  ' 

are satisfied by 
1 

(7) 0 = O' ~ -  9 z +  5z, f d~ 
- ~ - - - ~ i  -J  r *  

cO 

7 j / , ~ ,  
w h e r e  

s sin_ 1 ~5 + h,~, + h ,~  + . . .  + h~ , / p  (8) 0" u  7 qr;} 

- -  C O S ~  y 3 L ~  (9) 7 q ~  

Mttthematisahe A n ~ l e n .  X~IL 31 
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_ J_2 (10) -Pl ~ - -  r4 -~- 1 - -  3 z  + Z~ r2_l_ 2 z r  _~ 1 z 

l ~  r +  i " 

a n d  n o w  w e  f ind  
Z,3 

(11) h 1 ~ O ,  h 2 ~ - -  1 -4- 2 z ,  h a ~ z ,  h 4 ~-- z 2, h a --~- - -  1 - - z ;  

Put t ing 

(12) 

(1) 

(2) 

Pig.  4. when 

x = c~(1--c)  (1 - c + c ~ ) ,  y ~ c ~ ( 1 - c )  

4 z  3 
q2 ~_  (1 - -  z)~" 

9 - - } - I / 2 1  
P ( 2 v )  =-- O, z - -  

10 

we obtain two algebraical 
presented in figure 4. 

16. Wi th  a parameter 

f 

9 

7 9 ~ - - - - 0  

cases  re- 

(L. M. S. XXV, p. 232),  

(3) A a 3 1 - c "4- cZ I - -  2 c -~- c '  -4- c a 0 1 - -  c 
2c~(1--c)' B a  ~ - -  2 c U ( l _ _ c )  ' - ~  -~"  2C ; 

(4) .P(2v) = 1--3c'"{"7c3 P ( 4 v )  ~--7"~18C--15C"3L5Ca 
9 ~ 9 ; 

a n d ,  w r i t i n g  r for  r -a-' 

(5) o' 

(s) 

(7) 

(s) 

~--- 2 sin_ 1 r7-4-h, rS-l-h~rs~-. . .-4-h~/p1 ' 
9 9 qr~ 

- -  C O S - - 1  
9 9 qr ~ 

i - c + c~ i - -  c + c" r -~ 

= ( l - r )  It3 + r~ A ~-c~ cO-c)~ ] 
a - c + c  ~ r + 1 - c + c d  

h 1 ~ O, h2_.~__ c(1--2c-}-ac2) h3 ~ c~O-c) 
l __  c ..}_ C~ ~ l __  c_}_ Cz , 

h4 .~- c2 1- -3c- t -3c  ~ 1, 5 c ~ ( 1 - c ) ( 1 - 2 c )  h6 
l _cA_cz  , ~ l _ c + e 2  ~ - -  

C ( 1 - - C )  z 

1 - -  c-]- c~ 

c 3 ( I  - -  c )  2 

I -  c + c  "~' 
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In the algebraical case 

(9) .P(2v) --~ 0, 1 - -  3c 2 + 7 c3=0 ,  

and the curve is shown in fig. 5. 

1 

f + +  f - ~  
(r  , f=~ 

( 
( 

:Fig. 5. 

17. With a parameter 

(1) 
we must employ the Transformation 
(L. M. S. XXV, p. 235) 

( 2 )  ~ = - 

(3) A a  3 
c- l - I  

(4) P(v) = 

f 

) 

and now we find 

�9 

of the Tenth Order, and put 

(c+1) (c -1) '  (c+1) (c-I)  
c ( c ~ - - 4 c - - 1 )  ~ ' Y ~ - -  c ( c ~ - - 4 c  - -  I)' 

e ( c - - 1 )  B a _ ~ C s + C ~ q - 3 c - - t  0 
' C s - -  1 ~ a 

~ e - ,  P(2v)  c , - c ' + 7 c - s  
5 c  ~ ~ 5 a ( c ~ - - 4 c ~ 1 )  ' 

P(4v) ~ - -  3es2r" 7 ~ 2 r "  c " F  1 
5 c ( c s - - 4 e - - 1 )  

(5) o'----- s sin-' 
5 

(6) 

where 

(7) 

(S) 

{9) 

2 
~ COS-- 1 
5 

, .3+  r r  
c (~ - l )  ~/p, 

qr~ 
~' c + 1  

~ + ~-t  e(e-,) 1/P2, 

~, = ( ' - ' ) ( ' +  ~ , L ~ "  o-~) 
1 s P , = ( , + , ) ( ,  ~ _i) 

~,2 a (c + 1)s 
- -  _ T / - _ g  ~. 

~ , + ~ - ,  1 

81" 

c + 1  
C--I' 
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In the algebraical case 

o.3 26, (10) P(2v)~---O, c ' ~ - - c ~ . . ~ 7 c - - 3 ~ - 0 ,  c~---~- 

oscillates between 1 and c Jr 1 3.836, so that q~ is positive, and U c ~  ~" 

giving a curve of the same character as fig. 3. 
18. To construct the curve for a parameter 

( 1 )  v = 11 ' 

in the form 

(9.) O' ----- E s i n - i  r9 -4- h, r 7 "4-'" -t-'h9 }/~p, 
11 qr ~ 

(3) 2 c o s - 1  ~9 + h ,~ '  . . . . .  ho . ~ ,  
~ 9 ] / ' / ' 2  ' 

11 qr ~ 

we must take (L. M. S. XXV, p 242) 

(4) x = - -  - -  

where 

1 C(1 "JUt) (1-[-2c.-{-I/C) 2 y ~ - ~  C 
1 + 4 c +  ~c' + V c  

e(i-t-c) 

(5) C = 1 -a t- 4c n t- 8c 2 -1- 4C 3, 

(6) P(2v)  = 

(7) P(4v)  = 

6 2 t- 27C -{- 44C ~ -a t- 18C s -{- (8 -~  13 C) ] / C  

22 (I-~-c)  

12 -t- 43C J r  44C~ -t- 14C3 - -  (6-~- 9 C) Y C  
~9(i +c)  

With 713 ~-- 0,  (L. M. S. XXV, w 50) 

2 fD" 
(8 )  v = 

13 ~ 

(9) x ~ - - -  

(io) 

(II) 

C 2 
2 (lnt_c) { I -{- 2 C - -  2C ~ "iF 2c3 -{ - 6 c 4  "3 l - c5  -}- 0 - ~ -  2C  7 -'}-C s 

+(1- -2c-c~- t -c~- -c4-c5)1 /C,  } , 

Y _--_ ~ (~ c~.+.c) 2 {1 . . {_3c+Ont_On(_2c4_}_cS+(l_c_c2) l /C}  

C = 1 + 4 c -t- 6 c ~ + 2 c 3 -t- c 4 + 2 c5 A- c 6, 

~__6"~-12C,--9C2--33C3~ - 4C4"-~8C ~ -  18C6--11 C7-[ - ( 4 -~ -0 - -  15C~-[ - 7 C%-~- l l c 4 ) V O  

2(iEc)~ 

(13) i3iP(4v) 
_ _ . - -  14 - -  54 c - -  83e ~ -  79c a - -  7 0 ~ - -  62c s -  36c 6 - -  9c7-4 - ( 8 - - 2 6 c - -  69c~--25c~.3t-9c'~/C 



The Elastic Curve, under uniform normal pressure. 485 

(14) 0' = s s in-* r -  + a ,#  + a , , ~ + . . .  + 7,,,//I/' 
,_.~a , 

qr'z 

( i5) - -  ~3 cos-1 ~ 
qr~  

With 7,5 = 0,  (L. M. S. X_XV, {} 56) 
2 to' (16) v = i 5 ,  

c(c+l) (17) x ~ 2 (c ~-t- 3c + 3) { (c~ -{- 2cs ~ 2 c 7 -  8 c s -  3c~nt-6c~-{- 6ca-{- 2C~nL0--1 ) 
(c +3c+3) 

-{- (c~ 4 cS-{- 4 c7--6 c ~ -  15c~--8c~-[-4  c~-[- 6c ~ 

A-4c+l )  l/'O}, 

e(c+l )  {c~_~_0_2c~_c.1_1) (c~.+.3c_{_3) (18) y ~ -  - -  2(c~.4.acA_3 ) 
-'t" (c~+2c~A-O--3c-- 1 ) / / 0  }, 

(19) C = (O---c-- 1) (c : -~ -3c -~3) ,  

(20) 
(13 cent-9 c ~ -  30 C 4 -  35 e a t  12 c2-} - 9 r t- 6) (cU-4 - 3 c-I- 3) -1- (13 c~-{ - 35 CS-[ - 14 ~ - -  51 C ~ - -  48 r  9)c Y O  

. o (~+3c+s )  

(21) 
_--= (1 lC~-[-33C5-~-30 e~--25 ca - -66  c a -  57c- -18)  (c~+3c-{--3)+(1 lc5--~-55 c~--~-118 ca-{ - 1.23 C~-Jr e - - 3 )  CVO 

(22) 

(23) 

This 
of the First  
cases of 7t:  ~--0,  and 

2 (c '+a  c + 3) 

i-g2 s~,,_ 1 ~'~ + h.~r" + h~r,o,_5 + - - -  + h,s ~/p,_ 0" I 
q r  ~ 

1~ ~ c ~  ~'~ + ~ "  - ~'~ + . . . .  h , ~ / / ~  . 
q r  u 

is as far as we can go at  present with ~hese Elliptic Functions 
Stage, and their  Division-Values (Theilwerthe);  the next 

7~9 ~ 0 have proved intractable by this method. 
19. With 

(1) 

(2) 

(3) 

and, turning to 
XXV, p. 248) 

a parameter 
1 �9 

0 ' ~  -~ sin-X o 

1 o 3 -f" L~o ~ "4- I . , q  A- I-,8 -=-- T cos-1 0~ ~! 

the Transformation of the Twelfth Order (L. M.S .  

- c(I A- c) (1 + c-l-c ~) (1A~) - c(1-I-c)(1-I-cTc~). 
(4) x =  O-c)~ ' Y----- 1 - r  ' 
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(5) 

O) 

( 7 )  

and 

(8) 

(9) 

we shall find 

i + e ~  
~cO +e)(~+c+c~) ' 

~ a  1 + 2 c +  4c~+ 2c~+ c ~ 

~c(t+c)(l+c+c~) 

C cO+c) 
a 2 (i + ~ +  c~) 

H, = - ( l+e?,  

I -~-C ~ ) 

L 2 

L~ -~  ~ (1 + c)4 
~ + c  ~ , 

Q ~e 'O+e) .  

~ / ~  / u  a~- ~ ~ ~ 

leading on differentiation to 

~ _ 1 + ~c + 2c~ + c~ c~O + c )  "~ 
d O '  1 O -1" .... 3(1. .~_c~).  ~o l_~_c~ 

( a o )  - -  - 
de ~ o VP 

( I I )  

so that 

( 1 2 )  

02 - 1-t..~c+4c~A-~e3+r c~(l+c)2 
dO i 1-}- c' o 1..k e~ 

1 
0 " - - 0 ~  2 0 + c + c 9  ~ [ ' d o  

~ ~ + ~, j ~-~ ; 

and the secular term cannot be cancelled, so as to obtain an alge- 
braical curve. 

Equations (2) and (3) can also be written in the form 

(13) 0"-~- ~ ~ sin-1 + I +  1--a)L~--cl~--(l+C)a I+c~ ,J 

~c -{-c~ 

9" 9" 4 

~--~ ~ COS-- 1 04) 
- I - P . ~ /  
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20. With the parameter 
P 

( 1 )  " " 

where n is an integer, we must proceed to transformations of the 
order 8n; and it is convenient to employ the Elliptic Functions of the 
Second Stage," explained in the Transformation and Division of  ~lli~tic 
Functions Proc. L. M. S. XXVII, p. 449, where we put 

m~ee ( I - - 2 m )  ce 
(2)  x ~  ( ~ - ~ ) "  Y - - - - - -  a - ~  ; 

so that S has .the factor 

(3)  s -  s~ = 

on putting, as in (10) w 3, 

(4) s-{- x =  ~ Y 
~-2 ' 

a ~ 

(5)  s ---- 

a2 

r* + (1--2n~) ,~ -- n,(1--m)* 
a* m s 

The other facbrs of 5' being denoted by s -  s~ and s -  s,~, 
(L. M. S. XXVII, p. 452) we find, afbr reduction, 

4(1 - - 2 m )  r - -  1 m4(1 - 2m)~a ~ 
(S) 4 ( s - - s ~ ) ( s - - s ~ )  = 4s  2 + (~_,~)~ m2s + (~_,~), 

(7)  

It is convenient in the sequel to put 

(8) ( 2 m _ 1 ) 2  _~_ r ~+ l; 

4~ + 4' 

(10)  s - -  sr = ~ _ ~  ~ �9 
Q 

1 - - m  

and to change the scale of the figure by putting 
r 2 b 2 1 - -  m 

(9) b-- ~ ------ ~), where ~ ~ .... ra 
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(11) 

(12) 

(13) 

(14) 

o r  

(15) 

A a 3 ~ - -  j~s ~__ _ ms 
2 ( 1 -  2 m)2a 2 ( 1 - -  2m) ( 1 - -  m)62  

.Ba m 2(1- -2m)e- -1 . .~2m--2m~ ~ - - 2  7 - -  1 
2 ( 1 - - 2 ~ ) s a  ( 1 - - 2 m ) ~  ' 

O = ( l _ m )  2(1--um)=--m+m2 ( 1 - - m  up--1 
-a- 2 (t--2m)sa ~-- 2(1--2m)~; 
p m s [r ~ 

a ~- - -  ~ (1 - -2u)0 - -m)~  h~-{- 2 ( f l - - 2 y - { -  1) l--ram a sr~ 

_ _  (:_~)2 

- -  r ~  r 2 1I i ~ I~ -+2 (~ -2~ ' -1 )~  2p + 
~- - -  ~(1-2m)t~ 

p - g - -  

= o s + 2 ( ~ - - 2 y - - , )  o - -  2t~ + : 

When m -  m 2 in negatd've, we pu~ 

(16) b ~ - -  0, where 

and now 7 is negative, and 

(17) 

Also 

(18) 

(19) 

1 / ( m -  m s) 
~(2m--1)~ {02 -{- 2 ( f l - - 2 7 - - 1 ) 0  - -  2fl --}- 1 } 

b 2 m - -  1 
- @ ~  m ; 

p o' + 2(#--2~-:)q--2~ + i 

4(s - - s~ )  (s--s~) ~- 
'w~, 4 o ~ + 2(2~e-%,- 1)0 + (2~-- 1)~ 

(a-- m)' (1--~m Q)' 
~(1-.2m),~ 
(l--m) (~ -m)  m 

O 

(20) 

where 

(2:) 

(22) 

and 

.R 
b-F ==,= 

w 

I S 
m 4 

: - -  m ( s + x ) '  

2,P,  
m 

PJ ~ ' ( 1 - - m  m 
- - -  q~ + 2 ( 2 r - - l - 1 ) q -  1 

.P=~- 02 -~- 2(2~ -- 27--1) e ~- (2~--i) -~, 

- - - - - -  {q' + 2(p-9~,--~)q--2p + 1}' -{- 16fl '~9 i 
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(24) 

m 

Q 

(25) O' 1__ r e '  + Z ~ (~v) m 
= o . j  ow. 

(26) 

~Z 

Y P(2v) m f ,tv~ " 0'-- 0-~- ~- 1--m = 

Q 

21. As the 
4v, and now 

effective parameter in the expression of the curve is 

(1) 4v  = - 

we find that 0" can be reduced to either of the equivalent forms 

(2) 0 ' =  1-- sin -~ ~ + Htq"-~ + " ' +  H ~ - * / P t ,  

Qqa 

---- -~ cos-~ o"-~ + ~ , d  '-'~ + - '"  + L._~ ] / / ~ .  (3) ~ 1 

This implies the identical relation 

(4) Q20" ~-. (o"-~nt-H~O'~-2 + . . . +  tt,_~) 2 { - - 0 ~ + 2 ( 2 7 + 1 ) 0 ~ 1 ) }  
-'1- (~"- ' ' l -  L,  O~'-~"~'"+ L,,-~) 2 { e 2 + 2 ( 2 / ~ - - 2 ? - - l ) Q  

q-(2f l - -  1) -~ } 
leading to the relations 

(5) //1 - -  L, = 2fl, 

2 2 2 H~--I = (2/3-- 1) L:_x, 

useful for the determination or verification of file coefficients H and L. 
.The comparison of the differentiations of (2)and (3)wil l  serve 

better for the determination of these coefficients; and in this manner 
we fred 

(6) //1 = 27 + 1 - -  n ~- ~ ( 2 v )  

x l ~ m  ~ 

H ,  = 

L 2 ~ 

H . _ I  ~-- ( 2 # - - 1 ) L . _ 1 .  
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The curve is algebraical when _P(2v)~ O, and then 

(7) H t = 2 7 -  4- 1, L ~ - - - - - 2 ~ - ~ 2 7 + 1  , 

a 1 Z2-~--2~2--6flT-}-37 ~ - 4 f l + 6 7 ~ 1 ;  
�9 �9 �9 �9 �9 �9 �9 o ~ �9 �9 . �9 �9 �9 # �9 �9 �9 ! 

the roots of ~2 ~--0 are now imaginary, and Q oscillates between 
m and I -- m 1 - -  m ~ ,  or [ / / ( 7  + 1) - 4 - / / 7 ]  2. 

22.  In the simplest of these cases, when 

we shall find that s 1, in consequence of the relation 

(~) s~ - s ( 4 ~ )  ~ -  o ,  
in (329) L. M. S. XXVII, p. 450; and now 

(2) 0,_ = sin_~//{--  o*+ ~(~+ 2r)~-- ~ } 
2 ~/~ 

(3)  c o s - ~  V { ~  + e(~ - ~7)~ + 1} 
2 YO 

and 

(5) 

(6) 

(7) 

Making use of the quadrie substitution 

(8)  t - ~  ~ ~ r + 2 ( i - 2 7 ) ~  + 1 ' 

then Q ~ ~ 1 give the turfing points of t, where t assumes the values 

and I -t- ? .  
(9)  I - 7 - ' 

We must distinguish between the two cases of 7 < 1~ and 7 > 1. 

I. 0 < 7 < 1; the roots of P2 ~" 0 are imaginary and 0 oscillates 
between 

(10) 00, Q+ = [ U t  + 7) -4=_ V7] ~, 
the roots of Pt ~ O; also 

Also 

1 s i n _  1 Vt' i ~ - -  47~ + 1 
Y 2~ 2 c~ 2~ 

P(4v) -~ O, 

de" 1 Q ~ - - I  

d e  1 0 ~ - -  4 7 0  - -  1 

dO 2 O1/p ' 

P d o  . 

0 

(4) 
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(11)  1 - ~  0--~,)~,' 

(12)  t -J[- 1 -~t-~ __  (Q-l- 1)_______~ 

(13) 

(14) 

(15) 

so that 

(16) 

~o oO 

4 t .  

dt 

t +  t + ~ '  . ~' t)  
y 1--7 

Q 

an elliptic integral of the first kind, with modulus ~ ~ ?; and putting 

o + t '  
. ['do /dq~ ~ X ~ - - ~  X F Cp 

0 ~ 0 ' - -  xFcp, 
t 0, 0 ,  and (p starting from zero, where 

(17) 0 = 0 o - -  [ l / ( 1 +  x) -{- ~/~]2. 
1 When 0~- -1 ,  r  F ~ p ~ - K ,  and the 

bisected ; and 

(18) 0' = sin -1// 'u = cos - 1 F / ( 1 - - u ) .  

arc of a loop is 

When 

o = = [ r  + - V,,] 
and the apsidal angle 

(19) 0 ~ - -  2 ~ K .  

At the inflexions, Q ~ 2 ~, which 
makes 
(90) P 1 ~ 4 ~  2 + 4 ~ - - 1 ~  (2~+1)2--2 

which is positive if 
1 > ~- (~/2--  1) > sin 10~ 

and p = 0, when 0 2 -  4~ 0 - -  1 = 0, 
which makes . P t - - ~ 2 ( O - - 1 ) ,  which is 
positive, so that the curve is looped. 

Fig. 6 has been drawn for a 
small modular angle, about 4045 ' , 
so as to show the running pattern, 
case discussed by Halphen (F. E. II, p. 219). 

II. 1<7<eo, the roots of /)2~--0 
them by 01 and 02, 

~- . :r t ,  F ~  2 K ,  0"-~--0; 

Fig. 6. 

in the penultimate form of the 

are real, and denoting 
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(21) 

and 

(22) 

0, ,  02 ~-- [VY " 4 - V ' ( ? - -  1)] 2 

,j'v  /(  ' 2 d o  __  d t  

O, e, ~' 

with a modulus u = - - 1  and 

(23) sin: r = ~(0+1)2, c~ (P = ~(~+1)2, 

Thus at the bisection of the arc of a loop, 

= ~ 7 r  

0 - - 1 2  

(24) A2cp = i / ( l _ z ~ ) ,  and O 

At the inflexions, O == 2 which 

so that  x > 2 ( / / 2 -  l) > sin 560. 

VO+~) + V(1-4) 
fo+~>- f(1-~) 

The outer branch (O0 > 0 > 01) has the apsidal angle 

1 
( 2 5 )  o = ~ ~ - K ,  

and is of the same character as the curves in Case I for a negative 
discriminant; and ~he curve is now 
completed by the inner branch 

(02 > ~ > 03), 
with the apsidal angle 

1 (26) 0 = ~ ~ + / i ' ,  

forming a running pat tern ,  without 
points where p ~ 0, and without in- 
fexions. 

An example is given in fig. 7 for 
apsidal angles o f -  450 and 225 ~ 
when the modular angle is about 

~ig. 7. 660 21'; this may be compared with 
figures given by Halphen. 

In the separating case between I and I I ,  x = 1 and an asymptotic 
circle, 0 = 1, makes its appearance; we find 

(27) 0 ~--- s in - 1  V ( - ~ 1 7 6  __ s h _  I ]/(--0~-1-60--1) 
2 Vo //2 ( q -  1) 

~ _ c o s - ~ ~  ~ ch_~ oq-1 
go //2 (o - 1) 
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in the outer branch; and 

(28) 0 ~ s in - :  / / ( - -1+60-02)  / / ( - - 1 + 6 q -  o ~) 
2//o + s h - :  //'2(1--0) 

---- C O S - :  1 - - O  
.2Yq 

in the inner branch. 
23. Proceeding to the 

+ oh-: 1+o 
//2 (I --r ' 

next case of n ~ 2 and a parameter 
I g 4v----- : co, and considering only the algebraical case with P ( 2 v ) = 0 ,  

then,  from (2), (3), (7) w 21, the equations can be wri~en 

(:) , (q+e~+~) Y { -  o~+e (.9r+1)o-1 } 0 = T s i n - 1  Qo 

(2) - - - _  __I cos -  ~ ( ~ -  . 2 ~ + ~ , +  1)Y{ o * + 2 ( 2 6 - 2 v -  1)9+(~ a -  1)*}. 
2 QO 

and we shall find from the differentiations that  

(3) ~ = //3 + 
2 ' 7 ~  

so that we must put 0 ~-------  

p ~ 
(4) = 

//3-[- 1 
Y3 ' Q2~__ 2 / / 3 ( / / 3 + 1 ) ~ ;  

2 3 

so that p never vanishes; but there are points of inflexion where 

9-~ V3 + 1 (5) ~ = .2//3 ' 

p_ 5 V3 V(V3+ 1); 
b -'- 2 ~  

as shown in fig. 8. :Fig. 8. 

24, It will not be difficult to work out the corresponding algebraical 
cases of the parameters 

1 , 1 �9 1 , 
(1) 4 v = - ~ c o ,  ~ - o ,  ~ - a ~ , . . .  

when the equation of  the curve takes one of the forms 

, Q, + (.2 7 + 1) o + B ~ / / p , ,  
(2) 0 = ~ s i n - '  9 ~ 

---_k cos-: o ' -  ( ' 2~ -~7 -  0 0 +  z,  V'P2; (3) a ~e~ 

9-2 
b~ , and now 

/ / 3 - 4 / - 1  2 
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o r  

(4) 

(5) 

1 o ~ + (-2r+l)o~ + H~o + B . / / P t  0 ~ -  ~ s i n -  ~ qo~ , 

Writing ~ for 2 7 + 1, and s for 2 f l - - 1 ,  
way that the equations (2), (3) lead to 

(6) 
and 

(7) 
(8) 

we shall find in this 

(~ - -  1) 2 

5 ~6 + 3 d,l ..{.. 8~3 __ 9 ~.2 + 1 ~ 0 

~6 q_ 6 ~5 _}_ 21e  4 -Jr- 34 ~3 _}_ 21 ~2 q_ 6 ~ + 1 ~ O, 

a reciproced sextic, which can be written 
(9) 
as that 

(10) 

(~1) 

(12) 

giving 

(13) 

( ~ +  1)8 + 2~3 + 6 ~ (~  A- 1) ~ ---- 0, 

(~+  1)~ + ( V 4 -  V2) ~ = o, 
1 V 4 +  

~ - - -  1 .  758994. 

Similarly the equation for d may be written 

~2.~. 1 -t- ~/4(~2-~-~) -1 - 2V2~---~-0, 

:Fig.  9. 

1 1 
- -  1.287167, 

and fig. 9 has been drawn in accordance 
with these numerical results. 

25. Having rectified the curve, 
by means of equation (5) {} 1, and 
found its perimeter L, we may suppose 
the tabe, of which the curve is the 
cross section, to spring out to a 
circular form of the same perimeter L 
and radius c-~-.L/2z suppose, on 
releasing the pressure /9 given by 
p-.-~8EIA (Halphen, F. E. ]I, p. 194); 

while according to the formula (F. E. II, p. 235) the external pressure P 
at which the circular form becomes unstable, and tends to buckle into 

~Z 1 (thickness)a ' and n waves is given by / ) ~  ( n~ - - l ) - g - ,  where I ~---~ 

is the modulus of elasticity of the material. 
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The length l of half a wave is given by (5) {} 1 

(a) 

so that ,  with 

(2) 

(3) 

where 

r~ 
• l ' a ,  ~ 

r ~ b ~ m -  I 

"~" b ~ ~ a ~ ~ m 

l le'~ ~ K  

(4) 

(5) 

(6) 

and 

(7) 

(8) 

Po ~ ~o 2 + 2(2/~- -2~ -- 1) 0o + ( 2 0 - -  1) 2 

= 4 O ( q o + O - - ~ ) ,  
~ - -  4 r 1 6 2  

ZPoP 3 =- 16 /~ ' (~ ' - [ -4 /~ , - -47) ,  

~t2X, 2 ~ ~2(~3f-1)(2~--2~ -- 1) 

The are is bisected where 

(9) 

(~o) 

N o w  on  

q = f ( P o e 3 )  - ~ + a, 
f~ 

releasing the pressure from a tube collapsed into n waves, 
the tube springs out to a circular form of radius c, such that the half 
wave becomes an arc of a circle subtending an angle ~/n;  and thus 

( 1 1 )  ~__c ~ l ,  

(12) c__ = .g($~,) .K 
1 b V(r162  T ~ 

Then 
p S A c  3 

(14) 

n'  - 1 (t~_t. ~ ~ ~ _ 4 7) ~} \ ~  = ]  

1 Thus, in fig. 8, in which n - =  2, we find that  ~-----~-, and 

p 32 (=~__)8 1.285, 
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so tha t  an increase in pressure of 28 �89 ~ will collapse the tube from 
the circular form to tha t  shown in fig. 8. 

In fig. 9, where n ~ 3,  we shall find tha t  

(15) -~ = 2- , 

P == 1 319 (16) ~- . 

an increase of nearly 32 ~ over the pressure at  which the tube 
begins to collapse into three waves; to preserve the stability of this 
form the tube may be hold at the points of. inflexion. 

I t  will be noticed ~shat the moduli of the elliptic functions which 
occur are the same as those required in the motion of a top having 
four or three cusps: this is consequent on the relation _P(2v)~--O; 
and we may utilise this analogy in proceeding to the  next  case of 
equations (4) (5) w 24. 

26. For the next  case, in which the cross section of the collapsed 
tube is the algebraical curve, of four waves, 

(1) O ~ %-1 s i n _  1 ~3-{-H~q~-I-H2e..}-HSQe2 1/t', , 

( 2 )  0 = c o s  Q q .  

with 

52 1 (3) H~----= 5 ,  L ,  =-- 5 - -  ~ - - 1 ,  H 2 - =  - ~ 2 ' 

3 ( 5  - -  ~ - -  1)~ 1 L 2 = ~ - -  - H 3  = 

2 ( 3 ~ - { - 4 8 - -  2~--  2) ' 

we are led ~ a reciprocal equation for ~, of the 18 th degree,  which, 

on putYdng ~ - { - 1  ~ x ,  reduces to 

(4) (x + 2) (x'-' - -  2) (3x  6 -{- 8 x  s - -  98x  4 - -  688x  3 - -  1900x ~ 

- -  2624x  - -  1528) ~ 0.  

2 2,  the sextic equation becomes Pu t t ing  x ~ ~- - -  

(5) y6 ..}_ 20 y5 _}_ 22ya ..]_ 64y3 _ 4y2 ._}_ l 1 2 y  - -  24 ---~ O, 

an equation of  the same structure as (285) L. M. S. X X V I I ,  p. 597, 
having two real roots,  0 . 2 1  and - - 1 9 . 0 2 1 7 6  i of which the second 
gives a value e - - - - - -  1.3810617, and thence 5 ~ - -  1 .135 ,  which 
gives Fig. 10, 
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27. When the cross section has five waves, the form is given by 

l o , + H , ~ 3 + H ~ + ~ + ~ ,  I/~, ' (1) 0 = -~ sin -~ 
QSZ 

(2) 0 = ' c o s - '  
5 ~0 ~ 

with the same expressions for //1, Ll,  H2, L2 as above; and an in- 
vestigation is in progress on the elimination of Ha, L3, B 4 for the 
formation of the equations for e and ~; the equation for e will be 

:Fig,  10. :Fig .  U .  

reciprocal, by analogy with the preceding cases, and will have the 
same structure as equation (314) (L. M. S. XXVII, p. 604)which is 
required for the determination of the motion of a top, complete in 
five cusps. 

It is now found, on examination of equations ( 3 2 6 ) -  (329), 
L. M. S. XXVII, that we can determine the algebraical curve with n 
waves by putting 

K' 
r  - -  

2n 
(3) ~ = ~ K "  

cn 2~- 

(4) m--1  = t a n  1 1 m ~- (Pi tan -E ~' 

(5) Fop, = (2n - -  3) K' F ~  ( 2 n - -  1) K'  2 ~  ' = 2 n  ; 

the modulus being determined from the condition that 

K' K' K' K' 
~2_K ~ sn ~ dn sn dn 

(6) Z = . Z . ~ .  K' ~ , o r Z  n 
ca ~n 1 + r  ~ ,  

~tb~m~tts~h~ a~usl~u, Lit, 8~ 
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(1) 

when 

These formulas have been tested on the preceding algebraical 
curves, with two, three, and four waves; and they enable us to draw 
fig. 11, an algebraical curve with five waves, by putting "n ~-5 ,  em- 
ploying the co-modular angle 660 9' corresponding to the root c ~---7.4 
in equation (314), L. M. S. XXVII, p. 604, for cusps at intervals 
4 -~ ~r in azimuth, in the corresponding case of algebraical motion 

of the Top. 
28. Looking back over these and similar calculations required in 

mechanical problems which introduce the Elliptic Integral of the 
Third Kind, it will be remarked that a desideratum is the formation 
of the series of functions, analogous to the sn ,  cn and dn  functions 
of Abel and Jacobi, as defined in Halphen's F. E. I., Chap. VII, p. 222. 

By means of these functions it is possible to express 

r  v) = -  ~ ( u  - v) e" ~ 

(2 )  2 ~  2 T  V = -  V = - - -  

by the n ~ root of an integral function of tou and to'u; the logarithm 
of this function being an Elliptic Integral of the Third Kind; and 
Abel's pseudo-elliptic integral is reduced to 

~(u- -v )  1 log  r (u, v) i l og  e 2,  ~ 
(3) E r (-- u, v) ~-- E | + v) 

being the integral i I ( v )  of equation (1) w 2, its differential coefficient 
with respect to u being 

1 . • (v )  ( s -  ~) - Y -  z 
(4)  -r = - ~  , 

with 

(5) s - -  6 ~ -  ~ u  - -  ~ v ,  I / S  = -  - ~ ' u ,  1 / - -  l = -  i ~ ' v .  

The requisite materials of /;he analysis will be found in L. M. S. 
XXV, by means of which it is possible to make 

(6) I + i Vs, ~ u ~ v  

(7) l - i B  r ~ u ~ v  

(8) ( s -  6)==- A2 + B~S, 

where A and 1~ are rational integral functions of s, of the order 
1 ~-i ( n - - l )  and ~-I ( n - - 3 )  if n is odd, and of the order T n  and 
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1 (n --  4) if n is even; and, from L. M. S. XXV, XXVII,  the values 
2 

of A and B can be written down for the numbers 

(9) n --~ 3, 4, 5, 6, 7, 8, 9, i0, 11, 12, 13, 14, 15, 16, 18, 20, 22. 

When n is even, the relation can be written in the form 

l 

--~ e,~ = P V ( s - s ~ ) + i O f ( s - s ~ . s - s ~ ) .  

Also, when n is odd, it will be noticed that S, on putting 
s -  6 ~ t 2, can be resolved into two factors T t and T~, cubics in t ,  

and that we can write 

(11) 

with 

(12) t" ---- L 2 TI -+- M'~ T~ , 

1 in which L and M are integral functions of t ,  of the order "E (n -- 3). 

Thus for instance, for n ~ I I ,  we are able to infer from w 18 
of the present article, and from L. M. S. XXV, p. 241, that 

(13) 

11 

i~ - (~e-]V+ ~-7V) ~ 
~ u ~  4r~___~" e 

11 

1 (t 4 __ a ,  t a -~- a 2 t  2 - -  a.at 2f_ a4 ) / T  2 
2 

in which 

(14) 

"4-yl i (# -{- a I t a Jr- a2 t  2 -{- a 3 t  -1 t- a4) ~/T x 

4 ~'r 
t 2 = s - - a = g u - - ~  II ' 

(15) T, ---- 2t3 + (t + y)t  2 + 2x t  + xy ,  

(16) T.2 -~- 2 t  3 - -  (1 -}- y ) t  2 --]- 2 x t  - -  x y ,  

(17) 

08) 

' c(1 + c) (1 + 2c + / e )  
2 

y ~ - - c  
1 Jr 4 c +  ~c~+ VC 

~(i + c) " 

(19) 

(20) 

O----- 1 + 4c + 8c 2 + 4c s, 

P ~r~' = 6 + ~7c Jr ~4c~ + isc3 Jr (8 Jr 13c) Vo 
9 
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(21)  a t - ~ .  1 {2%-7c~_10c2%-4c3%-(2%-3c)~/C} ' 

(22) a~----- 1 { 1 + 10 c --{- 40 c ~ %- 82 c a %- 86 c 4 %- 40 c 5 
2(I + c)~ 

+ 6 c  G %- (1-1-- 2 c)2 (1-1- 4c%- 2c ~)//C~", 

(23) ' { 1%- 8 c %- 28 c 2 %- 52c 3 + 50e 4 %- 20c ~ %- 2c  ~ a 3 ~  

%- (1%- 2c) (1%- 4c %- 6c 2 %- 2c ~)//C}, 

( 2 4 )  a 4 ~ 2(1-{-c) {1%- l l c  %- 54C 2 %- 151C s %- 255C 4 %- 254C s 

%- 135 C 6 %- 32 C 7 Jr- 2 C s 

%- (1-{- 9C %- 34C ~ %-67C 3 %- 69C 4-{- 32C 5-{- 5 C6)//C}. 

The ,,multiplicative elliptic functions" a, fl, 7, ~ introduced by 
Professor Klein into the Theory of the Top are of the same nature 
as this function r  v), qualified by factors which are exponential 
functions of the time [Princeton Lectures, p. 31; Klein-Sommerfeld, 
Theorie des Kreisels, p. 420] and the time is expressible by Legendre's 
elliptic integral/~q~, the only transcendental function now required to 
be tabulated. 

A sufficient number of these functions will enable us to explore 
the analytical field of a mechanical problem by a series of the para- 
meter v which are the simplest aliquot parts of a period, between 
two of which any actual numerical case may be taken to lie. 

We are thereby relieved of the necessity of tables of the 0 func- 
tions, and even these would be useless when the parameter v was a 
fraction of the imaginary period, as is generally the case, as seen 
above. 

We can however change v immediately to a fraction of the real 
period, merely by changing the sign of s and S in our expressions, 
and thereby tabulate an algebraical series of the ,Theilwerthe" of the 
e and Z functions of Jacobi. 

A r t i l l e r y  Co l l ege ,  W o o l w i e h  (England), November 1898. 


