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644 PROF. SC'HUSTEK ON iIIAGNETIC! PKECESSIOX. 

XLIV. On ilIagnetic Ywcess io i t .  By ARTHUR SCHUBTER, 
F.R.S., Pvofessor o j  P h j s i c s  at the Owens College, 
JIanclLester *. 

1. IN a previous yapert  I discussed the possible effects of 
electric inertia, confining myself to the case of conductors 
a t  rest. But Hertz, in his interesting experiments on the 
subject, showed that the most delicate method of investi- 
gatiiig the influence of inertia is based on the apparent 
electromotive forces which are introduced by the motion of 
conductors. If electricity possesses inertia, the rotation of' a 
body through which currents pass, affects the flow of these 
currents in  the sanie niniiner as the earth's rotation affects 
the direction of currents of' air on its surface. 

Hertz obtained only negative results, but could fix an upper 
limit to the possible inertia of electric currents. It occurred 
to me that this inertia, even if below the limits given by 
Hertz, might show accumulated effects, when the currents 
last for a sufficient time. If the earth's inagiietisni be 
due to electric currents, general considerations suggested 
to me that the effects of inertia miglit explain the secular 
variation. The following investigation shows that indeed 
inertia would cause a <' magnetic pyecession " precisely of the 
character of the secular variation, but that this precession 
would be very much slower than the variations which are 
actually observed. 

2. If 7 n  is the iiiass of positive electricity in unit volume, 
and U the velocity, the energy of n n  electric current, so far as 
it depends on this mass, would be mu2 per unit volume, 
assuming for the sake of simplicity that positive and negative 
electricity moye with the same velocity. If i is the current- 
density, we inay substitute +piz for this energy, where has 
the same meaning as in my previous paper. If y is the 
quantity of positive electricity in unit volume the current- 

+ Read December 14, 1900. 
5 Ante, p. 619. 
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densit,y is 2 p ,  SO that  
49"P = P, 

:. 2$p = m. 

The momentum of positive electricity will be mu or qpi. 
If a inass moves relatively to a body which is rotating, we 

inay treat the effect of the rotation as being the same as 
that due to certain fictitious forces. These fictitious forces 
are of two kinds. The first, depending on the square of the 
angular velocity and commonly called ceiitrifuffal force, will 
act equally on positive and negative electricity, and cannot 
therefore produce a n y  effect on the distribution of electric 
currents. The second force depends on the relative velocity, 
i t  will therefore have opposite effects on positive and 
negative electricity, in  other words i t  will be equivalent to an 
electromotive force. I t s  direction is a t  right angles both to 
the direction of relatire velocity and to  the axis of rotation, and 
its intensity per unit inass is equal to  2027,.sin~, where w is 
the angular \*elocity, vr the vector re1)resenting the relative 
velocity, and x the angle between c,. and the axis of  rotation. 
The direction of the force is such that the displacement of the 
body lhrough a r ight  aiigle in the direction of rotation would 
bring the direction of the force into the plane containing the 
axiq of rotation ;incl the direction of relative \relocity. 

If electric currents are confined to  the surface of a sphere 
rotating with an angular velocity 0 ,  we may calculate the 
components of electromotive force produced by the rotation 
of the sphere, but it is only the tangential components which 
u--ill produce any effect. For any point on the earth which 
has R colatitude 0, the horizontal components will be the 
Sam(', as if' the angnlar velocity were o cos 8 about the vertical. 
If the flow is from north to  sonth, the force mill be to the 
\vest in the northern hemisphere, and its intensity per unit 
mlume will be 2mw cos 8 7 4  us denoting the velocity to the 
P O U t h .  For flow U E  from west to east the force will be 
2mm cos and a r t  from north to sonth in the northern 
hemisphere. Hence, if we take the directions to south and 
to  east as the positive directions the two forces will be 
-2" cos e U S  and + 2 m w  cos 0 Q. These are the forces per 
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unit volume; to obtain the forces per unit quantity of electri- 
city we divide by q,  and replacing the velocities of flow by 
the current-densities we have for the two components 
-2poiS cos i9 and 2pwiE cos 6. These forces are of the 
nature of electric forces, and their effects inay be calculated 
if the components of i are known. 

3. I n  the simplest and most 

such important as to produce case, the a magnetic currents field are e 
identical on the outside with that ' ~ 

of a uniformly magnetized sphere, 
the axis of magnetization passing 
through the equator. Let 0 Q 
(fig. 1) be the axis of ningnetiza- 
tion. The currents will all lie in 
planes a t  right angles to :hat axis. 
If A S is a portion of such a current and we write : 

4 

1 
a, for the arc QS or QA ; 
$, for the angle S P A ; 
8, for the colatitude P A  ; 
a, for the radius of the sphere; 

the current function will be 
a1 cos a = In cos $ sin 6. 

Hence the component currents are : 
Easterly component 

d 
d6 =- --Icos$sli l i6=-Icos+cosB. . . (1) 

Southerly component 

- I c o s + s i n 6 = - I s i n + .  . . (2) d - - Sill82+ 
These are coinpoiielits of currents per unit length of linear 

cross-section at any point ; to obtain current-densities we 
n u s t  divide by f, the thickness of the shell through which IT-e 
imagine the currents to flow. If we write Vs niid TE for 
the electric forces acting towards the south and east re- 
spectively, we have therefore 

vs = - 2pwI  . cos* 6 cos +it, 

TE = 2pwI  cos 0 sin + / t .  
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No cv 
2 c ~ ~ ~ ~ c ~ s ~ = c o s ~ ( L + c o s  28) =cos ++ - (+ cos # sin88) 

d 
dl9 

and 
Cl 

sin 8 C@ 2 COS 6 sin $I =cos e sin q5 - - (4 COS 4 sin 28). 

Hence we may divide the electric fornes into two parts, 
one of which may be derived from a potential. This latter 
portion will produce electi.ific,ttion a n d  ultimately be coun- 
terbalanced by electric charges having a potential equal t o  
-4pua I cos + sin 28/t .  The remaining portion of the electric 
forces will be 

TE=  COTC COS Osill+/t, . . . . (3) 
V8 = - p d  cos +It. . . . . . (4) 

These electric forces will tend to produce currents which 
are of the same type as those assumed to exist, but turned 
through a right angle in a direction opposed to that of the 
angular velocity. This is seen by comparing equations (1) 
and (2) with (3) and (4), and noting that the latt,er becomes 

proporbional to the former when Q + - is substituted for $. ( 9 
Hence the effect of t,hese forces will be to add a system of' 
currents which will have the same effect as a rotation of 
the original system in a direction opposite to that of the 
rotating sphere. 
4. To show that the whole system of currents will rotate 

in the body and to determine the period of rotation some 
further calcnlations are necessary. The system of currents 
we are considering will produce a uniform magnetic field, M, 
within the sphere, which is equal to :TI. The energy of 
the total magnetic field is easily found to be 

Now imagine such a system of currents as we have been con- 
sidering, in which the cnrreiit crossing an element dsl of the 
arc QA (fig. 1) is I sin a dsl, and let electric forces equal to 
A sin a act a t  each point on the system of currents. If dsz 
is an element of the line along which the forces act, the rate 
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of doing work in the surface element ds,dsz is AI sin’ a dslds,. 
Hence the rate of doing work over the whole sphere is 

AI sin2 a dsl dsz = 2.nA41a2 I’ 
8 T  =- ;1 A M .  

The currents will increase in intensity and the rate of doing 
work ninst be equal to the rate of increase of energy. Hence, 
7 denoting t,iine 

or 
d l -  3A z - G a ‘  

This equation will determine the rate of increase of the 
system of currents due to a given system of forces of corre- 
sponding type. 

I n  the system of currents with OQ as axis, me may take 

the current-intensity I, a t  the points a t  which a= - to be 

the variable, which is now7 to be considered a function of the 
time 7. W e  also take I’ to be the corresponding variable of a 
system of similar current,s having OR a s  axis. Iiitroduciiig 
the forces due to the rotation of the sphere, we find that 

7i- 

2’  

From which we deduce 
I = I, cos nr, 
1’= I,, sin n ~ ,  

where R = - - pm and Io is the initial value of I. l-2 is the 

angular velocity with which the whole system of currents 
revolves. 

5.  The rate of rotation of a system of currents in a 
rotating spherical sheet which has been determiued in the 

8T u t ’  
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simplest case, can also be calculated when the distribution 
of currents is of a more complicated character. Let there 
be a current function U@ on a sphere of radius U from 
which the current-intensities are derived, so that if us and UE 
are the currents in the direction of the axes of X and Y 
pespectively : 

d@ tm us=a--, uE=-a -. 
dY dx 

Introducing polar coordinates and taking dx = ad8, 
dy=a sin t)d+, we find as in the previous paragraph that 
the electric forces 'PE and VN acting towards the south and 
east respectively are expressed by 

or 

(6) 
2pwo cot 8 d@ . . . .  t d T *  v E =  - 

Put  

d2 a++, . . . . (7) 
d a  

sin t)d+2 d8 - --Ic 

d@ 

costl- - 
and 

d2 @+K,  . . . . . (8) cot 8- =IC- 
dcj5 deli$ 

where IC is a constant and H and K functions of + and 8, 
which are to be determined. 

If an operation is performed with the equations (7) and (8) 
which may be represented by the symbol 

'(7) --ill 8 d(f9 -, 
dgb dB 

the left-hand side of the resulting equation becomes 

- a! cos 8- d@ - --cos d 8- da? =sin 8- m .  , 
d+ d8 dB d+ d+ 

on the right-hand side we have 
d d2 dH dKsin8 

de 
+ - sin 6 -.- de ded+ 

VOL. XVII. 2 Z  
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Hence 

d sin B- + d +- d d2 dH dR sin 8 v- It78 d$ [sina8d$? sinBd6' dB IC 
= # s i n 9  - 

The right-hand side vanishes, if @ is a surface harmonic of 
degree n, provided that n(n + 1) = l / n .  

Hence we may put in that case, 

Equations (7) and (8) will now become 

As @ only depends on Q in so far as i t  contains terms 
which have cost+ or s i n e 4  as factors, the effect of dif- 
ferentiating with respect to  + is the same as a multiplication 
by c ailcl a change of a+ to e++ i - ,  Hence the terms 2 
depending on Q> will be proportional to  the original current- 
intensities if a+ is replaced by ++ y. I n  other words the 
currents which the forces TS and PE tend t o  produce are of 
the same type as the original currents, but turned through 
an angle 7 round the axis of rotation, in a direction opposite 
to that of the angular velocity of the body. If the original 
current function has been proportioiinl to cos e+ or to  sin e$, 
inertia will tend to  produce currents of the same type but 
proportional to -sin e+ or to  cos U+ respectively. The 
final effect of these will be a rotation of the system of currents. 

6. The terms depending on Q in (9) and (10) will not 
produce any permanent currents, but an electrification 
having -2,uoQu/lt for potential. W e  obtain Q from (S), by 
substituting K = dQ/siu 024. After integration with respect 
to  +, it is thus found that 

n- 

2 

77- 

LU 

d@ &= CP cos 9-K sin 8 - de - 
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This inay be put into the standard form of tesseral har- 
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monics, if we write 

and 
@= Tz cos c$ 

where X=COS 8 and P, stands for the zonal harmonic of 
degree n. 

By differentiation we obtain 
d 

d0 sinO-T;=crcos O Ti-sinO T;+l. 

We have also the following general equations :- 

(2n + 1) sin 8T;+l= 
( n + a +  l)(n+o)T,"_l-((n--a+)(n-o)T~+l ; 

(2n + l ) p T z = ( n - ~  + l)T;+l+ ( ~ 2  + c ) T ~ L *  
Combining these equations we obtain 

n . n + l  .2n + 1&=(n-o+l)n2TT,"+1cosa$ 
+ (n + 1)2(n + a)Tz-, cos 04. 

7 .  To obtain the angular velocity of the system of currents, 
we may proceed as in the simple case, which has already been 
discussed. 

A current-function amn of degree n produces a magnetic 
potential which inside the sphere is equal to 

-- 
2n+ 1 

and in the outer space 

2n+l  n 4Ta(;)n+b. 

, The energy of magnetic stress is easily calculated from 
this and found to be 

n .  n + l  
2/L+ 1 4 T U  

If there is a force-function CP' from which the electric 
forces are derived in the same way as the currents from the 
current-funct,ion, the rate of doing work in a rectangular 
element bounded by the linear elements ad8 and a sin 8d$ 

2 2 2  
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will be 
d@ d@‘ d@d@’ (-- sin Bd$sin 8d$ -I- d B  - -)dS dB a 

But 

qs. 
or sin o+. 

and a’ only contain C#J in the form of a factor COS c+ 

By partial integration, if again h=cos 8, 

BO that the total rate of doing work will be 

which by the characteristic equation of tesseral harmonics 
becomes 

n . n + lfaa’ds. 
The rate of doing work is equal to the rate of increase of 

This equation connects the force-function a‘ with the cor- 
responding current-function @. 

Now let there be two current-functionsy a@l and a@2, 
both of degree n and differing only in so far as a1 contains 
the factors cos a+, and a function of the time, and a2 contains 
the factors sin U+, and some other function of the time. 

The current-function a@, will call forth a force-function 
2pw - a@, of the same type as a*, and the current. 

tn . n + l  
function a@* a force-function 2pw aaP,  of the same 
type as (PI. t n ,  n + l  

So  that substituting in (ll), 
1 

@2, 2 n + l  d r  t n .nS .1  

21a+1 dr  t n . n + l  

8rra d@., - 2pw 

8 r a  dQ2 2iUw 

----. 
1 

@I* --=--. 
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and QQ are proportional to It f o l l o ~ s  from this, that 
COS DT m d  - sin 4 2 ~  where 

(1% 
p 2n+1 co a=- .  . -  

at  n . n + 1  8 ~ '  ' ' ' 

This gives the periodicity of the forces. 
current-f unction will now be proportional to 

The complete 

cos c+ cos Ch-  sin cr+ sin ~ ~ T = C O S ( Q + - ~ ~ T ) ,  

l2T =cos d(+ - - ) ; 
d 

so that the angular velocity with which the currents revolve 
is a/u. 

8. I have so far only dealt with electric currents confined 
to a spherical shell, as this problem adapts itself most easily 
to mathematical treatment. But  in the simplest and most 
important case we may without difficulty obtain the solution 
for currents which circulate in the body of a conducting 
sphere. W e  take the case that the currents are such as 
would produce outside magnetic effects which can be repre- 
sented by a magnetic potential of degree - (n + 1). Dividing 
the sphere into concentric shells we may neglect radial 
currents, and the currents within each shell may be repre- 
sented by a current-function which is proportional to a 
surface harmonic of degree n. 
in the previous investigation, the differential coefficients of 
this function will give current-densities instead of currents 
per unit linear cross-section, and we ma1 apply equations (5) 
and (6), leaving t out of the denominator. The investigation 
of $ 7 may be replaced by a simple application of a result 
given in Prof. Lamb's paper on electric currents in a sphere*. 
If electric currents are once started in a solid they will 
gradually die out owing to electric resistance, and if these 
currents are represented by a current-fnnction, as assumed, 
the time-factor will be of the form e+, where the value of 

is given by Prof. Lamb for some of the simpler types of 
currents. The forces per unit volume which act on the 
currents under these circumstances are -pi, where i is the 

If we write t @  instead of 

* Phil. Trans. 174, p. 519 (1888). 
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current-density and p the resistivity ; the corresponding rate 
of diminution of curreiit will be X i .  

Hence if @ represents the current-function and @' the 
corresponding force-function, we may put @'= --pi and 
d@ -= --Xi, and derive 
dT e? = E@/. 

d7 P 
2n f l  This shows that in equation (le) w e  must replace - 
&rat 

The angular i~elocity of the rotating currents then h. by - e  

P 
becomes 

4 a2 
T P  

For n= 1, we have for the simplest case X-'= - - , so t,hat 

w- a=--, , . . . . * 2a2 

9. W e  may nom apply the results obtained to the case of 
electric currents which we may imagine to circulate in the 
earth. I f  terrestrial magnetism is due to such currents, we 
may represent the12 by a superposition of different systems, 
each system producing magnetic forces on the outside, the 
potential of which is represented by a spherical harmonic. As 
regards the currents which give rise to zonal harmonics, they 
must flow in circles at right angles to the axis of rotation and 
the revolution of the earth cannot affect them. The tesseral 
harmonics will revolve relatively to the earth in a direction 
opposite to that of its own rotation. The effects are therefore 
such as are actually observed. But  the calculated angular 
velocity is much too small to explain the secular variation. 

If ,u=l, which is 
a possible Case if the conductivity is of an electrolytic 

Taking the case of a solid sphere first. 

character, 5- T a=- ga!2 = 8 x 1 0 ' 7  *. 
Hence the time of reirolution of the magnetic system would 

be 2-5  x 1017 days or about 7 x l O I 4  years. No admissible 
value of p could reduce this number i-ery materially. If the 
currents could he imagined to be confined to a sheet of 
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thickness t ,  the angular velocity would be increased to 

3 n= -"W. 
8ir at 

Taking p/t = 1 this would give for the period of revolution 
or as 2 r u =  4 x lo9 the periodic time would be 5 x l o e  

days, or 14 x loe  years, which is still of a much bigger order 
of magnitude than the period of the secular variation. To 
produce a revolution of the magnetic system of e.g. 500 
years t /p  would have to be equal to 36 x so that for 
possible values of p, t would have to be reduced to molecular 
dimensions. 

10. The fact that a current sheet of molecular dimensions 
would show a magnetic precession of angular velocity com- 
parable with that of the secular variation suggests the possi- 
bility of the phenomenon being rather of a molecular than 
a molar character. If terrestrial magnetism is due to the 
rotation of the electron round the atom, a precession of the 
required amount might bc produced. But the subject is not 
capable of theoretical treatment without making some assump- 
tions of too speculative a character to be introduced here. 

An experimental investigation would be more likely to 
help, for it niight give an answer to the question :-" Does 
the niagnetic axis of a traiisversely magnetized sphere or of a 
steel disk magnetized along a diameter, lag behind when the 
sphere or disk is rotating rapidly ? " Some trials which 
were made, under not very suitable conditions, have given 
me a negative answer to the question, but I hope to be able 
to arrange for more decisive experiments. 

11. In the above investigation it has been assumed that 
electric currents are conveye(l equally by the two opposite 
electricities, so that the current as a whole has no moment of 
momentum, but as far as I can see without detailed calcu- 
lation the general result of the investigation would not be 
altered, even assuming the existence of angular momentum. 
As far as the results of this investigation are concerned, we 
must conclude that the inertia of electric currents, which 
doubtless does exist, is too small to account for the observed 
secular variation of terrestrial magnetism. 
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DISCUSSION. 
Prof. RUCKER congratulated the author upon his attempt 

to  solve the problem of terrestrial magnetism, and expressed 
the hope that further calculation would throw more light 
upon this dificult subject. 

Mr. BLAKESLEY asked if the time of the secular variation 
would be altered if the interior of the earth were liquid or 
solid. 

Prof. I,ODGIC observed that the precession was rapid in 
the case of a thin enough layer, and mentioned J .  J. Thom- 
son’s notion that the electrons were thrown out by centrifugal 
force, and formed n layer of molecular thinness. Hertz, in 
his experiiaents on electricity, had looked for material inertia 
besides electromagnetic inertia. I n  the present theory the 
distiiiction disappears, and there is only one inertia, and that 
electromagnetic, though not in the ordinary sense as con- 
tributing to self-induetion. 

Prof. AYRTON said if the two forms of inertia were electro- 
magnetic, he would like to know why in detecting the second 
form it was necessary to associate it with an  absorption of 
energy as in the case of an  electrodeless discharge. I n  the 
case of ordinary self-induction there is no absorption of 
energy, and if there is absorption in the second form, and 
if they are both electromagnetic, he m-ould like to  know the 
difference between the two. 

Prof. SCHUGTER, replying t o  Mr. Blakesley, said that if 
the interior of the earth were treated as liquid, the period of 
the cycle would be about one hundred times less. I n  reply 
to Prof. Ayrton, he said he had only cited one experiment 
to show that a phenomenon explained by the gns being B 

good conductor could also be explained by its electric inertia. 
I t  was impossible to say in general whether self-induction 
caused an absorption of energy or not. 


