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Abstract

We study cyclic Shapiro-Diananda sums

n
Z s z; >0,
— Tiv1t + Titk

with cyclic indices. First, we determine their exact local quadratic behaviour at the equal
point. Writing x; = e"* and removing the common scaling direction, the Hessian becomes a
circulant quadratic form. Its Fourier symbol is

k

Amkl? — kERe A, i
Yok = | ,kl e € ,k’ )\m,k _ Ze2mm]/n.

j=1

Thus the equal point is a strict local minimum, quadratically degenerate, or a saddle ac-
cording as min,, vm,k is positive, zero, or negative. We classify the cases k¥ = 2 and k = 3,
prove periodic equality families, and show that for every k > 3 the equal point is a saddle
whenever n > 12k. Second, combining Sadov’s lower bound with an explicit asymptotic
construction, we prove that the sharp global Sadov constant for the normalized Diananda
sums equals log 2. This determines the global infimum over all admissible triples (n, k, z);
the fixed-k asymptotic constants remain separate problems.

Keywords: Shapiro inequality; Diananda cyclic sums; cyclic inequalities; local stability;
Fourier modes; circulant Hessian.
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1 Introduction

The cyclic sums

Z

Ti+1 + Tit2

are classically associated with Shapiro’s cychc inequality. More generally, the sums

n

X
S, = !
) =Y

are often called Shapiro-Diananda type cyclic sums. Their global lower bounds have a long
history and are subtle: the equal point is not always globally extremal, and counterexamples
are known in several ranges. Sadov studied global lower bounds for such sums and related
generalized Shapiro-Diananda and graphic sums; see, for example, [5, 6, 7.

The present note has two parts. The first part studies the local question:



What is the exact local quadratic behaviour of S, ;, near the equal point 1 = --- =
Tn?

The second part uses a different asymptotic construction to identify the sharp global Sadov
constant. This concerns the infimum over all admissible pairs n > k and all positive cyclic
vectors; it does not determine the separate fixed-k asymptotic constants.

Since Sy, 1 is homogeneous, the natural local coordinates are logarithmic:

n
xi:eui, E ui:O.
i=1

In these coordinates the equal point is ©u = 0. We show that
n
Snr(e") = 7 + Qui(w) + O([lull®),

where @, 1, is a circulant quadratic form. This form is diagonalized by the discrete Fourier basis,
and hence its sharp local stability constant is given explicitly by a finite Fourier minimum.

This gives a complete local trichotomy:

o if Cigc > 0, the equal point is a strict local minimum and a sharp quadratic stability

inequality holds;

o if Ciloz = 0, there is no positive quadratic stability constant;

o if CLOE < 0, the equal point is a saddle, and S, ;(x) < n/k for positive x arbitrarily close

to equality.

The cases k = 2 and k = 3 are worked out completely. For k = 2, the answer is governed
by the parity of n. For k = 3, the answer is arithmetic in n: only finitely many n give a strict
local minimum, finitely many give quadratic degeneracy, and all remaining n give a saddle. We
also exhibit exact periodic equality families: if a common period divides both n and k, then
Snk = n/k identically on that periodic family. In particular, ged(n, k) = 1 is necessary for
strict local stability. Finally, for every fixed k > 3, we prove the uniform sufficient condition
n > 12k for the equal point to be a saddle, and we also give a sharper computable finite-grid
criterion for this transition.

2 The cyclic sums and logarithmic coordinates

Let n > 2 and 1 < k <n — 1. Throughout, indices are understood modulo n. Define

n

T
Snk(x) = R x; > 0.
k() 3 Titl T Tik '
At the equal point 1 = - - - = x,,,
n

The function S, is homogeneous of degree zero, so common scaling of all z; does not matter.
We write
x; =e"

and work on the hyperplane
n
i=1

Equivalently, for arbitrary positive x, the relevant squared distance to equality is

n

Z(logwi—logx)Q, logx = %Zlog:ci.
i=1 =1



3 Quadratic expansion

For u = (uq,...,uy), put
Li =uip1+ -+ Uigg.

Lemma 3.1 (Quadratic expansion). As u — 0 with ), u; =0,
u n
Snp(e") = o+ @neu) + O([lull?),
where

an - ZUzL ‘l‘*ZLQ.

Equivalently,

Qnk(u) = Zuz Uit1 + ++ + Uitk) k3 Z Uil + -+ uz+k) .

Proof. For each i,

e 4w a2+ o(ul)
QU] - .. } pUith k-l-Lz“i‘%Z? ugy 4+ O(lul? )

Expanding the reciprocal denominator gives

1< L?
_ § 3
_7—7—27]?2]:1 Z_;’_j‘i_ﬁ‘i_O(HuH )

Multiplying by the numerator, we obtain

et 1w L v? o wly

eui+1+...+eui+k_kj+z_ﬁ %_ k2

After summing over 4, the linear part vanishes because
S Li=kY u=0.
i i

The pure square terms also cancel since
> Z uly =k Z &
=1 j=1

The remaining second-order terms are precisely @y, x(u).

4 Fourier diagonalization and the local stability constant

Let 5
O = T =0,1,...,n—1,
n

k
Ak = Z e'd0m.
Jj=1

and define



Lemma 4.1 (Fourier symbol). On the non-constant Fourier mode m = 1,...,n — 1, the
quadratic form Q1 has coefficient

[Amkl” — kRe Ak
me,]C = k3 .
Consequently, on the zero-mean subspace,
Quilu) > €1 z
where
loc __ :
Cok = i Y k-
The constant is sharp.
Proof. For the complex mode u; = e'm?,
k
Li = Zuiﬂ = )\m,kui.
j=1

The second term in @, j contributes ]Am7k|2 /k3 times the squared norm. The first term con-
tributes — Re Ay, 1/ k2, because Q@ is real on real vectors and the real quadratic form sees the
real part of the convolution eigenvalue. Thus the coefficient is

Redmi Pkl sl = kR A

The discrete Fourier basis diagonalizes all circulant quadratic forms, and the constant mode
is excluded by the zero-mean condition. The lower bound and sharpness follow by taking the
minimum over non-constant modes. O

Theorem 4.2 (Local spectral trichotomy). Let 1 < k <n — 1. Define

2
C N min ’/\m,k‘ — k:Re )\m,k
kT c<n—1 k3 '

Then the following hold.
(1) If Cy IOC > 0, then the equal point is a strict local minimum modulo scaling. More precisely,
for every g > 0 there is a neighbourhood of the equal point such that

Sul) = 7 > (01‘“—e)Enj(logaci—1oga:)2
=1

(i) If Clo < 0, then the equal point is a saddle. In particular, there are positive vectors x
arbztmmly close to equality such that

Sn,k(x) <

=3

(iii) If C:LOC = 0, then there is no positive quadratic stability constant at the equal point.

Proof. The first assertion follows from the expansion

Sul(€") = 1 = Quu(w) + O(ull)



and the Fourier lower bound on @, x. The error term is bounded by ¢||u||? in a sufficiently small
neighbourhood.
If C’}fi < 0, choose a real Fourier mode v with @, x(u) < 0. Then

Sk(e") = 2 = PQui(u) + O(t) < 0

for all sufficiently small nonzero t.

If C’}fi = 0, a positive quadratic lower bound cannot hold, because a Fourier mode attaining
the zero coefficient would violate it to second order. This is what we mean below by quadratic
degeneracy; no assertion about the first nonzero higher-order term is made unless an explicit

equality family is exhibited. O

It is often useful to write the symbol as a function of z = m/n. Since

A = ewi(k—i—l)x Slln(ﬂ-kx)’ T = m7
’ sin(mzx) n
put
sin(mkx)
A = —.
k(@) sin(mx)
Then m
Ymk = L'k (*) ;
n
where

Ap(z) (Ag(z) — kcos(m(k + 1)z))

k3 ’
Thus the general local problem is reduced to evaluating the explicit function I'y on the finite
Fourier grid

[y(z) =

g n—1
) )

S

xr =
n

5 Periodic equality families

The spectral degeneracies detected by the Fourier symbol are not merely infinitesimal in many
cases. They come from exact periodic equality families.

Theorem 5.1 (Periodic equality families). Let 1 < k < n—1, and suppose that d | n and d | k.
If

Litd = T4 (izla"'an)a

then
Spk(x) =

In particular, if 1 < d < n, this gives a nonconstant family of equality points.

x| 3

Proof. Let

Since z has period d, every block of k consecutive terms contains exactly k/d complete periods.
Hence, for every 1,

k
Tit1+ -+ Tk = ET'

Therefore
Z; _ d ZT;

Tig1 + o+ Tivk kT




Summing over one period gives

zd: T; _§1‘1+"'+:L‘d g
Hria et Tige kK T k-

The full cycle consists of n/d periods. Hence

O]

Corollary 5.2 (A periodic obstruction to strict stability). If gcd(n, k) > 1, then the equal point
cannot be a strict local minimum of Sy i modulo scaling. More precisely, there are nonconstant
positive vectors x, arbitrarily close to the equal point, such that

n

Consequently, ged(n, k) = 1 is a necessary condition for strict local quadratic stability.

Proof. Let d = ged(n, k) > 1. Then d | n and d | k. By the theorem, every positive d-periodic
vector satisfies

n
Snir(x) = —.
n,k( ) k

Taking nonconstant d-periodic vectors arbitrarily close to the constant vector gives the claim.

d

Remark 5.3. For k =2 and even n, this recovers the alternating equality family (a,b,a,b,...).
For k = 3 and 3 | n, it gives the exact period-three equality family (a,b,c,a,b,c,...). Thus
several zero Fourier modes have a global equality explanation.

6 General consequence for fixed k£ > 3

The preceding formula implies that for every fixed k& > 3, the equal point is eventually a saddle
as n — oo.

Proposition 6.1. For ecvery fixed k > 3, there exists Ny such that for all n > Ny,

C)5 < 0.
Hence, for every fized k > 3 and all sufficiently large n, the equal point is a saddle of Sy, .
Proof. Consider

Ag(x) (Ag(z) — kcos(m(k + 1)x)) sin(mkx)
r = A = —.
#() k3 ’ k(@) sin(mx)
At )
g = %
one has Ay (zg) = 0. Moreover
kcosm
Al () = —2T
A

so Ag(z) < 0 for x > x¢ sufficiently close to zp. Also

™ s
cos(m(k 4+ 1)xg) = cos <7r + E) = —cos o < 0.

6



Therefore, for x > x¢ sufficiently close to xg,
Ag(z) — kcos(m(k + 1)x) > 0,

and hence
Fk(az) < 0.

Thus there is an interval (1/k,1/k + e;) on which I'y, < 0. For all sufficiently large n, the grid
{m/n :1 < m < n—1} intersects this interval. For such n there is a Fourier mode with negative
coefficient, so Cg’g < 0. O

7 A uniform eventual-saddle theorem

The preceding proposition proves eventual saddle behaviour for each fixed k > 3. We now give
an explicit uniform version. The constant is not optimized; its purpose is to give a simple closed
threshold independent of numerical root finding.

Lemma 7.1 (A uniform negative interval). For every k > 3,

Ik(x) <0 whenever % <z < %
Proof. Write
1+s 1
T = o 0<s< 12
Then . .
Ay(z) = sin(m(1+s)) sin(7s) <o

" sin(n(1+s)/k)  sin(r(1+s)/k)
It remains to show that

Ag(z) — kcos(m(k + 1)x) > 0.

Put
d=m s+ Lts
= )
Since .
mk+ 1Dz =n(1+s) <1+k:> =7+,
we have
cos(m(k + 1)x) = —cosé.
Hence

Ag(x) — kcos(m(k + 1)x) = Ag(x) + k cosd.
For k>3 and 0 < s < 1/12,

m(l+s) 137 «
S Qi
R
Using siny > 2y/m on [0,7/2] and siny < y, we get
s wk s wk
A < =" o
A S S8 = 2 145 < 26
Also 1 1 13 4
+ s 7
5 W<s+ ’ )w<12+36) ’
Thus

47
cos d > cos 9



Since

(the numerical values are 0.173648 ... and 0.120830.. ., respectively), it follows that

4w
Ag(xz) +kcosd > k (cos9 - 26) > 0.

Therefore

Ag(z) <0, Ay (z) — kcos(m(k + 1)z) > 0,

and consequently

Theorem 7.2 (Uniform eventual saddle bound). Let k > 3. If
n > 12k,

then
C)5 < 0.
Hence the equal point is a saddle point of Sy, .. In particular, there are positive vectors arbitrarily
close to the equal point for which
Sn’k(a:) <

I

Proof. By the preceding lemma, I'y(2) < 0 on
L
k'12k )
n 13n
k’ 12k

If n > 12k, then the interval

has length
n
—>1
12k~
Therefore it contains an integer m. For this integer,
1 < m 13
E " n 12k’
SO m
Ymke = L (*) <0.
n
Thus
loc __ :
Cr =, min_ mp <0,
and the local saddle conclusion follows from the spectral stability theorem. O

Remark 7.3. The bound n > 12k is only a simple uniform sufficient condition. The sharper
finite-grid criterion below gives substantially better thresholds for small and moderate k. The
point of the uniform theorem is qualitative: for every denominator length k > 3, the equal point
1s eventually locally unstable once the cycle length is large enough.



8 A quantitative saddle criterion for arbitrary k

The preceding proposition is qualitative. We now record a computable quantitative version.

Let
ry o) = A A “keostal + 1) )

For k > 3, define B} to be the right endpoint of the first negative interval of 'y, after 1/k:

1 1
Bk—sup{b>:I‘k(x)<0for all x € <k,b>}.

sin(mkx)

sin(mzx)

k

The proof above shows that 8 > 1/k. Therefore the following criterion is immediate.

Corollary 8.1 (A finite-grid saddle criterion). Let k > 3. If there is an integer m such that
n
— <m < Bn,
. m < Bgn
then
C)5 < 0.

n<5k_]t>>1a

Proof. The condition n/k < m < fin is exactly

In particular, if

then the equal point is a saddle.

1 m

- < — < Dg.

r < <P
By the definition of S, this implies

T, (T) <o.

n
Hence one Fourier coefficient is negative, so
C)5 < 0.

If n(Bx — 1/k) > 1, then the interval (n/k, Sxn) has length greater than one and therefore
contains an integer. O

For the first few values of k, the endpoint S8 and the corresponding sufficient threshold are
as follows.

k| B | 1/(Br—1/k)
3 | 0.3661398 30.48
4 10.2902153 24 .87
5 10.2407228 24.56
6 | 0.2057783 25.57
7 10.1797488 27.11
8 10.1595926 28.91
9 | 0.1435163 30.86
10 | 0.1303913 32.90

Thus, for example, for £k = 4 the general criterion already implies saddle behaviour for all
n > 25, and for k = 5 it implies saddle behaviour for all n > 25.

Remark 8.2. The finite-grid formula

CIOC _ : T
mk =, i Ti(m/n)
remains the complete criterion for every pair (n, k). The number By, only gives a simple sufficient

test for saddle behaviour. For small n, one should use the exact finite Fourier minimum.



9 The case k=1

For completeness, consider

Here

and therefore
Ym,1 = 1 — cosOp,.

Thus

n

2
Clo‘le—cosj>0.
’ n

This is consistent with the global AM—GM inequality

n .
Z i > n.

T
i=1 i+1

10 The case k =2

For k = 2,
Am 5= esz + 62l6m.

)

A direct computation gives
|/\m72]2 =2+ 2cosb,,,

and
Re A2 = cos 6, + cos 20,,.
Hence
Amal> = 2Re A2 = 4sin? 0,
SO
1 1 2
Ym,2 = 3 sin?6,, = 3 sin? %
Therefore ) 5
loc _ ~ . . g 4T
n2 7 5 jemem o T

Theorem 10.1 (Complete classification for k = 2). For k =2,

1 T
loc 3 sin? =, n odd,
C’n’2 = n
0, n even.
Consequently, the equal point is a strict local minimum for odd n, and it is quadratically degen-

erate for even n.

Proof. If n is odd, the closest nonzero grid angle to 7 is at distance w/n. Thus

. Lo 2mm o T
min sin® —— = sin” —
1<m<n—1 n n
If n is even, take m = n/2. Then 6,, = 7 and sin 6,, = 0. O

10



For even n, the degeneracy is not merely infinitesimal. If

Ir1 = a, xQZb, I3 = a, :L’4=b, ey

then
ZT; Ti+1 _ a + b -1
Tiy1 +Tiy2 T2+ xiy3  a+b  a+b
Hence n
Sp2(z) = b)

on a nontrivial alternating family. Thus no strict local stability inequality can hold for even n.
For odd n, the theorem yields the sharp local stability estimate: for every € > 0, if z is
sufficiently close to equality, then

n

Sn2(z) — g > <; sin2 ~ — 5) Z (log z; — log:c)2 )

n
=1

11 The case k=3

For k = 3,
Ams = eifm 1 o2i0m | 3ifm
Put
c=cosb,,.

Then

|)\m,3|2 =3+ 4cosby, +2cos20,, = (2c+ 1)2,
and

Re A3 = €08 0, + €08 20, + cos 30, = 4¢3 4 2¢% — 2¢ — 1.

Therefore

Amsl? = 3Re Az = 2(1 — ¢)(2¢ + 1)(3¢ + 2).
Thus

2(1 — cos 0y,) (2 cos O, + 1) (3 cos O, + 2)
Tm,3 = 27 .

Since 1 — cos 6, > 0 for m # 0, the sign is determined by
(2cos 6y, +1)(3cos by, + 2).

Hence

2 1
Ym3 <0 <= -3 < cosb, < —5

Equivalently,

2w 2
Ym3 <0 <= 3 < 6,, < arccos —3):

or symmetrically near 2.

Set ) 5
T = Dy arccos <—3> ~ 0.3661397636.

™

A negative mode exists if and only if there is an integer m such that

n
—<m<Tn.

3
Let
n
Then a negative mode exists if and only if
my < TN.

11



11.1 Complete classification for £ = 3

We now classify all n > 4.
First let n = 3¢q. Then m,, = ¢+ 1. A negative mode exists if and only if

ar> +1 <T
3q
The left-hand side is strictly decreasing in q. Moreover
11 12 4

— >, —=—<T
3077 33 11
Hence the inequality holds exactly for ¢ > 11. For ¢ = 2,...,10, the mode m = ¢ = n/3 gives
cos b, = —1/2, so Cigg =
Next let n =3¢+ 1. Then m,, = ¢+ 1. A negative mode exists if and only if
g+1
<T.
3¢g+1 ’

Again the left-hand side is strictly decreasing in g. Since
7 S 8 4 -
s s 2 _ 2 o5
19 ’ 22 11 ’
this holds exactly for ¢ > 7. Thus the positive cases are
n=4,7,10,13, 16, 19.
Finally let n = 3¢ + 2. Then m, = ¢+ 1. A negative mode exists if and only if

g+1 <T
3q+2 ’

The left-hand side is strictly decreasing in ¢, and

3> 4 <
3 T, 7 <

Thus the inequality holds exactly for ¢ > 3. The positive cases are
n =>5,8.
Combining the three cases, we obtain the complete classification.
Theorem 11.1 (Complete classification for k = 3). Forn > 4,
CXs>0 <= mne{4,578,10,13,16,19}.

Moreover,
C5=0 <= ne{6912,15,18,21,24,27,30}.

For all remaining n > 4,
loc

g < 0.
Thus the equal point is a strict local minimum exactly for
n € {4,5,7,8,10,13,16,19},
18 quadratically degenerate exactly for
n € {6,9,12,15,18,21, 24, 27, 30},
and is a saddle for all other n > 4.

In particular, the equal point is a saddle for all n > 31.

12



11.2 The first nontrivial stable example: n =5

For n = 5, the minimum is attained at the modes m = 2 and m = 3. Since

dr 1445
5 4
we get
Cloc _ 5(3 B \/5)
5,3 108

Consequently, for every € > 0, if x is sufficiently close to equality, then

5(3 — V/5) _€>

5
- - >
Ssa(z) =32 ( 108

5
(log x; — log :c) 2.

i=1
The coefficient is sharp in the local sense.
11.3 A local counterexample: n =11
For n = 11, the mode m = 4 satisfies
11
Equivalently,
—5 < cos 8—7r < —1
3 11 2
Therefore
Ya,3 < 0.
Numerically,
C15%5 ~ —0.00134468.
If )
8mi
U; = COS ——
1 11 b

then, for all sufficiently small nonzero t,

11
Sllyg(etu) < ?

Thus the lower bound Sy;,3 > 11/3 fails already locally near the equal point.

12 Numerical illustration

The following table illustrates the local trichotomy for & = 3. The word zero below means
quadratic degeneracy, i.e. absence of a positive quadratic stability constant.

13



n C}f’g local type of the equal point
4 | 0.148148 strict local minimum
5 | 0.035367 strict local minimum
6 0 quadratically degenerate
7 | 0.066962 strict local minimum
8 | 0.006355 strict local minimum
9 0 quadratically degenerate
10 | 0.035367 strict local minimum
11 | —0.001345 saddle

12 0 quadratically degenerate
13| 0.015806 strict local minimum
14 | —0.003847 saddle

15 0 quadratically degenerate
16 | 0.006355 strict local minimum
17 | —0.005046 saddle

18 0 quadratically degenerate
19 | 0.002959 strict local minimum
20 | —0.004826 saddle

The classification theorem explains the table completely. The last strict local minimum
occurs at n = 19, and the last zero-quadratic case occurs at n = 30.

13 Small fixed values of k

The exact finite-grid criterion can be evaluated directly for any prescribed k. The following
table gives the positive and zero-quadratic cases for 3 < k < 10; it is included only to illustrate
the finite-grid criterion. For each listed k&, the tail is covered by the finite-grid saddle criterion,
and the remaining finitely many values of n are checked by the exact formula for C’}f%. Thus
all admissible values n > k + 1 not appearing in the second or third column are saddle cases.

k

\{n:c$§:>o}

‘ {n: C}fﬁ =0}

saddle for all n >

3

© 00 O O

10

4,5,7,8,10,13,16,19
5,9,13,17
6,7,8,11,12,16
7,13,19

8,9,11,15, 16,22
9,17,25

10, 11,19, 20

11,21

6,9,12,15,18,21, 24,27, 30
6,8,10,12, 16,20, 24

10, 15, 20
8,9,12,14, 18,24
14,21
10,12, 16, 18, 24
12,18, 27

12,15, 20, 22, 30

31
25
21
25
23
26
28
31

This table is not an additional theorem; it is obtained by direct evaluation of the exact finite
Fourier criterion and is included only as an illustration. It illustrates that the local behaviour
is genuinely arithmetic in the pair (n, k). The cases k = 2 and k = 3 admit the cleanest closed
classifications, while larger fixed k are still completely decidable by the same spectral rule.

14 The sharp Sadov constant

We now turn from the local problem to Sadov’s global normalized constant. Define

C =

. . X
inf inf — g ,
n>k>1 z;>0n Tiy1l + -+ Tigk

n

=1

14



where the indices are cyclic. Sadov proved the lower bound
C > log2.

We prove the reverse inequality by an explicit asymptotic construction; together these two facts
determine the constant exactly.
For a residue class modulo N, write |i|y for its distance to 0, i.e.

I
il = minfi —gN|

Lemma 14.1 (Concentration of the periodic exponential weights). Let

N—1
21 Yi
yi—exp<Ncos>, PN:Z%’ pi = .
N i=0 Py
Let
SN:LNz/SJa hN:LN7/12J-
Then
maxp; — 0,
A
Z Di — O)
li|n>hN
and

Z p; — 0.

sn—hn<|ilNn<sn+hN

Proof. For |t| < 7 there is an absolute constant ¢ > 0 such that

1 —cost > ct?.

-2
1
y; < eV exp <—CN> ,

Thus, for |i|y < N/2,

with ¢ represented symmetrically. On the other hand, for |i| < ¢ov N, with fixed sufficiently
small ¢y > 0, one has

y; > crel.
Therefore
PN Z CgeN\/N.
Consequently
e i
< ——exp | —c—= ).
bi > N p N

This immediately gives max; p; = O(N~Y2) = 0. Since

hy

— N2 s o
VN |

the Gaussian tail bound gives

Z p; — 0.

|i|N>hN

Finally,
sN — hy

VN

15

sN—hNNNZ/?’, — 00, sy + hn = o(N),



so the same tail estimate gives
Z pi — 0.
sn—hn<[i|Nn<sn+hn

O

Lemma 14.2 (A discrete logarithmic sum). Let ay < by be integers and let Z; > 1 be positive
numbers satisfying
Zi 12> Z; (an <i<by),

max (Zz'—l — ZZ') — 0,

an<i<bn
and
by
> (Zia - Zi) = 0(1).
i=an
Then ,
Nz 7
Z % =log Zyy—1 — log Zy,, + o(1).
i=an v
Proof. Put
Zi1— Z;
= >0
T 7 =z

Since Z; > 1, we have max; r; — 0 and
> ri=0(1).
i

Taylor’s formula gives, uniformly for r; — 0,

log(1+7;) =7 + O(r}).

Moreover,
Zr? < <mzaxri> Zri — 0.
(2 1
Hence
bn bn
Z T = Z log(1 4+ r;) 4+ o(1).
i1=an i=an
But
log(1 + ;) = log = log Z;—1 — log Z;.
i
The sum telescopes, proving the claim. O

Theorem 14.3 (Sharp value of the global constant). With C' as above,
C =log2.
Proof. 1t is enough to prove C < log2. Let N — oo, put
n = 2N, k=N + sn, sy = |[N?/3].

Define ori
a:i:exp<Ncos]7\sz>, 1=0,1,...,2N — 1.

16



Then z;1ny = x;. On one period write

o
Y; = exp <N cos ;Z) , i € Z/NZ,

N-1 ”i
PN:Z%, pi:PZ-
i—0 N

Thus p; is a probability distribution on Z/NZ. Define

SN
Wi = pitr
r=1

with indices modulo N. Since each denominator of length N + sy contains one full period and
one additional window of length sy,

Ti4+1 +---+ Li+N+sy — PN(]. + Wl)

Therefore
N—1 D
S =2 L,
2N,N+5N(x) Zz(; 1+Wi
Consequently
N + sy SN
5N SoN Ntsy(T) = (1 + W) TN,
where
N-1 »;
Ty = —
N Z 1+ W;
=0
Since sy /N — 0, it remains to prove
Tn — log2.

Let
hy = |[NT/'2, any = —hp, by = hn.

We identify the interval [ax,by] with its natural representatives in Z/NZ. Since
hNZO(SN), SN—I—hN:O(N),
there is no wrap-around in the windows used below, for all sufficiently large V.

By the concentration lemma,
Z p; — 0.

i¢[an,bn]

Since 1 4+ W; > 1, the contribution of the complement of [ay, by] to T is o(1). Thus

bn
Pi
Ty = 1).
V=2 e
i=an
The window defining Wy, 1 is
(aN —1,an —1+ SN] = [—hN, —hy —1+ SN],

and this interval contains [—hy, hy] for all large N. Hence, by the concentration lemma,

WaNfl — 1.
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Similarly, the window defining W3, is
(hn, hy + s,
which is disjoint from the central concentration region and lies in the tail; hence
Wpy — 0.
For ay <17 < by we have the exact identity
Wi—1 = Wi = pi — Ditsy-

Moreover,
SN—hN>”i|, SN+hN:0(N),

so |i + sy|n > |i|n and both residues lie in the range where p; decreases with distance from 0.
Therefore

Di = Ditsns ay <1 < by,

for all large N. Also, by the concentration lemma,

by
Z Ditsy < Z p; — 0.

i=an sN—hn<|jINn<sn+hn
Thus b
N

Wi —W;
Ty = —_— 1).
N Z 1+ W; o)

i=an
Put
Z; =1+ W;.

Then Z; > 1, and on [ay, by]

Ziw—Zi=W;1 —W; >0.

Moreover
Zi 1 — Zi = Pi — Pitsy < Dis
SO
max (Z;—1 — Z;) < maxp; — 0.
an<i<by i

Also

by

> (Zicy — Zi) = Way—1 = Wiy = O(1).

t=aN

The discrete logarithmic lemma gives

bn
Wi_1 —W;
2o o = l08 Zay—1 —log Zyy +o(1).
i=an
Since
ZaN—l =14+ WaN—l — 2, ZbN =14+ WbN — 1,
we get
Ty — log2.
Consequently
N + sy
5N SoN,N+sy (T) — log 2.

Thus C < log?2. Combining this with Sadov’s lower bound C' > log 2, we obtain C' =log2. O
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Remark 14.4. The proof shows where the logarithm appears. The additional window of length
sN moves across a sharply concentrated period. Its normalized mass drops from 1 to 0, and the
main sum becomes a discrete logarithmic integral

dW Loaw
Z — = log 2.
0

1+W

15 Relation between the global and local results

The identity C' = log2 concerns the global normalized infimum over all admissible triples
(n, k,z). It does not settle the individual fixed-k asymptotic constants, which are separate and
generally much harder problems. The Fourier analysis in the preceding sections concerns a
different question: the local behaviour of each fixed sum S, ; near its equal point. These two
parts are complementary.

The global construction in the proof of C' = log2 is not a small perturbation of the equal
point. It uses highly concentrated periodic weights. By contrast, the local theory describes the
Hessian at equality and identifies when equality is locally stable, quadratically degenerate, or

unstable. In particular, when C’iloz < 0, the equal point is not even locally minimizing, so global

extremal configurations cannot be controlled by a neighbourhood of equality. When 071102 > 0,
any global descent below n/k must occur away from equality.

16 Conclusion

We proved two complementary results for Shapiro—Diananda cyclic sums. First, the global
Sadov constant satisfies
C =log2.

The upper bound is obtained by an explicit asymptotic construction with two identical sharply
concentrated periods and window length N + sy, where sy — oo, sN/\/N — 00, and sy /N —
0. The additional window moves across one concentration peak and produces the limiting
logarithmic integral fol(l +u) " du = log 2.

Second, we computed the exact local quadratic stability of

-
S, = :
n,k () ;xiﬂ TR,

at the equal point. The logarithmic parametrization x; = €% turns the Hessian into a circulant
quadratic form. Its Fourier symbol is

Ami|? — kRe A LI
Yok = | m,k 5 m,k:7 )\m,k _ Z eme]/n.
j=1

This gives the sharp local stability constant

CYi = min .
kT o1

The sign of this constant gives a complete local trichotomy: strict local minimum, quadratic
degeneracy, or saddle.

The cases k = 2 and k = 3 were classified completely. For k = 2, the equal point is locally
stable exactly when n is odd. For k = 3, it is locally stable only for

n € {4,5,7,8,10,13,16, 19},
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quadratically degenerate for
n € {6,9,12,15,18, 21,24, 27,30},

and a saddle for all other n > 4. For every fixed k£ > 3, the equal point is a saddle for all
sufficiently large n; we also give an explicit finite-grid saddle criterion and small-k classifications.
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