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ON THE REPRESENTATION OF CERTAIN ASYMPTOTIC
SERIES AS CONVERGENT CONTINUED FRACTIONS

By L. J. Rogers.

[Received November 21st, 1905.—Read December 14th, 1905.]

1. It has been proved by Prof. T. Muir (Edinburgh Trans., Vol. xxvi.,
667-671) that, in general, a power series in z, a,+a,z+a,z*+..., can be
represented as a continued fraction of the form

bo 6T 6T

1—1—1— """
and, for convenience of reference, it will be useful to indicate the proof
of the determinant expressions which give the ¢’s in terms of the a’s.

If P, and @, are respectively numerator and denominator of the
n-th convergent left unreduced, so that
P1 = €y P2 = €y, P, =Py 1—e,12Pys;

and Ql =1, Qz = 1—61.2, Q»n == Q'n—l_en—len—i’.,

it will be readily seen that Pg,_i, Pg,, Qon—1 are of degree n—1 in z, and
that @), is of degree n.

. €n CnilT
Moveover, if E, denote 1—” ’1‘;1 ..., then
EyQu—P. = E,E,... Eyz" (1)
If n = 2m, we get, by equating coefficients of z™, z"*!, ..., 2™, the relation
€96y ... Eam — a’.’m/“?m—?, (2)
\Vhere Agm = | Qom, Agm—1, ceey Qm )
Aom—1, A2m—2, (RN Ap—1
s Am—1, -y Qg

which is a determinant of a type called persymmetric.
Also, by considering the coefficients of z*"*!, we get
€0y -+~ Com(eytegt ... ome1) = aom 1/azm—2, )

where asm,; denotes what asm becomes when the suffixes of the first row
are all increased by unity.
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Similarly, by making n = 2m+1, we get

€yl ... E2my1l = 02m+1/a2m—1 (4)
and 80 81 cor €241 (81+ e2+ .. ~82m+2) = a2m+1, lla'lm—-l’ (5)
Where Aom+1 = | Boms1,s QAom, ooy A1 |y
A2m, A2m~1, ey QAm
i1y Wy ey Oy

and agm+1,1 18 What agmy1 becomes when the suffixes of the first row are
all increased by unity.

The converse relations, viz., the expressions giving a@,, @,, ... in terms
of the ¢’s, can be determined successively, but apparently not generally.
For, if ¢ denote an operation which changes a, into @..i, we get
da, = an,;, both when 7 is even and when % is odd.

Hence, if n > 1,

Begey o = 2 (1 Dasil) gy 9) or (4)

Ap—2 \ Qp QAp -2
= €y¢ ... &y (entenst1), by (8) or (5),
therefore den = en(ens1—En-1)
while dey = €y¢,, and dJe, = ¢, e,.
Thus ay = €y,
a; = €6y,

a, = deye, = ey, (e, 1€y,

ag = dege (e, +e9) = epey(e,+e)*+ege g6,

The 2n-th convergent denotes that rational algebraic fraction in z, of
degree in numerator #—1 and of degree in denominator », which is
identical with the given series up to 2n terms, i.e., as far as z**~'; while
the (2n+1)-th convergent is identical with the given series up to 2n+41
terms, and has numerator and denominator both of degree n.

The alternate convergents thus form a series of fractions which may
in certain cases approach a finite limit, even when the given series does
not absolutely converge.

Such will be found to be the case when the series is of the asymptotic
type derived from certain definite integrals by continued process of
integration by parts.

It will be necessary first to establish certain lemmata which will
hereafter be found important.
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Leuya I.—The 2m-th convergent of the fraction

€ 6T 6T
1—1— 1—

is identical with the m-th convergent of

ey XN XX
l—ez— 1—(egte)z— 1—(e;tedz—

For, from the relation

P, = Pyy-1—eam_1& Pom—g, Pop_1= Pop_o—esm—2Z Pop-s, ...,
we may, by eliminating Psn—_1, Pon—3, obtain
_ a
Pop = {1—(esm-2+€2m-1)Z} Pan—2— €om—-3€om—22°Pom—q,

together with a similar relation connecting alternate @’s; which two
equations, since the necessary initial conditions are satisfied, give the
required result.

Leaya II—If 6 €T hHT for
b ar _ 1T Jo
-1 etiZiz
then fi=e¢e, fi=ete, [fofs=ees fotfi=este,
__ & €61 T
For E, _J—l—xE e+ —"1— o
E; _elz
. _ e €36y T° .
while E, = T—eyo— T—lecteya— " (by Lemma I1.);
- €€, T ey 6,2°
therefore E, e°+1—(e,+e2)x— T—lestea
2
But E,= ¢+ 5z fofs® ... (by Lemma I.),

1—fiz— 1- (fo+fdz—

whence, by comparing the two- expressions for E), we obtain the required
relations between the f’s and the ¢’s.

Leuma ITI.—Tf in a continued fraction of the second class

b b &
1—- 1—1—- """

where the ¢'s are all positive, the convergent denominators are all positive
and the fraction is known to be convergent, then also will the fraction

& hHh fo
1—1—1— "7

be convergent, provided f, < e,.
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Let p./g. be the n-th convergent of the first fraction, and P,/Qs
that of the second.
Then, since Pp+1 = Pn—=€n Pn-1, ..., We have

Pril _ Pn _ €ngn (ﬂ_ z_am).
Qn+1 q'n Qn+l‘ qu q“-l

Now it is evident that, if fn@n-r < e;q,,_l for all values of 7= above
n+1 n+l

some fixed integer, the second continued fraction converges more rapidly
than the first.

Now
Gl G gy Lol bt &
gn+1 " Gn+r qn+1 1—1—1~— 1—31
Since, however, f; < ¢, fi < €,

f2 €y
-7 <1—¢’

and, since f3 < e, .l.f_a__ 1.{37_1 < le_i lﬁe,’

and generally 9n < L ,

Qn+1 gn+1
which is the condition required in order that the second continued fraction
should converge more rapidly than the first.

CoroLLARY.—If mg, my, My, ... > 1, then po” . converges

more rapidly than 1e—°_ Te_l_— et
As Lemma IV., I introduce for reference the well known condition for

fractions of the first class

b0 & 6

1+ 14+ 14777
where all the ¢'s are positive; viz., that, if the fraction be reduced to the
form 1 1 1

doF it dpt 7

it will converge, provided at least one of the series dy+dy+... or
d,+dg+ ... is divergent.
It may be remarked that in this case the fraction

€ €T 6T

Tf 1+ 1F

is also convergent for all positive values of z.
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el

2. Let u, denote g sn*te~"*dt. Then, if n> 2,

0
~r nn ~tx —_ Wdz ny =tz 3
= | —ze "*“sn"¢ +a: sn tet?dt = 2*| — sn"te 't
o dt?

= nn—1)upo—n2 2 1+ &3 0 +2° 41) 22240 4.

If n =1, we have

4G = a:J entdnte " dt
0

= [—:cgcntdnte"/‘ +a:“5 e~ { —(14%) sn t—2k*sn®t} dt
0 0

= 2 — 31+ 1% 0, — 222w,

x2

14+ Q4 k) 2® — 2k 22 ugfu,
_ 22 1.2% 8k 8.4 5k «*
T 141482 — 14320+ 82— 14521+ 2=
Let z = 1/u; then
5” 1.2% 842 8.4% 5%

whence «, =

1)

snte~"dt =

0 2+]+l»2— W31 +E)— W+ 52 1+k)—

To prove that this fraction is convergent for all real values of % and %,
where k < 1, let us write

= m.

— 202
= 1+%)2* and 1+k2

14 %2 22.1.8.%*
A+ @+ 1)— A+ @*+8)—

1 m2.1.3 2!m8.5
T 1— 48— 02450 —

1 m? 22 m? 82m?

:’02-}-1— %_(,02_'_32)_ %(02_1__52)_ %(,02+72)__

If » = 0, this becomes

(1+k2)5 snte “dt =

. (2

1 m? 22m? 82 m?
1— 83— 5— T7—

®)

where m < 1.
This fraction is known to be convergent and equal to m™'tanh~'m ;
80 that, by Lemma III., the right-hand side of (2) is also convergent.
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If £ =1, the identity (1) becomes
z? 1.922 82¢ 3.42 524
14222 — 14+2.8%22— 142.5%22—’

2 2 2 2
which, by Lemma I, =2 L2¢ 2.82°8.408 4

1+ 14+ 14+ 1+
The convergence of this fraction may be established also from Lemma IV.
From considerations similar to the foregoing, we have also

r . 2z° 2.8% 4k 2%

2 -tz
, B = e P TP AR P

of which the convergency is, by Lemma IIL, more rapid than that of
m* 8*m? 5°m? . .. .
5= T = which, again, is more rapid than that of (8).

j tanh ¢ e~ dt =
0

(%)

8. If v, denote J' en"te~**d¢, we shall, as in the last section, obtain a
0
general linear relation connecting vn_s, va, and Vp42.
By Lemma I., it will be found that the integral may be expressed in
the form _x__ z_2 02)252 &xz 42)22
1+ 1+ 1+ 1+ 14+ 777
the convergency of which can be established by Lemma IV.

.. Ka® 9%2® 8%k%s*
1 gy = L KT 4T
Similarly, s dntetdt = TEIris 1+

(1)

and, by putting k¥ =1,

" tz - = 4Z v
j sech ¢t e~ dt 1+ 1T 1+ 1+

4. If Landen’s theorem be applied to the results of § 2, (1) and (5), we
get from (1), after some reductions,

j’ sntent g,
0

dnt
_ z? 1.2% 8k'%* 8.4% 5k'*
T 14200+ kY22 — 142,32 A+ EH2P— 14+2.52 A+ A Dt —. ..
a? ©1.2% 3Kzt 3.42.5/4z¢

T 1R — 1+ 2.8 —2. 8P — 1+ 2.5 —2. 5% — ..

a? 1.9%%% 92.8%%2 38.4K%* 4.5k%?

which also = 1+2%°—= 1— 1+6%— 1— 1+10%—..
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by Lemma I.; the z of the lemma being the %? of this section. So, too,

J’” k*sn?t cn2t6_,/, dh= kB 2.8% 4kt

0 dn?t 14+2.22Q 452 — 142.42A+kHz2—.."
T1=Rsn't o, k2x?

whence L rrran M i v T

The right-hand side of this equation may be treated by Lemma II.,
where 4* is the z of the lemma ; and, transforming the elliptic function at
the same time, we have

r Q=1 it = & 2%  2.8K%* 8.4k%°
o 14+dn 2t 1— 144%°— 1— 148%*—...°

5. A very general theorem relating to the conversion of a definite

integral of the form J S e d¢t may be obtained from the following
0
considerations.

Suppose f(z) to be represented by a power series in z with positive
integral indices, and that the number of terms is indefinite. Then it 18
not difficult to see that we have sufficient arbitrary constants at our
disposal to assume that

fla+y) = 4of(@) f@+ 41/ fL(n)+4: L) L0+ @)

where 4y, 4,;, 4, are independent of z and 7. Also the leading power
of z in f,(z) may be assumed to be z", the leading coefficient being at
present arbitrary. If f(z) consists of a finite number of terms, the
functions f,, f,, ... are, of course, finite in number ; otherwise the number
of these functions is indefinite, but, as we are only concerned with the
manner of deducing successively the constants A, A4,, 4, ... and the
coefficients in f, /s, ... from those in f, we need not consider the question
of convergency of any of the series.

We shall, moreover, assume that the constants 4y, 4,, 4y, ... do not
vanish identically, which assumption includes the supposition that f(0) is
not equal to zero. .

Differentiating (1) n times for y, and putting y = 0, we have

Z%-nf(z) = linear function of f, fi, ..., fa-

Using all such deductions for values of n from 1 to n, we see that f, is
a linear function of f and its first # derivatives, and that the condition
that the leading power of z shall be z* makes this representation of f,.
unique.
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Hence Lf, .+ M%; Ja-1+Nfy_s, where L, M, N are constants, is a

linear function of f and its first n derivatives, and in general its leading
power of z is z" 2%,

But we may so choose L, M, and N that the coefficients of z*~* and
z"! are zero, and in this case the function can be none other than a
constant multiple of f,. We may write then

fo = Lfarst M oyt N @)
Now, let rfn Be = dt = a:"’;1</>n(x).
1]

Then | & fs@e it =[fae] + 1| e at
o dt 0 z Jo

Assuming that the integrated part vanishes at both limits, we see that (2)
reduces to
1:2(‘25,,, = Lx¢ﬂ.—1+M¢n—l+N¢n-2 .

Since the leading coefficients in the ¢'s are still arbitrary, we may write
this relation in the form

Prn-o = (1—anz) ¢'n—1+;8n '13295,,. (3)

The integrated part in the above equation will not, however, vanish at the
lower limit when # =1; so that this case will require special con-
sideration. '

We have Z{% F(&) = Af ©0) FO+BF©) £.(D) ;

therefore

[f o]+ %j fyeat = A7 (O ff(t) e~*dt-+ Bf, (0) jo fi®emtdt.
0

It F) = agta i+ ‘é‘z!tﬁ+ % B4 ...,

then, still assuming that ¢ = @ gives a zero value for f(¢)e™"*, we have
—ay+ ¢y = zda, ¢+ Bf1(0) 2% ¢,
or (1 —zay) gy = ap+B,2%¢,,
while, by (3), po = (1—ayx) Py + By xeby,
¢ = (L—ay2) pp+Bs2° s,
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Hence o = aytaz+a,2+...

g
- 1_ az—0, z2¢1/¢o

—_ ) ﬂlxs :32332 (4)
11—y z— 1—ayz— 1—agz—..."

It may be noticed that the terms independent of z in all the functions ¢
are the same and equal to @, Moreover, it should be mentioned that (4)
fails if any of the B's are zero, s.e., if any of the persymmetrical determ-

inants called a;, in § 1 vanish.
n

We may now easily deduce the value of 4,. For dia:;

Jf(@) = a linear
function in f, f,, ..., fu, where the coefficient in f, is An% fnly), when
y = 0. But y

n!

therefore this coefficient is 4,,@,. Thus

%f(z) = A.ayfy (@)+terms in fo_; (@) ....

L. ln+l
Similarly, Zl(_:;:"_“f(z) =410 o1 @)+ .

du+1 d
But Wf(z) = A,,a,oc%-_fn(z)+...

= Antg {foo1 @ Fanfo@ +Bnfunr@}+....
Hence, equating coefficients of f..1(z), we have
Ansr = Bndn.
We see, then, that, if ¢,(z) is known as a coutinued fraction

€ ez

1— 1-..0

) B z?

’
l—ayz— 1—ayz—...

or, by Lemma I., as

we may obtain a series of functions ¢, ¢,, ...; so that an identity
f@+y) = 4of@) fy)+ 4/, @) L)+
may be obtained, where the leading power of f,(z) is z".

Conversely, if the relation (1) is known, we may convert ¢y(x) into a
continued fraction.
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The connection is simpler when f(«) is an even function of z ; for then

a = a ... =0,

For instance, the ‘ addition "’ theorem in Bessel’s function

Jo@+y) = Jo(z) Jo(y)+2J,(@) J1(y) +...

is connected with the chain-fraction form for (14?3, which is obtained
from Gauss’s formula for converting the quotient

F{“’ B+1v 'Y+1! xl‘/F{a: IB’ Y wlf
into a continued fraction. Again, the relation
Joa/ @4y = Jy (@) Jo(y) — 2T (@) Jo) + ...

is connected with the chain-fraction form for ¢*, also obtainable from
Gauss’s formula.

A very general relation of the type of the Bessel formula may be got
from Gauss’s by putting 8 = 0, so that f(z) is of the form

a o ale+l) 22  a@+1)(at+2) o* i
ot e+ 2t Ty F DG+ 8t

but is not of -sufficient importance to work out here. The functions
Ju far ... have all factorial coefficients and are absolutely convergent ; but
the relation (1) would not be valid unless the series of functions on the
right-hand side were also convergent.

It is perhaps interesting to note that, if f(z) is not algebraic, the series
in (1) cannot be finite unless the fraction in (4) is algebraic. It then can

be expressed as a series of partial fractions of the form , and the

A
i+az
corresponding f(z) would consist of a finite series of exponential functions
of z, the simplest cases of (1) being

FY=¢".¢ and cos(x+y) = cos.x cosy—sin x sin y.

The elliptic functions enz and dna lend themselves to the formula of
this section in a very elegant way. We have

ecnz eny—snzx dnz sny dny
en(ety) = i/— k*sn*x sn*y =

=cnzeny—snzdnzsnydny+iisn®*zenzsn’ydny—...;

80 that the series fi, f,, ... are

1
sn®zenz, - sn®zdnz,

1
—snzdnz, — sn’zdngz, Y,

2

ey

BED

SER. 2. voL. 4. No. 917. G
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sothat A, =—1, A, =%, A,=—@VE, 4,=—dPE,
and ﬁl = 1s )82 == 22]52, ,83 _— 32, 64 = - 42]62, veey

while the a’s of (4) are all zero, since cnz is even. Hence we obtain the
formula (1) of § 8.

Similarly,  sec®(z+4y) = (cos z cos y—sinz sin y)~";

so that the functions f}, f;, ... are

. 1 . 1 .
sec™*! z sin z, > sec**?g gin’z, =sec*tizsindz, ...,

8!
while 4,=n, 4,=2'nn+1), 4,=8'm+n+2), ..,
and Bi=mn, By=2m+1), B;=8m+2), ..,
whence r sec™ te=tE gt = - nz® 2+ 1)a’ .
0 1—1— 1—...

This formula is, however, obviously absurd, since the integrand will
pass through an infinity of infinite values. We may correct the formula
by taking the hyperbolic secant, and derive the relation

© 2 2 2)1)2
h™ ¢ o=t t:i nr” 2(n+1)z* 3(n+ i
L secht bt A =TT T Ty 1+

The convergency of the fraction is readily established by Lemma IV.

o [ ddzdy )M (4 Ty -"
The identity 1(1+x)(1'+y)} |2 (1+x)(1+y)}

gives a formula of the type § 4 (1), but the corresponding integral

S A4-t)"e i dt,
0
t.¢., the agsymptotic series
z—nzi+nmt1)2%— ...,

may be represented as a continued fraction more simply by Gauss’s
formula

;];_F{ay :8+1, Y+1: 'E}’/F{ar :87 4 Z}
— 1 aly—Bz B+Dy—atl)z (a+1)('y—)8+1):v’
y— y+1— vy+2— y—3—...
by making z and vy infinite, while z/y remains finite. If 8= 0, we have

3
l14+az4ala+l) 22 +... = le 1% 1_93__ (i‘lh_l)_“’ 12_1 S?%':%)} 1__2_

1
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80 that
Jw (148)-re-trdt = z nx = (n+lz 22
0

1+ 1F 1+ 1+ 1+

_ z nz? 2n+1)2* 3 n+2)z?
T 14nz— 1+0+2z— 1+¥0+dHz— 14...

If we put m for % and —=» for n, we have

1 n 2(n+1) 8 (n+2)
m—n-+ m—n+24+ m—n444+ m—n4+64...°

5 1+O)re™dt =
0
o 0
This integral = 5 A+)*e™dt— j A+Hme ™dt
-1 ~1

< 1
= j u"e~™ e™ du— 5 wre" ™ e™du
0 1]
a
m m )
+

T mF8)

_ e | 1
= Lot —e {n+1 1+2)

= ZaTe+D— L Fla B+1,y+1 2} /Fla B, 21,

where ‘y=’n+1, a="1y, B_—_ @O, wﬁ:—')n,
This ratio of hypergeometric series is therefore

1 n+1)m m n+2m _
n+l1— n+24+ n+8— nt44...0

80 that we have ;:,,T I' m+1) expressed as the sum of two continued
fractions.
An alternative form of the identity is

e"T'in+1) _ 1 1 m?
R | +(n+1)(n+2) + (n+1)(n+2)(n+83) Fe

+ 1 n 2(n+1) 3(n+2)
m—n+ m—n+24+ m—n4+4+ m—an+6+...°

-]

e*dt may be expressed as an asymptotic

6. The integral L P

geries in odd powers of x; so that we may assume it equivalent to
a continued fraction of the form

T e6,T” ege, 2’

1— 1— 1— 7
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Calling this ¢z, we may notice that

[Dec. 14,

) li.t —¢ I—T-a: = S: sinth ; le=tr-n_g~th 49} gt — 25: te~dt = 22°
e e
Dividing by z, and using Lemmas I. and II.,
1 ﬁﬁﬁi ) +M fox
l—z— 1—z— 1— 1— -
where =1 ete=-¢+e=..
and Hh=en fo=ete, fofs=ees fotfi=e+e....
But now 1-—@{%...:2—1—“2_—{33...,
from (1) ; so that, by Lemma II.,
fotfs =0=fi+fs = fot+fi =
Hence e =1, fi=e+te, [fI=elep—1),
and therefore e,(e,—1) = (1+<3,,)2 or 8¢, = —1; 8o that e, = —3%, ¢, = %,

while f, =—/fy=e,4+¢ = %. Again, f,f; = e,e;; therefore
But Ji=ete—fi=e+5+5 =e+2;

therefore (¢,+2)* = e,(e,—1) or 5S¢, =— 4, and ¢; = 2.

In this way all the successive ¢'s can be found and, by induction, we

have _ n? ('n+ 1)?
€jp — — ————, €n+1 —
2n+1 2n+1"
— _ nn41)
f2u - f2n+1 _— "2' n+“1' .
ot z 1%z? 2%2? 8z
; [l g 2 120 9e
ence o sinh £ ° i¥sF s+ 7+

, and ¢ into 3¢, we have

: : z
Changing z into poar

r' b egy— 2@ 142 2472
0 €—1 T at2t 8@+t setot

From this, by application of Lemmas I. and II., we get

1 1.92.822 2.82.42° 8.4%. 527

- 2 4 -
B,2*+ Bgz*—... 6T 10F TiT 184
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1 cal 89" .., which we shall write
I—o+ 20—2)+ 20—2+
f (@), has been discussed by Prof. Muir (Phil. Trans., 1877). It may be
reduced to a definite integral form in the following manner : —

7. The fraction

By Lemma I., we may write the fraction in the form

1 6% 6z

I—1—1—=""
where

32 52
=1, eg=— —2—, eates =1, e, =— < etes=1, egeq =—§, cenr
v.e., =% ea=—% 6€=35 6=—;%
Moreover, by Lemma I.,
1 e €qby’
f@ =3z 1—ez— 1—(egte)z—

But evidently een—1+¢€:, = 0; therefore

_r
J® = e T et
where « is an even function of z.
_ 1+3z4u
Thus f(x) - 1_—%17-'*‘“.% ’

and therefore f(z)f(—wx) = 1, as is shewn by Prof. Muir in Phil. Trans.,
1877.

If we put log f(2) = ¢(z), we have ¢(x)+ ¢(—z) =0; so that ¢(z) is an
odd function, while, since

f<.v) 14z z? 8%?

14z 1+ 24 24 °
we see that 1—_}_—3: S (1L+z) is an even function and = l%z (—.liz)
Hence ¢(ﬁ> —log(1+42) = ¢( ‘)-—log( —z),

5
and therefore ¢ (1+x) +¢ ( ) = 2(:z;+ %—4— %+)
Assume ¢(z) =J Y (e *"dt, where evidently y(¢) is even. Then
o otz _ xs
L V(O (e e dt = 2<x+-§+...),

. . °° £ t
hich = 25 t+ =+ —+...) e " dt.
which series 0(-{-3!-{-5!-{— )e
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Hence V() cosh t = —1- sinh ¢,
and p(@) = 5 t—m—lt-h—t e~ dt.
0
i L S
8. A fraction POy p— (1)

cannot in general be reduced to the form

20 'le4 ‘)’2"34 (2)
l—ezF P72 — 1—ayzF B2’ — 1—agzFByz°—...

but it may be shewn that this reduction is possible if
es+e3 = 0 = 5+, = in general esniotanes.

Now, it can easily be seen that the first convergent of (2) implies
neglect of z* and higher powers in equating (2) to the equivalent power
series ; in other words, this first convergent of (2) is the fourth convergent
of (1). The second convergent of (2) implies the neglect of z% and is
therefore the eighth convergent of (1).

Again, by Lemma I, if

l—ex=2D,, 1—(ete)z=D, 1—(e+e)z=D, ...,

we have

2
4n-th convergent of (1) = 2n-th convergent of b 9&6T .
D,— Dy—
e €167 ee
which — D1 DiDy DyDs
1— 1— 1—

therefore the 4n-th convergent of (1) = n-th convergent of

& €,65€3€, " €5656765"

D, D,DiD; _ DDID,____ .
1_e,eﬁa:“_ 1_e3e4:c2_eﬁesx _ 1_ 6T _ eyena’

‘Dl‘DS D3D5 D5D7 ‘D'I‘D9 D9D11

This fraction should be identical, convergent by convergent, with (2).
Hence Dy = 1, 7.¢., g+¢; = 0, and (3) becomes

169646,
) D;
D,—e, e2°— l_ese4x2_e5esa: _
D, DD,

This second constituent must be simplified by multiplying numerator and
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denominator by D;D,, but, in order to be equivalent to the second con-

stituent of (2), we must have D, = 1, 4.e., ¢5+¢, = 0.
Finally, D,, = D,; = D43 = 1, and (8) becomes

N e, 65650, 2
l—e2—e 0,28 — 1—(e,+ ) z—(ege,+ 560 22—

(4)

€556 Ca T
1—(eg+€g) z— (eqe5+€g €10 20—
® te~tE fo2? fid2 fo2? foi® fifazt
If — — Jo 1 2 — 0% 1/a ,
¢ L oY Sl e el p -l gy i P
z for? fife!
t o y
hen . ¢ (l—a:) (1—z)—fid?— A—2)*—(fi+fpz*—...
which is a fraction of the type just discussed.
) z _ 6z ez _ex
Hence, if ¢ (l—x) - 1= 1=
we have egteg =0 = egte; = eygte, = ...,
while ' 6= e,+e;=¢e+e=..=2.
— ® -tz — 3.
But # (= )+¢<1+x>—2jote it = 22°;
. Lo 67T £o —
therefore = 1= ..+ iT 1+ 2.
By Lemma II., this implies ¢,+¢; = 0 = e3+¢, = ¢5+¢; = .... Thus
6= —e=¢ = —¢ =2,
g =4 = —eg =6, = —¢,
&g =6 = —ey =€y = —ép,

.'252 24 4 44 .
and ¢ (1 x) 1t P — 11—z O D= -z @+ 60 —

232 2414
1+ 2 —1)2°— 1+ @+ 48—-1)22—"

Let z?/(1—2% = y; then

go that o) =

24y2 44?/2
T TTE By= TT a1 0y—

- Y 2’y 2% 4%y 4% 6% _g
1+ 14+ 14+ 1+ 1+ 1+ 14+

o) =

If <1, y is positive, and, by Lemma IV., the condition for con-

vergency is satisfied.
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2

¢ 1 e~ dt,

9. If Y () denote 2x3+j
0

which ma.y. be represented by the asymptotic series
x4 284 8B,z —5B,2°+ ...,

then ¥ (T) = v-o. M
_:c_ 6z _er _ 7’
If_’ then,  ¥(z) = —1— 1—... l—ax—pz*—yz®—..."
we have
z? z?
A+z—az(1+2)—PB2’—y2®—...  14+ar—Ll+y2z'—...’
and evidently v=0, a=1
: z?
Let then Y(z) =

1—ez—e ez —aiy o’
so that, from (1),

(14 —e x (14) —e ez —2y, (ﬁi) = 14 r—e e — 22 (—2)

and v (ﬁ) = Yy (—2).

665646, 7°
l—ayz— B2 — oz’

Again, if Y () =

we ghall have Yy (1—:—_;> = VY(—2z) and =z, =1.

Proceeding in this way, we see that \ (z) takes the form (4) in § 8, where

e, = et =ete=..=1
and ete3 = e+e=...=0.
The actnal calculation of the e's may be effected by considering the
relation V@) —y(—2) = 25 ; (?)
L bt - b H¥
8o that 1= 1— 2z+ TE ]
By using Lemma II., and putting

we have
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whence hHh=1 fi+fs=0, f+f=0 ..,
where fy = ¢, fo=eten fufs = e, fitfi=ete,

The general values of the ¢'s may be deduced induetively, viz.,

o — (D N 3 S (n41)
dn+l — ’ an+42 — — T C4n+8 dnt+d — T T o
2n+1 . 2 . 2n+3
2 4
Since V(x) = z €169€364% ’

2
1—z—e 692 — 1—xz— (ege,+€5€5) T°— ...

we get, by writing z?/(1—z) =y,

2
— Y 61696364 Y
V@ 1—eey— 1—(ege,tese)y—...

— Y ey ety 656Y
=1 1= 1= 1= (by Lemmas, I.)

_y y 1%y 1% 2% 2% 8% 8%

Moreover I find that
ozt 12,227 1.2%% 27.82% 2.8%?
"Te+ 3+ 2+ 5+ 2+...]

The types of definite integral to which the methods of this memoir are
applicable are evidently very limited in number. Those treated of in § 2
to § 5 depend upon the fact that each integral is the leader of a series
of functions connected by & difference equation of the second order.

n

8B,2*—5B,z'+ ..

Such integrals as 5 (1+8)"e~"*qt depend on difference equations of the
0

third order, and would not be readily adaptable to the above methods, but
it i8 not impossible that some form of convergent approximation may
exist, depending on algebraic fractions in x.

The integrals treated of in the later sections depend upon relations of
the type § 9, (1) and (2), and may have an analogue of the general form

S t"e~t%(¢!—1)dt, but I have not succeeded in finding a general law for
0

the form of continued fraction when = is greater than 2.



