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1. It has been proved by Prof. T. Muir {Edinburgh Trans.,Vol. xxvu.,
667-671) that, in general, a power series in x, aQ

Jralx-\-a<iX2+..., can be
represented as a continued fraction of the form

and, for convenience of reference, it will be useful to indicate the proof
of the determinant expressions which give the e's in terms of the a'a.

If Pn and Qn are respectively numerator and denominator of the
n-th convergent left unreduced, so that

P — P p — p p — p , p ,TP „ •

a n d yfi. — -̂ -J *o2 — i.~~C-yXj ^%n ~~~ ^%n—\ ?̂i—13* tyn—2>

it will be readily seen that P^n-i, P211, Q2n-i are of degree n— 1 in x, and
that Qn is of degree n.

Moveover, if En denote —^—^— ..., then

If n = 2m, we get, by equating coefficients of xm, xm+l,..., x2m, the relation

eo«i — e2 m = a 2 m /a 2 m _ 2 , (2)

where a2nt =

m> < ^ m - l > • • • > ^ 0

which is a determinant of a type called persymmetric.
Also, by considering the coefficients of x2m+1, we get

a2m,i/a2m-2, (3)

where a2m,i denotes what a2m becomes when the suffixes of the first row
are all increased by unity.
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Similarly, by making n = 2m+l , we get

and

where

...e2m+2) =

73

(4)

(5)

and a2),i+i, j is what a2m+i becomes when the suffixes of the first row are
all increased by unity.

The converse relations, viz., the expressions giving a0, av ... in terms
of the e's, can be determined successively, but apparently not generally.
For, if S denote an operation which changes an into an+\, we get
San = an> ], both when n is even and when n is odd.

Hence, if n > 1,

<Vi • • • «» = — ( — - ^ ^ ) , by (2) or (4),

therefore

while

Thus

— eQex... en (en+en+l), by (8) or (5),

Sen = en(e)l+i—en-.i)

Se0 = e^e^ and Se1 =

a0 = e0,

a,2 =

«3 = ! + 62) = Co^l^l

The 2w-th convergent denotes that rational algebraic fraction in x, of
jree in numerator n—1 and of degree in denominator n, which is

identical with the given series up to In terms, i.e., as far as x'2'1"1; while
the (2w-|-l)-th convergent is identical with the given series up to 2 n + l
terms, and has numerator and denominator both of degree n.

The alternate convergents thus form a series of fractions which may
in certain cases approach a finite limit, even when the given series does
not absolutely converge.

Such will be found to be the case when the series is of the asymptotic
type derived from certain definite integrals by continued process of
integration by parts.

It will be necessary first to establish certain lemmata which will
hereafter be found important.
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LEMMA I.—The 2w-th convergent of the fraction

0 1 2

1^ iH 13 •"

is identical with the w-th convergent of
BQ 6^ 6a X 63 64 X

1—exx— l — {e2+e3)x— l — (eA

For, from the relation

we may, by eliminating P2m-i» P2m-s, obtain

together with a similar relation connecting alternate Q'B ; which two
equations, since the necessary initial conditions are satisfied, give the
required result.

LEMMA II.—If ê  exx _ . fxx f^x

then fx = eoe1} / 2 = ex-\-e2, / 2 / 3 = e2e3, / 3 + / 4 =

while E x = -—& e2g3^ ( b y Lemma I.) ;

1— e2x— 1 — (e+e )a ; J

therefore * 0 = ^ + 1 ^

But *. = *+T£= ! $ % , - % Lemma I),

whence, by comparing the two expressions for Eo, we obtain the required
relations between the / ' s and the e's.

LEMMA III.—If in a continued fraction of the second class

Q̂ el e2

1 - 1 - 1 - • '

where the e's are all positive, the convergent denominators are all positive
and the fraction is known to be convergent, then also will the fraction

1 - 1 - 1 - •"

be convergent, provided fn < en.
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Let pn/g-n be the w-th convergent of the first fraction, and Pn/Qn
that of the second.

Then, since pn+\ = pn—enpn-i, ..., we have

Now it is evident that, if ^n^n~l < ej^bzl for all values of n above
ty q

some fixed integer, the second continued fraction converges more rapidly
than the first.

Now -
— —" X UiIlU — . . . . _ •

gm+1 qn+1 g n + 1 •«• •»• 1 — -L °\.

Since, however, / i < ev f2 < e2.

/a /a ^ g3and, since / 8 <! e3,

and generally n~~ <

which is the condition required in order that the second continued fraction
should converge more rapidly than the first.

p p p

COROLLARY.—If mQ, m,, m2,.. . > 1, then — —... converges
mQ— rrix— m 2 —

more rapidly than —2- —i- .. . .
1 — 1 —

As Lemma IV., I introduce for reference the well known condition for
fractions of the first class

1+ 1+ 1+""
where all the e's are positive; viz., that, if the fraction be reduced to the
form .. n .,

it will converge, provided at least one of the series dQ-\-d^-\-... or
dx-\-d$-\-... is divergent.

It may be remarked that in this case the fraction

t/f\ c*i JO C/Q JO

is also convergent for all positive values of x.
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f
2. Let un denote snnte~tlxdt. Then, if n>%

Jo

un = f~xe-^sn*tY +x f Asnw* e-*«tt = z2 ["£sn**
L Jo Jo dt Jo rfr

= x2n{n— 1) M(1_2—7i2x2 (1 + &2) wn+?i2 (w+1) a;2 un+2.

If n = 1, we have

= x \ cut Ant e~i)X dt
Jo

[[
Jo

whence wx =

Let x = 1/z* ; then

Jo

^ 2 — fl 2
1 + ( 1 + In x2 — 2A;2 x2

To prove that this fraction is convergent for all real values of u and k,
where k < 1, let us write

1 and ——77, = on.

ma.1.8 22??i2.3.5
i ) 2 + l - u 2 + 3 2 - <y 2 +5 2 -

8awa

If u = 0, this becomes

1 m2 tfm2

1 - 3 - 5 - 7 -
where ??i < 1.

This fraction is known to be convergent and equal to m ^
so that, by Lemma III., the right-hand side of (2) is also convergent.

(3)
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If k = 1, the identity (1) becomes

f°° r2 1 22 Sr4 3 42 5r4

t a n h ^ e - ^ ^ = x i - ^ . » * d.4.5xl + 2z 2 - 1 + 2.8V— 1 + 2 . 5 V - '

which, by Lemma I., = £ L | ? ? j | ! ̂  .... ( 4)

The convergence of this fraction may be established also from Lemma IV.
From considerations similar to the foregoing, we have also

of which the convergency is, by Lemma III., more rapid than that of
niz 3 V 5 W , . u . . . , ,. ,, , . /o.

..., which, again, is more rapid than that of (3).D ~~

r
3. If vn denote Gnnte~txdt, we shall, as in the last section, obtain a

Jo '
general linear relation connecting vn-2, vn, and vn+2.

By Lemma I., it will be found that the integral may be expressed in
the form ^ ^ 2 W 3 V 42fc2a2

1+ 1+ 1+ 1+ 1+ ••"
the convergency of which can be established by Lemma IV.

H T- £2<r2 9 2 r 2 ^2X-2-7-2

Similarly, dn t e txdt = —- — - -—- —-— ...,
Jo 1 + 1 + 1 + 1 +

and, by putting k = 1,

-r T 2 92<r2 3 2 T 2

4. If Landen's theorem be applied to the results of § 2, (1) and (5), we
get from (1), after some reductions,

^ e d t
t

3.42.5A-V

which also =
V—2AV— 1 + 22.3V—2.32A;V— 1 + 22.5V—2.

x2 1.2A;V 2.3A;V 8.4A;V 4.5&VV - 1 - 1 + 6 V - 1 - 1 + 1 0 V - . . .
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by Lemma I.; the x of the lemma being the k2 of this section. So, too,

f" k2

Jo 1+1+2.22(1 + k'2)x2-

The right-hand side of this equation may be treated by Lemma II.,
where k2 is the x of the lemma ; and, transforming the elliptic function at
the same time, we have

T 2e-/'-'-' ,
r _

0l+dn2r 1- 1+4V- 1- 1 + 8V-../

5. A very general theorem relating to the conversion of a definite

integral of the form f(t)e~tlxdt may be obtained from the following
Jo

considerations.
Suppose/Oc) to be represented by a power series in x with positive

integral indices, and that the number of terms is indefinite. Then it is
not difficult to see that we have sufficient arbitrary constants at our
disposal to assume that

f(x+y) = AQf(x)f(y)+AJl(x)f1(y)+AJ2(x)f2(y) + ... (1)
where AQ, Alf A2 are independent of x and y. Also the leading power
of x in flt(x) may be assumed to be x>\ the leading coefficient being at
present arbitrary. If f(x) consists of a finite number of terms, the
functions flt f2, ... are, of course, finite in number; otherwise the number
of these functions is indefinite, but, as we are only concerned with the
manner of deducing successively the constants AQ, Ax, A2, ... and the
coefficients in fv /2, ... from those in / , we need not consider the question
of convergency of any of the series.

We shall, moreover, assume that the constants AQ, Av A2, ... do not
vanish identically, which assumption includes the supposition that /(0) is
not equal to zero.

Differentiating (1) n times for y, and putting y = 0, we have

d'1^ / ( z ) = linear function of f,fv ..., /„.

Using all such deductions for values of n from 1 to n, we see that fn is
a linear function of / and its first n derivatives, and that the condition
that the leading power of x shall be xn makes this representation of /«
unique.



1905.] ASYMPTOTIC SEKIES AS CONVERGENT CONTINUED FRACTIONS. 79

Hence I/»-i+.flf-T-/n_i+.N/>
B_a, where L, M, N are constants, is a

linear function of / and its first n derivatives, and in general its leading
power of x is xn~2.

But we may so choose L, M, and N that the coefficients of xn~2 and
x1l~l are zero, and in this case the function can be none other than a
constant multiple of fn. We may write then

£fn-i+Nf%-s. (2)

Now, let f fn{f)e-tlxdt = xn+l<f>n{x).
Jo

Then f ^-fn.AQe-^dt = |7»_1(*)«-<'*T+ -
Jo at L Jo x

Assuming that the integrated part vanishes at both limits, we see that (2)
reduces to „

2f

Since the leading coefficients in the <£'s are still arbitrary, we may write
this relation in the form

0B_2 = (l — anx) 0n_i+j8n3
a0»- (3)

The integrated part in the above equation will not, however, vanish at the
lower limit when n = 1; so that this case will require special con-
sideration.

We have £f(t) = Af {0>)f{t)+Bf[{O)fx{t);

therefore

+ - f f(t)e-tlxdt = Af (0) r
x Jo Jo

then, still assuming that t = oo gives a zero value ior f(t)e~t:X, we have

or (l—xaj
while, by (3), 0O = (1 —

0! = (1 —a3a?)
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Hence <f>0 =

- ftp fax2 fax3

It may be noticed that the terms independent of x in all the functions <p
are the same and equal to aQ. Moreover, it should be mentioned that (4)
fails if any of the /3's are zero, i.e., if any of the persymmetrical determ-
inants called a2ll. in § 1 vanish.

dn

We may now easily deduce the value of An. For -r^ f{x) = a linear
GLX

dn

function in f,fx, ...,/,„ where the coefficient in /,,, is An-r-^fn{y), when
y = 0. But V

therefore this coefficient is Ana0. Thus

dn

7T~nAx) = i4iiOo/»(«) + te rms in fn-i(x) . . . .

dn+1

Similarly, -r^i f(x) = A )l+1 aofn+1 (x) + . . . .

dn+l d
B u t dx^1 f{x) =Ana°dx' -fn

= Ana0 \fn-i (X) +anfn (X

Hence, equating coefficients of fn+\(x), we have

We see, then, that, if ^o^) is known as a continued fraction

l - l - . . . '

fax"or, by Lemma I., as •= 2 ,
J \ — axx— 1 — a2x —...

we may obtain a series of functions <f>x, <j>2, • • •; so that an identity

f(x+y) = AJ(x)f(y)+AJxtx)fx{y) + ...
may be obtained, where the leading power of fn(x) is xn.

Conversely, if the relation (1) is known, we may convert <f>0(x) into a
continued fraction.
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The connection is simpler when f(x) is an even function of x ; for then

a i — a 2 ••• = 0 .

For instance, the " addition " theorem in Bessel's function

J0(x+y) = JQ(x)J0(tJ) + 2J1(x)Jl(y) + ...

is connected with the chain-fraction form for (l+a;2)"*, which is obtained
from Gauss's formula for converting the quotient

F {a, P + l,y+l,x\IF {a, 0,y,x\

into a continued fraction. Again, the relation

is connected with the chain-fraction form for ex, also obtainable from
Gauss's formula.

A very general relation of the type of the Bessel formula may be got
from Gauss's by putting /3 = 0, so that f{x) is of the form

a q(q + l) X2 q(a + l)(q + 2) Xs • .
y y ( y + D 2! ^ y ( y + l ) ( y + 2 ) 8!"1"""

but is not of sufficient importance to work out here. The functions
fi,f2, ••• have all factorial coefficients and are absolutely convergent; but
the relation (1) would not be valid unless the series of functions on the
right-hand side were also convergent.

It is perhaps interesting to note that, if f(x) is not algebraic, the series
in (1) cannot be finite unless the fraction in (4) is algebraic. It then can

be expressed as a series of partial fractions of the form -r-T— > an(^ ̂ ne

corresponding f(x) would consist of a finite series of exponential functions
of x, the simplest cases of (1) being

ex+v _ gxgy an (j cos (#-}-?/) = cosx cosy — sin x sin?/.

The elliptic functions en x and dn x lend themselves to the formula of
this section in a very elegant way. We have

, , N en x en y — sn x dn x sn ri dn u
cn(x+y) = f—-,—5 5—'•!• •'

1 — k sn x sn //

= en x en y — sn x dn x sn y dn y -\- k2 sn2 x en x sn2 y dn y —... ;

so that the series / l t /2 , ... are

— snrcdnz, — sn2rrdnx, — ^ s n 3 x c n a ; , —j sn3 x dn x, ..-,

8BE. 2. VOL. 4. NO. 917. G
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so that Ax = — 1, A2 =

and /3X = — 1, /32 = •

while the a's of (4) are all zero, since en x is even. Hence we obtain f-he
formula (1) of § 8.

Similarly, secn(x-\-y) = (cos x cos y — sin x sin y)"n;

so that the functions fu /2, ... are

secw+1 x sinx, -r-secn+2a; sin2x, ^rsecn+3 x sin3x, ...,

while Al = n, A2 = 2\n{n+l)t Ao = 3! (n+l)(n+<2,), ...,

and

whence in 2

secMe-'1'*^ = q— -—
o 1— 1 —

1 - 1 - 1 - . . .

This formula is, however, obviously absurd, since the integrand will
pass through an infinity of infinite values. We may correct the formula
by taking the hyperbolic secant, and derive the relation

r sech" t e-<i*dt--^-^-

The convergency of the fraction is readily established by Lemma IV.

The identity { p ^ t g - P = 11- ?* J~"J l(l+x)(l+y)j I

gives a formula of the type § 4 (1), but the corresponding integral

I
J o

i.e., the asymptotic series

x —

may be represented as a continued fraction more simply by Gauss's
formula

a ( y - / 3 ) g

y— y + 1— y+2— y—3—...

by making x and y infinite, while x\y remains finite. If ft = 0, we have

+... = JL 55- -H- b±ll£ ^ <2±^? . -^ - i
1— 1— 1— 1— 1 -L -L •••
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so that
x nx x

a; nrf 2(7i+l)s2 3(7i+2)z2

1+nx— l + (n+2)z- l + (n+4)x- 1 + ... '

If we put m for — and —n for n, we have

ne-mldt=—±— - n

This integral = J (l + 0ne""1'^—f°

vi—n-t m—n-\-*Z-\- m—7i-|-4+ m—i

ne~mtdt

— f u*e-
Jo

— T u*e-muemdu
Jo

~mn+1 K ^ ' + ( + )

S i , x}/F[a, /3, y, x},
7n> y

where y = ra-fl, a = y, /Q = a>, x/3 = — vi.

This ratio of hypergeometric series is therefore

1 (w+l)m m (n-|-2)m
n + 1 - ? i+2+ w+8— n + 4 + . . . '

so that we have , . , T(n-\-l) expressed as the sum of two continued
, ,. mn+1 r

fractions.

An alternative form of the identity is

emT(n+l) _ 1 1 . ma ,

. 1 7i 2(7i+l) 3(n+2)
7?i—7i+ m—7i+2+ m—7i+4+ w—7&+6 + . . . "

6. The integral I . e~tlxdt may be expressed as an asymptotic
Jo smn t

series in odd powers of x-; so that we may assume it equivalent to
a continued fraction of the form

2 2

^ l - l - " • "
G 2
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Calling this <f>z, we may notice that

J— {e-w-l-e-W+^&t = 2 f te-'I'dt = 2z2

sinh ty Jo
— <b-?— = f -J— {e-w-l-e-W+^&t = 2
1 — x T \-\-z Jo sinh ty J

Hence — hh£. Jsh*L ... = 2z2+ —^— - ^ ^ - .... (1)
1— X— 1 — X— 1—X— 1+2 1+Z

Dividing by x, and using Lemmas I. and II.,

1-x- l - x - "• l i l - 1 - -

where ^ = 1, e2-\-e3 = e4+e6 = ...

and /L = elt / 2 = 6i+e2» A/3 = eses> /3+/1 =

But now Y ^ Y ^ - - ' = 2 ^ f

from (1); so that, by Lemma II.,

Hence ex = 1, /„ = ^+63, /2
2 = eQ(e2-l),

and therefore e2(e2 —1) = (l + e^2 or 8e2 = — 1; so that e2 = — ̂ , e3 = f,
while /2 = —/3 = ^+63 = f. Again, fJB = e^e5; therefore

But /4 = e34-e4-/s = e 4 + | + f = e4+2 ;

therefore (e4+2)2 = e4(e4—1) or 5e4 = — 4, and e5 = f.
In this way all the successive e's can be found, and, by induction, we

h a v e _ _ n2 _ (tt+1)2

62n~ 2 » T e 2 1 ^ F I

Hence
Jo sî4rr e ^ = ri" TT" I T inn - •sinh* 1+ 3+ 5+ 7 +

Changing x into , and t into ££, we have

Jo *-\
2a: I V 2VV

~" a+2+ 3(z+2) +
From this, by application of Lemmas I. and II., we get

i_ = 1 1.2a.3aa 2.32.4s2 3.42.5a2

" ' 6+ 10+ 14+ 18+
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1 x2 32x2

7. The fraction r — r-r- — —- . . . , which we shall write
1—x-\- 2(1 —x)+ 2(1—x) +

f(x), has been discussed by Prof. Muir (Phil. Trans., 1877). It may be
reduced to a definite integral form in the following manner : —

By Lemma I., we may write the fraction in the form
JL GyX 6%X

IHI=: i= • '

where
1 33 5a

61 = = 1> e3 •—: ft"* e 2 T e 8 = If e8e4 " = T"» ei~T~e6=—*-t e ^ = =

*.e. , e8 = ^, e4 = •%, eB = ^, e6 = — ?£.

Moreover, by Lemma I.,

But evidently 62n-i4~<32n = 0 ; therefore

1 x
/(*) = 1 - 1+iaj+t*'

where M is an even function of x.

Thus /(*) =

and therefore f(x)f(—x) = 1, as is shewn by Prof. Muir in PA«Z. Trans.,
1877.

If we put log/(a;) = 0(s), we have ^(x)+0(—«) = 0; so that 0(a) is an
odd function, while, since

^ 3V
/\1+J 1+ 2+ 2+ "•'

we see that —— /(—-;—) is an even function and = / (—= ).
l+xJ\l-\-xJ 1—xJ V, il—xl

Hence <f> ( ^ ) - logd+x) = <p ( - ^ ) - l O g ( l -x ) f

and therefore * ( ^ + ^ ( ^ ) = 2 ( x + ^ + ^ + . . . ) .

f00
Assume »̂(a;) = I \jr{t)e~tlxdt, where evidently yfs(t) is even. Then

which series = 2 [ (*+ £ + i l +...) e-{/^^.
Jo \ o! 5! /
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Hence \fs (t) cosh t = — sinh t,
if

j j / \ f t anh t _tix j ,
and <b(x) = —•— e tlxdt.<p(x) = I

Jo

8. A fraction A . M. _£^_ (1)

cannot in general be reduced to the form

" " * a . (2)

but it may be shewn that this reduction is possible if

^"Ns = 0 = e6-\-e1 = in general 6471+2+^+3-

Now, it can easily be seen that the first convergent of (2) implies
neglect of cc4 and higher powers in equating (2) to the equivalent power
series ; in other words, this first convergent of (2) is the fourth convergent
of (1). The second convergent of (2) implies the neglect of a;8, and is
therefore the eighth convergent of (1).

Again, by Lemma L, if

l—elx = D1, l — (e!i-\-e^x = D3, l—(e4+e5)x = D5, ....

we have
Q

4n-th convergent of (1) = 2?i-th convergent of yr-2—£p— ...,

CQ G I &2 "̂  ^3 ^4 *^

which =AASM;
1— 1— 1—

therefore the 4w-th convergent of (1) = n-th convergent of

-Pi ( 3 )

. exe%x ^_eaeAx eBe6x .. ene%x

AA AA AA AA AAi
This fraction should be identical, convergent by convergent, with (2).

Hence A = 1» *-e-» ea+e8 = 0, and (3) becomes

1 2 3 4

"•— o\ tst^ M/ ^ ^ ^

A AA
This second constituent must be simplified by multiplying numerator and
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denominator by B5DV but, in order to be equivalent to the second con-
stituent of (2), we must have D7 = 1, i.e., e6+<s7 = 0.

Finally, Du = D15 = D4n+S = 1, and (3) becomes

J— 1—(e^e^x—{fizeA+e5e^x2—
0 0 0 0 O*

n - . (4)

__1 fa _ J0X fl* JiX — foX"n<4te)=l *i^-dt = m-uz-Jxz- = ^ ^
ocosh^ 1— 1—1 — ... 1—fxx'2—

then «

which is a fraction of the type just discussed.

Hence, «

we have ea+e3 = 0 = ee-{-e1 = e l o+eu = ...,

while «! = e4+e5 = e8+e9 = ... = 2.

But
x

= 2 te-txdt = 2x2;
Jo

therefore -SL> i i* ... + A- M ... = 2 .
1 1— 1+ 1 |

By Lemma II., this implies ex-\-e% = 0 = e3+e4 = eB+e6 = — Thus

eg — D — e10 — en — e12»

2 V 4 V

1-2JB+2V- l - 2 x + (22+42)xa- l - 2 z + ( 4 a + 6 V - '
so that +(x) = 1 + ( 2 2 !_ 1 ) x 2 _ 1+(2.+4f_1)xa--

Let x2/(l—x2) = y ; then

. _ y 2 V 44ya

1+ 1+ 1+ 1+ 1-f 1+ 1 + "

If x < 1, y is positive, and, by Lemma IV., the condition for con-
vergency is satisfied.
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9. If yf,(x) denote 2z3+[ -^-e^dt,

Jo e — i

which may be represented by the asymptotic series

x2+x*+lSB2x
i-5Bix

5+...,

then \fs (̂ -7— = yJ/{—x). (1)
VI+27

r 1— 1— 1 — ... 1 — ax—px1—yxs—...

we have

and evidently y = 0, a = 1.

Let then

so that, from (1),

{l-^-x)2—elx{l-^-x) — e l e 2 x 2 — x 2 y l ( - . • , ) = l-\-elx—ele2x*—x?\fr1{—-x)

and \t

we shall have \/>-2 (-—;—) = \fs2(—x) and ^ = 1.
\ l + x /

Proceeding in this way, we see that \[s (x) takes the form (4) in § 8, where

ei = = e i 1 e5 = = e 8 ~ r e 9 = = • • • ^ = 1

and e2+e3 = e$-\-e1 = ... = 0.

The actual calculation of the 6's may be effected by considering the
relation . . . . . . o 3 ,_»

\ls(x)—\Js(—x) = 2xii; (2)
fn 1̂ Xso that ^ ...

By using Lemma II., and putting

we have A- ^ ... + A- -^£_ = 1,
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whence ft = 1, / 2 + / 3 = 0, / 4 + / 5 = 0, ...,

where fx = eoev f2 = e^-e^ / 2 / 3 = e2e3, / 3 + / 4 = e3+e4, . . . .

The general values of the e's may be deduced inductively, viz.,

p _ (n+1) _
471+1 ~ 2 n + l ' 4n+2 ~ "

Since - j -

1—a;—e1e2x— 1—a;—(e3e4+e5e6)ar—...

we get, by writing x2/{l—x) = y,

yj,(x) = V e^e^y2

y
= 7373 iZT iZT __ Lemma I.)

1+ 2+ 3+ 2+ 5+ 2+ 7+ 2+...
Moreover I find that

2 * 7 5 4 . _ x2 I2 .2x2 1.2 V 22.3a;2 2 . 3 V
6 *X *X + -" ~ 2 + 3+ 2+ 5+ 2+..."

The types of definite integral to which the methods of this memoir are
applicable are evidently very limited in number. Those treated of in § 2
to § 5 depend upon the fact that each integral is the leader of a series
of functions connected by a difference equation of the second order.

/•»

Such integrals as I (l-\-f)ne~tlxdt depend on difference equations of the
Jo

third order, and would not be readily adaptable to the above methods, but
it is not impossible that some form of convergent approximation may
exist, depending on algebraic fractions in x.

The integrals treated of in the later sections depend upon relations of
the type § 9, (1) and (2), and may have an analogue of the general form
P
l tne~t>x(e?—l)dt, but I have not succeeded in finding a general law for
Jo
the form of continued fraction when n is greater than 2.


