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644 PROF. SCHUSTER ON MAGNETIC PRECKESSION.

XLIV. On Magnetic Precession. By ARTHUR SCHUSTER,
F.R.S., Professor of Physics at the Owens College,

Manchester *,

1. IN a previous papert I discussed the possible effects of
electric inertia, confining myself to the case of conductors
at rest. But Hertz, in his interesting experiments on the
subject, showed that the most delicate method of investi-
gating the influence of inertia is based on the apparent
electromotive forces which are introduced by the motion of
conductors. If electricity possesses inertia, the rotation of a
body through which currents pass, affects the flow of these
currents in the same manner as the earth’s rotation affects
the direction of currents of air on its surface.

Hertz obtained only negative results, but could fix an upper
limit to the possible inertia of electric currents, It occurred
to me that this inertia, even if below the limits given by
Hertz, might show accumulated effects, when the currents
last for a sufficient time. If the earth’s magnetism be
due to electric currents, general considerations suggested
to me that the effects of inertia might explain the secular
variation. The following investigation shows that indeed
inertia would cause a “ magnetic precession” precisely of the
character of the secular variation, but that this precession
would be very much slower than the variations which are
actually observed.

2. If m is the mass of positive electricity in unit volume,
and u the velocity, the energy of an electric current, so far as
it depends on this mass, would be mu® per unit volume,
assuming for the sake of simplicity that positive and negative
electricity move with the same velocity. If 4 is the current-
density, we may substitute $ui? for this energy, where u has
the same meaning as in my previous paper. If ¢ is the
quantity of positive electricity in unit volume the current-

* Read December 14, 1900.
t dnte, p. 629,
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density is 2qu, so that
4o%® = {2,

2¢%u = m.

The momentum of positive electricity will be mu or guz.

If a mass moves relatively to a body which is rotating, we
may treat the effect of the rotation as being the same as
that due to certain fictitions forces. These fictitious forces
are of two kinds. The first, depending on the square of the
angular velocity and commonly called centrifugal force, will
act equally on positive and negative electricity, and cannot
therefore produce any effect on the distribution of electric
currents. The second force depends on the relative velocity,
it will therefore have opposite effects on positive and
negative electricity, in other words it will be equivalent to an
electromotive force. Its direction is at right angles both to
the direction of relative velocity and to the axis of rotation,and
its intensity per unit mass is equal to 2wv,siny, where  is
the angular velocity, v, the vector representing the relative
velocity, and  the angle between v, and the axis of rotation.
The direction of the force is such that the displacement of the
body through a right angle in the direction of rotation would
bring the direction of the force into the plane containing the
axis of rotation and the direction of relative velocity.

If electric currents are confined to the surface of a sphere
rotating with an angular velocity o, we may calculate the
components of electromotive force produced by the rotation
of the sphere, but it is only the tangential components which
will produce any effect. For any point on the earth which
has a colatitude €, the horizontal components will be the
same, as if the angular velocity were w cos 8 about the vertical.
If the flow is from north to south, the force will be to the
west in the northern hemisphere, and its intensity per unit
volume will be 2me cos 6 ug, ug denoting the velocity to the
south,  For flow ug from west to east the force will be
2mw cos ug and act from north to south in the northern
hemisphere. Hence, if we take the directions to south and
to east as the positive directions the two forces will be
—2mw cos @ us and + 2me cos Gug. These are the forces per
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unit volume; to obtain the forces per unit quantity of electri-
city we divide by ¢, and replacing the velocities of flow by
the current-densities we have for the two components
—2uwig cos 6 and 2uwipcos §.  These forces are of the
nature of electric forces, and their effects may be calculated
if the components of 7 are known.
3. In the simplest and most

important case, the currents are
such as to produce a magnetic field
identical on the outside with that
of a uniformly magnetized sphere,
the axis of magnetization passing
through the equator. TLet O Q
(fig. 1) be the axis of magnetiza-
tion. The currents will all lie in
planes at right angles to that axis.
If A Sisa portion of such a current and we write :

a, for the arc QS or Q A ;

¢, for the angle SP A ;

6, for the colatitude P A ;

a, for the radius of the sphere;

the current function will be
al cos @ = Ia cos ¢ sin 6.
Hence the component currents are :
Easterly component
=—Z;%Icos¢sin€=—lcos¢cosé ..o (D

Southerly component

siTZ'(_qu —Jcosgpsinf=—Ising. . . (2)
These are components of currents per unit length of linear

cross-section at any point; to obtain current-densities we

must divide by ¢, the thickness of the shell through which we

imagine the currents to flow. If we write Wy and ¥y for

the electric forces acting towards the south and east re-

spectively, we have therefore

Y= —2unwl . cos?d cos ¢/t,

Vo= 2uwl cosfsin ¢/.
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Now p
9 cos? 6 cos p=cos ¢ (L +cos 26) =cos p+ d—e(?’; cos ¢ sin 26)

and
. . { .
2 cos @ sin ¢ =cos € sin p— s—l—ﬁ;—dgb(% cos ¢ sin 26).

Hence we may divide the electric forzes into two parts,
one of which may be derived from a potential. This latter
portion will produce electrification and ultimately be coun-
terbalanced by electric charges having a potential equal to
—~Luwalcos ¢ sin 26/t. The remaining portion of the electric
forces will be

Vg= wuowlcosfsing/t, . . . . (3)

V= —puwlcos ¢/t. B ()

These electric forces will tend to produce currents which
are of the same type as those assumed to exist, but turned
through a right angle in a direction opposed to that of the
angular velocity. This is seen by comparing equations (1)
and (2) with (3) and (4), and noting that the latter becomes

proportional to the former when (qb-}- ;_r) is substituted for ¢.

Hence the effect of these forces will be to add a system of
currents which will have the same effect as a rotation of
the original system in a direction opposite to that of the
rotating sphere.

4. To show that the whole system of currents will rotate
in the body and to determine the period of rotation some
further calculations are necessary. The system of currents
we are considering will produce a uniform magnetic field, M,

within the sphere, which is equal to g'n'l. The energy of
_the total magnetic fleld is easily found to be
IM%d= %2 721203,

Now imagine such a system of currents as we have been con-
sidering, in which the current crossing an element ds; of the
arc QA (fig. 1) is Isin @ ds;, and let electric forces equal to
.A sin act at each point on the system of currents. Ifds,
1s an element of the line along which the forces act, the rate
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of doing work in the surface element ds,ds, is Al sin’?a ds,ds,.
Hence the rate of doing work over the whole sphere is

J Alsin?ads ds;= 2'71-A1a2j‘,r sin® ada

)
= %?Alag.
The currents will increase in intensity and the rate of doing

work must be equal to the rate of increase of energy. Hence,
7 denoting time

—?%277'90&3;; I’= sglAIaﬂ
or
dl _ 3A
dr 8wa’

This equation will determine the rate of increase of the
system of currents due to a given system of forces of corre-
sponding type.

In the system of currents with OQ as axis, we may take
the current-intensity I, at the points at which a= g, to be
the variable, which is now to be considered a function of the
time 7. We also take 1’ to be the corresponding variable of a
system of similar currents having OR as axis. Introducing
the forces due to the rotation of the sphere, we find that

a_ s
dr  8zat*®h
ar _ 3 ,
dr= " Smattel
From which we deduce
I=1,cos O,

I'=1,sin O,

3 uw

where Q= Sr ar

angular velocity with which the whole system of currents
revolves,

5. The rate of rotation of a system of currents in a

rotating spherical sheet which has been determined in the

and I, is the initial value of I. £ is the
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simplest case, can also be calculated when the distribution
of currents is of a more complicated character. Let there
be a current function a® on a sphere of radius a from
which the current-intensities are derived, so that if ug and ug
are the currents in the direction of the axes of X and Y
respectively:

up=—a‘.
dy’ ® dz
Introducing polar coordinates and taking dz = adf,
dy=asin 8d¢, we find as in the previous paragraph that
the electric forces ¥y and Wy acting towards the south and
east respectively are expressed by

UF=A —5—

W= 2uwug cos 8/t
Vg = — 2uwug cos 6/t,

or
2uw cos 8 dD
Vo= — —f‘—t—~d9, CL .. ()
2 t
\IIE=-—"1“’—t°°—~€“§—q’. N )
¢
Put
dd a?
COSGdB W®+H, . . v e (7)
and
dd d?
td¢ €Z¢<1>+h e e e e (8

where « is a constant and H and K functions of ¢ and 6,
which are to be determined.
If an operation is performed with the equations (7) and (8)
which may be represented by the symbol
a(7) d(8)

2 —sin 9=~

deo e’
the left-hand side of the resulting equation becomes

d
73 cos gdCID dco Hd _SmedQD

do de
on the right-hand side we have

— dH _ dKsinf
[sm oag T 30 7o d@dq&] Pt T ap
YOL, xvI7, 923z
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Hence
dH _ dK sin d & d 1
a6 T ag . esind dé [e1n2 pig T+ s o n 9d9 ]q

The right-hand side vanishes, if @ is a surface harmonic of
degree », provided that n(n+1) =1/«.
Hence we may put in that case,

H_JQ K dQ

48’ 7 sin 6dd
Equations (7) and (8) will now become
_ 2/uw( 1 d? dQ)
Ye==\7 .n+1 Sin@dnﬁ?@—% oo O

__ 2po 1 d? dQ
Vo=~ t (n n+1 6Z9d¢®+ sin@d(ﬁ)' (10)

As ® only depends on ¢ in so far as it contains terms
which have cosod or sinod as factors, the effect of dif-
ferentiating with respect to ¢ is the same as a multiplication

by o and a change of o¢p to o+ g Hence the terms
depending on @® will be proportional to the original current-
intensities if ¢ is replaced by o+ % In other words the

currents which the forces Wy and Wy tend to produce are of
the same type as the oricrinal currents, but turned through

an anole round the axis of rotation, in a direction opposite

to that of the angular velocity of the body. If the original
current function has been proportional to cos ¢ or to sin ¢,
inertia will tend to produce currents of the same type but
proportional to —sinod or to cos o respectively. The
final effect of these will be a rotation of the system of currents.

6. The terms depending on Q in (9) and (10) will not
produce any permanent currents, but an electrification
having —2uwQa/t for potential. We obtain Q from (8), by
substituting K=dQ/sin 8d¢. After integration with respect
to ¢, it is thus found that

Q= CDcosB—-/csmede
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This may be put into the standard form of tesseral har-
monics, if we write

=T, cosod

and
S

1,«,— sin 0 —JF >
where A=cos @ and P, stands for the zonal harmonie of
degree n.

By differentiation we obtain
sin 9;—6']_‘:=a‘ cos 8§ T2 —sinf T+t

We have also the following general equations :—

(2n+1) sin T3 ' =
(n+o+1)(n+o0)Tn1—(n—c+1)(n—0)Tos1
@+ N)uTs=(n—0c+1)Tiy+ (n+0)Ta-s
Combining these equations we obtain
n.n+l.2n + 1Q=(n—c+1)n*T7  coscp
+ (n+1)*(n+o)T7_, cos oop.
7. To obtain the angular velocity of the system of currents,
we may proceed as in the simple case, which has already been
discussed.
A current-function a®, of degree n produces a magnetic
potential which inside the sphere is equal to
n+1 7\"
and in the outer space

n a n41
m”“@ .

. The energy of magnetic stress is easily calculated from
this and found to be

n.n+1{ .,
477'a—2m CPdS.

If there is a force-function @’ from which the electric
forces are derived in the same way as the currents from the
current-function, the rate of doing work in a rectangular
element bounded by the linear elements adf and asin 8d¢

272
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will be

[ dd 4P’ a® dd' )dS
(sin fdpsin 0dp = df df

i@ a0 . (@
jsin 0d¢ * sin Ode 43 —fsi112 g PP,

as @ and @’ only contain ¢ in the form of a factor coso¢
or sin oo,
By partial integration, if again A=cos §,
d® dd d dd!
20— —_ 2
j nedh.ddh— dehsmedhd)\
so that the total rate of doing work will be

dd’
@ / 2
j‘ {sm2 6’(IJ dhsm 0 }dS

which by the characteristic equation of tesseral harmonies
becomes

But

n.n+1§¢¢u&

The rate of doing work is equal to the rate of increase of
energy ; hence
8ra dd _ _,
Q—m—d;—cb. N ¢ 8

This equation connects the force-function &’ with the cor-
responding current-function ®. :
Now let there be two current-functions, a®; and a®,
both of degree n and differing only in so far as ®, contains
the factors cos ¢, and a function of the time, and &, contains
the factors sin o¢, and some other function of the time.
The current-function a®; will call forth a force-function

- t—n—%a@l of the same type as @, and the current-
function a®, a force-function t——2l—w’——la<1>2 of the same
type as @,. n.nt

So that substituting in (11),

8ma d<I>2 2ue 1
2a+1 dr t n.n+1
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It follows from this, that ®, and ®, are proportional to
cos Q7 and — sin Q7 where

_ M4 2n+]1 @
Q_az"n.n-}-l.&r' - (12)
This gives the periodicity of the forces. The complete

current-function will now be proportional to
cos g¢p cos Q7 — sin o sin Qr=cos (cp—OQ7),

=008 a(qS—%I);

so that the angular velocity with which the currents revolve
is Q/o.

8. I have so far only dealt with electric currents confined
to.a spherical shell, as this problem adapts itself most easily
to mathematical treatment. But in the simplest and wmost
important case we may without difficulty obtain the solution
for currents which circulate in the body of a conducting
sphere. 'We take the case that the currents are such as
would produce outside magnetic effects which can be repre-
sented by a magnetic potential of degree —(n+1). Dividing
the sphere into concentric shells we may neglect radial
currents, and the currents within each shell may be repre-
sented by a current-function which is proportional te a
surface harmonic of degree n. If we write @ instead of @
in the previous investigation, the differential coefficients of
this function will give current-densities instead of currents
per unit linear cross-section, and we may apply equations (5)
and (6), leaving ¢ out of the denominator. The investigation
of § 7 may be replaced by a simple application of a result
given in Prof. Lamb’s paper on electric currents in a sphere*.
If electric currents are omce started in a solid they will
gradually die out owing to electric resistance, and if these
currents are represented by a current-function, as assumed,
the time-factor will be of the form e=*", where the value of
M is given by Prof. Lamb for some of the simpler types of
currents. The forces per unit volume which act on the
currents under these circumstances are —pt, where ¢ is the

% Phil. Trans. 174, p. 519 (1888),
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current-density and p the resistivity ; the corresponding rate
of diminution of current will be A,
Hence if @ represents the current-function and &' the

corresponding force-function, we may put ®'= —pi and
dd . .
I = —\i, and derive
dab N,
ar =%
2n +1

This shows that in equation (12) we must replace oy

by X The angular velocity of the rotating currents then

becomes
MO A
n.n+l" po’

qlD

2
For n=1, we have for the simplest case A= %% » so that

Q=§§w. e &)
9. We may now apply the results obtained to the case of
electric currents which we may imagine to circulate in the
earth. If terrestrial magnetism is due to such currents, we
may represent them by a superposition of different systems,
each system producing magnetic forces on the outside, the
potential of which is represented by a spherical harmonic. As
regards the currents which give rise to zonal harmonics, they
must flow in circles at right angles to the axis of rotation and
the revolution of the earth cannot affect them. The tesseral
harmonics will revolve relatively to the earth in a direction
opposite to that of its own rotation. The effects are therefore
such as are actually observed. But the calculated angular
velocity is much too small to explain the secular variation.

Taking the case of a solid sphere first. If w=1, which is
a possible case if the conductivity is of an electrolytic
character, o -

Q:Ww=8—x 1017 .

Hence the time of revolution of the magnetic system would
be 2:5x 107 days or about 7 x10* years. No admissible
value of u could reduce this number very materially. If the
currents could he imagined to be confined to a sheet of
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thickness ¢, the angular velocity would be increased to

3w
= 8—Tra——~t(0.

Taking w/t=1 this would give for the period of revolution
87a/3 or as 2ra=4 X% 10° the periodic time would be 5x 10°
days, or 14 x 108 years, which is still of a much bigger order
of magnitude than the period of the secular variation. To
produce a revolution of the magnetic system of eg. 500
years t/u would have to be equal to 36x 105, so that for
possible values of w, ¢t would have to be reduced to molecular
dimensions,

10. The fact that a current sheet of molecular dimensions
would show a magnetic precession of angular velocity com-
parable with that of the secular variation suggests the possi-
bility of the phenomenon being rather of a molecular than
a molar character. If terrestrial magnetism is due to the
rotation of the electron round the atom, a precession of the
required amount might be produced. But the subject is not
capable of theoretical treatment without making some assump-
tions of too speculative a character to be introduced here.

An experimental investigation would be more likely to
help, for it might give an answer to the question :—* Does
the magnetic axis of a transversely magnetized sphere or of a
steel disk magnetized along a diameter, lag behind when the
sphere or disk is rotating rapidly?” Some trials which
were made, under not very suitable conditions, have given
me a negative answer to the question, but I hope to be able
to arrange for more decisive experiments.

11. In the above investigation it has been assumed that
electric currents are conveyed equally by the two opposite
electricities, so that the current as a whole has no moment of
momentum, but as far as I can see without detailed calcu-
lation the general result of the investigation would not be
altered, even assuming the existence of angular momentum.
As far as the results of this investigation are concerned, we
must conclude that the inertia of electric currents, which
doubtless does exist, is too small to account for the observed
secular variation of terrestrial magnetism,
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Discussron.

Prof. RGcEER congratulated the author upon his attempt
to solve the problem of terrestrial magnetism, and expressed
the hope that further calculation would throw more light
upon this difficult subject.

Mr. BLAKESLEY asked if the time of the secular variation
would be altered if the interior of the earth were liquid or
solid.

Prof. Lopgu observed that the precession was rapid in
the case of a thin enough layer, and mentioned J. J. Thom-
son’s notion that the electrons were thrown out by centrifugal
force, and formed a layer of molecular thinness. Hertz, in
his experiments on electricity, had looked for material inertia
besides electromagnetic inertia. In the present theory the
distinction disappears, and there is only one inertia, and that
electromagnetic, though not in the ordinary sense as con-
tributing to self-induction.

Prof. Ayrrox said if the two forms of inertia were electro-
magnetic, he would like to know why in detecting the second
form it was necessary to associate it with an absorption of
energy as in the cuse of an electrodeless discharge. In the
case of ordinary self-induction there is no absorption of
energy, and if there is absorption in the second form, and
if they are both electromagnetic, he would like to know the
difference between the two.

Prof. ScuusteRr, replying to Mr. Blakesley, said that if
the interior of the earth were treated as liquid, the period of
the cycle would be about one hundred times less. In reply
to Prof. Ayrton, he said he had only cited one experiment
to show that a phenomeunon explained by the gas being a
good conductor could also be explained by its electric inertia.
It was impossible to 'say in general whether self-induction
caused an absorption of energy or not.



