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8½2 Prof. Bessegs Additions to the Theory of EeliTses , 

The whole of the foregoing remarks are submitted, with 
much deference, to the consideration of geologists ; as sup- 
plementary to Dr. Maceulloeh's memoirs on the eoncretionary 
structure in rocks, and as hints, for future investigation, by 
those who have it in their power to institute extensive re- 
searches in Geology. 

Hazelwood School, near Birmingham, 
Oct. 10th, 1830. 

LI .  On the Discharge of a Jet of Water under Water. By 
R. W. Fox, Esq. 

To the Editors of the Philosophical Magazine and Annals. 
I A M  not aware that it has been before noticed, that a jet 

of  water discharges the same quantity, in water, as in air, in 
a given time, withoiat reference to the depth or the motion of 
the water ; at least within certain limits. 

Thus when the experiment was tried with a head of water- 
six feet high, the same orifice discharged equal quantities in 
equal times in air, in still water, and in a rapid stream, mov- 
ing at the rate of about six feet in a secofid ; the jet having 
in one ease been turned with the current, and in another 
against it : and when by lengthening the tube, the aperture 
was submerged to the depth of fifteen feet, the effect was the 
same as at the surface, under the pressure of an equal co- 
lumn above it. 

These results have been obtained by my brother Alfred 
Fox, and myself ;--and you may, perhaps, think them de- 
serving a place in your Magazine, if they should appear to 
you to be new. 

W e  sometimes eoloured the water, when the jet appeared 
to pass unbroken to a considerable distance under the water. 

Falmouth, 10th month, 9th, 1830. R . W .  Fox. 

L I I .  Additions to the Theory of Eclipses, and the Methods of 
calculating their Results. By Professor BESSEL. 

[Continued from page ~75.] 

E7.] T HE calculation of an occultation of a star can now be 
performed, after the preparatory operations explained 

in the preceding section, in two different ways. The first sup- 
poses that the same value of T is to be applied to all obser- 
vations which are to be calculated, in which case av and q cor- 
respond to the value a in the arrangement above given. On 

this 
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and the Methods o f  calculating their Results. 3¢3 

this supposition the values of P and Q'corresponding to the 
time T + T l, are obtained by this formula: 

T n .  T t ~ -  1 T '  ~ T t . T ~ - -  ! . d -}- - -  e -I-  ~ c .  
(7) "" a + Tt 'b  + - T - ' c  + 2~.T-- 2.3.4 

consequently,/¢ and qP by this formula : 

T I .  T ' ~ - - I  T '  Tt~--I d +  - -  + &c. 
(8) . . . b +  --~-¢ + "2.3 2.3.4 

by which N and log n are found. If, however, several ob- 
servations are to be calculated at the same time, it is more 
cowcenient at once to caleulate the values of N and log n for 
different values of Tt; they are obtained by putting for n sin 
N and n cos N these expressions : 

For T = - - 2  . . . . . . . . . . . . . . . . . .  b - - e + ½ d - - ¼ e  
= - - 1  . . . . . . . . . . . . . . . . . .  b ~ { c  
= o . . . . . . . . . . . . . . . . . .  b-- d 
= + ]  . . . . . . . . . . . . . . . . . .  b + ½ c  
-- . t-2 . . . . . . . . . . . . . . . . . .  b + e + ½ d + ¼ e .  

For every single observation M and log m are then to be 
calculated by the formulm 

m . s i n M = p - - u ,  m c o s M - - -  q - - v  
in which p and q are the known values of P and Q for the 
time T ;  at last the sixth formula is to be calculated. A se- 
cond approximation is not necessary if the value of T I = 
t -- d -- T, or the assumed difference of meridians employed 
in the first is correct within some minutes of time, which may 
always be supposed. Such an approximation would, how- 
ever, cause little trouble, as the calculation of formula(6), only, 
would be affected by the alterations. A second way of per- 
forming the calculation would be to calculate by interpolation 
(7) from the values of P and Q corresp0nding to T, T ~ l,  
&c. those values of these quantities which belong to the time 
o£ observation, reduced to the first meridian by an assumed 
difference of meridians, and to use these values instead of 
p and q and their differential quotients, instead of f f  and q*. 
The  latter are found by the formula 

' 2 T  ' s  - -  "IV 3Tl'--I  d + e + &e. 
(9) ... b + T . c +  2.3 3.4 

by the application of which, consequently, N and log n will 
be obtained. I f  it should be preferred at once to find N and 
log n, and to interpolate between the values thus calculated 
they might be obtained by the expression for n sin N and n 

cos N, For 
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34~ Profl Bessel's Additions to the Theo1~t o f  Eclipses, 

F o r T  I -  -- ~ . . . . . .  b - - ~ c +  ~ ± d - - ~ . e  
= - - 1  . . . . . .  b - -  c +  k d - ~ e  

= o .  . . . . .  b - -  ~ d  

= + I . . . . . .  b +  c + ~ d + ~ e  
"- + 2  . . . . . .  b + 2c + ~t-d  + -~e 

The remainder of the calculation is as above. 
This second manner of conducting the calculation, supposes, 

therefore, the determination o f t  and q by interpolation, while 
the former one constantly proceeds from the same values of  
these quantities. But it has the advantage of a more easy 

calculation of the term (6) '~ cos (M -- ~r -- ~ which is the 
n COS 

correction of  the assumed difference of meridians, and which 
is; of course, commonly very small; its convergency to the  
truth is likewise the greatest possible, and the error of the 
first approximation arises only from the moon's motion during 
the interval between the supposed and the real difference of  
.mheridians being taken as it would be at the beginning, or at 

e end of this interval of time, while it ought to have been 
taken for the middle of it. For  the observatories of Europe, 
whose meridians are very nearly known, the square of 
n (T t+  i) might even be neglected, and the equation to be re- 
solved might thus be reduced to one of the first degree. But 
all these advantages of the second method of calculating ap- 
pear to me to be insignificant in comparison to the trouble of 
the interpolation for finding p and q. I therefore prefer the 
first. In the application of these formulae, however, the in- 
terpolation will never require to be carried beyond the se- 
cond differences, and consequently three values of P and Q 
will be sufficient. 

[8.] The method here explained leaves it to the choice of 
the calculator, whether the quantities a, ~, shall refer to the 
equator or to the ecliptic. In the result of the calculation 
there is nothing referring to either of these great circles, and 
they serve only to denote the relative situation of the various 
points of the celestial sphere referred to in the problem. The 
former is, however, always more easy, if the places of the 
moon in relation to the equator are contained in an ephe- 
meris ; and even if this should not be the case, whenever se- 
veral observations are to be calculated at the same time. But 
when there are few observations, and when the places of the 
moon are to be derived from the tables themselves, or are to be 
be taken from an ephemeris containing the moon'slongitude and 
latitude, the preparatory calculations required in finding the 

quantities 
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and the Methods o f  calculating their Results. 348 

tqhuantities referring to the equator become more troublesome 
an the calculation of the longitude and latitude of the zenith: 

in that case the ecliptic deserves the preference. Tile tables 
give the longitude, latitude, and parallax of the moon for tile 
time T, and likewise their variations for the preceding and fol- 
lowing hours. These three longitudes and latitudes are to be 
converted into right ascension and declination, if the equator 
is to be used. This trouble is saved if we calculate with longi- 
tude and latitude ; but, on the contrary, in using right ascen- 
sion and declination we dispense with the calculation of the 
longitude and latitude o f  the star and the zenith. If, there- 
fore, in the case that the places of the moon in relation to tile 
equator are uuknown, only two or three observations are to 
be calculated, the ecliptic appears to deserve the preference. 
If  a single observation is to be compared with the epheme- 
rides or the tables, it is more advantageous to calculate pr and 
qr from the hourly variations of a, ~, ~r, than to derive them 
from the three values of P and Q. In this case it will be 
most convenient to assume for T, the time of the observation 
reduced to the first meridian, by applying an approximate 
value of the difference of meridians, and to calculate for this 
moment P and Q, as also their differential quotients 29 and £f, 
by the formulae 

"- r / e o s ~ e o s ( ~ t - - A )  dt t  s i n ~ s i a ( ~ t - - A )  d~ p d e  

I P =  (,--'-~o~-7--- " 7 ;  ----2-~=-g7"---" 7; ,, ~g , r"  -¥t" 
r l n ' ~ , - t  / ' e O s ~ s i n D s i n ( ~ t - - A )  d~t _ e o s } e o s D - 4 - s l n S s l n D c o s ( s - - A )  d l  

L ~ tang ~r " d t 2' 

d~ d~ d~, signify the hourly motions, and ~ the in which "gT' TT' 
radius of the circle expressed in seconds. 

[9.] It nowremains further to deVelope that part of formula 
(6) which is dependent on the corrections of the elements of 
the calculation. The result obtained by the method here ex- 
plained, is not so much the difference of themeridian of the 
place of observation, as the relati0n between it and the ele- 
ments used in the calculation, and by the combination of se- 
veral observations one or more of the elements of the calcula: 
tion are eliminated, and the result is thus made partly or en- 
tirely independent of the tables. 

In section [$] the quantities i and ithave been so assumed 
as to give these equations : 

p t i - -  qt. it --- a A a  + b A ~  + c A ~  + d A e  t 
~/ i + 29 i t = d A ~ + Y A ~ + c' A ,c + t~ A e s 

N. S. Vol. 8. No. 47. Nov. 1830. 2 Y A a, 
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a46 Prof. Bessel's Additions to the Theory 9fF.eli~ses, 

A c,, A ~, &c. are here assumed as expressed in parts of the 
radius; they must, therefore, be divided by a~ _-- 206~65 if they 
are meant to he given in seconds. Tlle coefficients a, b . . .  a t//  
are the differential quotients of P --  u, and Q - v in relation 
to ~, ~, ~- and e ~ ; neglecting in their values the small quantities 
of  the order of a - A  and ~ D ,  which, on account of the small- 
ness of A ~ , A ~ ,  &c. will produce no error of any conse- 
quence, the expressions for them will become very simple: 

cos ~ t P 
a ~ sina" ; a~ m 0 ;  b m 0 ;  ~ ' -  "sin,r ; c ~-~ tangw' ;  ct 

Q d u  dv 
tang r ; d = - -  ~ ;  d t = --  "d~.e" Adopting these expres- 

sions, and substituting n sin N and n cos N fo r / J  and ~/, and 

h for ' where s represents the number of seconds 

equal to the hour to which ~r and ql belong [6] ,  we obtain 

i = h sin N .  cos ~ A a + h cos N A ~  -- h cos a-. Aw [ P  sia N 

e~V a ,, a v N - ]  + Q c o s  N ]  - -  h ~ sin A t_ d.,* ~-. sin N + ~ cos 

i m - -  h c o s N . c o s S . A a  + h s i n N . A ~  + h cos~r.A~- 

[ P c o s N - Q  s i n N ]  + h.c0 sin ~ . A . e * [ a - ~ e  ~ c o s N - -  

a~ f i n N ] .  Hence, a .s i  

¢ "lsin4 c o s ( N + ~ ) . e o s S . A a +  sin(N+C,)A~ i + ta,g q . / - T - ' - -  

+ cos 7r. Aw [ P  cos (N + ~b)-- Q sin (N + 4/) ] + ,  sin ~- Ae g x 
d u d*t ( N + + )  - sin (N ++)]. 

T h e  part  dependem on A ~" may be reduced to a more con- 
venient form, and the one dependent on A.  e ~ may be further 
developed. Substituting~ in the former jo + n  sin N • T t and 
q + ~  cos N . T  for P a n d  Q, it becomes cos,r.ATr [ p c ~ , ( N + ~ )  
- - q s i n ( N + ~ )  - - n . T  ts in ~,] = c o s w .  A ~ - [ ( p c o s l q  
- -  q sin N) cos ~ -- (p sin N + ~¢ cos N + n T y) sin ¢,] ; and 
farther, making x --  ¢ sin N --  p cos N, n ~- = n T --  io sin N 

- -  q cos N, .nod putting for T ~ its expression t - d - - T  it as- 

sumes this form 

I t  will be easily perceived that ~ co sin ~r is the smallest di- 
stance of  the true path of the moon from the sta, r~ positive if 
the moon passes to the north~ negative if she passes to the 

south 
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and the Methods of  calculating their Results. s¢7 

south ofit~ and • the time of  the nearest conjunction counted 
from the first meridian. 

The  development of the influence of A .  e ~ depends on the 
differential quotients in relation to e ~ of the quantities r cos ~t 
and r sin ~l which occur in the expression for v and u. But 
these quantities are differently expressed by e" and the ob- 
served latitude ~, according as ~' denotes the declination or 
the latit ,  de of  the zenith. - T h e  formul~ to be employed in 
the two cases must, therefore, be separately developed, while 
all the preceding ones equally apply to both cases. I begin 
with the case of  ~l denoting the declination. 

W e  have in this case, r cos ~' = eos ~ ~I a / ( l - - e~  sin ~ )  ; r sin ,ffi 

(l--e~)sin~ whence d.rcos~' ~ t .  r g s i n ¥  ~ drdn¥ 
v'--~ t - ¢~ sin ~,) d. e~ -- r cos ~ (t-- : ) ,  ; d ."----~-- 

= r sin ~t. r~ sin ~ r sin ~' ~ sin ~, ( t -~ ) ,  t----7 or putting ~ --  ~ ,  

d . ,  sin ¥ /3~. 

The  expression for u and v being these: 

u -- r cos ~l. sin (p - -A)  ; v = r sin ~t cos D - 
r cos ~' sin D cos (~- -A) ,  

we obtain du = ½O~.u and ~ d.~, ~ = ~ O ' . v - ~  c o s D ;  

and, next, the part  dependent on Ae ~ -- ~ sin ~r. A e  ~ × 

~ j$~ ( u  cos(N-f -d / ) - -v  sin ( N + + ) ) +  ~ cos D sin (N-t -+)]  

Tha t  part of this expression which is multiplied into ½/3 s 
may be written: P cos (N+~,)  - Q  sin ( N + ~ , ) - ( P - - u )  x 
cos (N+~,) + ( Q - v )  sin (N+~,) ; and we may substitute for 
P - -  u and Q - v  their equivalents m sin M + n  sin N .  T~ and 
m c o s M +  n c o s N . T  t by which we have (P - -u )  cos ( N + q ) - -  
( Q - v )  x s in(N+~, )  = r e . s i n  (M - N - ~ , )  - - n T  ~ s in~  = 
(substituting for T t its value [5] - -  

~ .  (cos M - ~ - ¢ ) ~  . ~ ~in ( ~ - ~  

I f  we here apply the above transformation of P cos (N + ~,) 
-- Q sin (N + ~,) the expression dependent on A .  e e will 
become : = 

- ~ s in  . . / ~ :  [½ ~ [~ co~ + + -7  (t - d - ~) s in + -  ~ ]  - 

O cos D sin (N +~, ) ] .  

[To be continued.] 

o y 2 LI I I .  Notes 
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