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ON THE RELATION BETWEEN THE HILBERT
SPACE AND THE CALCUL FONCTIONNEL OF FRECHET.

By E. W. Ghittenden (lowa).

Adunanza del 28 marzo 19z0.

Mr. FrEcHET ') has called attention to the fact that the subset of the HiLerT
space @ ) which is homeomorphic to the class of all continuous functions is not
closed, and suggests that in order to pass with security from the theory of functions
of an infinity of variables to the Calcul Fonctionnel it is desirable to show that the
class F of all continuous functions is the image of a perfect subset of the space Q.

It is my purpose to show that this end can be attained by means of a suitable
definition of distance (écart) ) for the ‘space @. The definition of distance to bé given
implies that limit in the space Q is equivalent to uniform convergence, except at a set
of points of measure zero, in the space @ , of all measureable functions of a single
real variable whose squares are summable.

We consider the class @, of all measureable functions whose squares are sum-
mable on the interval I = (o £ x £ 2x). Functions which differ only at the points

of a subset of I of measure zero, a null set, are considered as identical in the fol-
lowing discussion.

Let f(x) be a function of @ . We define:

(1) 0,(x) = - f F(Bydt =a, (m=1,2 3 ..)
um(x)_'—~f f(t)cosm(a—-x)dx~a cosmx - b, sin mx.

') M. FRECHET, Les ensembles abstraits et le Calcul fonctionnel [Rendiconti del Circolo Matematico
di Palermo, t. XXX (2° semestre 1910), pp. 1-26], p. 15, § 27.

?) D. HiLBerT, Wesen und Zicle einer Analysis der unendlichvielen unabhingigen Variabeln [Ren-
diconti del Circolo Matematico di Palermo, t. XX VII (1° semestre 1909), pp. 59-74].

3) Cf. M. FRrecHET, Relations entre les notions de limite of de distance [Transactions of the Ame-
rican Mathematical Society, v. XIX (1918), pp. 53-651, P 54.

Rend. Circ. Matem. Palermo, t. XLV (1921). — Stampato il 19 agosto 1921. 34
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The series
(1) u () Fu, (x)+ - Fu,(x)F -

is the Fourier series for f(x). The functions:
(2) % cpo(x) = uo (x)’ ?x(x) == u’o (x) + ul (x)’
?z(x) = MO(X) + u'z(x) + u’; (x)’ *
are the Fourier convergents of f(x). They converge to f(x) in mean, that is

Jim [T — g, P dx =0 9

The Ceshro-HOLDER means of the first order of the functions ¢, (x) have been
studied by Fejir 5). We set:

O S ()=2@t 0t @)

The following formulas are easily established :

4 S (x)cosuxdx="— S (x)sinnxdx=""—_
_ m( m

“xb, (m>w

sinmB

) s<x>—~—f feet 2 s)(m@) i o).

We shall have need of the followmg proposition :

If a sequence ¢ (x), ¢,(x), ..., 9,(x), ... converges in mean to a function f(x)
the CesArRO-HOLDER means of tke first order of the sequence converge to f(x) in mean
likewsse.

If S, (x) = () + - +19,(x)

m

, we have to prove that

lim f TG — S, (O dx = o.

Consider the following inequalities :

. (S0 - aw)
[ -sori= | 5= ix

253 [T —nerd

4) Cf. T. Laresco, Introduction d la théorie des equations intégrales. (Paris. A. Hermann & Fils,

1912), pp. 91-96.
5) L. FejEr, Untersuchungen tiber FOURIERsche Reihen [Mathematische Annalen, Bd. LVIII (1904),

pp. 51-691.
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Denote by m, the greatest value of m for which

[ U = s @as>e

Then we have for all m X m,

k=m,

U@ =s,rax 2 H 3 [TU@ - 0@l dx+ on— m)e

and therefore for all m sufhiciently large,

[ " — S,@F Lo

which was to be proved. :
There corresponds, by means of the equations (1), to every function f(x) of the
class Q , a unique point 4 of the HiLserT space Q, in fact the point whose coordi-

nates are

(6) A=(a,a,b,a,b,...,a,8b,, ..)
since, as is well known, the series:

Q) Ry R N R
converges. Conversely, to every point X of the space Q@

® ' X=(x,, %, X, .oy %4y -.)

there corresponds a sequence :

(9) (X)) =x, ..., 4, (x)=x, cosmx -+ x, sinmx, ..

of continuous® functions which determines a unique function of Q.

The functions S, (x) of equations (3) are defined for every point of Q and func-
tion of @ . Let 4, B be any two points of @; g(x), h(x) the corresponding func-
tions of @ , and S (x), S (x), the corresponding FEjER convergents. We define the
distances between the points 4, B and the distance (g, b) between the functions
g(x), h(x) simultaneously as follows:

‘ . S.(x) — Sh(x
(10) (4, B)={(g, h) :JLn:wmaX . _li_ l*glm)(x) — g;)(lx)| .

As defined above distance in Q@ has the following properties: (4, B)=o is equi-
volent to 4 = B; 0 £ (4, B) L 1; (4, B) = (B, 4). Furthermore, if 4, B, C
are any three points of Q, then ‘

(11) (4, B) £(4, C)+(C, B).
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The above inequality is an evident consequence of the inequality :
150 (2) = S ()| L IS, (%) = S,/ ()] 4 1S, (x) — S, ()]
where S (x), SI'(x), SV (x), are the respective convergents of A4, B, C, defined by
equations (8), (9), (2), and (3).
" It is evident that if (4, B) = o, then §/ (x) — S!(x) converges to zero uni-
formly in x. If the coordinates .of 4 and "B are respectively:
Ad={(a,a,, ..., a, ...)
B=(b, b, ..., b, ..)
we obtain from formulas (4), for every p and m > p;

m-—n

wa,—b)= [ T[S,(0) — S cos prd,

s — bpa) = f S, (x) — $2(x)]sin pxd,

and it follows that a,, =b,, 4, =b, ,(p=1, 2 3, ...). Thatis, 4 = B.
Evidently the distance (g, ) has like properties. We note especially the following
inequality :

(117) (& B L& H 4, b
If f(x) is continuous, f(x) = lim S _(x) %). Hence, if g(x), h(x), are conti-
nuous functions, we have

(& b) = llm max S0 =S5, _ lg(x) — ()l

T SE =@ T T TR @ = A
It follows that if h(x) approaches ¢ (x) uniformly, (g, b) approaches zero, and conver-
sely. That is, limit as defined in terms of distance in £ or Q, is equivalent to uniform
convergence in the class of continuous functions.
We will now show that the image ¢ in Q of the class F of all continuous
functions on the interval I is closed relative to the present definition of distance. Sup-
pose that a point B of Q is the liniit of a sequence of points, C,, C,, ..., C

ny *°°

of g; that is, lim (B, C,) = o. Because of inequality (11), there exists for every

small positive number e an integer #, such that if #' and #"" are any two integers

greater than #, then (C,, C') L. Let b,(x), h(x) be the continuous functions
which correspond respectively to C,,, C,,. We have at once, (h,, )L e and
therefore

Vs (%) = Bn(2)] L ¢

for all values of x in the interval /.
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It follows that the sequence b (x), b,(x), ..., b (x), ... converges uniformly
to a continuous limit function g(x). Let B’ denote the point of ¢ which corresponds

to g(x). Since
: (gs h,.) — (B,a Cn)

(8, By L (B, C)+(C,, B)

it follows that (B, B'y=o0 and therefore B=B'. That is, B belongs to ¢, which was
to be proved.

Tt remains to determine the type of convergence in @ , which corresponds to
limit in Q, and thus completely justify the application of the calcul fonctionnel of
FRECHET to the classes Q , and Q interchangeably. We have the theorem:

THEOREM. — 4 necessary and sufficient condition that l»iglm(g, h,)= o, where g(x),

and we have

h,(x) are functions of @ = (n =1, 2, 3, ...), is that the sequence of functions b, (x)
converge to g(x) uniformly except at a set of points of .measure zero.
Let S, S,, denote the FEjEr convergents of rank m of g(x), b, (x) respectively.

If the sequence b,(x) converges to g(x) uniformly, except at a set of points of mea-
sure zero, we have for every n sufficiently large:

15, (%) — S, ()l——

mm

zf,

Therefore (g, b,) L e That is, lim (g, b,) = o, which proves the condition suf-
ficient.

sin f

J ke 20— 200Gt o]

sin m f
(smb ) d Le.1 Le ®).

X
2

Conversely, if for sufficiently large values of #,

(g7 i;)'rz) é 3/2’

we will have for all m sufficiently large

15, () = S,()
TS, () — S, ()] < ©

5. (%) = S, (D Le.

From the funcdons S, (x) — S,,,(x) we may select a sequence which converges
to g(x) — h,(») uniformly in¢general *). Therefore, except at the points of a subset

and therefore

) Fejer, loc. cit. 5), p. 55.
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of I of measure ¢, small at pleasure, we must have

g = b, Le
But the inequality above holds for all values of ¢ > o, and therefore holds for

all values of x, excepting a null set.
It follows since the sum of an enumerable infinity of null sets is a null set, that

g(x) =lim b (x)

and that the convergence is uniform except at the points of a null set. This completes
the proof of the theorem.

University of Iowa,
Iowa City (fowa, U. S. A),
January 19, 1920:

E. W. CHITTENDEN.



