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1 Introduction to the Supplemental Material

This supplementary document aggregates the foundational equations of Projection Relativity, integrating
them with the complete automated verification logs. It provides the exhaustive, step-by-step mathematical
derivations that support the core framework, serving both as a detailed analytical expansion of the main
manuscript and a formal repository for the computational test harness results.

The formalisms and algorithmic outputs presented herein detail the internal metric tensor, spectral oper-
ators, modal expansions, projection maps, compact boundary closure conditions, and the derived-status
matrix. Crucially, the appended symbolic regression transcripts and numerical testing suites establish
rigorous computational validation for the spectral gaps, topological invariants, and macroscopic boundary
conditions derived in the text.
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2 DMaster Equation Set

This section collects the core equations of Projection Relativity in one place. It is a reference map for the
main derivations, not a separate derivation chain. The equations below summarize the internal metric,
spectral operators, mode expansions, projection maps, compact boundary closure, and derived-status table
used throughout the paper.

The organizing structre is

U — Oint = {Un,m, Anm} — { Py, Paisp, Pa, Px, Pp} — observable projection sectors. (1)

The detailed sector derivations are given in the main text and in the later appendices. This reference sheet
keeps the master structure visible.

2.1 Master Equation Matrix Expansion

This subsection gives the full Projection Relativity matrix expansion used for visualization, bookkeeping,
and linear analysis of the framework constructed in Section 77.

2.1.1 Internal Metric, Measure, and Hilbert Space

The internal manifold is

Ming =Ry, x S§, €4 = (w,0). (2)
The minimal internal metric is
1 0
Gap = . (3)
0 R%
The inverse metric is
1 0
GAB = . (4)
0 Ry?
The determinant is
det(Gap) = RY. (5)
The invariant internal measure is
dping = \/det(Gap) dwdf = R4 dw d6. (6)
The projection Hilbert space is
HP = LQ(Mintv dﬂint)~ (7)

The corresponding inner product is

Hlo)r = [ dui " (©)010). ®)




2.1.2 Laplace—Beltrami Operator

The scalar Laplace—Beltrami operator on the internal manifold is

1
Ag=——120 dtGGABa>.
G det(G)A( (GG 05

For stationary compact radius,

‘@URA =0, OpR4 = 0,‘

this reduces to

Ag =02 + R,0;.

2.1.3 Radial Spectral Operator

The radial spectral operator is

d2

Ox=-0n

+ Vx(w>.

The positive quartic family is

Vx(w) = Ag( (1 + asw?® + a4w4) .

The Projection Relativity trace-selected radial branch is

Vx«(w) = A% (1 +w? + iw4) :

In the reference normalization A_2X =1, this is

Vxi(w) =14+ w?+ Zw‘l.

The radial eigenvalue equation is

‘ Oxup = A\up,.

2.1.4 Compact Phase Operator

The compact phase operator is

1 a2
O = "%z g
The normalized compact eigenmodes are
0) = 1 imo 7
v (6) \/me , m € Z.
The compact eigenvalues are
2
A =2
RA

(14)

(19)



2.1.5 Full Internal Spectral Operator

The full internal operator is separable:

Oine = Ox + Oy. |
In expanded form,
2 2
Oue = s — g + V()
The internal eigenmodes factorize as
oim
Upm(w,0) = up( )\/ﬁ

The corresponding eigenvalues are

m
Apm = M + =5
RA
A schematic matrix representation is
Aop O 0
0 Apg O
Oint =

0 0 Aip

2.1.6 Master Field Expansion

The master field expands in the internal spectral basis as

U(z,w,0) chm Upm(w,0).

Equivalently, in schematic coefficient-vector form,

2.1.7 Master Action

Using the mostly-plus convention used in the main text, the master action is

1 1
Spp — /d% Apinir/ =Gt | =594 Du¥ Dy = SGAP D4 W D — Vg + Lore |

The internal kinetic structure is

GABDAV DR = D, VD, U + R,2Dy¥T Dy

(24)



2.1.8 Euler—Lagrange Spectral Equation

In the quadratic spectral regime, the master equation is

[(O+ Oin) ¥ = 0.

The internal spectral equation is

‘ OintUn,m = An,mUn,m' ‘

Substituting the mode expansion gives

Z [(Dcn,m) + An,mcn,m] Un,m =0.

n,m

Projecting onto each orthonormal internal mode gives the observable spacetime equation

(0= AR enm(@) = 0.

2.1.9 Projection-Sector Dictionary

The principal projection-sector maps are

2.1.10 Spectral Gap Structure

The first radial spectral gap is

L2 = A1 — Ao

In the reference radial branch,

’ Ao = 2.322863529580,

|\ = 5.375830272676,

and

p2 . = 3.052966743096.

The corresponding positive gap scale is

Hmin = 1.747274089288.

The fourth-power suppression scale is

g =9.320605934450.

(38)

(39)

(40)

(41)

(42)

(43)



2.1.11 Compact Boundary-Orientation Fine-Structure Closure
This subsection gives the reference form of the boundary-resolved compact phase closure used in Section ?7.

The compact boundary cofactor is not a calibrated correction. It is the terminal-word cofactor of the finite-
rank compact return map.

2.1.12 Trace alphabet

The compact and spatial trace fractions are

4 4
Compact returns are written as words in the symbol A, weighted by powers of T4. Finite-rank boundary
crossings are written as words containing one symbol X, weighted by T'x. The finite-rank slice is

[T = |¢1) (61| + [93) (05]- | (45)

2.1.13 Interior compact recurrence.

The compact interior has two primitive return loops, A% and A*. The corresponding transfer matrix is

T3 T4
My= "4 "4, (46)
1 0

The Fredholm determinant is

Dy =det(I — My)=1-T5 - Tj%. (47)
For Ty = 1/4,
1 1 251
Dy=1— - — — =", 4
4 64 256 256 (48)

The inverse determinant DAfl resums recurrent compact interior paths. Terminal boundary words cannot
include words already generated by this recurrent interior inverse.

2.1.14 Admissible terminal words.

The finite-rank boundary admits the signed terminal words

Admy,, = {e, A3, A%, XA° —X A%} (49)

Their weights are

1, 1% Ti  TxT;,  —TxT%. (50)

The terms have the following roles:

e ¢ is direct boundary passage.
o A3 is the primitive spatial-trace compact return.
e A% is the primitive full-trace compact return.

e X A5 = XA%"3 is the first compact leave-return pair A2 followed by the spatial primitive return A3,
weighted by X.

o —XA® = _—XA** is the finite-rank exclusion of double full-trace recirculation outside the II;3 slice.



2.1.15 Uniqueness of the terminal cofactor.

The admissible set is unique within the tested finite-rank compact return class under compact closure,
finite-rank terminality, parity/orientation, and inclusion—exclusion:

e X, XA, and X A? are not compactly closed returns.

e XA% and XA* are not new boundary leakage terms; their compact parts are already primitive
cofactor residues.

e X A% = X A%t is an orientation-neutral full-trace boundary pairing and is absorbed into the recurrent
Fredholm denominator.

e« XA" = X A% factors into primitive interior returns and is determinant-resummed.

e XA XA . factor through recurrent compact interior paths or higher boundary recirculations
and belong to Dgl, not to the terminal cofactor.

2.1.16 Terminal cofactor.

The terminal cofactor is

Npe =1+ T35+ T4 + Tx(T5 - T%). (51)
For T4 = 1/4 and Tx = 3/4,
1 1 3 1 1 267453
Npe=14+ —4+ —+ - — = . 52
be =154 256 "1 (1024 65536) 262144 (52)
2.1.17 Boundary-resolved compact return.
The compact boundary return is the cofactor divided by the Fredholm determinant:
N 14+ T3+ T4+ Tx(T5 —T%
Ry = —2¢ — 14+ A*{; X(4A A)_ (53)
The compact boundary constant entering the finite-rank spatial projection is
che = Tx [1 +T2 - TgRbC} . (54)
Equivalently,
14+ T4+ T4+ Tx(T — T3
che =Tx |1+ T2 — T8 A A X(4A A (55)
Substitution gives
3354902985
=———=0. 446484 1.
Cbe = 517081216 0.796684464847899 (56)
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2.1.18 Finite-rank projection and leakage.

The boundary-resolved projection operator is

3
Pgbecom = H13K§{ (Cbc + ’U)2 + 4’LU4> K%ng. (57)
The normalized stiffness operator is
Ox — X
Ky =—"——. 58
X =5 (58)
The finite-rank leakage probabilities are
p1 = 7.6528903366 x 10~4, p3=1—p1. (59)
The compact closure requires the finite-rank radial datum
| A3 = 13.23388439508096. (60)
With
‘91 = A1 — Ao, Q3=)\3—)\07‘ (61)
the effective compact stiffness is
dhe = R} = prgy + (1 — p1)gs. (62)
Numerically,
qne = 10.905007182855176. ‘ (63)
The boundary-resolved compact normalization is
aglﬁhbc = 4mq. = 137.036361812007. (64)

This value is an output of the boundary-resolved compact projection chain. It is not used to choose cp.,
b1, RA7 or CA~

2.1.19 Full Master Chain

The complete reference chain is

v — Oint — {Un,maAn,m} — {Pg7 Pdispa PAa Px, P@} — {ng;AphysyA,u, ZX, Heff}- (65)

2.2 Status of Assumptions and Derived Quantities

The assumptions, constraints, projection maps, and derived quantities introduced in Sections 7?7 and 77
are summarized below. Quantities labeled “Postulated” are part of the minimal PR foundation. Quantities
labeled “Derived” follow from the internal geometry, projection Hilbert space, projection trace, compact
boundary map, or spectral operator structure. Quantities labeled “Numerically derived” or “Numerically
evaluated derived output” are obtained by evaluating the corresponding derived operator without fitting
the target observable.

11



Table 1: Status of assumptions and derived quantities in the PR master-equation architecture.

Quantity Status PR-native origin
U(z,§) Postulated Master projection field defined over observable spacetime and the
internal spectral manifold.
¢4 = (w,0) Postulated Internal coordinates consisting of radial spectral coordinate w
coordinates and compact phase coordinate 6.
Ming Postulated Minimal internal projection manifold supplying radial stiffness
topology and compact phase winding:
Mint = Rw X Sé
0~ 0+ 2mn Topological Compact phase identification defining the S§ projection fiber,
constraint with n € Z.
GaB Derived geometry  Internal metric tensor obtained from the separable cylindrical line
element:
Gap = diag(1,R%),  dsi, = dw® + R%d6>.
GAB Derived geometry  Inverse internal metric used in the internal Laplace-Beltrami
operator:
GAP = diag(1, R}?).
dpting Derived geometry  Invariant internal measure derived from /det(Gap):
dping = Ra dwdb.
Hp Derived Hilbert Projection Hilbert space used for internal normalization, overlap,
structure and spectral expansion:
HP = LQ(Minta dﬂint)-
(flo)p Derived Hilbert Internal inner product fixed by the invariant measure:
structure
Hoe = [ dine *©9(6)
Mint
Ox Postulated radial ~ Minimal radial spectral operator defining internal stiffness and
operator confinement: 2
Ox = —— + Vx(w).
x =g 5+ Vx(w)
Vx «(w) Derived Projection-trace radial branch:
projection-trace 5
branch Vx,*(w) — A§< (1 +w?+ 4w4> .
The quadratic coefficient ay = 1 follows from unit local radial
stiffness; the quartic coefficient a4 = 3/4 follows from the 3 + 1
projection trace. They are derived branch coefficients, not
selected fit parameters.
as = Derived coefficient  Unit local radial stiffness of the projection-trace radial branch.
ay = 3/4 Derived coefficient  Projection-trace coefficient from the observable spatial trace
relative to the full 3 + 1 trace.
Op Derived compact Compact phase operator obtained from the S} Laplace Beltrami

operator

sector:
1 d?

Op = ——r
* 7 TR dp°

continued on next page
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Quantity Status PR-native origin
Oint Derived internal Separable internal spectral operator combining radial stiffness
operator and compact phase winding;:
Oint = Ox + Oy.
Up (W) Derived spectral Radial eigenmodes satistying O xu, = A un,.
mode
v (0) Derived analytic Compact phase eigenmodes satisfying periodicity on Sj:
mode )
Uy (0) = ——==e""?
©) V2T R4
)\7(72) Derived analytic Compact phase winding eigenvalues obtained from
eigenvalue Ogvy, = )\g)vm;
2
Ao = T
Un.m Derived spectral Full separable internal spectral basis built from radial and
basis compact eigenmodes:
Un,m (w, 0) = up (W), (6).
Apom Derived spectral Full internal eigenvalue obtained from separability of Ojp:
eigenvalue
N = A 2
n,m — \n R124 .
Ao Numerically Ground-state radial eigenvalue from the stationary radial spectral
derived operator:
Ao = 2.322863529580.
A1 Numerically First excited radial eigenvalue from the stationary radial spectral
derived operator:
A1 = 5.375830272676.
A3 Numerically Finite-rank radial spectral datum required by the compact
evaluated derived  boundary-resolved closure:
output
Az = 13.23388439508096.
Together with p1, Ao, and Aq, this gives
gbe = p1(A1 — Ao) + (1 — p1) (A3 — Ao) = 10.905007182855176.
wi Numerically First radial spectral gap; universal PR stiffness scale for
derived finite-core regularization and low-energy suppression:
P2 = A — Ao = 3.052966743096.
Rax Derived hierarchy =~ Maximum projection-curvature scale induced by the radial
scale spectral stiffness scale p2 ;.
Te Derived hierarchy  Finite-core saturation radius obtained from the hierarchy

{Pi}

scale

Defined projection
maps

2 .
Poin = Rmax — et

GNM 1/3
e <C2Rmax> '

Observable sector projections acting on the single master field:

{Pi}:{Pganisp7PA7PXaP9}~

continued on next page
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Quantity Status PR-native origin

P, ] Derived projection Gravitational stiffness projection generating the effective
sector spacetime metric:
Py[0] — gfﬁ
Puisp[¥] Derived projection Complex displacement projection amplitude extracted from the
sector master field:
Piisp[¥] = Paisp ().
Dyisp () Derived projection Amplitude-phase decomposition of the displacement-projected
structure field:
D gisp () = A(x)e? @),
A(x) Derived Raw scalar displacement amplitude obtained from the modulus of
displacement the displacement projection:
amplitude
A(z) = |Paisp (z)]-
Zdisp Derived Spectral normalization of the internal displacement profile:
normalization
Zdisp = <Edisp|Edisp>P-
Aphys () Derived physical Canonically normalized observable displacement amplitude:
field
Aphys () = \/ Zaisp A(z).
A? Derived vacuum Stable nonzero displacement vacuum from the bounded
quantity displacement potential Vaisp(A) = Vo + aa A% + B4 A*:
2 @A
Al = T
VA Derived vacuum Canonically normalized displacement vacuum:
quantity
vA =/ ZdispAo-
m3 Derived curvature  Positive displacement-curvature scale about the stable nonzero
mode displacement vacuum:
m% = LVdiSp = —4oy = 864 A2
AT Tqaz |, T ReaT ol
Mg Derived inertia Effective matter inertia generated by displacement vacuum
scale weighted by internal matter—displacement overlap:
‘ Mt = goZaAo.
Tﬁlsr’) Derived source Displacement-sector stress-energy contribution sourcing the
tensor gravitational stiffness projection.
P[Y] Derived projection Compact phase projection generating the observable
sector electromagnetic gauge connection:

Py[¥] = 0(z) = Au(x).

X, Derived Compact phase-gradient combination invariant under local phase
gauge-invariant reparameterization:
structure X, =00 —qA,.

F. Derived low-energy Observable electromagnetic field strength emerging in the
field strength low-energy compact phase limit:

F,ul/ = aﬂAy - ('9,,,/4“.

continued on next page
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Quantity

Status

PR-native origin

Ta, Tx

Kx

D4y

AdelS

Che

Derived trace split

Derived finite-rank
slice

Derived normalized
stiffness operator

Derived
compact-return
matrix

Derived Fredholm
determinant

Derived admissible
boundary words

Derived boundary
cofactor

Derived compact
boundary constant

Compact/spatial trace fractions of the 3 4+ 1 projection:

1 3
Ty=-= Tx =-.
A 4 ) X 4
These are fixed by the projection trace, not by calibration.
Finite odd spatial-trace slice selected by the fundamental

compact electromagnetic winding:

M3 = |¢1) (1] + |#3)(P3]-

The n = 3 channel is the dominant spatial-trace radial lock; the
n = 1 channel is the parity-compatible coherence tail.
Dimensionless radial stiffness operator normalized by the first
radial spectral gap:

OX - )\0 2

Kx = DY Hmin

Finite compact-return transfer matrix generated by the primitive
compact trace returns A% and A*:

T3 T4
Ma= |4 "4,

Compact-return Fredholm determinant resumming recurrent
interior compact paths:

=\ — Ao

Dy=det(I — My)=1-T% - T4.

For Ty = 1/4, D4 = 251/256.
Finite-rank terminal word set of the compact boundary map:

Admy,, = {e, A3, A%, XA®, —X A%},

The terms represent direct passage, primitive compact returns,
spatially weighted boundary leakage, and double full-trace
exclusion required by finite-rank projection consistency.
Boundary-orientation cofactor obtained from the admissible
terminal word set:

Npe=1+T5 + T4+ Tx(T5 - T3).

This is not a fitted correction; it is the signed boundary cofactor
of the finite-rank compact return map.

Compact boundary constant produced by the finite-rank
Fredholm determinant and boundary cofactor:

Ny
che =Ty |1 +T3 T8>
Dy
3354902985
=S . 44648478991.
Che = 511081016 = O 7900684464847899

continued on next page
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Quantity

Status

PR-native origin

Pbc

geom

b
pi°

R =274

sk

Ca

—1
QPR be

SIGW
XX

Derived finite-rank
projection operator

Numerically
evaluated derived
output

Derived compact
stiffness

Derived
compact /radial
closure ratio

Derived under
boundary-
orientation closure

Derived
compact-boundary
output

Derived response
sector

Derived spectral
density

Derived response
kernel

Derived residual
kernel

Derived GW
response

Compact boundary-orientation projection operator acting on the
finite odd spatial slice:

3
Pyl = s K% (Cbc +w’ + 4w4> KXIhs.

This replaces scalar-kernel treatments of the compact projection
and preserves the finite-rank orthogonal-slice structure.
Parity-compatible coherence-tail probability produced by Pbe

geom*
pYe = 7.6528903366 x 10~ *.

This lowers the dominant n = 3 radial lock to the compact
boundary-resolved value.

Stationary compact phase stiffness generated by the finite-rank
compact boundary map. This is the compact electromagnetic
normalization entering a;ﬁ =47 4.

Macroscopic compact-to-radial closure ratio fixed by

compact /radial stationarity:

R—2
Ca= 7214’*.
Hmin
It is not independent of the compact coherence expectation.

Microscopic compact coherence expectation explaining the
macroscopic closure ratio:

Keff = (Q4]Ra|Qa)p = Ca.

Under the finite-rank boundary-orientation lemma, stationarity
locks keg = Ca.

Fine-structure normalization produced by the compact boundary
map. The low-energy laboratory value is not used as an input:

O pe = TR = 137.036361812007,

at current nonperturbative precision.
Projection response sector encoding internal spectral self-energy
corrections:

PX [\I’] — EX .
Internal excitation density with support only above the radial gap
M?nin'
Subtracted projection self-energy kernel satisfying F(0) = 0,
preserving the massless low-energy spin—2 pole.

Newton-normalized residual projection kernel obeying
Fg(k?*) = O(k*)

in the low-energy exterior limit.
Projection self-energy correction acting on the Kerr/Teukolsky
gravitational-wave operator:

SV = —Fp(08) ).

continued on next page
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Quantity Status PR-native origin

Py[Y] Derived Homogeneous compact phase response sector used for large-scale
homogeneous projection-energy bookkeeping:
response

Py [\If] — Heff(t).

3 Gravitational Projection Chain

The gravitational sector is the stiffness projection of the master field. This appendix collects the chain
by which the internal spectral amplitudes generate the metric seed tensor, the determinant-normalized
effective metric, the trace-free weak-field Einstein equation, the finite-core saturation scale, and the Kerr
exterior recovery. The purpose is to provide the derivation ledger for the gravitational equations used in
the main text, not to introduce an independent gravitational postulate.

3.1 Internal Mode Amplitudes

The master projection field is defined over observable spacetime and the internal spectral manifold,
U= U(a,¢). (66)

Using the internal spectral basis, the field expands as

The internal modes satisfy
‘ OintUn,m = An,mUn,mu ‘ (68)
with orthonormality
/M Aptint Uz () U (€) = G0 (69)
int

The observable spacetime dependence is carried by the coefficients ¢, ,, (), while the internal stiffness data
are carried by Ay, .

3.2 Metric Seed Tensor

The gravitational projection begins with the symmetric bilinear seed tensor

Q) = / dpias [0,970,% + 0,019, 7] (70)

This tensor is manifestly symmetric:
=

Substituting the spectral expansion gives

OV = (0ungm)Unms  OuUnm(€) =0. (72)

n,m
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The conjugate derivative is

0,V = (9,6 1) Uy (73)
I

Using the orthonormality relation, the internal integral collapses:

/ Apting 001 0,9 = 3 (0,65) (Ounm)- (74)
The seed tensor is therefore
Quv = Z {%Cﬁ,m@ucn,m + &,c;‘l’maucn,m} =2Re [Z ﬁﬂczm&,cmm] . (75)

This is the observable stiffness tensor of the projected spectral amplitudes.

3.3 Determinant-Normalized Effective Metric

The seed tensor still contains an arbitrary conformal scale. The projected metric removes that scale by
determinant normalization:

eff QIW
__ Qw 76
I | det Q|*/4 (76)

The exponent 1/4 is fixed by the four observable spacetime dimensions. If Q,, — sQ .., then:
det(sQ) = s*det Q, | det(sQ)|'/* = s| det Q|'/*, (77)

so the normalized metric is invariant:

Qu = 5Qu = g, — gn. (78)
Its determinant is det ©
d t eff = © = d t . 79
et(g5) = [qur g = (et Q) (79)
For Lorentzian signature,
det(gﬁ%) =—1. (80)

The determinant-normalized projection therefore removes the local volume-scale degree of freedom while
preserving the Lorentzian causal structure.

3.4 Trace-Free Weak-Field Limit

In the weak-field regime, write

Q;w = Ny + Qv ‘Q;w| < 1, (81)
and define
q= nlwq;tu' (82)
To first order,
1
et Q7Y =1 = 2q+O(¢”). (83)
The determinant-normalized metric becomes
1
gfﬁ =N + Quv — meq + O(qz)‘ (84)
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Thus the physical perturbation is

1
h,uz/ = quv — meq. (85)
Taking the trace gives
h=n"h, =0. (86)
In Lorenz gauge,
"Ry =0, (87)
the linearized Ricci tensor reduces to 1
R(}) = — 5Oy (88)

Because the determinant-normalized perturbation is trace-free, the directly projected weak-field equation
couples to the trace-free source combination:

1 871G N 1
R() - EWVR(D A (T/w - 477WT) ' (89)
In trace-free Lorenz gauge this becomes
1 87G N 1
500 = 5 (T~ ) (90)

Both sides are trace-free. Stress-energy conservation and the contracted Bianchi identity restore the stan-
dard Einstein equation up to the usual cosmological integration constant:

817G
Guu + Ag,uu = CTNT}LV' (91)

The determinant-normalized gravitational projection therefore recovers the Einstein limit through the
unimodular trace-free form.

3.5 Finite-Core Saturation

The radial projection branch has a nonzero first spectral gap,

P2 =\ — Ao = 3.052966743096. (92)

This gap sets a finite curvature ceiling,

Rpax = XRA%(/J'?nin < 00, (93)

where xR is the fixed projection conversion from internal stiffness units to macroscopic curvature units.

Matching the exterior Schwarzschild curvature scale to the projection ceiling,

GNM

RGR(T) = 273 = Rmax, (94)
gives the finite-core radius
GNM 1/3
(M) = 5=— .
" ( ) <02Rmax) (95)
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Since Rmax < 00, the core radius is strictly positive:

9

A minimal regularized mass profile satisfying exterior recovery and central volume scaling is

3
r
=M———-7:. 97
mPR(T) "+ 7"(3; ( )
The central density is finite:
3M 3¢ Ruax
0) = = = Prax < 00. 98
peff( ) 47‘(’7“5’ 4Gy Pma: o0 ( )
The corresponding core curvature invariant is bounded:
Keore = 96R2, < 00. (99)
The finite-core regularization chain is
p2i >0 = Rpaux<oo = 7.>0 = ppax<0o = Kpr(0) < occ. (100)
3.6 Exterior Kerr Recovery
Outside the finite projection core,
r> e, (101)
the ordinary matter source vanishes in the exterior vacuum region:
T = 0. (102)
The projection correction is also suppressed in the low-energy exterior:
AP — 0. (103)
The exterior field equation reduces to
Guwlg™] = 0. (104)
Taking the trace gives
R =0, (105)
and substituting back gives
\RW =0, r>r,. (106)

For stationary, axisymmetric, asymptotically flat exterior boundary conditions with mass M and angular
momentum J, the vacuum solution is Kerr. Define

M = GJCVzM, a= ﬁ (107)
The Kerr structure functions are
Yk =1+ a*cos? 6, A =12 = 2Mr + a®. (108)
Projection Relativity allows finite-core corrections only in the interior:
SpRr = Xk + 0%, Apr = Ak + JA. (109)
Exterior recovery imposes
0% =0, 0A =0, > T (110)
Therefore,
glljf” = gffye”, r>re. (111)
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3.7 Closed Gravitational Projection Sequence

The gravitational projection chain is

. 1 87Gy 1
U = {cnm, Unm} = Quv — g5 — |RY) — Z”“”R(l) =~ (TW - 477,WT” . (112)

The Bianchi-completed macroscopic Einstein limit is

871G
G;u/ + Aguu = CTNT}LI/' (113)
The finite-core chain is
Gy M 1/3
[ = Rmax — 1e(M) = ( bl ) — Kpr(0) < oo. (114)
¢ Rax
The exterior recovery chain is
r>re = Tw=0- A0 50— R, =0 ghit = gkor. (115)

This completes the gravitational projection chain. The same master-field stiffness projection recovers the
weak-field Einstein limit, replaces the classical singular endpoint with a finite core, and preserves the Kerr
exterior outside the projection-saturated region.

4 Displacement Projection Chain

The displacement sector is the scalar-amplitude projection of the master field. This appendix collects
the chain by which the master projection state generates an observable displacement amplitude, a stable
nonzero displacement vacuum, a positive displacement-curvature mode, and an effective matter inertia
scale. The purpose is to record the derivation ledger for the displacement equations used in the main text,
not to introduce an independent scalar sector.

4.1 Master-Field Projection

At a fixed observable spacetime point z, the master field is written in the internal spectral basis as

W) = cnm (@) |[Unm)- (116)
Equivalently, in coordinate form,
\I’(x,é) = ch,m(x)Un,m(g) (117)
The internal basis is orthonormal:
(Ujk Unm)pP = 0jn0km. (118)

Let Ugisp(§) denote the normalized internal displacement direction,

(Udisp|Uaisp) p = 1. (119)
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The complex displacement projection is

cI)disp(x) = <Udisp‘\11x>P- (120)

In integral form,

(I)disp(x):/A dﬂintUgiSp(é)\I}('xvf)' (121)

Substituting the spectral expansion gives

(I)diSp(x) = Z dgzo,l;ip)cn,m(li)u dﬁfiip) = <UdiSp|Un,m>P- (122)

The observable displacement amplitude is the modulus of this projected field:

Aw) = [Raip(@)]. A*(@) = i (0) g (o). (123)

Thus the displacement projection is

Puisp[V](z) = A(x). (124)

4.2 Rank-One Projection Form

The same projection can be written as a rank-one internal projector,

aisp = |Udisp) (Udisp| - (125)
Acting on the master state,
Haisp| o) = [Uaisp) (Uaisp| ) P = Patisp ()| Uatisp)- (126)
Its internal norm is
Lol | = @ (@) Pt () Ui Ui = A7), (127)

Therefore,

(128)

Ae) = |Haisp ¥2) |,

This form makes explicit that the displacement amplitude is a projection norm, not an independent inserted
scalar field.

4.3 Amplitude—Phase Decomposition

For nonzero projected displacement field, write

Dgisp () = A(z)e?@). (129)

The compact phase obeys the same winding identification used in the compact electromagnetic sector:

0~0+2mn, neZ| (130)

The ordinary derivative gives '
0, Paisp = € (0, A +iAD,0), (131)
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and

0u @l = e (9,4 — 1A0,0) . (132)
The kinetic bilinear separates as
0u®hi, 0 Patip = (9 A) (9" A) + i A(9, A)(9"0) — iA(9,,0)(9" A) + A*(9,0)(0"6) (133)
= (0,A4)(0"A) + A2(8M9)(8”6’). (134)
Thus,
0Pl 0" Datisp = (0, 4) (0" A) + A%(9,0)(9"6). (135)

The first term is the displacement-amplitude kinetic term. The second is the compact phase kinetic term
weighted by the displacement amplitude.

With the compact gauge connection included, define the gauge-invariant phase gradient

| X, = 040 — A, | (136)

The covariant amplitude—phase split becomes

g (D, ®aisp)T Dy Baiep = (9,A4)(0"A) + A2X, X . (137)

4.4 Displacement-Sector Action

After projecting the master action onto the displacement amplitude, the displacement-sector action is

1
Saisp = / 00/ =Gert Zaisp |~ (0uA) (0 4) — Vaiop(4) | (138)

The minimal bounded displacement potential is

Vaisp(A) = Vo + aa A% + Ba A%, Ba > 0. (139)

The displacement equation of motion is

OA — 2a4A — 464 A% = 0. (140)

4.5 Stable Nonzero Displacement Vacuum

Stationarity of the displacement potential gives

dVg;
di‘fp = 2044 + 482 4% = 24 (a4 +2844%) . (141)
The nonzero branch satisfies
A=A (142)
0 264
A real stable nonzero displacement vacuum requires
laa <0,  Ba>0.] (143)
Then
aA
Aoy = /- 144
° 204 (144)
The canonically normalized displacement vacuum is
va = 1/ Zaisp Ao. (145)
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4.6 Displacement Fluctuation and Curvature Scale

Let

|A(x) = Ao + na(a)- |

The displacement-curvature scale is

Since

substitution of A3 = —a4/(284) gives

Because ay < 0,

d*Vy;
2 disp
my = 5
dA A
d*Vaisp _ 2 12,4 A2
m% = —day = 8B4 A2
m? > 0.

The quadratic displacement fluctuation Lagrangian is

1 1
LGk = =5 0una) (@ na) = Smirs.

The corresponding fluctuation equation is

‘(D —mA)na = 0-‘

4.7 Spectral Normalization

The internal displacement profile has spectral normalization

Zaop = [ dpim|Zai () = 3 |12
Mint n,m

The canonically normalized displacement amplitude is

AphyS(x) =/ Zdisp A(x).

The canonically normalized displacement vacuum is

The canonical fluctuation is

Therefore,

VA = Zdisp Ap.

6‘phyS(CC) = \/ Zdisp NA(T)-

Aphys(l') =v4+ aphys(x)‘
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4.8 Effective Matter Inertia

Matter inertia is generated through the matter—displacement overlap interaction, written schematically as

ﬁov = _geffOMAphys- (158)
Using
Aphys = VA + Gphys, (159)
the overlap interaction becomes
Lov = —geivaOp — geffaphysOM- (160)

The first term is the effective matter-inertia term. Hence

Mt = GeftVA- (161)

The effective overlap coefficient is determined by the internal displacement overlap,

T
Goit = A4 (162)

\V Zdisp '

Therefore,

Meft = gefiva = g0L4
€ - € -
V Zdisp

The physical effective inertia is independent of an arbitrary normalization of the internal displacement
profile. For multiple matter projection profiles, the overlap generalizes to the matrix form

( ZdispAO> = goZaAo. (163)

¢

a

4.9 Displacement Stress-Energy and Gravitational Source Response

The displacement stress-energy tensor follows from the displacement-sector action:

. 1
T = Zuig |0,40,4 ~ g (5(0aA)(0°4) + Vi (4)) | (165)

The displacement vacuum contributes to the physical matter source through the effective inertia scale M.
In the determinant-normalized weak-field limit, this source enters the gravitational stiffness projection
through the trace-free unimodular combination

. 1 :
TL(Lglsp) _ Zgz;ffT(dlsp). (166)

Stress-energy conservation and the contracted Bianchi identity restore the scalar trace through the usual
cosmological integration constant, yielding the standard Einstein source equation in the macroscopic low-
energy limit. The displacement sector therefore supplies gravitational source response consistently with
the trace-free weak-field recovery derived in the gravitational projection chain.
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4.10 Displacement—Phase Consistency

The covariant compact phase contribution generated by the displacement field is

A2X, XM (167)
Expanding about the displacement vacuum,
A= Ay + na, (168)
gives
A2X, XF = ARX, XF + 2A40na X, X" + ni X, X1 (169)
The compact phase current is
Ji = A2 X (170)
In the coherent compact-phase vacuum,
X, =0, (171)
SO
JPTe =0, (172)

The compact electromagnetic gauge normalization and boundary-resolved closure are derived in the com-
pact phase projection chain.

4.11 Stability Closure

The displacement sector is stable when

Ba>0, ax<0, Zaisp >0, po, >0, X =0. (173)

These conditions imply

Viisp(A) is bounded below, m?% >0, Zaisp < 00, JHC = 0. (174)

4.12 Closed Displacement Projection Sequence

The displacement projection chain is

(W,.) = Taisp|Vs) = Paisp(2) = (Uaisp| V) p — A(2) = [Baisp ()] (175)

The displacement-vacuum chain is

A(l’) — ‘/djsp(A) =W+ aAA2 + ﬁAA4 — Ag = _;7‘4 — A($) = Ag+ UA(x) (176)
A
The displacement-curvature chain is
2 szdisp 2
my = 5 = —4day = 8BAA;. (177)
dA A
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The spectral-normalization chain is

Zdisp = /M d”int‘EdiSp(é-)’27 Aphys = Zdisp A7 VA = Zdisp AO- (178)
int
The effective-inertia chain is
| Mesi = gesiva = goZaAo. | (179)
The displacement—gravity chain is
. . 1 .
Ag = Meg — TiisP) — p{dise) i gelp(dise) _y gefl, (180)

The displacement—phase consistency chain is

Daisp = A’ — g (D, Paisp) Dy Paisp = (9,A) (M A) + A% X, X", X, = 0,0 — qA,. (181)

The full displacement-sector closure is

U — Puip[¥] — Paisp(z) — A(z) = Ag — na — ma — Aphys — Meg — Té‘,ﬂigp) — gom. (182)

This completes the displacement projection chain. The displacement sector is not an independent external
scalar field. It is the scalar-amplitude projection of the master field. Its stable nonzero vacuum generates
displacement curvature, effective matter inertia, gravitational source response, and consistent coupling to
the compact phase sector.

5 Electromagnetic Projection Chain

The electromagnetic sector is the compact-phase projection of the master field. It is not introduced as an
independent external U (1) gauge bundle. It is generated by the compact coordinate 6 of the same internal
radial-compact manifold used by the gravitational and displacement sectors. This appendix collects the
compact phase chain: the compact operator, winding basis, gauge-invariant phase gradient, field-strength
curvature, kinetic normalization, compact boundary closure, and magnetic area-law interpretation.

5.1 Compact Phase Geometry

The minimal internal manifold is

Mint =Ry x S, O~0+21n, nel (183)

The compact coordinate is represented by €%, so the physical projection is unchanged under

ei(9+27rn) — 61'9‘ (184)
The internal line element is
ds?, = dw? + R%db>. (185)
The compact phase measure is
dug = Ra db. (186)
The compact phase Hilbert space is
Ho = L*(Sp, Ra db), (187)
with inner product
2w
(flgo = | Rade f7(0)g(8). (188)
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5.2 Compact Phase Operator and Winding Modes

The compact phase operator is

1 a2
Op=————. 189
T TR d0? (189)
The operator acts on periodic functions,
0 (0 + 27) = v (6). | (190)

Integration by parts on the compact circle gives no boundary contribution, so Oy is self-adjoint on the
periodic domain:

[ (f009)0 = (O f19)s. | (191)
The normalized winding modes are
(6) L cime S/ (192)
vm(0) = e m .
V2T R 4
They satisfy
‘ <Um‘vn>9 = dmn- ‘ (193)
Acting with Oy gives
1 d2 eim@ m2
Ogvyy, = ——5 —= = —Upm. 194
om = TR, d6? (ﬂm@,) Ry (194
Hence
m2
Opvm = Ny, N0 = — (195)
RA
The fundamental electromagnetic winding is m = 1. The compact phase stiffness is therefore
Za =\ = R;% (196)

5.3 Compact Phase Projection

Let Ua(€) denote the normalized internal compact-phase projection direction. The compact electromag-
netic projection of the master field is

‘@A(l’) = <UA|‘1’x>P-‘ (197)

In integral form,

Pae) = [ dpin UGV (). (198)

The projected compact field is written in amplitude—phase form:

D a(z) = Ag(x)e?™). (199)

Here Ag(z) = |®4(x)]| is the compact projection amplitude, while 0(x) is the observable compact phase.

The compact electromagnetic projection is

PA[] = 0(x) — Ay (z). (200)

The gauge connection A, is the observable connection associated with local compact phase transport.
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5.4 Gauge-Invariant Compact Phase Gradient

The covariant derivative acting on the compact projected field is

| Dy = 0, — igA,.|

Acting on ® 4 = Agpe'?,

Dy®a = (0 — igAy) (Age™)
=00, 40 +iAg (3,0 — qA,)] .

Define the compact phase gradient

| X, = 0.0 — g A, |

Then

D, s =e" (9,49 +iAX,,).

Under a local compact phase rotation,

0 =0+a, A, =A+q "0

The phase gradient transforms as
X, = 0,0 — qA,
= 0u(0+ ) — g (A, + ¢ '00)
=0l — qA, = X,

Thus

The compact phase gradient is gauge invariant.

5.5 Compact Phase Kinetic Split

The conjugate covariant derivative is

(l)‘u(I)A)]L =¥ (8HA9 — ’L'AQX#) .

The covariant kinetic bilinear is

g (D®A) D@4 = g (9,49 — 1A X,) (0, Ag +iAgX,)
= (0, 49) (0" Ag) + AZX, XM

The imaginary cross terms cancel. Hence

945 (Du® ) D@4 = (9,49) (0" Ag) + AGX, X"

(201)

(202)
(203)

(204)

(205)

(206)

(207)
(208)
(209)

(210)

(211)

(212)
(213)

(214)

The first term belongs to the compact projection amplitude. The second term is the electromagnetic

compact phase contribution:

PA[¥] — AZX, X"
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The compact phase current is

2
J; - AgX'u.
The coherent compact phase vacuum satisfies
X =0.
Therefore,
=0,

The compact phase vacuum is a zero-current coherent ground state.

5.6 Gauge Curvature and Field-Strength Invariance

The electromagnetic field strength is the curvature of the observable compact phase connection:

F, =0,A, —0,A,.

Under
A;.L — Au + q_laua7

the curvature becomes
F,, = 0uA, — 0,A,
= 0 A, — 0y A, +q ' (0,00 — 0,0,0)
=F,.

Thus

Fl, = Fu.

The Bianchi identity follows from the definition:

VinFu) = 0.

5.7 Compact Winding Stiffness and Gauge Kinetic Normalization

The compact part of the internal kinetic sector is

1
£ — —§G99D9\11TD9\11.

int

Since
00 -2
G - RA 5
the compact kinetic term is
o_ 1
Ll = —@ngﬁpgxy.
For the internal compact eigenproblem,
Dg — 89,
SO
o _ 1
Eint - —@69\111‘8‘9\1/
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Projection into observable spacetime maps the compact winding stiffness RZQ into the gauge kinetic nor-
malization. In the normalization used throughout the paper,

app = 47724,  Za =R}’ (231)

Equivalently,

app = ATR,%. (232)

This relation fixes the electromagnetic normalization once the compact radius has been geometrically
closed. It does not by itself determine R4. The stationary compact radius is fixed by compact/radial
coherence and the finite-rank compact boundary map.

5.8 Compact/Radial Stationarity

Let

Himin = A1 — Ao (233)

be the radial spectral gap of the projection-trace radial operator. The macroscopic compact/radial closure
ratio is

R2
Ca = —, (234)
Hmin
The corresponding microscopic compact coherence ratio is
(QalK 124} p
off = =5 . (235)
(QaW37104) P

Compact/radial stationarity imposes

(250

The compact radius is therefore locked by the internal projection geometry:

R% = Capipin- (237)

5.9 Finite-Rank Compact Boundary Closure

The compact trace fraction is

1
Ty = T (238)
and the observable spatial trace fraction is
3
Tx = 1 (239)

The interior compact return has primitive words A% and A*, giving the transfer determinant

Dy=1-T%-T%. (240)

The finite-rank boundary admits the terminal oriented word set

Admyy,, = {¢, A3, A", X A°, — X A®}. (241)
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The boundary cofactor is

Npe =1+ T35+ T4+ Tx(T5 — T%). (242)
The boundary-resolved compact return is
Nbc
Ry = . 243
bc D, ( )
The compact boundary constant is
e = T [1+TF = THRue| . (244)
Equivalently,
1+ T3 +Th+ Tx (T3 — T§
che =Tx |1+ T35 — TS A4 (4A A (245)
1-T% T3
Substitution of ) 3
Ty=- Tx = - 246
A 4, X 41 ( )
gives
3354902985
= ——— = (0.7966844648478991. 247
e~ 1211081216 (247)

The compact boundary constant is a terminal-word cofactor of the finite-rank return map. It is not a fitted
correction.

5.10 Boundary-Resolved Compact Electromagnetic Normalization

The finite-rank compact projection operator is

3
Pyom = i3KX (Cbc +w? + 4w4> K13, (248)

This operator preserves the finite odd spatial slice and keeps compact winding locked to the radial projection
branch.

Define

‘Ch = A1 — Ao, q3 = A3 — )\0-‘ (249)

The finite-rank radial datum is

| A3 = 13.23388439508096. (250)

The parity-compatible leakage probability is

p1 = 7.6528003366 x 107, pg=1—p;. (251)

The boundary-resolved compact stiffness is

R}% = qve = pray + (1 — p1)gs. (252)

Using
Ao = 2.322863529580, A1 = 5.375830272676, A3 = 13.23388439508096,‘ (253)

gives
qve = 10.905007182855176. (254)
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The compact electromagnetic normalization is

Ophpe = 4mabe = 137.036361812007. (255)

The deterministic compact closure chain is

(Ta, Tx) = (Da, Npe) = cbe — Pasorn = p1 — R3% = 0p - (256)

The electromagnetic normalization is an internal output of the compact boundary map, not an experimental
input.

5.11 Magnetic Flux and Area-Law Diagnostic

The compact phase flux normalization is

hZa
PR = =22 257
o ¢ e (257)
With
ZA = Qbes (258)
this gives the numerical compact flux
dF” = 9.009597185 x 10715 Wh. (259)
Equivalently,
dFR = 0.09009597185 nG m?. (260)

For a realized projected compact magnetic domain, the field is determined by the projected area:

PR _ Py
Bgeo = @) (261)
AprOj
In nanogauss units,
. 1
BPR[nG] _ 0.09009597185 (262)
geo 49 [m?]
proj

This is an area law. The compact phase sector fixes the flux normalization, while the realized projected
compact area determines the magnetic amplitude. The theory does not predict a universal fixed primordial
magnetic-field amplitude.

5.12 Closed Electromagnetic Projection Sequence

The compact phase operator chain is

Sy — Op = L — v (6) = e — A0 = m (263)
00T TR ™Y T 2rR, ™ RY
The compact projection chain is
U — Pa[U] = Ba(z) = Ag(x)e?® = X, = 9,0 — qA,. (264)
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The gauge curvature chain is

Ay = Fup = 0 A, — 0, A, Fl, = Fyy. (265)

The compact kinetic chain is

G" =R}*> = Zs=R> — app, = 4nZ4. (266)

The boundary-resolved compact normalization chain is

(TAvTX) - (DAa Nbc) — Cbc — Pbc — p1 — RZ?* — Oélgla,bc' (267)

geom

The magnetic area-law chain is

q)PR
aphpe = Za — By — By = —8 (268)

geo (9) *
proj

This completes the electromagnetic projection chain. The compact phase sector generates the observable
gauge connection, preserves local compact phase covariance through X, produces the gauge curvature
F,,,, fixes the compact electromagnetic normalization through the boundary-resolved finite rank map, and
supplies the flux normalization used in the magnetic area-law diagnostic.

5.12.1 Compact-Phase Magnetic Area Law

The compact phase closure fixes the electromagnetic winding stiffness and therefore the compact flux
normalization:
oyt = hZa
€ Cpe
Numerically,
dER = 9.009597185 x 10715 Wh.
(9)

proj the magnetic field is

For a realized projected compact-phase magnetic domain with area A

BPR _ (I)QPR
geo — (@) -
AprOj
Faquivalently, 0.09009597185
BB G) = 20T

40

proj [mZ]

The projected area is a physical property of the realized magnetic domain, not an additional compact-sector
parameter.

5.12.2 Step 13: Electromagnetic Projection Summary

The electromagnetic phase projection begins with the compact phase of the master field:

[ Pal¥)(x) = 6(x) = arg [(Ua| Vs )ini] | (269)

The observable compact phase gradient is

| Pal W], = 9,6, | (270)
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Local compact phase coherence requires the gauge connection A,,:

| X, = 0.0 — g A, | (271)
The electromagnetic field strength is
(Fuv = 0u A, — 0, A, | (272)
The compact phase current is
Ji = A2XH, (273)
The current conservation law is
V. J) =V, (A2X") = 0. (274)
The electromagnetic projection current is
Tint = —94074- (275)
The electromagnetic field equation is
V" = Jgm- (276)
The compact gauge normalization is
ga° = Ry (277)

The pre-boundary compact winding relation is

app = 47R 2. (278)

The boundary-resolved fine-structure closure is

Ophpe = 4TR;% = 137.036361812007. (279)

Therefore, the complete electromagnetic projection chain is

U — Pa[U] = 0(x) = X, = 0,0 — q A, — Fu — Jhy
= 94" = Ry" = Pl = By = OpR e 20
The intermediate compact stationarity reference is
agll%,goom = 137.036361812010, (281)
while the boundary-resolved finite-rank closure gives
agfl{’bc = 137.036361812007. (282)

The operational value used by the electromagnetic chain is the boundary-resolved compact closure value.
No separate laboratory-reference closure is introduced. The electromagnetic sector is not introduced as an
independent gauge theory. It is generated as the compact phase projection of the master field, with its gauge
connection, conserved phase current, Maxwell equation, gauge kinetic normalization, and fine-structure nor-
malization all inherited from the internal compact phase geometry and its finite-rank boundary-orientation
closure.
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6 Projection Propagator and Spectral Self-Energy Chain

The projection propagator describes how residual internal spectral excitations modify macroscopic propa-
gation while preserving the massless low-energy pole. This appendix records the derivation ledger for the
subtracted self-energy kernel, the corrected spin—2 propagator, the massless-pole residue, Newton normal-
ization, and the low-energy decoupling of projection-sector corrections.

The purpose of this chain is not to introduce an additional massive graviton. The internal spectral response
modifies the denominator through a gap-protected self-energy. After the zero-momentum subtraction and
Newton normalization, the observable low-energy propagation remains massless, ghost-free, and luminal.

6.1 Bare Massless Spin—2 Propagator

In the transverse-traceless sector, the bare massless spin—2 propagator is written as

(2)

P
DO () = —HvPr 283
(O (k) = 2222 (283)

Here P,E?,)pg is the transverse-traceless spin—2 projector. The corresponding bare denominator is

Py(k?) = K% (284)

For compact notation, define
2= k2. (285)
6.2 Internal Spectral Density

The macroscopic gravitational projection couples to excited internal modes above the projection ground
state. Let

12 =Ny — Ao (286)

denote the shifted stiffness of the internal excitation labelled by a, and let g, denote its coupling to the
macroscopic projection channel. The internal response density is

px (1) = 19al?0(1® — p3). (287)
a#0

The radial projection branch is gap protected:

px(u?) =0,  0<p® < pp,. (288)

The first radial gap is

12 = 3.052966743096. (289)

Thus no arbitrarily soft internal excitation is available to modify the low-energy massless pole.
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6.3 Bare Self-Energy Kernel

The unrenormalized internal response contributes the bare self-energy

Fhare(2) = M;: dp® »%' (290)
At zero external momentum, )
Firare(0) = — :O dp?” X;? ) (201)
For positive spectral weight, this is nonzero and negative:
px(?) >0 = Fhae(0) <0. (292)

A direct use of Fyare would shift the massless pole. The physical kernel must therefore be subtracted at
zero momentum.

6.4 Massless-Pole Subtraction

The physical self-energy is defined by subtracting the zero-momentum contribution:

o0 1 1
F(z) = du? 2 { —|- 293
(2) /u?n e px (1) i e (293)
The bracket satisfies
1 1 z
- 4 | = 294
By Rl e (294)
At z =0,
F(0)=0. (295)
The subtraction therefore preserves the massless pole.
6.5 Low-Energy Expansion
For |z| < pZ,, expand
1 1 z 22
— 1+ 296
(1A D) (200
The subtracted bracket becomes
1 1 z 22 23
— = -—"——-—— - . 297
Z — /L2 ILL2 ,u4 /1’6 Hg ( )
Define the positive spectral moments
g px(p?) g px(p?) o px (1)
My = dp” ———, M3 = dp” —s—, My = dp” —g—. (298)
H“?nin ’LL H“?nin ’LL H“?nin ’LL
Then
F(z) = —2My — 22 M3 — 2> My + O(z%). (299)
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6.6 Corrected Propagator

The corrected spin—2 propagator is

2
P2
k2 — F(k?) +ie

P
Dio (k) =

Using z = k2, the corrected denominator is
P(z) =z — F(z).
The low-energy expansion gives

P(2) = z + zMy + 2> M3 + 23 My + O(2),

or
P(z) = z [1+ My + 2Mg + 2* My + O(=*)] .

At the pole,

P(0) =0.
The derivative at the pole is

P'(0) = 1+ M,.

Since My > 0,

P'(0) > 0.

6.7 Massless-Pole Residue and Ghost Freedom

The residue of the massless pole is

1 1
Zole = = .
pole = Pr(0) — 1+ My
Since My > 0,
10 < Zpote < 1.|

(300)

(301)

(302)

(303)

(304)

(305)

(306)

(307)

(308)

The massless pole remains present and has positive residue. The projection-sector self-energy therefore

does not introduce a ghost at the macroscopic massless spin—2 pole.

6.8 Newton Normalization

The pole residue rescales the bare projection coupling GGp. Matching the observed Newton coupling gives

Gp

Gn =GpZyole = ———.
N PZpole 1—|—M2

Equivalently,

‘Gp = (1 —i—Mg)GN.‘

(309)

(310)

After this normalization, the constant pole-residue correction is absorbed into the measured gravitational

coupling. The remaining projection-sector correction begins at higher order.
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6.9 Newton-Normalized Residual Kernel

Define the Newton-normalized denominator by

z—F(z)
z2—Fp(z) = ——.
5(2) 1+ Ms
Using the expansion of F'(z),
My o, My 3 4
_F —
z — Fg(2) Z+1+M2Z +1—|—M22 + 0(z%)
Hence
My , My 3 4
F - _ _
E(2) A v +O(z%)
Therefore,
F
Fr(z) = 0(2?), EZ(Z) 0 (z—0).
In terms of k2,
Fr(k?
Fp(k?) = O(kY), Ek(2 ) Lo (k% = 0).
6.10 Relative Projection Correction
The relative projection-sector correction is
F
Rx(z) = B

Because Fg(z) = O(22),

(Bx(z) 20 (z—0).]

The observable denominator correction may be written as

_ Fe(z) _  Rx(z)
ExG) = TR T TS Rx(a)
If
[|Rx(2)] < ox <1,]
then
Sx()] € T2

In the weak projection regime,

ox <1 = [Sx(2)| < 1]
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(313)

(314)

(315)

(316)

(317)

(318)

(319)
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6.11 Euclidean Stability Check

For spacelike Euclidean momentum, write

z=—-Q% Q?>0. (322)
The subtracted bracket becomes
2
e e 92
Thus
Q% >0, >0 = _Q;_MQ—F:?ZO. (324)
For positive spectral density,
F(=Q% >0. (325)

The Euclidean response is bounded by the gap and does not create an unregulated low-energy instability.

6.12 Low-Energy Exterior Recovery

The Newton-normalized propagator is

G P
D) (k) = Hope 2
jwpor () k2 — Fg(k?) + ic (326)
Since )
Fg
5 0 (k* = 0), (327)
the low-energy propagator reduces to
G PP
N NI pvpo
DI, (k) — e (328)
The projection correction tensor satisfies
AP =0 (329)

in the low-energy exterior regime. The standard massless gravitational propagation channel is recovered.

6.13 Closed Propagator Stability Sequence

The spectral-response chain is

U — Px[¥] = px(4®) = D |gal*6(u® — 113)- (330)
a#0
The gap-protection chain is
famin > 0 = px (%) = 0 (0 < i < piiyy)- (331)
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The subtraction chain is

> px (1?) /OO 2 2 1 1
Foar = dp? 2227 F(2) = d —_—t+ . 332
bare(2) /H,an MZ—/LQ—F’L'E (2) 2 w px(p”) Z—M2+i€+,u2 (332)
The massless-pole chain is
1
F0)=0—P0)=0— Zyoe = ——— > 0. 333
(0)=0= P(0) =0 = Zpore = 1771 > (333)

The Newton-normalization chain is

G Fgr(z
Gy = Gplpoe = 11 Fe(2) = 0@, Ez( ) Lo (334)
The exterior recovery chain is
2 FE(Z) (V) GNP;SI%)pU (P)

This completes the projection propagator chain. The internal spectral sector can modify high-energy
propagation through a gap-protected self-energy, but the zero-momentum subtraction and Newton nor-
malization preserve the massless spin—2 pole, give a positive pole residue, remove ghost instabilities at low
energy, and recover ordinary gravitational propagation in the exterior macroscopic limit.

7 Gravitational-Wave Projection Chain

The gravitational-wave sector is the radiative projection of the determinant-normalized metric. This ap-
pendix records the chain by which the master-field stiffness projection produces Kerr exterior perturbations,
inherits the Teukolsky operator in the exterior regime, and suppresses projection-sector residuals through
the same gap-protected self-energy developed in the projection propagator chain.

The purpose of this section is not to introduce a new gravitational-wave mode hierarchy. In the exterior
low-energy regime, Projection Relativity preserves the Kerr quasi-normal-mode hierarchy. The projection-
sector contribution appears only as a gap-suppressed residual after Kerr subtraction.

7.1 Metric Perturbation and Radiative Projection

The gravitational projection produces the determinant-normalized effective metric

Q;w
| det Q[Y/4°

9 = (336)

In a radiative exterior region, write the projected metric as a stationary background plus perturbation:

958 = Guv + hyuw- (337)

The gravitational-wave component is the transverse—traceless spin—2 projection of the perturbation:

iy = P2 hy,. (338)

Here P(?) denotes the spin—2 radiative projector. This isolates the propagating tensor response from gauge
and non-radiative components.
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7.2 Exterior Kerr Inheritance

Outside the finite projection core,

(339)

the exterior projection correction vanishes in the low-energy vacuum limit:

AP 0. (340)
The exterior metric therefore reduces to Kerr:
- _ _Kerr
G = G T > T, (341)

Consequently, the leading perturbation operator is the ordinary spin-weighted Teukolsky operator,

o O'(TS)uk' (342)

€

oY)

€

The spin label s denotes the spin weight of the perturbation variable. Projection Relativity therefore
inherits the Kerr perturbation hierarchy in the exterior regime rather than replacing it.

7.3 Projection-Corrected Exterior Wave Operator

The internal response sector adds a residual self-energy correction to the exterior wave operator. The
corrected operator is

OFg = O + 5§V, (343)

The gravitational-wave self-energy is the Newton-normalized projection residual evaluated on the Kerr
operator:

S = (O &
We find that
Opt = O — F (O%0.) - (345)
In a local wave patch, let
z = k2. (346)

Then the corrected operator reduces locally to

o8k = 2 — Fy(2). (347)

7.4 Gap-Protected Low-Energy Recovery

From the projection propagator chain, the internal spectral density is gap protected:

px(U?) =0,  0<p® < ply,. (348)

The radial spectral gap is

12 = 3.052966743096. (349)
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After zero-momentum subtraction and Newton normalization, the residual kernel satisfies

F
Fr(z) = 0(z?), Ez(z) 0 (z—0). (350)
Therefore,
OBy = O (el < i), (351)

This is the Kerr-recovery limit. The exterior low-energy operator remains the Kerr/Teukolsky operator,
with projection-sector corrections suppressed by the internal spectral gap.

7.5 Luminal Low-Energy Propagation

The local dispersion denominator is
z — Fg(z). (352)

Since Fp(z) = O(z?), the low-energy root remains

(353)

Thus the low-energy gravitational-wave dispersion relation is
w = c|k|. (354)

The projection-sector residual is not a massive-graviton contribution and does not introduce a low-energy
gravitational-wave mass term.

7.6 Response Function Expansion

Let the sourced spin-weighted perturbation equation be

Ot = 5. (355)
The corresponding retarded Green operator is
s s « -1
Gin = [O%h +=5V] (356)
Define the Kerr Green operator by
a® _lo® 17!
Kerr ™ |: Teuk} . (357)
For a weak exterior projection correction,
oz <1, (358)
the Neumann expansion gives
s s s) « S « 2
Gtk = Gl — GRLEDV G, + 0| (S5V)'] (359)
Acting on the source,
s s s O 2
= v+ 3080 + O (5], @0
where
6¢§?) = 7G§(Sgrrzg;(ww£(sgrr' (361)
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7.7 Observable Ringdown Decomposition

For outgoing radiation, define the complex detector strain by

VH(t) = hy(t) — ihx(t). | (362)

In frequency space, the radiative curvature perturbation induces a strain decomposition of the same form:

[ Hpr (@) = Hiens(w) + Hx (). (363)

At the level of response amplitudes,

| Agps(w) = Axerr(w) + Ax(w). | (364)

Here Agerr is the ordinary Kerr ringdown response, including the Kerr mode hierarchy and any Kerr
overtones used in the subtraction model. The term Ax is the residual projection-sector response. It is not
a shifted Kerr fundamental mode and not a new low-energy pole.

The time-domain residual target is

hx (t) = hobs(t) - h{gel)lrr(t)v (365)

where h%‘{lgrr denotes the full Kerr subtraction model used in the data analysis.

7.8 Residual Suppression Bound

The relative residual is controlled by the Newton-normalized self-energy ratio:

Ry(z) = lﬁéfz). (366)

Since

(Bx(z) >0 (z—0), (367)

the projection-sector residual is suppressed in the low-energy exterior regime. The amplitude bound used
in the main text is

IAxl - " aw 2
A 0~ Ckerr € 5 n= . (368
HAKerrH ¢ (1 + MQ)(I - 77) X /’lel’lin )
Where,
n<1l = JAx] < [Akenl.| (369)

This is the gravitational-wave consistency condition. The dominant exterior ringdown remains Kerr-like,
and the projection-sector contribution is a suppressed residual channel.

7.9 Finite-Core Restoration Interpretation

The projection-sector residual is most naturally interpreted as a finite-core restoration response. The same
radial operator that sets the finite-core spectral gap also sets the internal restoration spectrum:

2

d 3
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The radial restoration gaps are

12 =X\ — Ao. (371)

A general dissipative restoration operator can be written as

Py = (c§f)  x. (372)

The effective continuum/friction operator is determined by the imaginary part of the retarded internal
self-energy:

M (w,) = — 9,Im z;;(w)\ . (373)

W=Wsx

In the first common-scale observational template,

12
Cl=¢ol, T, ="2 (374)

€0

This restoration interpretation does not replace Kerr. It gives a controlled way to parameterize a future
high-signal-to-noise residual search after full Kerr subtraction.

7.10 Current Observational Status
The present manuscript does not claim a gravitational-wave detection of the projection-sector residual.
Public-data screening with the fixed PR restoration template did not produce a statistically robust residual

after comparison with generic drift and decay controls. The gravitational-wave channel is therefore a Kerr-
consistency and future residual-stack channel in the present work.

7.11 Closed Gravitational-Wave Projection Sequence

The gravitational-wave projection chain is

W = {(Unis Ann} = B[] = g2 = BIT - 08, — OF) = 0%, + S5V (375)

The residual self-energy chain is

Fi(2) = O(:2) — Fi(z)

=032V =—Fp (O%E)HIJ — 0% o) (376)

The response chain is

-~ -1 ~
GEh = [O%0+ V] = G, = GRLSSVGRL, = Aobs = Akerr + Ax. (377)

e Kerr Kerr

The suppression chain is

2 2 2 2 | Ax|| n GwW
=0 (0<p” <phi) = FE(2) =0(2°) 5 ————— < Ckenr ex — || Ax]| < || Akerr |-
pX(lu’ ) ( /,L M ) E( ) ( ) ”AKerrH Ke (1+M2)(1—77) X || XH || Ke ||
(378)
The observational chain is
hobs — PR hx = hops — AL — future high-SNR residual-stack test. (379)

This completes the gravitational-wave projection chain. Projection Relativity inherits the Kerr exte-
rior ringdown hierarchy, preserves luminal low-energy gravitational-wave propagation, and suppresses
projection-sector residuals through the internal radial gap. The present work treats this sector as a con-
sistency and constraint channel, not as a positive residual-detection channel.
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8 Unified Projection Energy Chain

The gravitational, displacement, compact electromagnetic, projection-response, and homogeneous phase
sectors are not energetically independent systems. They are sector-resolved projections of the same master-
field action. This appendix collects the unified energy chain: the internal spectral expansion, the four-
dimensional effective Lagrangian, the sector decomposition, the projection Hamiltonian, isolated energy
conservation, and low-energy relativistic kinematic recovery.

The purpose of this section is to show how the separately derived projection channels recombine into one
conserved master-field energy. Energy may be redistributed among projection sectors, but the isolated
total projection energy is conserved.

8.1 Master-Field Input

The master field expands in the internal spectral basis as

U(z,w,0) =Y cnm(@)Upm(w,0). (380)

The internal modes satisfy

| OwtUnm = An U | (381)

The internal spectral data provide the stiffness, compact winding, and response scales used by the macro-
scopic projection sectors. The full projection action is

Spr = / d*2 dpting, /= gett Low (2, €). (382)
The internal measure is
| dptine = Radwdo. | (383)

8.2 Four-Dimensional Effective Lagrangian

Macroscopic observers do not resolve the internal coordinates directly. The observable four-dimensional
effective Lagrangian density is obtained by integrating over the internal manifold:

L) = [ dpi Lon(2.6). (384)

Projection onto the sector profiles gives the sector decomposition

L) = Ly + Lasp+ La+ Lx + Lo+ Lonis. (385)

Here L, is the gravitational stiffness sector, Lg;sp is the displacement-amplitude sector, £4 is the compact
electromagnetic phase sector, Lx is the projection-response sector, Ly is the homogeneous compact-phase
sector, and Lyix contains allowed cross-sector coherence terms.

This decomposition does not introduce independent energies by hand. It is the sector-resolved form of the
same internally integrated master Lagrangian.

46



8.3 Canonical Momentum and Hamiltonian Density

Let q; denote the macroscopic projected degrees of freedom appearing in .Cg?{. Their canonical momenta

are

6[,(4)
— Y~PR
“] = q_[ (386)

For the master field notation, the canonical momentum conjugate to V¥ is

_ L

The unified projection Hamiltonian density is the Legendre transform

Her = > Trdr — LY. (388)
I
Equivalently, in master-field shorthand,
_ _r@®
Hpr = g0V — Lpg. (389)

The sector decomposition induces the Hamiltonian split

Hpr = Hg + Haisp + Ha + Hx +Ho + Humix- (390)

The terms are not separate conserved universes. They are sector components of one master Hamiltonian.

8.4 Total Projection Energy

The total projection energy on a spatial hypersurface 3; is

Epr(t) = /Z d®z Hpg. (391)

Using the sector Hamiltonian split,

Epr = Ey + Eqisp + Ea + Ex + Eg + Enix. (392)

Fach term represents the energy carried by a projection sector or by coherent cross-sector exchange. Only
the total isolated energy is required to be conserved.

8.5 Noether Conservation

When the internal geometric boundary data are fixed,

DoRA =0,  dop2;, =0, (393)

and no external flux crosses the boundary of the system, the effective four-dimensional Lagrangian has
continuous time-translation symmetry. Noether conservation gives

dt

— oy, (304)
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where @ is the net energy flux through the boundary of the chosen spatial domain.

5

dEPR B
dt

Projection-sector exchange can redistribute energy among H,, Haisp, Ha, Hx, Hg, and Hpix, but the iso-
lated master-field energy remains constant.

For an isolated projection system,

SO

0. (396)

8.6 Low-Energy Sector Decoupling

In the macroscopic exterior regime,

> R < (397)
the projection-response kernel obeys
Fp(k?)
2z — 0. (398)
The cross-sector coherence terms are then suppressed:
Loix =0 (K] < priin)- (399)

The localized projection modes reduce to their canonical low-energy free-field forms, with effective inertia
supplied by the displacement vacuum:

| Mot = goZaAo. | (400)

8.7 Projection-Mode Mass Scale

Restoring physical units, a projected mode eigenvalue Ag%s has dimensions

[ARRYS] = 172, (401)

The associated geometric mode mass scale is

meom 1 fhs (402)
’ C

The physical projected mode equation is

(O — AR ey () = 0. (403)

Applying the standard quantum operators,

|E —ihd,  p— —ihV,] (404)

gives

2
B2, = [pPc® + RATS = [p[2c? + (MEom) " et (405)

This identifies the geometric mass scale associated with a projected mode. The matter-sector inertia used
in macroscopic source terms is then obtained through the displacement-overlap chain.
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8.8 Relativistic Kinematic Recovery

For an isolated low-energy projection configuration, define the total macroscopic momentum by

Ppgr = / d3z Ppg. (406)
p3M

The corresponding invariant energy relation is

Eiz = |Ppr|>c® + Mgt (407)
In the rest frame,
Ppr =0, EW = Mprc?. (408)

Thus the unified projection Hamiltonian recovers the ordinary special-relativistic kinematic invariant in
the low-energy exterior limit.

8.9 Closed Unified Energy Sequence

The unified Lagrangian chain is

v — Oint — {Un,my An,m} — EPR — £g% = / duint ['PR- (409)

The sector decomposition chain is

5{34;){ — Lg+ Laisp + L4+ Lx + Lo + Lumix (410)
The Hamiltonian chain is
(@) OLL), : @) 3
EPR%HI:TQ[ %HPR:ZHIQI—[:PR—)EPR: . d°x HpR. (411)
I t

The conservation chain is

dE
OHRA =0, Oop, =0,  dp=0 dlzR =0. (412)
The low-energy kinematic chain is
k‘Q <<,u2- —)ﬁmix—>0—>E2 = PPR262+M2 C4. 413
min PR PR

The complete unified projection-energy sequence is

(4) dEpr

W — {Py, Paisp, Pas Px, Pp} = Ly = Hpr = Bpr = — = =0 E2g = [Ppr|?c® + MBgct.| (414)

This completes the unified projection energy chain. The gravitational stiffness, displacement, compact
electromagnetic phase, projection-response, and homogeneous phase sectors are sector-resolved contribu-
tions to a single conserved master-field energy. In the low-energy exterior regime, the sector coupling terms
decouple and the standard relativistic energy relation is recovered.
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9 Information-Preservation Chain

The finite-core replacement of the classical singularity must preserve the master-field information ledger
while remaining compatible with the exterior area-entropy bound. The purpose of this appendix section
is to make that distinction explicit. Projection Relativity does not claim that an exterior observer has
access to an unlimited hidden volume of states inside the core. Instead, the full master-field state evolves
unitarily in the projection Hilbert space, while an exterior observer accesses only a boundary-projected,
coarse-grained image of that state.

The information-preservation chain therefore has two layers. The first layer is the full internal spectral
state, which remains norm-preserving and unitary. The second layer is the exterior observational image,
which is projected onto horizon boundary data and is therefore area-bounded.

9.1 Projection Hilbert Space and Master State

The master field belongs to the projection Hilbert space

Hp = L*(Mint, dpting)- (415)

This is the space in which the full internal spectral ledger is defined. It is larger than the data directly
accessible to an exterior observer because it contains the internal mode amplitudes of the master field.

Using the internal spectral basis, the state may be expanded as

[2(1)) = > cnm ()| Unm)- (416)

The coefficients ¢, ,,,(t) are the time-dependent entries of the internal projection ledger. The basis states
satisfy

With this normalization, the full projection norm is
@) = (EOILE) P =D lenm (). (418)

n,m

Preserving this norm is the basic information-preservation requirement for the full master-field state.

9.2 Hermitian Projection Hamiltonian

For an isolated projection system, the master-field state evolves according to

(1)) = Hpl¥()) (419)

The projection Hamiltonian is Hermitian:

H}, = Hp. (420)

This condition is the mathematical statement that the full internal projection ledger evolves without loss
or gain of total probability.

The corresponding time-evolution operator is defined by

(1)) = Up(t, to)| ¥ (to))- (421)
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Hermiticity of Hp implies that Up is unitary:

UbL(t,t0)Up(t, to) = 1.

(422)

This is the core information-preservation statement. The full state may be redistributed among spectral

modes, but it is not destroyed.

9.3 Norm Conservation

The norm of the master state is
(W]W)p.

Taking its time derivative gives

COUW)p = (W) p -+ (W)

Using the Schrédinger-type evolution equation,

. (PPN . i A
V) =——Hp|U V| = -(V|H
) =~ Hpl W), (] = (0|,

the two terms cancel:

d 1 ~ i .
W) p = (U W) p — 1 (WPl )
=0.
Therefore,
d
— ()% = 0.
Sl
Equivalently,

Y lenm®F =D lenm(to) .
n,m n,m

The spectral coefficients may move between modes, but the total ledger norm is fixed.

9.4 Density-Matrix Evolution

The same conclusion can be stated in density-matrix language. For a pure master-field state,

Under unitary projection evolution,

() = Up(t, to)p(t0) U (¢ 10).|

The trace of the density matrix is preserved because cyclicity of the trace and unitarity give
Trp(t) = Tr [ﬁpp(to) AH
=Tr [p(to) AzToﬁP}

= Tr p(to).
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(431)
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Hence

[T p(t) = T plto). (435)

Purity is also preserved under the full master-field evolution:

T (1) = Tr [Upp(to) U Upp(to) U} (436)
= T [Opp?(to) U} (437)
= Tr p2(t). (438)
Therefore,
Tr p2(t) = Tr p?(to). (439)

A pure full state remains pure under the complete projection evolution. Any apparent loss of purity must
therefore arise from projection, coarse graining, or restriction to an observer-accessible subsystem.

9.5 Projection-Sector Coarse Graining

An observer rarely has access to the full internal projection ledger. Instead, the observer interacts with a
restricted set of projection sectors. Let {Il4} be a complete orthogonal set of sector projectors:

Al = 645114, d Ia=1. (440)
A

The sector-resolved coarse-grained state is

peg = Y _Taplla. (441)
A

This operation removes coherence between distinct projection sectors while retaining the total probability
assigned to the sectors.

The discarded off-sector coherence is

Pcoh = P — Pcg = Z Hapllp. (442)
AZB

The trace of the coarse-grained state remains equal to the trace of the full state:

Te pog = Tr [Z nApnA] (413
= ; Tf[HApHA] (444)
At (145)
- Z::Tr [pT14] (446)

p> 11 A] (447)

= Trp. (448)



Thus,

Tr peg = Tr p. (449)

The observer has not lost total probability. What is lost is access to the off-sector coherence.

For a positive density matrix, projection-sector coarse graining cannot increase purity:

Tr p2, < Tr p?. (450)

A strict inequality,

Tr pgg < Trp?, (451)

means that the restricted observer sees decoherence even though the full master-field evolution remains
unitary. This is the distinction needed for the black-hole information problem: exterior decoherence does
not imply fundamental information loss.

9.6 Finite-Core Spectral Redistribution

The finite core appears when the classical collapse channel reaches the radial projection ceiling;:

p2 >0 = Rpax<oo = 71.>0. (452)

The classical endpoint r = 0 is not part of the PR geometric domain. It is replaced by a finite spectral
core:

T — Te. (453)

At this point, the collapsing exterior description is replaced by spectral redistribution inside the projection
Hilbert space:

{eam(to)} = {O(te), ™ (¢} (454)

The superscript (c) labels finite-core spectral coefficients, while (ext) labels coefficients still represented in
the exterior projection channel.

The total spectral norm is preserved:

S Jenm(to)? = 3192+ 3 e (¢ 2. (455)
n,m a b

Collapse is therefore not modeled as destruction of coefficients. It is modeled as redistribution of the same
master-field ledger between finite-core and exterior projection sectors.

The finite-core spectral ledger is denoted

B. = {Cz(zC)v :U’g,v Hg,C)} : (456)

This ledger records the bounded internal state after the curvature ceiling is reached. Since the evolution
operator is unitary, the initial state can be reconstructed from the full final master-field state:

W (to)) = Ub(tes to)[ @ (¢0)).- (457)
In density-matrix form,
p(to) = Up(te,to)p(te)Up(te, to). (458)

The finite core therefore stores information in the internal spectral ledger rather than erasing it at a classical
singular endpoint.
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9.7 Core Ledger and Energy Split

The finite core carries a bounded share of the projection energy. Its energy is

BY) = / d*x Hpr. (459)
r<rec
The exterior projection channel carries
B = / &z Hpg. (460)
T>Tc

The total isolated projection energy decomposes as

Epr = BY) + BV, (461)
For an isolated system,
dE
diR =0. (462)
This gives
% ES + BESY] =o. (463)

Energy may move between the exterior projection and the finite-core ledger, but the isolated total is
conserved. The finite core stores energy in bounded spectral form; it does not require divergent curvature
or divergent density.

9.8 Exterior Horizon Projection

The finite core is not an additional exterior entropy volume. The full spectral ledger belongs to the
master-field Hilbert space, while an exterior observer sees only a boundary-projected image of that ledger.

The horizon projection channel is

Ey B — Hp. (464)

Here B, is the finite-core spectral ledger and Hy is the horizon boundary data. This map expresses that
the exterior image of the core is encoded on the boundary, not as an externally accessible bulk volume.

The exterior entropy is bounded by the horizon area:

kpAgy

S xt S
¢ 402,

(465)

This is a statement about the coarse-grained exterior channel. It does not replace the full internal unitary
ledger. The area bound constrains what the exterior observer can access, while the full state remains
encoded in Hp.

9.9 Information Preservation and Exterior Coarse Graining
Let p. be the finite-core density matrix. The exterior boundary state is the projected image
po = En(pe)- (466)

o4



The exterior entropy is

Sext = —kpTr (poIn py) .| (467)

This entropy is the entropy of the boundary-projected image, not the entropy of the complete master-field
state. A full state may remain pure while its exterior projection appears mixed.

The full master-field evolution preserves

[e@)[p,  Trp(t),  Tep’(h). (468)

100

The difference between these two states is the difference between full projection information and exterior
coarse-grained information.

An exterior observer generally accesses only

9.10 Closed Information-Preservation Sequence

The unitary evolution chain is

ot 5 oin d
H,=Hp - ULUp =T — &quui =0 |cam(t)|* = constant. (470)

n,m

This chain states that the master-field ledger is preserved at the level of the full internal spectral state.

The density-matrix chain is

p(t) = Upp(to)U}, — Tr p(t) = Tr p(te) — Tr p(t) = Tr p*(to). (471)

This is the density-matrix version of the same unitary preservation statement.

The projection-sector coarse-graining chain is

p—)pcg:ZHApHA%Trpcg:Trp, TrpgggTrpQ. (472)
A

The trace is preserved under coarse graining, while purity can decrease because sector coherence is no
longer visible. The finite-core redistribution chain is

P >0 = Rpay <00 = 1.>0
= spectral redistribution as r — 7. (473)
= [[W(te)|B = [(to) 17

This replaces singular information loss with finite spectral redistribution. The exterior entropy chain is

Be = Ep(B.) = Ho — Sext < kz#. (474)
P

The exterior observer receives an area-bounded boundary image of the finite-core ledger. The complete
information-preservation chain is

U — Hp = Up — p(t) = (71:,0(250)(7;D — Tr p = constant — Tr p? = constant — B, — Ho. (475)
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Including finite-core saturation, the final chain is

P2 > 0 = Ripax < 00 — 1. > 0 — collapse as finite spectral redistribution — ||¥(2)|% = ||¥(to)]|%.
(476)

This completes the information-preservation chain. Projection Relativity replaces the classical singular
endpoint with a finite-core spectral state whose full master-field evolution remains unitary. The exterior
observer sees only an area-bounded, coarse-grained boundary image of that unitary ledger.
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