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Abstract

This paper develops the deterministic carrier, closure, and coefficient-semantics layer
underlying Variable-Probability Signature Clifford Fields. The variable-probability structure
was introduced in VPSCF'1 through signature laws, local kernels, and averaged multiplication
tensors; the present paper does not introduce a new stochastic dynamics. Instead, it proves
the deterministic carrier, closure, and coefficient-semantics firewall that every pathwise or
averaged signature law must respect before probability-dependent signed forms, projected
dynamics, or analytic field equations can be stated without ambiguity. VPSCF1 [1] fixed a
common real blade carrier

A = spang{1,1, j, k,ij, ik, jk,ijk}
and placed all signature dependence in frozen multiplication tensors
my: AQA— A, o= (€i,€j,€k) € {+1}°.

The present paper studies what VPSCF1 deliberately left open: full Clifford closure generated
by the scalar-vector sector, coefficient-valued products in spaces of the form V ® A, and
grade projections back to truncated sectors. The first structural firewall is not a new
Clifford-generation fact, but its consequence for VPSCF semantics: the scalar-vector sector

A<y = spang{1,4,j, k}

is not a closed algebraic carrier: repeated homogeneous grade-one generator products collapse
to scalar signature signs, whereas exact frozen products of distinct homogeneous grade-one
generators produce ordered bivector labels. The second point is that V' ® A is only a coefficient
carrier until one specifies coefficient semantics. VPSCF2 isolates three baseline coefficient
regimes—pure metric or topological data, associative coefficient multiplication, and free
tensor-hierarchy bookkeeping—without claiming that they exhaust all possible coefficient
semantics. The third point is that projected products

U xgcr W =Tl p(U -5 W)

create closed effective truncated operations only by discarding higher grades, and those
discarded grades generate associator defects. Thus exact multiplication remains the frozen
full-grade product in A, while projected and averaged products are effective operations.

Keywords. Variable-probability signature; Clifford algebra; frozen signature; Clifford blade
carrier; full Clifford closure; full-carrier closure certificate; coefficient semantics; coefficient-
valued Clifford fields; grade projection; projected product; tensor hierarchy; associator defect;
non-associativity; scalar-vector sector; homogeneous grade-one subspace; effective multiplication.
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1 Introduction

1.1 Starting point and relation to VPSCF1
The starting expression of the Variable-Probability Signature Clifford Field program is
U=a+bi+cj+dk. (1)

At first sight, (1) resembles the usual scalar-plus-vector part of a small Clifford algebra; fixed-
sign Clifford background may be found in standard references such as [2, 3, 5|. In the VPSCF
framework, however, the signs of the squares of the formal generators are not fixed once and for
all. A frozen signature is a triple

o= (ci,6j,e) € 8= {+1}>, (2)
with square relations
P2 =¢, 32 = ¢j, k% = ey, (3)
and anticommutation relations
ij = —ji, ik = —ki, jk = —kj. (4)

For each fixed o, these relations determine a frozen Clifford-type product. The key move of
VPSCF1 was not to let the underlying vector space vary with o. Instead, VPSCF1 fixed the
common real blade carrier

A = spang{1,1, j, k,ij, ik, jk,ijk}, (5)
and placed the signature dependence entirely in the multiplication tensor
me: AR A — A (6)

Thus the frozen algebra is
Cla - (Aa mU)) (7)

where the vector space is fixed and the product varies with the signature.

Remark 1.1 (Relation with the standard Cl, ,(R) notation). For a frozen signature
o = (gi,¢5,ex) € {£1}3,

set
p(o) :=#{l e {i,j,k} : e, = +1}, q(o) = #{ € {i,j,k} :e0 = —1}.

With the convention that positive generators square to +1 and negative generators square to
—1, the frozen algebra (A, m,) is the rank-three real Clifford algebra of type Cly(4) ¢(o)(R). The
notation Cl, is used for a VPSCF-specific reason: the ordered blade carrier

A = spang{1,1,7J,k,ij, ik, jk,ijk}

is kept fixed, and the signature dependence is recorded in the labelled multiplication tensor m,;.
Consequently, two signatures with the same pair (p, ¢) may be isomorphic as ordinary Clifford
algebras, while still being distinct labelled multiplication tensors on the common VPSCF carrier
when the signs are attached to different generators.



The first paper established the finite algebraic and measurable probability layer of this con-
struction [1]: explicit blade multiplication, structure constants, frozen-signature associativity,
measurable random multiplication on A-valued fields, local one-point kernels, signature-field
laws, and averaged multiplication tensors. It also emphasized the doctrine

‘Exact algebra is pathwise; averaged multiplication is effective. (8)

The present paper keeps that doctrine and develops the next algebraic layer: closure, coefficient
semantics, and grade projection.

Remark 1.2 (Scope of VPSCF2). Although the series is named Variable-Probability Signature
Clifford Fields, the present paper is not a new stochastic-dynamics paper. Its role is the deter-
ministic probability-interface layer: it fixes the common full-grade carrier, identifies the closure
forced by the scalar-vector sector, separates coefficient carriers from coefficient algebras, and
analyzes the defect caused by grade projection. The probability layer remains pathwise/effective
in the sense of VPSCF1; VPSCF2 supplies the carrier and semantic firewall that every later
probability-dependent construction must use.

1.2 The scalar-vector sector is not a closed algebraic universe

The expression (1) belongs to the scalar-vector sector
A<y = spang{1l,i,7, k}. (9)

This sector is the natural home of the motivating object a + bi + ¢j + dk. It is not, however, a
closed algebra under the frozen product m,. The obstruction is immediate:

i,j € A<, ig ] =1], ij ¢ A<i. (10)

Thus products of distinct homogeneous grade-one generators leave the scalar-vector sector, while
repeated homogeneous grade-one generator products return scalar signature signs. This is not a
notational inconvenience. It is the first structural closure problem of the VPSCF series.

Consequently, (1) must not be interpreted as an element of a closed four-dimensional algebra
unless an additional effective operation has been specified. The exact frozen product of two
elements of A< lives in the full carrier A. In scalar coefficients, if

U=a+bi+cj+dk, W =a+ pi+~vj+ 6k, (11)

then the product U -, W generally contains a bivector component. The exact formula is derived
in Section 3; for the purposes of the introduction, the relevant point is simply

A<t o A<t C A<, A<t -6 A<t € A< (12)
The full carrier A, not A<y, is therefore the exact multiplicative carrier.

Remark 1.3 (The role of full closure). The fact that m,(A,.A) C A was already part of the
frozen algebraic foundation constructed in VPSCF1 [1]. The new role of VPSCF2 is different: it
analyzes the closure generated by the scalar-vector sector and shows that the full blade carrier is
forced by the motivating scalar-vector expression. Full closure is recalled; the full-carrier closure
certificate inside the fixed carrier is extracted and used.



1.3 The coefficient-space problem

A second ambiguity appears when the coefficients in (1) are no longer scalars. One may want to
write
U=a®14+b@i+c®)j+dk, a,b,c,d €V, (13)

so that
UeV®A. (14)

But the symbol V ® A is not automatically an algebra. If V is merely a Hilbert, Banach, normed,
or topological vector space, then it may carry norms, inner products, convergence structures, or
pairings, but those data alone do not define a coefficient multiplication

py VxV =V (15)
Without such a multiplication, products such as
by, B, o (16)

are not intrinsically meaningful.

This paper separates three baseline coefficient regimes used in VPSCF2.

(i) Pure metric or topological coefficient spaces. The space V' provides linear, metric,
topological, or pairing structure, but no canonical multiplication. The object V ® A is then
a coefficient carrier, not automatically an algebra.

(ii) Associative coefficient algebras. If V is equipped with an associative product -y, then
one may define an ordinary ungraded tensor product algebra by

(08 A) 5 (WS B) = (v-y w) @ mg(A, B), (17)
No commutativity of V is required.

(iii) Free tensor-hierarchy semantics. If no multiplication on V' is chosen, products can still
be recorded freely by increasing tensor order:

(v A)(w® B)=(vew)®m.A,B), (18)

which lands in V®2 ® A. Repeated products live in V&" @ A.

These baseline coefficient regimes are needed before any signed quadratic form, analytic field
space, PDE operator, or interface condition can be stated without ambiguity. They are not an
exhaustive classification of all possible coefficient semantics. Pairings, contractions, quotient
maps, module actions, bilinear maps into external targets, and distribution-valued products are
also possible, but each is additional semantics and must be declared explicitly. In particular,
a Hilbert pairing may later support signed quadratic forms, but it does not by itself define
coeflicient multiplication. Conversely, an associative algebra product gives multiplication but
may not encode the metric or positivity structure needed for later energy-like constructions.

1.4 Projection is effective, not exact

One may create an effective closed operation on the scalar-vector sector by projecting products
back to a truncated grade space. For 0 < r < 3, let

e, : A— As, (19)



be the vector-space projection onto grades at most r. The corresponding projected product is
Ukg<r W =1, (U -, W). (20)

This product is closed by construction on A<,, but closure is achieved by discarding higher-grade
components. Therefore %, <, is not generally the exact Clifford product.

The main case for the motivating expression (1) is
U*g W .= Hgl(U ‘o W) (21)

For the motivating scalar-vector projection r = 1, this returns a scalar-vector object, but it is
non-associative for every frozen signature. The mechanism is not mysterious. Put

PT :H§T7 QT :prr (22)
Then the associator of the projected product satisfies the defect formula
Assocy <, (U,V,W) =P (=Qr(U x V) e W+U - Qr(V -« W)). (23)

The products appearing on the right are exact frozen products in (A, m,). Thus discarded
grades control the associator defect.

The classification is simple but important:
*q<0 and %, <3 are associative, (24)
whereas

*5,<1 and x5 <2 are non-associative for every frozen signature on their full truncated domains.

(25)
The first associative case is ordinary scalar multiplication. The second is the full frozen Clifford
product. The intermediate truncations are effective projected operations.

1.5 Exact, projected, and averaged products

The word “effective” is used in this paper in the same structural sense as in VPSCF1. An
operation is effective when it is derived from exact pathwise products by an additional operation
such as averaging or projection. The exact algebraic product for a fixed signature remains

Mme: A®A— A (26)
If a signature field is realized as
c: X xQ =3, (27)
then the pathwise product is
(U -6 W)(z,w0) = Mg z0)(U(z,w), W(z,w0)). (28)

Averaged multiplication, as studied in VPSCF1, has the schematic form
My = Z 7o (T)Mer, (29)
TEX

where 7, is a local one-point signature law. It is useful, but it is not the exact frozen product.
Similarly, projected products such as %, <1 are useful, but they are not exact Clifford products
unless the projection is the identity.

The paper therefore keeps three product types separated:



Product Domain Associativity Status

My Ax A yes exact frozen product
*o,<r A<, x A<, depends on r projected effective product
My Ax A law-dependent; not automatic averaged effective product

This taxonomy is a safeguard against a common error: using a closed or averaged effective
operation as though it were the exact pathwise algebra.

1.6

Main results of this paper

The paper proves the following results.

(R1)

(R2)

(R3)

(R4)

(R5)

(R6)

Scalar-vector non-closure. The sector
A<i = spang{l,i,j,k}
is not closed under m,, since i -, j =ij ¢ A<1.

Scalar-vector product bound. Products of scalar-vector elements satisfy
A<t A1 C A<o,
and the bivector component is generally nonzero.

Full-carrier closure certificate. Inside the fixed carrier A, every real linear subspace
containing A<; and closed under m, is the full carrier A. Hence the blade-generated
closure is also A, and the generated blade set is independent of the signs ¢;, €5, €.

Baseline coefficient-regime taxonomy. Pure metric or topological coefficient data
do not define multiplication on V' ® A. Associative coefficient algebras do. Product-free
coefficient spaces admit the tensor-algebra hierarchy He = T'(V) ® A, with scalar level
Ho = A.

General projection-defect formula. For P, = Il<, and @, = I — P,, the projected
associator is

Assocy <, (U, VW) =P (—Qr(U x V) e W+ U -, Qr(V - W)).

Associativity classification of projected products. For every frozen signature, x5 <o
and x, <3 are associative, whereas x; <1 and %, <2 are non-associative as products on their
full truncated domains.

These results settle the algebraic status of a + bi + ¢j + dk before the series moves to signed
quadratic forms, quotient reductions, PDE operators, interface spaces, probability dynamics,
and full-grade obstruction theory.

1.7

Scope and claims not made

The present paper is intentionally algebraic. It does not construct a PDE theory, a variational
principle, a smooth Clifford bundle, a physical model, or an interface transmission calculus. It
also does not develop signed quadratic forms. Those forms require the carrier and coefficient

10



semantics fixed here, but their own positivity, degeneracy, and realizability issues belong to
VPSCFS3.

The paper also does not claim that projected products are replacements for frozen Clifford
multiplication. A projected product is a useful effective operation when one insists on remaining
inside a truncated sector, but it is not the exact product unless the projection is the identity.
Similarly, the tensor hierarchy is not claimed to be the only possible semantics for product-free
coefficient spaces. It is the tensor-algebra bookkeeping construction T'(V) @ A, free on the
coefficient side before one chooses a contraction, quotient, pairing, or multiplication on V.

Remark 1.4 (Why this boundary matters). If closure, coefficient multiplication, and projection
are not separated, later formulas become ambiguous. For example, an expression that looks
like a signed quadratic form may secretly require a Hilbert pairing on V', whereas an expression
that looks like a product may require an associative multiplication on V. VPSCF2 prevents this
ambiguity by fixing the algebraic and coefficient-space layer before the analytic and energetic
layers are introduced.

1.8 Organization of the paper

Section 2 recalls the frozen carrier, the signature space, and the grade decomposition. Section 3
proves scalar-vector non-closure and derives the scalar product expansion. Section 4 recalls full
closure from VPSCF1 and proves the full-carrier closure certificate forced by the scalar-vector
sector inside the fixed carrier. Section 5 introduces coefficient-valued carriers V ® A. Section 6
develops the three coefficient regimes: pure metric or topological spaces, associative coefficient
algebras, and free tensor hierarchies, including measurable coefficient-valued Regime-B fields and
the full tensor-hierarchy mapping property. Section 7 defines truncated grade projections and
projected products. Section 8 proves the general associator-defect formula and the associativity
classification. Section 9 separates exact, projected, and averaged products and gives finite
associativity criteria for averaged and projected averaged products. Section 10 records the
exact status of a + bi + ¢j + dk. Section 11 explains the transition to signed quadratic forms in
VPSCF3.

2 Frozen Carrier and Grade Decomposition

2.1 Purpose of this section

This section fixes the common notation used throughout the rest of the paper. VPSCF1 already
constructed the frozen products on a common blade carrier [1]. Here we recall precisely the part of
that construction needed for the closure and projection analysis of VPSCF2: the finite signature
space, the ordered blade basis, the frozen multiplication tensors, the grade decomposition, and
the grade projections.

The essential separation is the following:

‘the vector space A is fixed, while the product m, depends on o. (30)

This separation is the reason one can compare products, projections, and coefficient regimes
across different signatures without changing the underlying coordinate carrier.

Convention 2.1 (Algebra terminology). A real algebra means a real vector space equipped
with a bilinear multiplication. It is called associative if its multiplication is associative. It is
called unital only when a multiplicative identity is explicitly specified. Unless explicitly stated,
algebras in this paper are not assumed to be unital.

11



2.2 Signature space and square signs

The finite signature space is

¥ = {+1}3 (31)
A frozen signature is written
o= (&,¢5,€5) € X. (32)
For such a fixed o, the intended square signs are
i2 =g, 3% =€, k? =gy (33)
The generators anticommute:
ij = —ji, ik = —ki, jk = —kj. (34)

These relations are not imposed by changing the vector space. They are encoded in the frozen
multiplication tensor m, on the fixed carrier.

For any subset C' C {4, j, k}, define the sign monomial

ec(o) = H Eg, eg(o) =1. (35)

LeC

When no confusion is possible, we write simply ec. For example,

Efik} = Eifks  E{ijk} = Ei€jCk- (36)

2.3 Ordered blade basis

Fix the ordered generator set
I=1{ijk}, i<j<k. (37)
For every subset S C I, let eg denote the corresponding ordered blade. Thus
ey =1, ey = 1, ey = J, ey =k, (38)
while
Cligy =i eumy =ik egry =dk ey = ik (39)
The notation 77, tk, jk, and ijk denotes ordered basis symbols in the fixed carrier. These
symbols become products only after the frozen multiplication tensor has been chosen.

Definition 2.2 (Fixed blade carrier). The common real blade carrier is
A = spang{es : S C I} = spang{1,1i,7, k,ij, ik, jk,ijk}. (40)
It is an eight-dimensional real vector space with ordered basis

B=(1,i,7,k,ij,ik, jk,ijk). (41)

Every element U € A has a unique coordinate expansion

U =ug+ uit + u;j + uik (42)
+ wigig + uigik + ujegk + uigkijk,  us €R.

Here S C I denotes the subset corresponding to the displayed blade coordinate. This coordinate
uniqueness is independent of o. The signature affects how elements multiply, not how they are
expanded in the common basis.

12



Remark 2.3 (Formal blade notation). In the fixed-carrier model, ij is first a basis vector. The
equality

lg]=1]
is then a statement about the frozen product m,. This distinction prevents one from confusing
formal blade labels with products before the product has been specified.

Convention 2.4 (Blade labels and product notation). The symbols
7, ik, Jk, 17k

are ordered basis labels in the fixed carrier A. After a frozen signature o has been fixed, identities
such as

1] =17, i0k =1k, ok =7k

state that the exact frozen product sends pairs of distinct homogeneous grade-one basis elements
to the corresponding ordered blade labels.

Throughout the paper the product notation is semantic rather than decorative:

(i)
(i)
)
)

-» denotes the exact frozen Clifford product;
*o,<r denotes the projected product P, (U - W);
(iii) m, denotes an averaged effective product over signatures;

(iv *¥<T denotes a coefficient-valued projected product after Regime-B coefficient multiplication

has been declared.

Juxtaposition UW is avoided in theorem statements and defect formulas. When used locally
inside elementary computations after o has been fixed, it means only the exact frozen product
U -, W, never a projected, averaged, or coefficient-valued product.

Convention 2.5 (Index subsets versus algebra elements). Index subsets of
I= {7'7 Js k}

are denoted by S,T, R C I. Their ordered blades are denoted by eg, e, er. General elements of
the carrier A are denoted by U, V, W. Thus expressions such as

N(S,T), SNT, SAT
refer to set operations on index subsets, whereas products such as
U,V
refer to algebraic multiplication in the frozen carrier. This convention prevents subset labels

from being confused with arbitrary elements of A.

2.4 Frozen multiplication tensors

The frozen product is recalled from VPSCF1. For subsets S,T C I, let
N(S,T)=#{(a,b) € Sx T :b < a}, (43)

where the order is ¢ < j < k. This is the number of swaps needed to move the ordered word
associated with S and the ordered word associated with 7" into increasing order after repeated
symbols have been paired.

13



The frozen blade product is

1)N(S,T)

es o er = (— ESNTESAT: (44)

where SAT is the symmetric difference. Bilinear extension defines
my: A A— A (45)
For each frozen signature, the corresponding fixed-carrier algebra is denoted
Ay = (A, mg, 1), Cly == A,. (46)

Thus A names the common vector carrier, while A, or Cl, names the signature-dependent
algebra structure on that carrier.

Convention 2.6 (Common vector carrier, signature-dependent algebra structure). The symbol
A denotes the fixed eight-dimensional real vector space with ordered blade basis

L4, j, k, 1j, ik, jk, ijk.
For each frozen signature o € X, the notation
'AO' = ('A7 mO’v 1)

denotes the algebra structure obtained by using the multiplication tensor m,. Thus the
vector space is common, but the algebra product is signature-dependent. No canonical algebra
identification between different A,’s is assumed by the carrier convention.

The rule (44) immediately gives
i'Ui:€ia j'UjZEjv k'crk:€k7 (47)

and

ig ] = 1], Jot=—1], (48)
with analogous formulas for the pairs (i, k) and (j, k). Thus the usual square and anticommutation
rules are recovered inside the fixed-carrier product.

Proposition 2.7 (The identity carrier map is not generally an algebra map). Let o,7 € 3. The
identity linear map

idA:AU%AT

s an algebra homomorphism preserving the ordered generators i, j,k if and only if

o =T.

Proof. 1f id 4 is an algebra homomorphism, then for each generator a € {i, j, k},

ida(meg(a,a)) = my(ida(a),id4(a)).

Thus
gq(0)1 = g4(7)1.

Hence ¢,(0) = g,(7) for a = i,j,k, so 0 = 7. Conversely, if 0 = 7, the identity map trivially
preserves the product. O
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Remark 2.8 (No abstract isomorphism classification). Proposition 2.7 concerns only the fixed
carrier identification used in this paper. It does not classify the abstract real Clifford algebras
associated with different signatures, nor does it rule out nontrivial algebra isomorphisms in
special cases. The point is only that the VPSCF carrier convention identifies the underlying
vector space, not the multiplication tensor.

Proposition 2.9 (Structure-constant cocycle identity). Define
ke (S, T) := (1) Degp, S, T CI.
Then, for all S,T,R C I,
ko (S, T )k (SAT, R) = ko (T, R)ko (S, TAR). (49)

Consequently, the blade rule
€S ‘o €T = 50(57 T)€SAT
18 associative on basis blades.

Proof. Let 1g(z) denote the indicator of membership = € S. All exponents below are computed
modulo 2. The sign exponent on the left-hand side of (49) is

N(S8,T) + N(SAT, R) = > (1s(@)1r(y) + (1s(z) + 1r(2))1r(y)),

x>y

which expands to

> (15 )+ 15(x)1Rr(y) + 1T(a:)1R(y)).
>y

The sign exponent on the right-hand side,
N(T,R)+ N(S,TAR),

has the same expansion. Hence the (—1)-factors agree.

It remains to compare the square-sign factors. For each generator x € I, the exponent of £, on
the left-hand side is

1s(z)1r(z) + (1s(z) + 1r(z))1R(2),

whereas the exponent on the right-hand side is

Lr(2)1r(z) + 1s(2)(Ar(2) + 1r(2)).

Both are equal modulo 2 to

1s(x)1p(x) + 1g(z)1r(x) + 1p(2)1R(x).

Since ¢2 = 1, the square-sign factors agree. This proves (49).

Finally,
(es v er) o er = ko(S,T)ke(SAT, R)esaTAR,
whereas
es o (er 6 er) = ko(T, R)ke (S, TAR)esSATAR-
The cocycle identity gives equality. O

15



Lemma 2.10 (Normal forms and PBW basis). For every frozen signature o € 3, the quotient
CO' - R<ei7 €j7 6k>/IO'7
where I, is generated by

2 2
— &4, e —Ej, €r — €k,

2
€; g

7
and by the anticommutation relations
eie; + €eje;, e;er + ere;, ejer + ere;,
has the eight ordered square-free monomials
1, e, e, ek, eej, eeg, ejeg, eeje;

as a real basis. Hence dimg C, = 8, and every element has a unique ordered-blade normal form.

Proof. Use the rewriting rules
€je; — —e€iej, ere; — —e€;€, €LEj — —€5C,
and
2 ) 2 4 2
ei ng“ ej Hg‘j, 6k0—>8k

The lexicographic measure given by word length and inversion number strictly decreases under
these reductions, so the system terminates. The irreducible words are precisely the displayed
ordered square-free monomials.

The only nontrivial critical ambiguities are square-swap ambiguities and the three-generator
ordering ambiguity. For example,
€eje; > —€jCLe; > €568 —r —€i€ €k,
while
€kEj€E; Fr —ELei€) > €i€Lej > —E€i€;Ck.
Both reduction paths give the same normal form. A representative square—swap ambiguity is
eje; —r gi€j, eje; €i€j€; > €5€5 Fr £4€5.

The remaining cases are identical after relabeling 7, j, k. Thus the terminating rewriting system
is locally confluent and hence confluent. Therefore every word has a unique ordered square-free
normal form, and the eight irreducible monomials form a basis of C,. This is the finite-rank
PBW normal-form mechanism for Clifford algebras; see [2, 8, 9]. O

Lemma 2.11 (Frozen Clifford associativity). For every fized signature
o= (&,¢j5,€x) € X,
the product my, on
A = Spa'n]R{17i7j7 k7ij7 Zkajkajk}

18 assoctative:

U V) W=U-(V,W), UV,WEeA

Proof. By Proposition 2.9, associativity holds on the ordered blade basis. Since m, is defined by
bilinear extension from basis blades, associativity holds for arbitrary U,V, W € A. Lemma 2.10
additionally identifies the finite structure-constant rule (44) with the usual rank-three Clifford
quotient normal form, so no hidden lower-dimensional quotient relation is being imposed. [

Remark 2.12 (Associativity is frozen, not averaged). For every fixed o € ¥, Lemma 2.11
shows that m, is associative. This is the frozen associativity used throughout the paper. No
associativity is inferred from this lemma for projected or averaged products.
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2.5 Probability interface of the deterministic carrier

The variable-probability layer of VPSCF1 varies the signature law, not the deterministic blade
carrier. The following theorem records the precise interface needed later in this paper: pathwise
randomization and local averaging both remain operations on the same finite carrier A.

Theorem 2.13 (Probability-interface theorem for the common carrier). Let (X, X') and (2, F)
be measurable spaces, and let
c: X xQ =X

be a measurable frozen-signature field. Let
UW:XxQ— A

be measurable A-valued fields, where A is identified with R® through the fized ordered blade basis.
Then the pathwise product

(x,w) — ma(x,w)(U(x,w), W(z,w))
is again a measurable A-valued field.

If 1, € P(X) is a measurable local signature kernel, meaning that each coordinate function
x > . (T) is measurable, then the averaged product

mge (U, W) = Z 7o (7)Mo, (U, W)
TEL

is a bilinear map

my  Ax A— A

on the same deterministic carrier. Hence neither pathwise randomization nor finite local averaging
changes the underlying blade carrier.

Proof. The signature space ¥ is finite, and each multiplication tensor m, is a fixed bilinear map
on the finite-dimensional carrier 4. In blade coordinates, the pathwise product is a finite sum of
measurable coordinate functions multiplied by structure constants determined by the measurable
finite-valued map o. Therefore the pathwise product is measurable.

For the averaged product, the expression

e (U,W) = me(r)m-(U,W)
TEX
is a finite linear combination of bilinear maps A x A — A, with measurable coefficient functions in
x. Hence, for each fixed x, it is again a bilinear map on A, and as x varies its structure constants
are measurable. The carrier remains 4 in both the pathwise and averaged interpretations. [

Corollary 2.14 (Law-independent scalar-vector closure). The exact multiplicative closure forced
by the scalar-vector sector

A§1 = SpanR{Liaja k}
is independent of the signature law, local kernel, or measurable signature field. For every frozen

signature o, the minimal real linear subspace of A containing A<y and closed under me is the
full carrier A.

Proof. The probability-interface theorem shows that pathwise and averaged signature semantics
do not change the carrier. The closure statement is the frozen closure result proved below in
Theorem 4.4; that theorem holds for every fixed o € ¥. Therefore changing the law or kernel
changes the multiplication tensor used pathwise or effectively, but it does not change the full
carrier forced by exact scalar-vector closure. O
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2.6 Grade decomposition

The ordered blade basis carries a natural grade decomposition by subset cardinality. Define

Al = spang{es : S C I, |S| = q}, ¢=0,1,2,3. (50)
Explicitly,
A = spang {1}, (51)
AW = spang {i, j, k}, (52)
AP = gpang{ij, ik, jk}, (53)
and
AB) = spang{ijk}. (54)
Thus
A=A g A ¢ A® g A®) (55)

For 0 < r < 3, define the truncated grade sector
.
Acy = P AW, (56)
q=0

The sector central to the motivating expression a + bi + ¢j + dk is
Ay = A9 @ AN = spang{1,i, 5, k}. (57)

This paper calls A<y the scalar-vector sector or the level-one truncated sector. The phrase
grade-one sector is reserved for the homogeneous vector subspace A = spang{i, j, k}. Thus
scalar-vector expressions contain grades zero and one, whereas homogeneous grade-one expressions
contain only vector blades.

The dimensions of the truncated sectors are
dim A<y =1, dim A<y =4, dim A<y =7, dim A<z = 8. (58)
The full carrier is exactly A<z = A.

Remark 2.15 (Grading is vector-space data). The decomposition (55) is a decomposition of
the fixed vector space A. It does not depend on o. What depends on ¢ is the multiplication
rule that sends products of homogeneous blades into other blade sectors.

2.7 Grade projections

Let
m,: A— A9 (59)
be the projection associated with the direct sum (55). For 0 < r < 3, define
Mo, => Mg A— Ag,. (60)
q=0

For the full coordinate expansion (42), the level-one projection is

I<1U = ug + uit + u;j + ugk,

61
(I—Hgl)U = uijij—i—uikik—i-ujkjk%-uijkijk. ( )

Similarly, II<9 retains the scalar, vector, and bivector parts and discards only the trivector part.
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Convention 2.16 (Projection versus multiplication). Throughout this paper, projections II,
and Il<, are fixed vector-space maps on .A. They are independent of o. Products are written
using -, or m, and depend on the frozen signature. Projected products, introduced later, are
therefore composite operations: exact frozen multiplication followed by a signature-independent
projection.

2.8 Why this setup is needed for the rest of the paper

The later arguments depend on three distinctions fixed in this section.

First, the scalar-vector sector
Agl = SpanR{]-? iu ja k:}

is a vector subspace, not automatically a subalgebra. Section 3 proves that it is not closed under
M.

Second, the full carrier
A = spang{1,1,7J,k,ij, ik, jk,ijk}

is the exact frozen multiplicative carrier inherited from VPSCF1. Section 4 explains why this
full carrier is forced as the exact closure certificate generated by A<;.

Third, projections such as Il<; and II<s are not products. They become part of an effective
product only after being composed with frozen multiplication:

U*U,ST W .= HST(U ‘o W)

The algebraic defect of such projected products is the main subject of Section 8.

3 Scalar Grade-One Non-Closure

3.1 Purpose of this section

The preceding section fixed the common carrier, the frozen products, and the grade decomposition.
This section proves the first structural claim of the paper: the scalar-vector sector

A<y = spang{l,i,j,k} (62)

is not closed under frozen Clifford multiplication. The point is elementary but foundational.
Expressions of the form
a+bi+cj+dk (63)

are legitimate elements of A<, but the exact product of two such elements generally contains
bivector terms. Hence the exact product does not remain in A<;.

This section is deliberately scalar. The coefficients appearing below lie in R. Coefficient-valued
objects of the form V ® A require additional coefficient semantics and are treated later, beginning
in Section 5. Keeping the scalar case separate prevents one from silently multiplying coefficients
in a vector space V where no multiplication has been chosen.

3.2 Scalar-vector elements

Throughout this section, assume

a,b,c,d,a, B,7v,0 € R. (64)
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Let
U=a+bi+cj+dk, W =a+ pi+~vj+ ok. (65)

Then
UW e A< (66)

The space A< is a four-dimensional vector subspace of the fixed carrier 4. It contains the
scalar unit and the three grade-one generators, but it does not contain the bivectors

ij, ik, jk. (67)

Thus closure of A<; under m, would require that all bivector terms cancel for every product of
scalar-vector elements. The next theorem shows that this is false in the strongest possible way:
even a single product of basis generators leaves the sector.

3.3 Non-closure theorem

Theorem 3.1 (Scalar-vector non-closure). For every frozen signature
o= (gi,ej,€K) €3,
the scalar-vector sector
Agl = SpanR{la ia j’ k}

is not closed under the frozen product m,,.

Proof. By definition,
1,7 € Agl.

Using the frozen blade product recalled in (44), or equivalently the anticommutation convention
with ordered blades, one has

Qg j=1ij.
But
ije A®,  ij¢ A

Therefore A< is not closed under m,. The argument is independent of the values of €;,¢;, €,
because no generator is squared in the product ¢ -, j. O

Remark 3.2 (Non-closure is not a probabilistic effect). The obstruction in Theorem 3.1 occurs
for every fixed frozen signature. It is not caused by averaging, randomization, or variation of
o. It is already present in each frozen Clifford algebra (A, m,). Random or averaged signature
layers may add further effective defects, but the failure of A<; to be a subalgebra is a purely
frozen algebraic fact.

3.4 Product expansion for scalar-vector elements

The non-closure theorem can be sharpened by writing the full product of two scalar-vector
elements. The expansion separates into scalar, vector, and bivector parts.

Definition 3.3 (Exterior coefficient bivector map). For coefficient triples
u=(b,c,d), w = (8,7,6) € R?,
define the ordered exterior coefficient bivector map

uAgw:= (by — cB)ij + (b6 — dB)ik + (c6 — d)jk € A,
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Equivalently, this is the ordinary exterior product u A w € A?R? transported to the ordered
bivector basis
e; Nejr—1ij, e; N\ eg — ik, 6j/\€k'—>jk.

The subscript B records that the output is expressed in the fixed ordered blade basis of A, not
in an abstract exterior algebra.

Proposition 3.4 (Scalar-vector product expansion). Let U, W € A<y be given by (65). Then

U-eW=5,UW)+V,(UW)+ B, (U, W), (68)
where the scalar part is
Se(U, W) = aa+ ;b + gjcy + €,dd, (69)
the vector part is
Vo(U,W) = (aB + ba)i + (ay + ca)j + (ad + da)k, (70)
and the bivector part is
Bo(U, W) = (by — ¢B)ij + (b0 — dB)ik + (c6 — dv)jk = (b,c,d) Ag (B,7,6). (71)
Consequently,
U-c W e A<. (72)

Proof. Expand bilinearly:

U-eW = (a+bi+cj+dk)(a+ i+ )+ 0k)
= aa + afi + ayj + adk
+ bai 4 bBi? + byij + boik
+ caj 4 cBji + eyj? + cdjk
+ dak + dBki + dykj + dok>.
Using
i2:6i7 j2:6j7 kzz‘gku
and
ji = —ij, ki = —ik, kj = —jk,
we collect the scalar, vector, and bivector terms. The scalar terms are
ao + ;b8 + ejcy + e dd.
The vector terms are
(aB + ba)i+ (ay + ca)j + (ad + da)k.

The bivector terms are
(by — ¢B)ij + (b0 — dp)ik + (cd — dy)jk.

There is no trivector term, because the product of two scalar-vector elements contains at most
two generators in each blade. This proves the formula and the inclusion in A<s. O

Remark 3.5 (Dependence on o). In the scalar product expansion, the square signs ¢;, €, €,
appear only in the scalar part. The vector part and the bivector wedge-type part are independent
of the square signs. This reflects the fact that changing o changes contractions produced by
repeated generators, while the ordered bivector labels generated from distinct generators are the
same in the fixed carrier.
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3.5 Generic escape from the scalar-vector sector

The expansion in Proposition 3.4 gives an exact criterion for a scalar-vector product to remain
scalar-vector.

Corollary 3.6 (Bivector cancellation criterion). For scalar-vector elements
U=a+bi+cj+dk, W =a+ pi+~vj+ 6k,
one has
U-,We .Agl

if and only if
(b,c,d) A (B,7,0) = 0.

FEquivalently,
by —cB =0, by —dp =0, cd —dvy = 0.

Equivalently, the vector coefficient triples (b,c,d) and (3,7,0) are linearly dependent in R3, with
the zero cases included.

Proof. By Proposition 3.4, the only possible component of U -, W outside A< is
By (U, W) = (b,c,d) Ap (B,7,0) € A®).

Since ij, ik, jk are linearly independent ordered blade labels, this component vanishes exactly
when the three displayed coefficients vanish. This is precisely the usual rank-one condition for
two vectors in R3, equivalently linear dependence, with zero vectors included. ]

3.6 Grade bookkeeping

The preceding expansion is a concrete instance of a simple grade bookkeeping principle.

Lemma 3.7 (Scalar-vector product bound). For every frozen signature o € 3,
A<t 6 A<t € Aco. (73)

Moreover,

A<t o A<t € A<y (74)

Proof. Every element of A< is a scalar plus a linear combination of ¢, j, k. A scalar times a
scalar has grade zero. A scalar times a vector, or a vector times a scalar, has grade one. A
product of two grade-one generators either squares to a scalar, if the two generators are equal,
or gives an ordered bivector up to sign, if they are distinct. Therefore a product of two elements
of A<y can have only grades 0,1, 2. This proves (73). The strict failure of containment in A<;
follows from i -, j = ij ¢ A<1. O

Remark 3.8 (No trivector from two homogeneous grade-one factors). A trivector term requires
three distinct generators. Since the product of two scalar-vector factors contains at most one
generator from each factor, it cannot create an ijk term. Trivectors first appear when one
multiplies a vector by a bivector, or when three homogeneous grade-one factors are multiplied
without truncation.
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3.7 Why non-closure forces full carrier analysis

The failure of closure has two consequences.

First, the exact product of scalar-vector inputs must be computed in a larger carrier. For two
scalar-vector inputs, A<y is enough. But once one multiplies again, bivectors interact with
vectors and generate the trivector. For example,

15 jk="1jk. (75)
Thus repeated exact multiplication starting from 1,4, j, k forces the full carrier
A = spang{l,i, 7, k, ij, ik, jk, ijk}. (76)

This is developed formally in Section 4.
Second, if one insists on staying inside .A<;, one must introduce an additional operation. The
natural operation is projected multiplication,

U*U W = Hgl(U ‘o W) (77)

This operation is closed on A<j, but it is no longer the exact frozen Clifford product. Its
associator defect is caused by the bivector terms discarded by Il<;. This projected-product
mechanism is developed in Sections 7 and 8.

3.8 Coefficient warning and transition

All formulas in this section were scalar formulas. The products
by, cf, do (78)
that appear in Proposition 3.4 are ordinary real products. If instead
a,b,e,d,a, 3,v,0 €V (79)
for a general vector space V, then these products are not defined until one specifies how

coefficients multiply.

In the associative coefficient-algebra regime developed later, the same scalar expansion has an
ordered analogue obtained by replacing scalar multiplication with the chosen product -y. If V is
noncommutative, order matters: for example, the ij-coefficient becomes

b'V'Y—C‘V/By (80)

not an unordered product. In the tensor-hierarchy regime, the corresponding terms are repre-
sented by tensor concatenations such as b ® v and ¢ ® 3, not by products in V. If V' is merely a
Hilbert or Banach space with no specified multiplication, neither expression is automatically
meaningful as a coefficient in V.

This is why the paper next recalls full closure and then separates coefficient-valued carriers
from coefficient-valued algebras. The non-closure of A< is a blade-level issue; the meaning of
coefficient multiplication is a separate coefficient-level issue. VPSCF2 keeps them separate.
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4 Full Clifford Closure and Minimality

4.1 Purpose of this section

Section 3 proved that the scalar-vector sector
"4§1 = SpanR{lﬂ ia ja k}

is not closed under frozen multiplication. The present section identifies the exact blade carrier
forced by this failure. The point is not novelty at the level of classical Clifford generation. The
point is semantic minimality inside the VPSCF carrier convention. The full-carrier closure was
already built into the frozen product construction recalled from VPSCF1. The sharper statement
needed here is:

once one starts from 4<; and insists on exact multiplication, all blades are forced.

In other words, the full carrier is not an optional enlargement. It is the exact closure certificate
inside the fixed carrier generated by the scalar-vector input sector.

This distinction is important for the rest of VPSCF2. Later sections will introduce coefficient-
valued objects and projected products. Those constructions must be understood against the
exact full-grade background developed here. Projection may return a product to a smaller sector,
but exact multiplication does not.

4.2 Recalled full-carrier closure from VPSCF1

We first recall the closure property inherited from VPSCF1 [1]. The common blade carrier is
A = spang{1,i, j, k,ij, ik, jk, ijk}. (81)

For each frozen signature
o= (gi,ej,€K) €3,

VPSCF1 defines a multiplication tensor

me: A A — A (82)
Equivalently, if
A, Be A,
then
A-,BeA. (83)

Proposition 4.1 (Recalled full-carrier closure). For every frozen signature o € %, the full
carrier A is closed under my:

mq(A,A) C A (84)

Consequently,

(A, mq) (85)

is a closed frozen-signature Clifford algebra.

Proof. This is the full-carrier closure property already encoded by the VPSCF1 blade multipli-
cation law [1]. In the ordered blade basis

Li,j,k,ij,ik, jk,ijk,
the product of any two basis blades is again a signed scalar multiple of a basis blade. By

bilinearity, products of arbitrary elements of A remain in A. O
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The role of Proposition 4.1 in VPSCF2 is foundational rather than novel. The contribution
below is the semantic closure certificate: starting only from the scalar-vector sector, exact closure
regenerates the whole carrier.

Remark 4.2 (Novelty is semantic, not classical generation). The minimality result below is not
intended as a new theorem about ordinary real Clifford algebras. In a rank-three Clifford algebra,
degree-one generators classically generate the full algebra. Its role in VPSCF2 is different: it
certifies that the motivating scalar-vector expression a + bi + ¢j + dk cannot be treated as a
closed exact algebra unless one either passes to the full carrier A or explicitly replaces exact
multiplication by a projected or otherwise effective operation.

4.3 Generated subspaces inside the fixed carrier

We now make precise the closure operation used in this section. A linear subspace inside the
fixed carrier means a real linear subspace W C A. It is my-closed if

me (W, W) C W. (36)

A blade subspace is a special case: a linear subspace spanned by a subset of the ordered blade
basis
B={1,i,74,k,ij,ik, jk,ijk}. (87)

Since the present section concerns internal closure, not arbitrary quotient algebras or external
completions, all closure statements are made inside the fixed carrier A.

Definition 4.3 (Blade algebra generated inside the fixed carrier). Let S C A be a blade-spanned
subspace. We write
BladeAlg,, (S) (88)

for the smallest blade subspace of the fixed carrier A that contains S and is closed under the
frozen product m,-.

The stronger minimality theorem below is not restricted to blade subspaces: any real linear
subspace of A containing A<; and closed under m, is already the full carrier. The blade-generated
statement is then an immediate special case.

4.4 Minimal full linear closure

The scalar-vector sector contains the unit and the three grade-one generators:
A<i = spang{1,i,7j, k}. (89)
The products among the grade-one generators force the bivectors:
16 =17, ik =ik, Jjok=jk. (90)

Once the bivectors are present, products of a vector and a bivector force the trivector. For
instance,
15 jk=1jk. (91)

Thus closure under exact multiplication does not stop at scalar-vector or scalar-vector-bivector
level.
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Theorem 4.4 (Full-carrier closure forced by scalar-vector data). For every frozen signature
o €X, let W C A be a real linear subspace satisfying

A CW (92)
and
ma(W’ W) cw. (93)
Then
W =A. (94)

Consequently, the smallest real linear subspace of the fized carrier A containing A<y and closed
under my is the full carrier A. In particular,

BladeAlg,, (A<1) = A. (95)
Proof. Since A<y C W, we have
1,2,5,k € W.
Because W is closed under m,,
iy=ixj€EW, tk=i-skeW, jk=j-ckeW. (96)

Now i € W and jk € W. Hence closure gives
ijk =1 -c jk € W. (97)
Therefore W contains every ordered blade:
1,4,7,k,ij,ik, jk,ijk € W. (98)
Since W is a real linear subspace, it contains the real span of these blades, namely A. Thus

A C W. The reverse inclusion W C A holds by assumption, so W = A.

Applying this conclusion to blade subspaces gives the displayed blade-generated identity. The
theorem is therefore a closure certificate for the VPSCF carrier convention: scalar-vector
truncation may be used as an effective projected model, but it is not an exact multiplicative
carrier. U

Corollary 4.5 (Exact closure versus effective scalar-vector truncation). The scalar-vector sector
A<i can be used as a projected or effective state space only after the product has been modified,
for example by

U*o,gl V= leU(U, V)

It is not an exact frozen Clifford algebra under m,. Ezact scalar-vector multiplication forces the
full carrier A by Theorem 4.4.

4.5 Signature-independence of the generated blade set

The signs €;, €;, €}, influence contractions and squares, such as

-2 -2 2
17 =&y, J =¢j5, k = E&k-

They do not change which blades are forced by closure of the scalar-vector sector. The generators
17,1k, jk,ijk arise from multiplying distinct generators, so no square sign is needed to generate
the blade set itself.
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Corollary 4.6 (Signature-independent blade generation). For every o € ¥,

BladeAlg,, (A<1) = A. (99)
Moreover, the generated blade set

{1,4,7,k,ij,ik, jk,ijk} (100)

is independent of the signs €;, €5, €.

Proof. The proof of Theorem 4.4 uses the products
i6] =17, i-ok =ik, Jjo k =7k, i jk=1jk.

These blade-generation steps do not require replacing any repeated generator by a square sign.
Therefore the set of generated blades is the same for every o € 3. O

This corollary is not saying that all frozen algebras (A, m,) are the same algebra. Their
multiplication tensors differ through the signs in contractions. It says only that the common
blade carrier forced by exact closure is the same.

4.6 Why intermediate truncated sectors do not suffice

Theorem 4.4 can also be read as a negative statement about intermediate truncations. The
scalar sector

A<o = spang{1}
is closed, but it does not contain the motivating scalar-vector data. The scalar-vector sector A<

contains the motivating data, but Theorem 3.1 shows that it is not closed. The next possible
truncation is

Azz = spang{L,i,j, k, ij, ik, jk}. (101)
This sector contains all products of two scalar-vector elements, but it is still not closed under
exact multiplication.

Proposition 4.7 (The scalar-vector-bivector sector is not exact-closed). For every o € X,

me(A<a, A<2) € A<o. (102)

Proof. Both i and jk belong to A<, but

io ik =1ijk, (103)
and
ijk ¢ A<s.
Therefore A<s is not closed under exact multiplication. O

Thus the sequence of truncated sectors has the following exact-closure behavior:

Sector Contains scalar-vector data? Exact closure status

A< no closed scalar sector

A<t yes not closed; bivectors appear

Ao yes not closed; trivectors appear
A<z =A yes closed full carrier

This table anticipates the later projection theory. If one insists on remaining in A<; or A<g,
one must project after multiplication. That projection produces an effective product, not the
exact Clifford product.
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4.7 Consequences for exact versus projected multiplication

The results of this section establish a strict grade-sector taxonomy:
A<t C A< C Az = A (104)

The first inclusion is forced by products of vectors; the second is forced by products of vectors
with bivectors. Exact frozen multiplication lives at the top level. Lower levels are useful as
sectors, input spaces, or projected state spaces, but not as exact multiplicative carriers.

Accordingly, the expression
a+bi+cj+dk

should be interpreted as a scalar-vector element embedded in the full carrier. If the paper later
writes

U'UI/Va

without projection, then the product is understood in A. If the paper writes
<, (U - W),

then it is explicitly using a projected effective product. This convention prevents two common
mistakes:

1. treating A<; as a closed Clifford algebra;

2. treating projected truncation as exact multiplication.

4.8 Transition to coefficient-valued carriers

The closure results above are blade-level statements. They say where products of basis blades
live. They do not yet say how to multiply coefficients if the scalar coefficients

a,b,c,d e R
are replaced by vector-valued coefficients
a,b,c,deV.
That is a separate question. The next section introduces coefficient-valued carriers of the form
VeA

and separates the object-level carrier from the additional structure needed to turn it into an
algebra. This separation is essential: full blade closure fixes the Clifford side, but coefficient
multiplication requires its own semantics.

5 Coefficient-Valued Carriers

5.1 Purpose of this section
Sections 3 and 4 resolved a blade-level question. They showed that the scalar-vector sector

Agl = SpanR{la iaj’ k}
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is not closed under exact frozen multiplication, and that the full blade carrier
A = Spa'nR{17i7j7 k7ij7 Zka]kvz]k}

is forced by exact closure. This section addresses a different issue: the meaning of coefficients.

The scalar formulae in Section 3 used real coefficients. In applications of the VPSCF framework
one often wants the coefficients to be vectors, functions, signals, states, tensors, or other
structured objects. One then writes expressions of the form

U=a®1+bRi+cRj+dok,  abecdcV. (105)

This notation is meaningful as a vector-space object as soon as V' is a real vector space. It is
not, however, automatically meaningful as a multiplicative object. The purpose of this section is
to separate the carrier

VoA
from any algebraic product one may later impose on it.

The distinction is essential. Full Clifford closure fixes the blade side. It says where products of
the basis blades 1,4, j, k, ij, ik, jk,ijk live. It does not say how to multiply coefficients in V. If
V' has no specified multiplication, expressions such as

by, ¢B,  do

are not intrinsic. They require additional coefficient semantics. This section defines the
coefficient-valued carriers only; Section 6 classifies the possible product regimes.

5.2 Algebraic tensor carriers

Let V be a real vector space. Throughout this section, unless explicitly stated otherwise, the

tensor product
VeAd

is the algebraic tensor product over R. Since A is finite-dimensional, this carrier can be identified
with the direct sum of eight copies of V:

VoA P VeRey 2VE (106)
AoC{ig,k}

Here e 4, denotes the ordered blade associated to the subset Ag C {4, 7, k}, with
eg =1, €Ly = (2 €ligy — i, €l gk} — ijk,
and similarly for the other subsets.

Definition 5.1 (Full-grade coefficient carrier). Let V be a real vector space. The full-grade
V-coefficient VPSCF carrier is

V®A (107)
An element of this carrier has the unique blade expansion
U= Y ua®es, us€V. (108)
AoC{i.g,k}

Equivalently,

U=ug@1+u;@i+u;@J+up @k
+uij®ij+uik®ik:+ujk®jk:+uijk®ijk‘. (109)
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The uniqueness in Definition 5.1 follows from the linear independence of the blade basis in A.
No multiplication on V' is required for this statement. It is purely linear.

Remark 5.2 (Notation for coefficients and blade labels). To avoid conflict between the coefficient
space V and a blade-indexing subset, this section uses Ag, By C {i,j, k} as blade labels. Thus
ua, is a coefficient in V', while ey, is a blade in A.

5.3 Grade decomposition with coefficients

The grade decomposition of A induces a grade decomposition of the coefficient carrier. Define

VoA =vedd  ¢=01,23. (110)
Then
VeAd=VoAWevVedHVe VedH?PaeVedd. (111)
Similarly, for 0 < r < 3, define the truncated coefficient sector
Vel =PV oA (112)
q=0

Definition 5.3 (Coefficient-valued grade projections). Let
M : A— A9 T, A— Ae,
be the blade-grade projections defined in Section 2. Their coefficient-valued extensions are
idy @I, : VeAd— VoA (113)

and
idy @Il<, : VA= VoA, (114)

These projections are again linear and independent of o. The signature affects frozen multiplica-
tion on the blade factor; it does not affect the vector-space decomposition into grades.

Remark 5.4 (Grade is a blade property, not a coefficient property). In V ® A, the grade of
a term is determined by its blade component, not by any internal structure of the coefficient
ug, € V. Even if V later carries its own grading, filtration, topology, or norm, that additional
structure is separate from the Clifford blade grade used in this paper.

5.4 Scalar-vector coefficient objects

The coefficient-valued version of the motivating scalar-vector expression is the following.

Definition 5.5 (Scalar-vector coefficient object). Let V' be a real vector space. A scalar-vector
V-coefficient VPSCF object is an element

U=aR14+bQi4+c®@5j+dRFk, a,b,c,d eV. (115)

Equivalently,
UeV®A. (116)

This definition should be read as a carrier statement only. It asserts that the object has scalar-
vector blade support. It does not assert that two such objects can be multiplied inside V ® A<,
or even inside V ® A, without specifying a product or bookkeeping semantics on V.
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Proposition 5.6 (Linear closure of coefficient sectors). For each 0 < r < 3, the sector V @ A<,
is a linear subspace of V.® A. In particular, sums and scalar multiples of scalar-vector coefficient
objects are again scalar-vector coefficient objects.

Proof. The sector A<, is a linear subspace of A. Tensoring with the real vector space V gives
the linear subspace V ® A<, C V ® A. The assertion about sums and scalar multiples follows
from linearity. O

Remark 5.7 (Linear sector versus algebra). Proposition 5.6 is only a linear statement. It must
not be confused with multiplicative closure. Section 3 showed that even in the scalar case A< is
not closed under exact multiplication. Adding coefficient vectors does not repair that blade-level
obstruction.

5.5 Field-valued carriers over a base set

The coeflicient carrier can also be used pointwise over a base set. Let X be a set. A coefficient
field over X is a map
U: X—=>VeA (117)

Equivalently, after choosing the fixed blade basis, such a field can be written as

Ul)= > ua(@)®ea,,  us:X =V (118)
AOg{lJvk}

A scalar-vector coefficient field has the form
Ulx)=a(z)®1+bx)®i+c(z) ®j+d(z) @ F, (119)

where

a,bc,d: X — V. (120)

At this stage, X is only a base parameter set. No topology, measure, differentiable structure,
Sobolev regularity, interface structure, or PDE structure is assumed. Those structures may be
imposed in later analytic papers of the VPSCF series, but they are not part of the algebraic
carrier layer developed here.

Convention 5.8 (Pointwise carrier convention). If U : X — V ® A is a coefficient field, then
all carrier-level statements are interpreted pointwise in x € X. For example,

Ux) e VA

means that the blade support of the value U(x) is contained in A<;. This convention does not
define a pointwise multiplication unless coefficient semantics have also been specified.

5.6 What is defined without coefficient multiplication

If V is only a real vector space, the carrier V ® A supports the following operations without
further assumptions:

(i) vector-space addition;
(ii) scalar multiplication by real numbers;

(iii) decomposition into blade grades;
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(iv) grade projections idy ®@II<,;

(v) pointwise carrier evaluation for maps X — V ® A.

None of these operations requires multiplying two coefficients in V.

By contrast, a product of two coefficient-valued pure tensors
(v® A)(w® B) (121)

requires a decision about what should replace vw. There is no canonical answer from vector-space
structure alone. One may choose an associative multiplication v -y w, or one may keep the
ordered pair as a tensor v ® w, or one may impose some other bilinear operation or contraction.
These choices lead to different coefficient regimes.

Proposition 5.9 (Carrier does not determine product). The data of a real vector space V' and
the frozen Clifford carrier (A, my,) do not, by themselves, determine a canonical multiplication

VoA x (VoA —VeA (122)

Additional coefficient semantics are required.

Proof. The blade factor has a specified frozen product m,, so the blade component of
(v® A)(w® B)

would naturally be m, (A, B). However, to land again in V' ® A, one also needs a coefficient in V'
constructed from v and w. A bare real vector space does not provide a distinguished bilinear map
V x V — V. Hence the carrier data alone do not determine the displayed multiplication. [

Remark 5.10 (Why scalar coefficients are special). When V' = R, the coefficient multiplication
is already fixed by the field structure of R. In that special case,

R AXA,

and the scalar computations of Section 3 are recovered. The coefficient problem begins when V
is not being used merely as the ground field.

5.7 Compatibility with frozen signatures

Coefficient-valued carriers do not alter the signature space. For every
o= (gi,ej,€k) €%,
the blade-side square relations remain
i’ =gy, 52 = ¢€j, k? = ep,
and the blade-side anticommutation relations remain
1 = —J1, ik = —ki, jk = —kj.

The coefficient space V' does not change which frozen signature is being used. Rather, it changes
what kind of values are attached to the blades.

If later a coefficient multiplication is chosen, the product may be written schematically as
(v®ey,) o (W ep,) = coefficient-combination (v, w) ® my(ea,, en,)- (123)
The second factor is fixed by the frozen Clifford product. The first factor is the coefficient-

semantics choice.

32



5.8 Transition to coefficient regimes

The conclusion of this section is the following:

V ® A is a coefficient carrier, not automatically a coefficient algebra. ‘ (124)

This statement is the coefficient-level analogue of the blade-level warning from Section 3. At the
blade level, A< is a useful sector but not a closed exact algebra. At the coefficient level, V ® A
is a useful carrier but not a product-bearing algebra until V' receives additional semantics.

Section 6 now records the three baseline regimes that will be used in the rest of VPSCF2:

(i) pure metric or topological coefficient spaces, where no multiplication is supplied;

(ii) associative coefficient algebras, where V' ® A becomes an ordinary ungraded tensor product
algebra;

(iii) tensor-algebra hierarchy semantics, where products are represented by increasing tensor
order rather than closed multiplication in V ® A.

6 Three Coefficient Regimes

Section 5 established that V' ® A is a coefficient carrier, not automatically a coefficient algebra.
This section makes that warning precise. The same formal expression

UZZUS®65
SCI

can have different algebraic meanings depending on the structure imposed on V. VPSCF2
separates these meanings into three baseline regimes:

(i) pure metric or topological coefficient spaces, where one has norms, pairings, or convergence,
but no specified multiplication;

(ii) associative coefficient algebras, where a bilinear product on V' makes V' ® A into an ordinary
ungraded tensor product algebra;

(iii) tensor-algebra hierarchy semantics, where products are represented by increasing tensor
order, including the scalar level Hy = A, instead of being forced back into V ® A.

Remark 6.1 (Non-exhaustiveness of the coefficient regimes). The three regimes in this section
are baseline regimes used in VPSCF2, not an exhaustive classification of every possible coeflicient
semantics. Other meaningful choices include coefficient pairings, contractions, quotient maps,
module actions, bilinear maps into an external target, and distribution-valued products. Such
choices are not incorrect, but they are additional semantics and must be declared explicitly. The
present paper focuses on the three regimes needed to separate coefficient carriers, associative
coefficient algebras, and free bookkeeping before the later signed quadratic and analytic layers.

The distinction is not cosmetic. It determines whether expressions such as

(us X es)(UT X 6T)

are undefined, closed in V ® A, or lifted to a higher tensor level.
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6.1 Regime A: Pure metric or topological coefficient spaces

The first regime treats V as a coefficient space with linear, metric, or topological structure,
but without multiplication. Typical choices include real Hilbert spaces, Banach spaces, normed
spaces, locally convex spaces, or purely algebraic real vector spaces.

Definition 6.2 (Pure coefficient-space regime). Let V' be a real vector space equipped, possibly,
with additional non-multiplicative structure such as a norm, inner product, seminorm family,
topology, or duality pairing. The pure coeflicient-space regime is the interpretation of

Ve A
as a linear coefficient carrier without a specified bilinear multiplication
ny - VxV >V

Definition 6.3 (Coefficient anchor). Let V' be a real vector space. A coefficient anchor is a
specified element
ey € V.

It determines a linear map

ley A=V ®A, tey (A) = ey ® A.

If ey # 0, this map is injective. In Regime A, however, no such anchor is part of the default
data, and even when an anchor is supplied it is only a linear anchor, not a multiplicative unit
unless V' has been given a unital algebra structure with ey = 1y.

Proposition 6.4 (Canonical blade copy requires anchor data). In Regime A, the data of V ® A
determine the blade decomposition

VoA= PV ees,
SCI

but they do not determine a canonical linear embedding
A=V ®A

A choice of coefficient anchor ey € V' determines the linear map
A ey ® A

If V is a unital Regime-B coefficient algebra and ey = 1y, then this map is the canonical unital
blade-algebra embedding.

Proof. The decomposition follows from the fixed blade basis of A. To embed A as a distinguished
copy inside V ® A, one must choose a coefficient value multiplying every blade. Regime-A data
contain no distinguished element of V. Therefore no canonical map A — ey ® A is determined.

Once an anchor ey is supplied, the formula A — ey ® A gives a linear map, injective when
ey # 0. If V is unital and ey = 1y, then

Iy ®A) - (ly ® B) =1y ® my(A, B),

so the map is a unital algebra embedding of A,. O

34



In this regime, one may form coefficient-valued elements

UIZU5®€5, ug €V,
SCI

and one may apply all linear operations inherited from V and A. For example,

U+W:Z(u5+ws)®€s, AU:Z()\US)(@@S-
SCI SCI

If V is normed and A is finite-dimensional, one may also impose coefficient norms such as

1015y =D lluslii
SCI

whenever this expression is meaningful. If V' is Hilbert, pairings such as

> (us,ws)v

scr
are also meaningful. None of these operations, however, supplies a product ugvr in V.

Theorem 6.5 (Insufficiency of pure metric coefficient data). A Hilbert, Banach, normed, or
topological vector-space structure on V, without an explicitly specified bilinear multiplication

pv:VXV—)V,

does not canonically make
Ve A

into an algebra whose tensor product is compatible with the frozen Clifford product on the blade
factor. If one further wants a distinguished linear copy of A inside V @ A, one must choose a
coefficient anchor ey € V and use A — ey ® A. This is only a linear embedding in Regime A. It
is not an algebra embedding unless V' has been upgraded to a unital coefficient algebra and ey is
its multiplicative unit.

Proof. To make V ® A into an algebra compatible with the frozen blade product, one must at
least define how products of pure coefficient tensors behave:

(u® A)(v® B) = coefficient product of u,v ® my(A, B).
The second factor is fixed by m,. The first factor requires a bilinear rule
wy (u,v) € V.

A norm, topology, inner product, or duality pairing does not by itself select such a bilinear
rule. The same underlying normed vector space may admit no intended multiplication, a zero
multiplication, a pointwise multiplication, an operator-composition multiplication, or many other
bilinear products when additional data are supplied. Hence the metric or topological structure
alone does not determine a canonical algebra product on V' ® A. Moreover, even the weaker
statement that V' ® A contains a distinguished linear copy of A requires a chosen coefficient
anchor ey, so that A — ey ® A. Without such a choice, no preferred copy is selected by the
vector-space structure alone. The stronger statement that this copy is a subalgebra requires
Regime B with a unital coefficient algebra and unit 1y . O

Remark 6.6 (Banach and Hilbert algebras are extra structure). Theorem 6.5 does not say that
a Banach or Hilbert space can never be an algebra. It says only that being Banach or Hilbert is
not enough. If a Banach space is equipped with a continuous associative product, it belongs to
Regime B. If a Hilbert space is equipped with an algebra product, that product is additional
structure and must be stated explicitly.
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Proposition 6.7 (Canonical operations determined by Regime-A data). In Regime A, the
declared data canonically determine the following operations on V @ A:

(i) linear combinations from the vector-space structure of V& A;
(it) blade-grade projections idy ®Il<, from the fized grade decomposition of A;

(iii) coefficient norms, topologies, dualities, or pairings, but only when they are explicitly supplied
as part of the structure on V;

(iv) pointwise evaluation U(x), but only when coefficient fields ug : X — V' have been specified.

No bilinear multiplication

VoA x(VoA) VoA

compatible with my is canonically determined by Regime-A data alone. A distinguished linear
embedding of A into V& A is also not canonically determined unless a coefficient anchor ey € V
has been supplied. Such an anchor is not a unit in Regime A; it becomes a genuine unit only in
Regime B when V is a unital associative algebra.

Proof. Ttems (i) and (ii) use only the linear structure of V' and the fixed finite-dimensional grade
decomposition of A. Items (iii) and (iv) use only extra non-multiplicative data that have already
been declared.

A product on V ® A, by contrast, must combine coefficient factors from two inputs. This requires
a bilinear coefficient-combination rule

w VXV SV,

which is not part of Regime A. The absence is not merely formal. The same underlying vector
space V may support many different bilinear products, including the zero product and nonzero
products when additional structure is chosen. These choices give different tensor-product
multiplications on V ® A, while the Regime-A data remain unchanged. Therefore Regime-A
data alone do not canonically determine such a multiplication. O

6.2 Regime B: Associative coefficient algebras

The second regime supplies exactly the missing datum: a coefficient multiplication. This is the
closed algebraic regime for coeflicient-valued VPSCF objects.

Convention 6.8 (Ordinary ungraded tensor product algebra). Unless otherwise stated, V ® A is
treated as an ordinary ungraded tensor product algebra. The coefficient factor carries no Koszul
sign convention. All signs in blade multiplication come from m,, not from moving coefficients
past blades.

Let
(V,v)

be an associative real algebra, not necessarily unital unless explicitly stated. The algebra V'
need not be commutative, and it need not be finite-dimensional. When V' is unital, its unit is
denoted 1y. For pure tensors define

(v®A) 4 (w®B):=(v-yw)@®ms(A,B), (125)

and extend bilinearly.
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Definition 6.9 (Associative coefficient-algebra regime). The associative coefficient-algebra
regime is the interpretation of V ® A with multiplication (125), where (V,-y) is an associative
real algebra, not necessarily unital, and A, = (A, m,, 1) is the frozen Clifford algebra structure.

Theorem 6.10 (Regime-B frozen product). If (V,-y) is an associative real algebra, not neces-
sarily unital, then V ® A, with multiplication (125), is an associative real algebra for each fized
o € X. If V is unital with unit 1y, then V ® A is unital with unit

1y ® 1.

Proof. 1t suffices to check associativity on pure tensors. Let u,v,w € V and A, B,C € A. Then

(u®A) 5 (V®B)) o (weC) = ((u-vv)vw)®me(ms(A,B),C),
(u®A) o (v B) o (we ) =(u-y (vvw) @me(A ms(B,C)).

These are equal by associativity of V' and of (A, m,). Bilinearity extends equality to arbitrary
elements of V ® A.

If V is unital, then for every pure tensor v ® A,
(ly®1) (@A) =v® A, (WA (1lyel)=v® A
Thus 1y ® 1 is the unit. Without a unit in V', no unit is supplied by Regime-B data. ]

Remark 6.11 (No commutativity assumption). Theorem 6.10 does not require V to be
commutative. Ordered products such as b-y v and v -y b may differ. The tensor product rule
(125) preserves the order inherited from the two VPSCF factors.

Definition 6.12 (Algebraic and analytic Regime B). Regime B has two levels.

(i) Algebraic Regime B assumes only that V' is an associative real algebra, not necessarily
unital. This is sufficient to define the algebraic product (125) on V ® A.

(ii) Analytic Regime B assumes, in addition, that V' is a normed, Banach, Hilbert, or topological
vector space and that the coefficient product

-V:VXV—>V

is continuous. In the normed case, this means that there exists a constant Cy > 0 such
that

[v-vwlv < Cvlvllv]wly
for all v,w € V.
VPSCF2 uses Algebraic Regime B unless analytic continuity is explicitly declared.
Convention 6.13 (Coordinate topology on V' ® A). Fix the ordered blade basis
B=(1,i,7,k,ij, ik, jk,ijk)
of A. Every element of V' ® A is written uniquely as

UZZUS®65, ug € V.
SCI

If V is a normed space, V ® A is equipped with the coordinate ¢'-norm

1Ullvear = llusllv.
SCI
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If V is only a topological vector space, V ® A is equipped with the product topology under the
finite-coordinate identification
Ve AV

Since A is finite-dimensional, any two fixed coordinate norms on the blade factor give equivalent
topologies. Thus the continuity statements below are independent of the particular finite-
dimensional coordinate norm, although displayed constants may depend on the chosen norm.

Proposition 6.14 (Continuity of the coefficient-valued frozen product). Assume Analytic
Regime B. Equip V ® A with the coordinate topology of Convention 6.13. Then, for every frozen
signature o, the product induced by

(V®A) 6 (weB)=(vvw) ®ms(A,B)
extends by bilinearity to a continuous bilinear map
VeoAx (VoA — VA

In the normed case, with the coordinate £*-norm, one has the estimate

IU -6 Wlvear < Cv [[Ullvear [Wilvea-

Proof. Write
U:ZUS®65, W:ZwT®eT.
SCI TCI

For every frozen signature o, the product of two basis blades has the form
me(es,er) = Ao (S, T)esar, Ao (S, T) € {£1}.

Therefore

U, W= Z (ug v wT) X )\U(S, T)GSAT-
S,TCI

Using the coordinate /!-norm and the Analytic Regime-B estimate

lus v wrlly < Cvllus|lv|wr|lv,

we obtain

U Wlvear < Y llus-vwr|y
STCI

<Cy Y uslvlwrly
STCI

o (g HusHv> (; HwTuv)

= v |UllvearlWlvea:-

This proves continuity in the normed case. The topological case follows from the product-topology
identification V ® A = V8, since the product is a finite coordinate expression built from the
continuous coefficient multiplication on V. O

Remark 6.15 (No analytic closure without analytic Regime B). Algebraic Regime B defines
products pointwise, but it does not by itself imply continuity, differentiability, integrability,
Sobolev closure, or PDE estimates for coefficient-valued fields. Such statements require Analytic
Regime B together with the corresponding function-space hypotheses. For Banach-algebra
continuity conventions, see [12].
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Proposition 6.16 (External commutation in Regime B). Assume (V,-y) is a unital associative
coefficient algebra. Under the ordinary ungraded tensor product rule (125), the embedded
coefficient algebra V ® 1 and the embedded blade algebra 1y @ A commute as external tensor

factors:
(WR1)(ly®A) =1y ®A4) - (vel) =v® A

Thus Regime B allows V itself to be noncommutative, but it treats coefficient factors and Clifford
blade factors as external commuting tensor factors.

Proof. Using my(1, A) = my(A, 1) = A and the unit identities v-y 1y = 1y -y v = v, one obtains
('U® 1) ‘o (IV ®A) = (U % 1V) ®m0(17A) =v® A,

and
(ly @A) v (v®1l)=(1ly v v) @my(4,1) =v® A.

O]

Remark 6.17 (When Regime B is not the right coefficient semantics). Regime B is not a crossed
product, not a graded tensor product, and not a representation algebra in which coefficients act
nontrivially on Clifford generators. If coeflicient symbols are intended to fail to commute with
blade symbols, or if moving a coefficient past a blade is supposed to create a sign, conjugation,
module action, or gauge action, then the ordinary tensor product rule (125) is not the correct
semantics. One must replace it by an explicitly declared crossed product, graded tensor product,
free-product quotient, or representation-specific multiplication.

Proposition 6.18 (Unit in the coefficient algebra regime). If (V,-v) has a unit 1y, then
ly®1

is the unit of V@ A under (125). If V' has no specified unit, no unit is forced on V. ® A by the
blade carrier alone.

Proof. For any pure tensor v ® A,
(ly®1) (v A) =1y vv)@ms(1,A) =v® A,

and similarly on the right. The second statement follows because a unit in V' ® A compatible
with the tensor product rule would include a unit-like coefficient action on the V-factor. O

6.3 Scalar-vector multiplication in Regime B

The scalar expansion from Section 3 lifts to Regime B after replacing scalar products by ordered
coeflicient products. The following proposition records the formula as a typed algebraic statement
rather than as an informal computation.

Proposition 6.19 (Scalar-vector product expansion in Regime B). Let (V,-y) be an associative
real coefficient algebra, not necessarily commutative, and let

U=a@1+b@i+c@j+dok,
W=a@1+80i+y7R0j+®k, (126)

where
a,b,c,d,a,,@,’y,5 ev.
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Under the ordinary ungraded tensor product rule (125), one has
U-o W =8Y(UW)+ VYU W)+ BY(UW),
where the scalar coefficient is
sy (U,W) = (a-va)+ebv ) +eilcvy) +er(dvd) eV, (127)
the scalar-blade part is
SY(U,W):=sY(UW)R1cV®A, (128)

the vector part is
VVUW)=(ayvB+byva)Qi+t(avy+cva)@j+(avd+dya)@k, (129)
and the bivector part is

By (UW)=(bvy—cvp) @ij (130)

+(byvo—dvyvp) ik

+(cvd—dyvy) ®jk.
Coefficient expressions alone, such as s € V, are not identified with elements of V ® A unless
explicitly tensored with the scalar blade 1. Thus s ® 1, v; @ ¢, and b;; ® 1j are homogeneous blade

components of V& A. The displayed order of the coefficient products is part of the formula and
cannot be rearranged unless V' is commutative.

Proof. Expand U -, W bilinearly. Terms involving the scalar blade give the scalar-vector
contributions, for example

(a®1)(fR1)+bRi) v (a®l)=(av+byva)i.
Repeated generator terms give the scalar signs; for instance

(b®i) o (B®i)=(bvp)®(igi)=eilbv )1

Distinct generator terms give bivectors. For example,

(b®1i) o (y®j)=(bv7)®i],
whereas
(c®j) o (B®i)=(cvP)®ji=—(cvB)@ij.

Thus the ij-coefficient is b -y v — ¢ -y 8. The ik- and jk-coefficients are obtained identically.
Because V' is not assumed commutative, no coefficient product may be reordered. O

Corollary 6.20 (Bivector obstruction persists in Regime B). The subspace V ® A<y is not
closed under the Regime-B product in general. More precisely, for scalar-vector coefficient objects
U, W as in (126), the obstruction to remaining in V & A<y is exactly the bivector component
BY(U,W). Hence
UWeVeAg
if and only if
byvy=cvp, bvdo=d-yp, cyd=d-y.

Remark 6.21 (Persistence of scalar-vector non-closure). Regime B supplies coefficient mul-

tiplication, but it does not make the scalar-vector blade sector closed. Even with associative
coefficients,

(b®i) o (y®Jj)=(b-v7)®ij,
which belongs to V @ A® not to V ® A<, unless the corresponding coefficient factor vanishes.
Thus coefficient closure and blade-grade closure are separate issues.

40



6.4 Pointwise coefficient algebras over a base set

When coefficient fields over a base set X are considered, Regime B has a pointwise interpretation.
If (V,-y) is associative and
U(z),W(zx) e VA,

then
(U W)(z) :=U(z) o) W() (131)

whenever a signature field o : X — ¥ is specified. If o is fixed, replace o(x) by o. This is a
pointwise algebraic convention only; no regularity or PDE theory is being assumed.

Remark 6.22 (Closure of function classes is additional). If one later restricts coefficient fields
to a function class, such as continuous, measurable, integrable, Sobolev, or weighted-interface
fields, one must separately verify that the pointwise product remains in the same class. VPSCF2
does not impose those analytic hypotheses. Its role is only to specify the algebraic coefficient
semantics.

6.5 Measurable coefficient-valued fields in Regime B

Definition 6.23 (Measurable coefficient-valued fields). Let V be a Banach space equipped with
its Borel o-algebra. Using the fixed ordered blade basis of A, identify

VeoAxVs
The space V @ A is equipped with the product Borel structure under this identification. A map
U:Y—>VRA
from a measurable space Y is called measurable if its coordinate fields
Us:Y =V, SCl,
are Borel measurable.

Proposition 6.24 (Measurability of coefficient-valued pathwise products). Let V' be a Banach
algebra with continuous multiplication

pwy VxV =V
Let (X,Bx) and (Q,F) be measurable spaces, and let

c: X xQ =%

be measurable. If
UW: XxQ—->VeA

are measurable coefficient-valued fields, then the pathwise Regime-B product
(U o W)(x7w) = U(x,w) ‘o (z,w) W(x,w)

is a measurable map
XxQ—=-VeA
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Proof. Write
U=) Us®es, W=> Wr®er.
S T

For each frozen signature 7, the Regime-B product is given in coordinates by the finite formula

U-+W=> uy(Us,Wr)® k. (S, T)esar.
ST

Since py is continuous, each coefficient map
(z,w) — py(Us(z,w), Wr(x,w))

is measurable. Since ¥ is finite and o is measurable, the structure constants ;. (5, T) are
measurable finite-valued functions. Hence every blade coordinate of U -, W is a finite measurable
sum. The product is therefore measurable. ]

Proposition 6.25 (Measurability of coefficient-valued averaged products). Let V' be a Banach
algebra with continuous multiplication. Let

m: X = PX)

be a measurable one-point signature kernel, meaning that every coordinate function x +— 1, (T) is
measurable. If
UW:X=>VeA

are measurable coefficient-valued fields, then

T Z T2 (T) (U(x) T W(x))

is a measurable V @ A-valued field.

Proof. By the previous proposition with a fixed signature, each map
x = Ux) - W(x)

is measurable. Multiplication by the scalar measurable coefficient 7, (7) preserves measurability
in each coordinate of V ® A = V8. The displayed averaged field is a finite sum over 3, hence is
measurable. O

Remark 6.26 (Measurability is not Sobolev or PDE closure). The preceding propositions prove
only measurable closure of coefficient-valued Regime-B products. They do not imply closure
in C*, LP, Sobolev, weighted-interface, bounded-variation, or energy spaces. Those stronger
closures require separate hypotheses on V', the base space, the signature field, and the coefficient
fields. VPSCF3 may impose such hypotheses when signed quadratic forms or field equations are
introduced.

6.6 Regime C: Tensor-algebra hierarchy semantics

The third regime applies when V' has no internal multiplication but one still wants to retain a
faithful record of formal products. The tensor-algebra bookkeeping construction does not force
products back into V ® A. Instead, it records coefficient words in increasing tensor order and
keeps the scalar Clifford carrier as level zero.
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Definition 6.27 (Tensor hierarchy with scalar level). Let V be a real vector space with no
specified internal multiplication. Set
Ve =R

and define, for every n > 0,
Hy =V ® A (132)

Thus
Ho=RAZ=ZA, Hi=VA

The full hierarchy is
He =P M =T (V) ® A, (133)

n>0

where T'(V) = @,,5¢ V®" is the tensor algebra of V.

For r,s > 0, define a hierarchy product
Hr X Hs — Hyts (134)
on pure tensors by

(M@ QU @A) (W@ - Quws® B) (135)
= (Ul®"'®U7~®w1®"'®ws)®ma(A7B)7

and extend bilinearly. When r = 0 or s = 0, the corresponding coefficient tensor is the empty
tensor 1 € R = V0,

Theorem 6.28 (Tensor-hierarchy product law with scalar level). In Regime C, formal products
satisfy
H'r ‘o HS g Hfr+s (T, S 2 0). (136)

Thus products do not generally close in V@ A= Hi. They close in the graded hierarchy
H07H17H27H37"'7 HOgA

In particular, the scalar Clifford carrier acts on every tensor level by exact frozen Clifford
multiplication on the blade factor.

Proof. The defining formula (135) concatenates the r coefficient factors from the first input
with the s coefficient factors from the second input, using the empty tensor when one of the
levels is zero. The coefficient tensor therefore lies in VE %) The blade factor is multiplied by
me, which lands in A. Hence the result lies in V®+9) @ A = H,+s. Bilinearity extends the
conclusion to arbitrary elements. O

Proposition 6.29 (Associativity across tensor levels). After identifying iterated tensor products
by the standard tensor-concatenation isomorphism, the hierarchy product is associative:

(X oY) Z=X, (Y 2). (137)
Proof. 1t suffices to check pure tensors. Let
X=un®  @u)0A Y=(w® Quw)®B, Z=(zn1®  -Q2z2)C,
where any of r, s,t may be zero. Both (X -, YY), Z and X -, (Y -, Z) have coefficient tensor

VY QUQUI Quws®2 Q- Q2
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after standard tensor-concatenation identification, with empty blocks omitted. Their blade
factors are respectively

me(my(A,B),C) and m,(A, ms(B,C)),

which agree by associativity of the frozen product. Therefore the hierarchy product is associative
across levels. ]

Proposition 6.30 (Coefficient-side universal property of T(V)). Let T(V) = @,,5o V" be the
tensor algebra of V. For every unital associative real algebra B and every linear map

{:V = B,
there exists a unique unital algebra homomorphism

(:T(V)— B

such that (v) = L(v) for all v € V. Explicitly,

L1 ®@---@uy) =L(v1) - L(vn),

with the empty tensor mapped to 1p.

Proof. Define { on homogeneous tensors by

U1 & - @) =L(v1) - L(vp),

and extend linearly over the direct sum. This map is multiplicative because concatenation of
tensors corresponds to multiplication of the corresponding products in B. It is unital because
the empty tensor maps to 1p. Uniqueness follows because any unital algebra homomorphism
extending ¢ must send every tensor word v1 ® -+ ® vy, to £(vy) -+ - £(vy). O

Remark 6.31 (Free only on the coefficient side). Regime C is free on the coefficient side. The
blade side is not free in this sense; it is already the frozen Clifford algebra (A, m,) with the
relations

i=¢e, ji=¢j, k% = ey, ij = —ji, ik=—ki, jk=—kj.

Thus He = T'(V) ® A means that coefficient words are recorded freely, while blade factors are
multiplied by the exact frozen Clifford product.
Proposition 6.32 (Regime C is not the joint free coefficient-blade algebra). The hierarchy

is free only with respect to coefficient words in T(V'). It is not the free associative algebra
generated jointly by V and the Clifford symbols 1, j, k. In the ordinary tensor product hierarchy,
coefficient words and blade factors are external commuting tensor factors:

(t®1)v(1®A4A)=10A)-(t®1)=t® A,
fort € T(V) and A € A. The blade factor also satisfies the frozen Clifford relations.

Proof. The product in H, concatenates coefficient tensors in 7'(V') and multiplies blade factors
using m,. Therefore coefficient words are freely recorded before any coefficient contraction or
multiplication is chosen. However, the blade factor is not free: it is already reduced by the frozen
Clifford relations. Moreover, because the construction is an ordinary tensor product algebra, the
subalgebras T'(V) ® 1 and 1 ® A commute as external tensor factors. Hence H, cannot satisfy
the universal property of the free associative algebra on the joint generating set V U {4, j,k}. O
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Remark 6.33 (Alternative for noncommuting coefficient-blade semantics). If one wants co-
efficient symbols and Clifford blade symbols to have no imposed commutation relation, the
appropriate universal object is not 7'(V) ® A. One should instead start from a free product such
as

T(V) x Cl,

or from a quotient of the free associative algebra generated by V U {4, j, k} by explicitly declared
Clifford and coefficient-blade interaction relations. Regime C deliberately does not do this. Its
purpose is bookkeeping of coefficient words while retaining the exact frozen Clifford multiplication
on the blade factor. For tensor algebras and free associative algebras, see [10, 11].

Proposition 6.34 (Universal mapping property of the full tensor hierarchy). Fiz a frozen
signature o € 3, and regard
He =T(V)® A

as the ordinary tensor product algebra
T(V)® (A mg).
Let B be a unital associative real algebra. Suppose that
(:V B
is a linear map and
po: (A,mg) = B

is a unital algebra homomorphism such that the images on: T(V) — B and p, commute:

((t)ps(A) = po(A)(t),  teT(V), A€ A
Then there exists a unique unital algebra homomorphism
o:T(V)® A— B

such that

(t® A) = I(t)ps(A).
Equivalently,
P((v1 ® - ®@vp) ®A) =L(vy) - L(vy)ps(A),

with the empty coefficient tensor mapped to 1.

Proof. The coefficient-side universal property gives the unique unital algebra homomorphism

¢:T(V)— B

extending ¢. Define

Dt A) :=L(t)ps(A)
and extend linearly. The commuting-image hypothesis makes this formula multiplicative:
((t® A)(s® C)) = 2(ts @mq(A,C))
= [(t)l(5)ps(A)po(C)
= (t)pU(A)g(S)pU(C)
=Pt A)P(sx C).
It is unital because the empty tensor and the Clifford unit map to 1. Uniqueness follows

because T'(V) ® A is linearly spanned by pure tensors ¢t ® A, and the valueson ¢t ® 1 and 1 ® A
are forced by ¢ and p,. O
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Remark 6.35 (Why the commuting-image condition is necessary). The condition that ¢(7(V))
commute with p,(.A) is not cosmetic. It reflects the ordinary tensor product algebra structure of
T(V)® A. If coefficient symbols and Clifford blade symbols are intended to interact noncommu-
tatively, then T'(V) ® A is not the correct universal object; one must use a free product, crossed
product, graded tensor product, or explicitly presented quotient.

Remark 6.36 (Free bookkeeping, not uniqueness of all possible semantics). The tensor hierarchy
is the tensor-algebra bookkeeping construction before choosing any contraction, pairing, quotient,
trace, integration, or multiplication on V. If later one specifies a bilinear map

VxV =V, VxV =R, VeV W,

then one obtains a different coefficient semantics by quotienting, contracting, or mapping the
hierarchy. Regime C is canonical only in the restricted sense that it records formal coefficient
words without making such choices; the mathematical freeness is precisely the universal property
of T(V') in Proposition 6.30.

6.7 Comparison of the three regimes

The three regimes may now be summarized as follows.

Regime Structure on V' Meaning for V ® A

A vector, metric, or topological coefficient carrier only; no canonical multiplication
data only

B associative product -y closed ordinary tensor product algebra on V ® A

C no product, but formal bookkeep- products leave V ® A and enter Ho = T(V) ® A, with
ing retained Ho= A

This comparison gives the precise meaning of the warning
V ® A is not automatically an algebra.

There is no single correct multiplication for V' ® A until the coefficient regime is declared.

6.8 Separation from grade projection

The coefficient regimes in this section solve only the coefficient-combination problem. They
do not solve the grade-truncation problem. Even in Regime B, where V' ® A is an associative
algebra, the sector

V®Aq

is still not closed under exact multiplication, because the blade product can generate bivectors.
Conversely, a projected product such as

ey (U o W)

may return to the scalar-vector sector, but projection is a different operation from coefficient
multiplication.

This distinction prepares the next section. Section 7 studies grade projections
ng . ./4 — AST’

and the effective products obtained by multiplying exactly in A and then projecting back to a
truncated sector.
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7 Grade Projections and Truncated Products

Sections 3-6 separated two issues. First, the scalar-vector sector
A<y

is not closed under exact frozen multiplication. Second, coefficient-valued objects in V ® A
cannot be multiplied until a coefficient regime is declared. This section addresses the first issue:
how to obtain a closed operation on a truncated grade sector by multiplying exactly in the full
carrier and then projecting back.

The central point is that projection is not multiplication. The frozen product
me : AQA— A
is exact and lives on the full carrier. The maps
e, : A— A<,
are linear truncation maps. A projected product combines the two operations in the order
multiply exactly in A —  discard grades above r.

This gives a closed effective operation on A<,, but, as the next section proves, it generally
changes the algebraic laws.

Convention 7.1 (Effective closure versus exact closure). Let P. : A — A<, be the grade
projection. The projected operation

Uk <r V= Pomy(U, V)

is a new effective product on A<,. Its closure is projection-induced closure, not exact closure
under m,. Thus a statement that a truncated sector is closed under %, <, never means that it is
a subalgebra of the exact frozen Clifford algebra (A, m).

Proposition 7.2 (Projection creates a modified closed product). For each 0 < r < 3, the
formula
Ukg<r V =PmsU,V)

defines a bilinear product
*o,<r ! AST X .Agr — A§r~

This closure is closure for the modified projected product. It is exact Clifford closure under mg if
and only if
mo’(-Agrv Agr) - Agr-

For the rank-three scalar-vector and scalar-vector-bivector truncations, this exact closure fails for
r=1andr=2.

Proof. The map is bilinear because both m, and P, are bilinear/linear. Its image lies in A<, by
definition of F,, so it is closed as a modified product.

If my(A<r, A<;) € A<,, then P, acts as the identity on all exact products and *, <, = m, on
A<,. Conversely, if exact products leave A<,, then *, <, discards their higher-grade components
and is no longer the exact frozen product.

For r =1, my(i,j) = ij ¢ A<i. For r = 2, my(ij, k) = ijk ¢ A<a. Hence exact closure fails in
both cases. O
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7.1 Truncated projections

Recall the grade decomposition
A=A0 g A0 g A g A(3),

where

A(O) = SpanR{1}7 “4(1) = SpanR{iaja k}a
A = spang {ij, ik, jk}, A® = spang{ijk}.
For 0 <r <3, set
T
Acp = @ A
q=0
The truncated projection is
P.o=1<: A— A<,
and the complementary discarded-grade projection is
3
Qr=1-P.:A— @ AD.
q=r+1

Thus every X € A decomposes uniquely as

X=PX+QX.

The operator P, retains grades at most r, while ),. records precisely the grades removed by the
truncation.

Remark 7.3 (Projection is signature-independent). The maps P, and @, depend only on the
fixed vector-space decomposition of A. They do not depend on the frozen signature o. By
contrast, the exact product m, depends on o. Hence a projected product has two distinct
ingredients: a signature-dependent multiplication and a signature-independent truncation.

7.2 The projected product

Definition 7.4 (Projected truncated product). Fix o € ¥ and 0 < r < 3. For
U, W S AST,

define
Ukg<r W= P.(U - W).

Equivalently,
U xg<r W = Il<; (mq(U,W)).

When r = 1, we write
*g = kg <1-

The definition must be read literally: one first uses the exact frozen product in A, and only
afterward projects to A<,. Thus x, <, is not an independent Clifford product on A<,; it is the
truncation of the full product.

Proposition 7.5 (Closed bilinear operation). For every o € ¥ and 0 < r < 3, the operation
*g,<p : Agr X .Agr — Agr

is a well-defined bilinear operation. Moreover, 1 is a two-sided unit for xo <.
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Proof. The exact product satisfies
U, WeA

for all U,W € A, and the projection P, maps A into A<,. Therefore
P.(U-c W) e A<,.
Bilinearity follows from bilinearity of m, and linearity of P,.. If U € A<,, then
Lsazr U= P15 U) = Po(U) =T,

and similarly
Uro<r 1= P.(U-x1)=P.(U)=U.

Thus 1 is a two-sided unit. O

Remark 7.6 (Closure by projection is not subalgebra closure). Proposition 7.5 does not say
that A<, is closed under the exact product m,. It says that A<, is closed under the modified
operation obtained by composing exact multiplication with projection. This distinction is
essential. For » = 1, the exact product of 7 and j is 75, whereas the projected product is zero:

1] =17, i*g<1j = Pi(ij) = 0.

7.3 Truncation defect

The difference between exact multiplication and projected multiplication is measured by the
discarded component.

Definition 7.7 (Binary truncation defect). For U, W € A<,, define
Dy <, (U W) :=Q,(U -, W).

Then
U-eW =Uxkg<r W+ Dy <, (UW).

The defect D, <, records exactly the grades that must be discarded in order to remain inside
A, If
Dy <, (U W) =0,

then the projected product agrees with the exact product for that pair:
Uxg<r W=U -, W.
If the defect is nonzero, the projected product is an effective shadow of the exact product.

Lemma 7.8 (Exact agreement criterion). For U, W € A<,, the following are equivalent:
(1) U ‘o W € AST;
(11) DJ,S’,"(U’ W) == 0,’
(i) Uskecr W=U -, W.
Proof. The decomposition
U'eW=PFPU--W)+Qr U -, W)

is direct. Hence the exact product lies in A<, if and only if its @),-component vanishes. This is
exactly the condition that the projection does not alter the product. O
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7.4 The four truncation levels

There are only four possible truncation levels in the three-generator carrier.

Level »r = 0. The sector is
A<pg=R-1.

The projected product is ordinary scalar multiplication:
(CLl) *0,<0 (bl) = abl.
It is associative because no higher-grade component is generated inside the scalar sector.

Level »r = 1. The sector is
A<i = spang{1l,i,7j, k}.

This is the main scalar-vector sector of the paper. It is not closed under exact multiplication,
because products of distinct generators generate bivectors. The product *, <1 restores closure
only by discarding the bivector part.
Level r = 2. The sector is

A<o = spang{1, 1,7, k,ij, ik, jk}.

This sector retains bivectors but discards the trivector. It is therefore larger than the scalar-vector
sector but still not the full algebraic carrier. Products can still leave A<, for instance

i jk = ijk ¢ A<,

Thus x4 <2 is still a projected effective product.

Level »r = 3. The sector is the full carrier:

Here

and therefore
U*U’S?)W:U'UW

Thus the projected product at level 3 is exactly the frozen Clifford product.

7.5 Level-one projected product
The most important projected product for the motivating expression
a+bi+cj+ dk

is the level-one product
*o = *U,Sl'

Let
U=a+bi+cj+ dk, W =a+ pi+~vj+ ok,
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with scalar coeflicients. Section 3.4 gives the exact product as
U-eW=5,UW)+V,(UW)+ B, (U W),

where S, is scalar, V, is vectorial, and B, is bivectorial. Since P; discards the bivector part,

one obtains
Uxe W = aa + ;b8 +ejcy + edd

+ (aB + ba)i+ (ay + ca)j + (ad + da)k. (138)

The discarded component is
Dy <1(U,W) = (by — cf)ij + (b6 — dB)ik + (cd — dy)jk. (139)
Therefore the projected product is exact if and only if the bivector defect in (139) vanishes.

Corollary 7.9 (Scalar-vector exactness condition). For scalar-vector elements U, W € A<y, the
level-one projected product agrees with the exact product if and only if

by —cB =0, by —dp =0, cd —dvy = 0.
FEquivalently, the vector parts of U and W have zero exterior bivector component.

Proof. By Lemma 7.8, exact agreement is equivalent to vanishing of Dy <1(U, W). Formula
(139) gives the three scalar conditions. O

7.6 Coefficient-valued projected products in Regime B

The projections above are blade projections. They act on the A-factor, not on the coefficient
factor. In Regime B, where V is an associative real algebra, the ordinary ungraded tensor
product algebra V ® A carries the product

(v®A) s (w®B):=(vyw) (A, B).

Define
Pl =Iy@P, QY:=IyeQ,.
For U,W € V ® A<,, define
Uy <y W =P/ (U W).

Theorem 7.10 (Coefficient-valued projected product in Regime B). Let V' be an associative
real algebra. For every frozen signature o € X and every 0 < r < 3, the operation

sy (VR A) X (VO A) = V@ As,
is a well-defined bilinear closed operation. Moreover, for allUW,Z € V ® A<, define

AssocY o (UW,Z) = (UrY c, W)xY o Z —U Y o (WY .. 7).

o,<r o,<r o,<r o,<r o,<r

Then

Assocy <, (U, W, 2) = BY (=QY(U e W) 6 Z+U -5 QY (W 5 Z)).

o,<r

All products inside the right-hand side are exact Regime-B tensor product multiplications before
projection.
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Proof. Bilinearity follows from bilinearity of -y, bilinearity of mg, and linearity of PY. Closure
follows because PY maps V @ A into V ® A<,.

For the associator identity, use

Then
U *KST W) *Xér Z = PrV (PrV(U o W) o Z)
=P (U W) 0 Z=QY (U W) Z),
and
Usyar Wy <y 2) = BY (U PY (W -5 2))

=B (Ue (W6 2)~U 2 QY (W5 2)).

r

Since V is associative and m,, is associative, the Regime-B tensor product algebra is associative:
(U-eW)(e Z=U- (W 2).
The exact terms cancel, leaving the claimed defect formula. O

Corollary 7.11 (Coefficient-valued non-associativity at intermediate grades). If V is unital,
then for every o € %,
1% v
*g <1 and *g <2

are mon-associative on their full coefficient-valued truncated domains.
Proof. For r =1, use
U=1y ®1, W =1y ®1, Z =1y ®j.

The left-associated product gives 1y ® €;7, while the right-associated product gives 0, because
the intermediate exact product 7 -, j = 75 is discarded by P;. Since ¢; = %1, the associator is
nonzero.

For r = 2, use the scalar witness
U=1y ®1, W =1y ®j, Z =1y ® k.

The coefficient factor remains 1y throughout. Therefore the coefficient-valued associator is

exactly the scalar associator tensored with 1y, and it is nonzero for every frozen signature.

Hence %Y -, and %Y _, are non-associative on their full coefficient-valued truncated domains. [

7.7 Coefficient-valued projections in Regime C
In Regime C, where products move to the hierarchy
Hy=V"@A,  n>0,
the projection at tensor level n is
Py = Iyen @ P, Qrn = Iyen @ Qr.

At level 0, this is just the scalar blade projection on A = Hy. Thus grade projection remains
independent of coefficient bookkeeping: it always acts on the blade factor.

52



Remark 7.12 (No projection can replace coefficient semantics). Projection solves a grade
problem, not a coefficient problem. If V' is merely a vector, metric, or topological coefficient
space, then PTV is meaningful as a linear map on V ® A, but the product

U--W

may still be undefined. Thus one cannot use grade projection to avoid specifying coefficient
multiplication or tensor-hierarchy semantics.

7.8 Projection table

The four projection regimes may be summarized as follows.

Projection Domain Product Associativity Status
I<o A<o scalar product yes exact
restricted
scalar
subalgebra
<y A<y scalar-vector projected product no on full effective
domain
II<o A< scalar-vector-bivector projected no on full effective
product domain
MMes =1 A full frozen Clifford product yes exact full
carrier

Remark 7.13 (Meaning of exactness at » = 0). The label “exact” for r = 0 is restricted to the
scalar domain A<p. It means that A<y = R1 is a genuine subalgebra of every frozen Clifford
algebra (A, m,), and that x, <o agrees with m, on this subalgebra. It does not mean that the
scalar projection Py o m, is the exact Clifford product for arbitrary non-scalar inputs in A.

The non-associative entries are proved in Section 8; the failure holds for every frozen signature
on the full truncated domains. The present section only constructs the projected operations and
identifies the grades they keep or discard.

7.9 Section conclusion

The projected product
Uko<r W =P.(U-c W)

is a closed operation on A«,. Its closure is obtained by truncation, not by exact subalgebra
closure. The discarded term
DU,ST‘(Uv W) =Q;U - W)

records the information lost by projection. Section 8 shows that these discarded terms are
precisely what generate associator defects for r = 1 and r = 2.

8 General Projection Defect and Non-Associativity

Section 7 introduced the projected products

U*o-,ng:Pr(U ‘o W), Pr :ng.
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Those products are closed on the truncated grade spaces by definition. Closure, however, is not
the same as subalgebra closure. The full frozen product remains associative on A, while the
projected product may fail to be associative because the intermediate higher-grade terms have
been discarded. The purpose of this section is to make that defect explicit.

The guiding principle is:

projection creates effective closure by deleting grades; the deleted grades generate
the associator defect.

Convention 8.1 (Domain of associativity statements). Every associativity statement for a
projected product

*g,<r

is understood relative to its declared domain
A<y x A<y = Ay
Thus the statement that x, <, is non-associative means that there exist
UV,IW e A<,
for which the associator is nonzero. It does not imply that every restricted subsystem or every

subspace of A<, is non-associative.

8.1 Projected associators

Fix a frozen signature o € 3 and an integer 0 < r < 3. Write
P, =1l<,, Qr=1-P,.
For U,V,W € A<,, define the projected associator by
Assocy, <, (U, V,W) := (U *g.<r V) *0.<r W — U *g,<p (V *o.<r W).

The subscript ¢ will sometimes be suppressed when the frozen signature is fixed.

The exact product in (A, m,) is associative:
U V)eW=U- (V- W).
Thus any nonzero associator for x, <, cannot come from the frozen Clifford product itself. It

must come from the projection step.

8.2 The general projection-defect formula

Theorem 8.2 (General projection-induced associator defect). Let 0 < r < 3, let
PT:H§T> Qr:I_Pra

and define
Ukg<r Vi=P.(U-, V)

for U,V € A<,. Then, for ollU,V,W € A<,

Assocy < (U, V,W) =P (—Qr(U c V) e W+ U -, Qr(V -, W)).
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Proof. Since
PU--V)=U-wV-0Q,(U-,V),

we have

(U *0,<r V) *o<r W =P (P (U -5 V) o W)
:Pr(<U'OV_Q7'(U'GV)) 'UW)‘

Similarly,
U %o,<r (V *o,<r W) =P (U ‘o PT(V ‘o W))

=P, (U e (V oW — QT(V ‘o W))) :

Subtracting gives
As30Co,<r (U, V,W) = Po((U 6 V) o W = Qu(U -6 V) - W
U (Vg W)+ U o Qu(V -5 W)).
By exact associativity in (A, my),
U V) e W=U-: (V- W).
The exact associativity terms cancel, leaving

AssoCe < (U, VW) = P (—=Qp(U 4 V) (o W+ U -, Qr(V - W)).

Remark 8.3 (What the formula says). The first term
P (Qr(U -5 V) - W)

records the effect of the grades discarded after multiplying U and V. The second term
Pr(U ¢ Qr(V o W))

records the effect of the grades discarded after multiplying V' and W. The projected associator
is the imbalance between these two discarded-grade contributions after they are multiplied back
into the retained sector.

8.3 Associativity for the scalar and full cases

The two endpoint cases are associative, but for different reasons.
Proposition 8.4 (Endpoint associativity). For every frozen signature o, the products
*0,<0 and *0,<3

are associative.

Proof. For r = 0, the domain of the truncated product is
A<og=R-1.

If U =Xl and V = ul, then
UV =_(An1le A,
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SO
Ukeg<oV=PU-cV)=U-,V

Thus x5<¢ agrees with the exact frozen product on the scalar subalgebra A<, where it is
ordinary scalar multiplication. This endpoint exactness is only a restricted-domain statement:
Py omy is not the exact Clifford product on arbitrary non-scalar inputs.

For r = 3, one has
P3:HS3:I, QgZO

Hence
Ukeg<zV=PU:-cV)=U-V,

which is exactly the frozen Clifford product m, on A. This product is associative by Lemma 2.11.
O

8.4 Failure of associativity in the scalar-vector projection

The first genuinely truncated case is r = 1. Here the projection keeps the scalar-vector sector
and discards bivectors and trivectors.

Theorem 8.5 (Non-associativity of II<; on the full truncated domain). For every o € X, the
projected product
*5,<1 .Agl X A§1 — .A§1

is not associative as a binary operation on the full truncated domain A<;.

Proof. Take
U =1, V =1, W=y
Since
i*o,glj = Hgl(zj) = 0,
we obtain

i*0,<1 (i%0,<1§) = 0.

On the other hand,
i %o<1 =<1 (%) = &,

and therefore
(i %0,<1 1) *0,<1 J = €i]-

Since ¢; = £1, the element ¢;j is nonzero. Hence

(i %0,<1 1) *0,<1 § 7 1 %o,<1 (1 %6,<1 J)-

Remark 8.6 (The discarded bivector is responsible). The failure above is caused by
Qu(ij) = ij.

The intermediate bivector is invisible after the first projection, but it would have interacted
nontrivially with neighboring factors inside the full Clifford carrier. Projecting too early changes
the result.
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8.5 Failure of associativity in the scalar-vector-bivector projection

The case r = 2 retains bivectors but discards trivectors. It is therefore less severe than r = 1,
but it is still not exact.

Theorem 8.7 (Non-associativity of II<o on the full truncated domain). For every o € X, the
projected product
*5,<2 ! ASQ X ASQ — ASQ

is not associative as a binary operation on the full truncated domain A<a.

Proof. Take
U=i, V = jk, W=k
Since
io gk = 1jk,
we have
7:*0-7§2 ]k‘ = HSQ(Z]]C) = 0.
Thus

(i *g,<2 jk) *g,<2 k=0.

On the other hand,
jk o k= jk* = erj,

SO
jk *052 k‘ = Ekj.

Therefore

i*mgg (]k *aég k) = i*gég (E,‘kj) = Eklj
Because €, = %1, the bivector ;ij is nonzero. Hence

(i ko,<2 Jk) *o,<2 k 7 i %0,<2 (JK *o,<2 k).

O

Remark 8.8 (The discarded trivector is responsible). For r = 2, bivectors are retained, but the
trivector part is discarded. In the counterexample above,

Qa(i - jk) = ijk.

The loss of this trivector is precisely what makes the two bracketings disagree.

8.6 Vanishing criterion

The defect formula also identifies when projected associativity survives on restricted sectors.
Here it is important to separate two conditions: vanishing of the associator on a collection of
triples and closure of the collection under the projected product.

Definition 8.9 (Restricted projected product sector). Let S C A<,. We say that S is a
restricted projected product sector for %, <, if

Uxe<,r VeS forall U,V € S.
It is an associative restricted projected product sector if, in addition,
(U xg,<r V) xg,<r W = U *g.<r (V *5,<r W)
forall U,V,W € S.
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Corollary 8.10 (Projection-defect vanishing criterion). Let 0 < r < 3. For U,V,W € A<,, one
has
Assocq <, (U, V,W) =0

if and only if
P(Qr(U V) e W) =P (U -+ Qr(V - W)).

In particular, if S C A<, satisfies
QT(U ‘o V) =0, QT‘(V ‘o W) =0

for every U,V,W € S, then the associator vanishes on S3. If S is also closed under %, <., then
S is an associative restricted projected product sector.

Proof. The equivalence is immediate from Theorem 8.2. If the two displayed discarded-grade
contributions agree after applying P,, then the associator vanishes. Conversely, if the associator
vanishes, the two contributions must agree. The sufficient condition follows because Q,(U-xV) =0
and @Q,(V -, W) = 0 make both sides equal to zero. The final statement adds the separate
closure condition from Definition 8.9, which is needed before S can be treated as a product
system rather than merely as a set of triples with vanishing associator. O

Remark 8.11 (Vanishing is not the same as closed associativity). The condition Assocs <, [g3 =
0 is weaker than saying that S is an associative product system. The latter also requires closure
under the projected product. This distinction matters because a subset may have vanishing
associator on its original triples while products of its elements leave the subset.

Remark 8.12 (Restricted associative sectors). The corollary is not meant to say that projected
products are always defective on every restricted subset. It says that their associativity is
conditional. A projected product may be associative on a special sector that never produces
discarded grades and is closed under the projected product, but %, <1 and x4 <2 are not associative
as general products on A< and A<g, respectively.

8.7 Summary of the classification

Combining the endpoint associativity with the two counterexamples gives the projected-product
classification:

*q,<0 and *, <3 are associative for every o € X,

*g,<1 and %, <2 are non-associative for every o € ¥ on their full truncated domains.

The distinction is structural. The case r = 0 is scalar and has no room for a discarded non-scalar
grade inside its own domain. The case r = 3 is the exact full Clifford product. The intermediate
cases 7 = 1 and r = 2 close only by truncation, and truncation creates the associator defect
described by Theorem 8.2.

9 Exact, Projected, and Effective Products

The previous sections constructed several operations that all originate from the same frozen
Clifford multiplication, but they do not have the same algebraic status. This section records the
product taxonomy used in the rest of the paper. Its purpose is mainly defensive: it prevents an
exact frozen product, a projected product, an averaged product, and a coefficient-valued product
from being treated as interchangeable.

There are three independent distinctions:
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(i) whether the signature is frozen or averaged;
(ii) whether the product is full-grade or projected to a truncated sector;

(iii) whether the coefficients are scalar, algebra-valued, or tensor-hierarchy-valued.

Only after these distinctions are fixed does a product notation have a definite meaning.

9.1 Frozen full products

For a fixed signature
o= (gi,e5,€K) €3,

the exact multiplication is

me : AQA— A.
Equivalently, for U, W € A, we write

U-eW=msU,W).
This product is the full frozen Clifford product on the carrier
A = spang{1,1,j, k,ij, ik, jk,ijk}.

It is associative:
U - V)eW=U- (V- W), UV, W e A (140)

This is the only exact product in the scalar full-grade theory. The word “exact” will always
mean exact with respect to a fixed frozen signature unless explicitly stated otherwise. Thus any
statement such as “the algebra is associative” refers to (A, m,) for fixed o, not to a projected or
averaged operation.

9.2 Projected products

For 0 < r < 3, the truncated projection
P =T« :A— A<,
defines the projected product
Ukg<r W= P.(U - W), UWeAc,. (141)

The product x4 <, is closed on A<, by definition. It agrees with the exact frozen product on
its declared domain only in the endpoint cases r = 0 and r = 3; for r = 1, 2, it is obtained by
multiplying exactly in A and then discarding grades above 7.

The classification established in Section & is
*q<0 and %, <3 are associative, (142)
whereas

%<1 and x4 <2 are non-associative for every frozen signature on their full truncated domains.

(143)
The endpoint cases are associative for different reasons. For r = 0, one is multiplying scalars in
R - 1. For r = 3, the projection is the identity and the product is the full frozen Clifford product:

*J7§3 = Mygy.

The intermediate products x4 <1 and x4 <2 are closed effective products, not subalgebra products.
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Remark 9.1 (Closure versus subalgebra closure). The phrase “closed by projection” does not
mean “closed as a subalgebra of 4. The sector A<, is closed under %, <, because the output is
forced back into A<,. It is a subalgebra under the exact product only if

mJ(A§r7 Aﬁr) - Aﬁr-

For » =1 and r = 2, this exact subalgebra condition fails in general.

9.3 Averaged products

VPSCF1 also introduced averaged multiplication tensors [1]. If 7, is a local one-point law on X,
the averaged product has the schematic form

me(U,W) =Y m(r)m (U, W),  UW €A (144)
TEY

Convention 9.2 (Pointwise interpretation of averaged products). Whenever the averaged
product m, is discussed algebraically, the base point x is fixed. Thus associativity, non-
associativity, or associator-defect statements for m, are pointwise statements about the bilinear
operation

my AxA— A

at that fixed point. For fields, the corresponding pointwise effective product is
(m(U,W))(x) := me(U(x), W(z)).

This is different from nonlocal, transported, or independently sampled products, which require
additional structure and are not part of VPSCF2.

This operation is useful for effective or statistical descriptions. It is a frozen Clifford product
exactly at Dirac laws, as the next proposition records. The associativity of every frozen product
m, does not by itself settle the associativity of the averaged product m,; the answer is law-
dependent and controlled by finite mixed-signature and moment-factorization identities. The
averaged operation depends on the law 7, not on a single pathwise signature.

VPSCF2 does not develop probability-kernel dynamics or a full stochastic evolution theory. How-
ever, the exact/effective taxonomy is made self-contained below by recording the mixed-signature
associator expansion, a finite associativity criterion, a moment-factorization classification, and a
concrete non-associative averaged law.

Proposition 9.3 (Averaged products are frozen exactly for Dirac laws). Let 7 € P(X), and

define
My = Z m(o)me.
geY
Then there exists T € X such that
My = My

as bilinear maps A x A — A if and only if
T™=0-.

Consequently, a non-Dirac averaged product is never an exact frozen Clifford product, even when
it happens to be associative.
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Proof. If m = 6;, then the definition gives m, = m..

Conversely, suppose m,; = m,. Evaluate both products on repeated homogeneous grade-one
generators. For a € {i,j, k},

my(a,a) = (Z ﬂ(o)sa(o)) 1 =E;[eq]1.

oeEY

On the other hand,
m-(a,a) = eq(7)1.

Therefore
Exlea] = a() € {£1}

for a =i, j, k. Since each ¢, is a {£1}-valued random variable, expectation +1 forces ¢, = +1

almost surely, and expectation —1 forces €, = —1 almost surely. Hence all three coordinate signs
are almost surely equal to the corresponding signs of 7. Thus 7 is concentrated at 7, namely
T =0-. O

Corollary 9.4 (Pointwise Dirac criterion for local averaged products). Let x — 7, be a local
one-point signature kernel and define

my = Z 7o (0) M.

oEeY

For a fized point x, the averaged product my is equal to a frozen product m, ) for some T(z) € X
if and only if
Ty = 5'r(a;)

Thus local averaging is genuinely effective exactly at those points where the local law is non-Dirac.

Definition 9.5 (Mixed-signature associator). For frozen signatures p, 7 € ¥, define
Assocg’liTX(U, VW) :i=m,(m. (U, V), W) —m,(Um.(V,W)).

This measures the defect caused by using m, for the inner multiplication and m,, for the outer
multiplication.

Definition 9.6 (Mixed-signature averaged compatibility condition). Let m € P(X), and define

oeY

We say that 7 satisfies the mized-signature averaged compatibility condition if

Z (p)m(T) Assocg}iTX(U, V,W)=0
p,TEL

for all U, V,W € A. Equivalently, since the diagonal terms p = 7 vanish,

Z m(p)m(T) AssocgjiTX(U, V,W)=0
p,TEY
p#ET

for all U, V,W € A.
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Proposition 9.7 (Averaged associator expansion). Fiz x and write

My = Z T (T)my.

TEY

Then
Assocy,, (U, V, W) = Z 7o (p) 7z (T) AssocgjiTX(U, V,W).
p,TEX

The diagonal terms p = T vanish because each frozen product m, is associative. Hence
Assoc, (U, V, W) = Z 7o ()7 (T) AssocgfiTX(U, V,W).

p,TEX
PFET

This expansion motivates the mized-signature averaged compatibility condition formalized above.

Proof. By bilinearity,

Ma(Ma(U, V), W) = Y mo(p)ma(T)my(m. (U, V), W),
p,TES

and
e (U, ma(V,W)) = > ma(p)me(T)m,(U,mo(V,W)).
p,TEL

Subtracting gives the claimed formula. If p = 7, the corresponding mixed associator is the
ordinary associator of m., hence zero. O

Proposition 9.8 (Mixed compatibility is averaged associativity). For a probability law m € P(X),
the averaged product

ceEY

is associative on A if and only if ™ satisfies the mized-signature averaged compatibility condition
of Definition 9.6.

Proof. Apply Proposition 9.7 with 7, = w. The averaged product is associative precisely when
Assoc, (U, V, W) =0

for all U, VW € A, and the expansion expresses this associator as exactly the weighted sum
appearing in Definition 9.6. ]

Remark 9.9 (Three equivalent compatibility languages). For averaged products in the finite
rank-three carrier, the same associativity question may be expressed in three equivalent languages:

mixed-signature compatibility,
finite blade cocycle identities,

signature moment factorization.

The mixed-signature formulation is closest to the pathwise/frozen multiplication tensors. The
finite blade criterion is the direct algebraic test. The moment-factorization criterion is the
probabilistic form of the same condition.
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Theorem 9.10 (Finite associativity criterion for averaged products). Fiz a probability law
m € P(X), and define
m = Z m(o)me.
cEY

For S, T C I, write -
m(es, eT) = /\(S7 T)€SAT-

Then m is associative on A if and only if
AS, TYANSAT, R) = MN(T, R)A\(S,TAR)

for all subsets S,T,R C 1.

Proof. Since the blades eg form a basis of A, bilinearity and trilinearity reduce associativity to
triples of basis blades. For such a triple,

m(m(es, eT), €R) = S\(S, T)X(SAT, R)QS’ATAR,

Th(es, fn(eT, eR)) = )\(T, R))\(S, TAR)QS‘ATAR-

The two sides agree for all basis triples if and only if the displayed scalar identities hold for all
S, T, R. This is equivalent to associativity on all of A. O

Theorem 9.11 (Moment-factorization classification of averaged associativity). Let m € P(X),
and define signature moments by

M(A) = Z (o) H eal(0), ACI.

ceY a€A

Let
pi =M{i}),  py =M}, e = Mk},

and define pij, Wik, fik, and pj, analogously. Then the averaged product

is associative on A if and only if

Hij = Hilts Mik = Hillk, Wik = fj b,

and
Mijle = Hillj -

Equivalently, the three coordinate signs €;,€j, €, are mutually independent under .

Proof. For basis blades, -
XS, T) = (=1)NEDM(SNT).

The frozen anticommutation sign (—1)N(5T) already satisfies the cocycle identity from Proposi-
tion 2.9. Therefore Theorem 9.10 reduces associativity of m to the moment identities

MSNT)M(SAT)NR)=M(T NR)M(SN(TAR))
for all S,T, R C I. Choosing suitable triples gives

M({a,b}) = M({a})M({b})
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for every distinct a,b € I, and

M(I) = M({iHM({7HM ({k})-
Conversely, if these displayed factorization identities hold, then every moment M (A) factors as
[Toea M({a}). Substitution into the preceding moment criterion makes both sides equal.

For {41}3-valued signs, the joint law is determined by its Walsh-Fourier moments:

m(Mis 05, k) = % Z (H na> M(A).

ACI \acA

Thus full moment factorization is equivalent to factorization of the joint law into the three
one-coordinate laws, namely mutual independence. ]

Corollary 9.12 (Mixed obstruction criterion). If there exist U, V,W € A such that

Z 7o ()7 (T) AssocgfiTX(U, V.W) #0,
p,TEX
pFT

then mg is non-associative.

Example 9.13 (Moment-factorization obstruction). Let m be a probability law on 3, and define

i = Z m(7)ei (1), = Z 7(7)e;i(7), Hij = Z m(7)ei(T)e; (7).

TES TES TES
For m =Y _7w(7)m;,, one has
m(m(ij, i), j) = —pipg, — m(ig,mi, 7)) = —pij.
Therefore
Assocy (17,1, 7) = pij — Hiftj-
Hence m is non-associative whenever pi;; # p;f1;.

Example 9.14 (Concrete non-Dirac non-associative law). Let 7 assign probability 1/2 to
(€ir€j,€x) = (+1,41,+1) and probability 1/2 to (&;,¢;4,ex) = (—1,—1,+1). Then

pi =0, pi =0, pij = 1.

Consequently,
Assoc (i7,4,7) =1 # 0.

This non-Dirac averaged multiplication is not associative, even though each frozen multiplication
tensor in its support is associative.

Remark 9.15 (Projection and averaging are distinct effective operations). Projection and
averaging are different ways of leaving the exact frozen algebra. Projection fixes ¢ and discards
grades. Averaging keeps the full carrier but combines several frozen products using a probability
law. At the level of binary multiplication tensors, the fixed projection P, commutes with finite
averaging because it is linear and independent of 7. This linear commutation does not imply
that the corresponding projected, averaged, or projected-averaged products share associativity
properties, since associativity is an iterated quadratic identity in the product tensor. This paper
therefore keeps the constructions formally separate.
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Definition 9.16 (Projected averaged product). Fix a law 7, € P(X) and let

My = Z T (T)my.

TEY

For 0 < r < 3, define the projected averaged product
Ukg <,V := P (my (U, V)), UV e A<,.

This is a closed binary operation on A<,, but it is neither a frozen Clifford product nor
automatically associative.

Lemma 9.17 (Projected associator for an arbitrary product). Let p: A x A — A be any
bilinear product, not necessarily associative. Define

Usy<r Vi=P(u(U, V), UV € A,
Then
Assocy, -, (U, V,W) = P (u(Pru(U, V), W) = (U, Popu(V,W)))

= PT (ASSOCM<U7 V, W) - /’L(QT/’L(U7 V)? W) + :U’(Uv QT’N(‘/ﬂ W)))a

where
Assoc, (U, V,W) := u(u(U, V), W) — u(U, un(V, W)).

Proof. Use P, =1 — @Q,. Thus
Prﬂ(Uy V) = ,U(Ua V) - QT,U(Ua V)a

and similarly for p(V, W). Substitute these identities into the projected associator and expand
by bilinearity. O

Proposition 9.18 (Associator of projected averaged products). For
;x,ﬁr = P omy,
one has

Assocs, (U, V, W) = P, (Assoca, (U, V, W) = i (Quina(U, V), W) + 1120 (U, Quina(V, W) ).

Thus projected averaged products have two simultaneous obstruction sources: the averaged
associator Assocy, and the projection discard terms Qrmy.

Proof. Apply Lemma 9.17 with p = m,. O

Theorem 9.19 (Finite associativity criterion for projected averaged products). Fiz 0 < r < 3,
a law m € P(X), and
m = Z m(o)me.
oceX

Write -
m(es,er) = A(S,T)esar-

The projected averaged product
esx<rer := Pm(egs, er)
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is associative on A<, if and only if, for every
S7T7Rg-[7 ‘8’7‘T|’|R|§T’

with
|ISATAR| <,

one has

Lsar|<riA(S, T)MSAT, R) = 1rar < MT, R)A(S, TAR).

Proof. Tt is enough to check triples of basis blades in A<,. For such blades,

)\(S, T>€SAT7 ’SAT| <r,

esgx<pep =
St {0, ISAT| > r.

Therefore

(es*<rer)*<rer = Lsari<ril{sarar<riAS, T)ASAT, R)esarar,

while
esk<r(er*<rer) = Lyrari<nlysarar<m AT, R)A(S, TAR)esATAR-
If |SATAR]| > r, both sides vanish after the final projection. If |[SATAR| < r, equality is

exactly the displayed scalar identity. Since the projected associator is trilinear, the basis criterion
is necessary and sufficient. O

Corollary 9.20 (Projection-level status of projected averaged products). For projected averaged
products on A<, the following finite status table holds.

r  Product Associativity status

0 scalar projected averaged product associative on A<

1 scalar-vector projected averaged product finite criterion; generally non-associative
2 scalar-vector-bivector projected averaged product  finite criterion; generally non-associative
3 full averaged product m associative iff Theorem 9.11 holds

Corollary 9.21 (Two-source obstruction for projected averaged products). The projected
averaged product x, <, is associative on A<, only if the averaged associator and the projected
discard terms cancel after applying P,.. In particular, associativity of all frozen products m, does
not imply associativity of x5 <.
9.4 Pathwise convention for varying signatures
If a signature field is modeled as a map

c: X xXQ =3
then exact multiplication is interpreted pointwise and pathwise:

(U -6 W)(2,w) := My (z.0)(U(z,w), W(z,w)). (145)

Thus for each fixed (z,w), the algebraic product is the frozen product associated with the
realized signature o(x,w). This convention is inherited from VPSCF1 [1] and is used throughout
VPSCF2.
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Convention 9.22 (Pathwise products are algebraic unless regularity is declared). In VPSCF2,
the expression
(U ‘o W)(wi) = U(a:,w) o(z,w) W(xaw)

is a pointwise algebraic definition. Measurability, integrability, continuity, smoothness, or Sobolev
regularity of the resulting field is not automatic unless the corresponding hypotheses are declared.
In particular, regularity in the base variable x may fail when o(-,w) jumps or is otherwise
irregular. Nonlocal, transported, independently sampled, or kernel-coupled products are different
structures and are not part of the algebraic closure theory of VPSCF2.

Convention 9.23 (Measurable structures). Throughout the measurability statements in this
paper, the finite signature set
Y= {x1}3

is equipped with the discrete o-algebra 2*. The carrier
A = spang{1,1, j, k,ij,ik, jk,ijk}

is identified with R® through the ordered blade coordinates and equipped with the corresponding
Euclidean Borel o-algebra B(.A). The finite-dimensional space Bil(A x A, A) is likewise equipped
with its Euclidean Borel structure after choosing the ordered blade basis.

Proposition 9.24 (Measurability of pathwise frozen products). Let (X,Bx) and (2, F) be
measurable spaces, and equip X x Q with Bx ® F. Assume

o: X xQ =X
is measurable with respect to 2%, and
UW: XxQ—A
are measurable with respect to B(A). Then the pathwise product
(U o W)z, w) :=U(2,w) g(z0) Wz, w)
is B(A)-measurable as a map X x Q@ — A.

Proof. Since X is finite, the sets
E.={(z,w):0(z,w) =7}
are measurable and form a finite partition. On E;, the product is
m.(U(z,w), W(z,w)).

Each m, : A x A — A is bilinear on a finite-dimensional Euclidean space, hence continuous
and Borel measurable. Therefore each piece is measurable, and the finite pasted map is
measurable. O

Proposition 9.25 (Averaged tensor measurability). Let (X, Bx) be a measurable space and let
m: X = P(X)

be a measurable one-point kernel, meaning that every coordinate function x — m,(7) is measurable.
Then

T My 1= Z T (T)my
TEY

is a measurable map from X into Bil(A x A, A). IfU, W : X — A are B(A)-measurable, then
x — ma(U(z), W(2))
is B(A)-measurable.
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Proof. The space Bil(A x A, A) is finite-dimensional after choosing the ordered blade basis.
Each m is a fixed tensor, and the coefficients = — m,(7) are measurable. Hence x — m, is a
finite measurable linear combination of fixed tensors. Evaluation

(T U,W)—T(UW)

is continuous in finite dimensions, so x +— m4(U(x), W(x)) is measurable. O

The projected pathwise product is then
(U ko,<r W)(,w) := T<p (Mg (g 0y (U(z,w), W(z,w))), (146)

whenever the pointwise values lie in A<,. This is still a pathwise construction, because the
realized signature is fixed before multiplication and projection. Averaging, by contrast, replaces
the realized signature with a law over signatures.

9.5 Coefficient-valued versions

The same taxonomy persists for coefficient-valued objects, but only after a coefficient regime has
been chosen. Let V be a real vector space.

e In Regime A, where V is only a metric or topological coefficient space, there is no canonical
product on V ® A. One may form coefficient-valued fields, but not coefficient-valued
products.

o In Regime B, where (V) is an associative algebra, one obtains the ordinary ungraded
tensor product algebra

(v®A) o (w®B)=(vvw) @me(A4,B).
Projected versions are then obtained by applying idy ®Il<, to the full product.

e In Regime C, where no internal multiplication on V is chosen, products live in the tensor-
algebra hierarchy
He =T (V) ® A, Hy =V @A (n>0).

Projected versions are obtained by applying idy «» ®Il<, at the appropriate tensor level.

Thus the projected/exact distinction and the coefficient-regime distinction are orthogonal.
Projection answers the question “which grades are kept?” Coefficient semantics answer the
question “how are the coefficients combined?”

9.6 Complete product taxonomy

The scalar product taxonomy is summarized in Table 1. The coefficient-valued versions require
the additional choices described in Section 6.

The table should be read with three conventions:

(i) *¢,<3 = M is not an additional product; it is the full frozen product expressed in projection
notation.

(ii) mg is included as an effective averaged operation inherited from VPSCF1; its associativity
is governed by Theorem 9.11.

iii) %, <, denotes the projected averaged product of Definition 9.16; its associator is governe
.<r denotes th ted d duct of Definit 9.16; it t d
by Proposition 9.18 and its finite basis criterion is Theorem 9.19.
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Product Domain Codomain Associative? Status

*g,<0 Ao x A< A<o yes scalar exact
sector
*o.<1 Aci x A<t A< no, for every o projected
effective
product
*g,<2 Ao x A<a A< no, for every o projected
effective
product
*e <3 =me AXxA A yes exact full
Clifford
product
My Ax A A law-dependent; iff moment factorization holds averaged
effective
product
inherited
from
VPSCF1
*, <r A<, x A<, A<y finite projection criterion projected
averaged
effective
product

Table 1: Product taxonomy for VPSCFEF2. The table separates exact frozen products, projected
effective products, and averaged effective products.

9.7 Section conclusion

The product taxonomy established so far is not a linear hierarchy. It is a two-axis separation
between signature semantics and grade semantics:

‘ full-grade output projected output
frozen signature My P om,
averaged signature law | My = > cxy T (T)Mmr  Promy =Y o5y 1o (T)(Pr 0o my).

The equality in the lower-right entry holds at the level of binary multiplication tensors because
P, is linear and independent of the signature. It does not imply that projected averaged products
inherit associativity, because associativity is an iterated quadratic identity in the multiplication
tensor.

Thus VPSCF2 keeps the following distinctions separate:

frozen versus averaged signature semantics,
full-grade versus projected output,
scalar versus coefficient-valued carrier.

Only m, is the exact frozen Clifford product. Projected products are closed effective products.
Averaged products are statistical or effective products. Projected averaged products combine
both effective operations and require their own associator analysis. The next section applies this
taxonomy to the motivating object a + bi + ¢j + dk.
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10

Exact Status of a + bi + ¢j + dk

The preceding sections separate three questions that are often collapsed into one notation. The
expression

a+bi+cj+dk (147)

may denote a scalar-vector element, a coefficient-valued scalar-vector element, an element
embedded into the full carrier, or an input to a projected effective product. These interpretations
are related, but they are not interchangeable. This section records the exact semantic status of
(147). Its purpose is partly technical and partly diagnostic: it prevents later sections and later
papers from treating a scalar-vector notation as if it already carried every algebraic, analytic, or
energetic structure one may eventually want.

10.1 The semantic ladder

There are four layers in the interpretation of (147).

(1)

(iii)

Scalar-vector layer. If
a,b,c,d € R,

then
U=a+bi+cj+dke A<

This is the scalar-vector sector of the fixed blade carrier.
Full-carrier embedding layer. Since
Agl C .A,

the same element may be regarded as a full Clifford-carrier element with zero bivector and
trivector components.

Coefficient-valued layer. If
a,b,c,d eV,
then the correct object is
U=a®14+b®@i+cRj+dokeV ®Aq. (148)

Multiplication is not automatically available. One must choose one of the coefficient regimes
of Section 6.

Projected effective layer. If one wants to multiply scalar-vector objects but remain in a
truncated grade sector, one must use a projected product

U xgar W =Tcp(U -5 W).

This operation is effective rather than exact unless r = 3, and for » = 1, 2 it is non-associative
for every frozen signature on the full truncated domain.

The key point is that the same visual expression may sit at different semantic levels. VPSCF2
fixes these levels explicitly.
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10.2 Scalar-vector status

In the scalar setting, the expression
U=a+bi+cj+dk, a,b,c,d € R,

is a well-defined element of A<;. It is not, however, an element of a closed scalar-vector algebra
under frozen Clifford multiplication.

Proposition 10.1 (Scalar-vector status). For scalar coefficients, a+bi+cj+dk is an element of
A<i and an embedded element of A. The exact frozen product of two such elements is computed
in A, and generally lies in A<a, not in A<q.

Proof. The inclusion A<; C A follows from the grade decomposition of Section 2. Section 3
shows that the product of two scalar-vector elements has scalar, vector, and bivector parts.
The bivector part is generally nonzero, so the product generally leaves A<y while remaining in
A< C A O

Thus the scalar notation is valid, but its multiplicative closure is not the scalar-vector sector.
The closed exact carrier is the full blade space A.

10.3 Full-carrier status

A scalar-vector element may always be written as a special full-grade element by assigning zero
higher-grade coordinates:

a+bi+cj+dk = a+bi+cj+dk+0ij+0ik +0jk + 0ijk. (149)

This embedding is harmless as a vector-space embedding. It becomes essential for exact
multiplication, because the product may create nonzero higher-grade coordinates even if the
inputs have none.

Corollary 10.2 (Full carrier as exact multiplicative habitat). The expression a + bi + c¢j + dk
can be multiplied exactly only by regarding it as an element of the full carrier A. The exract
product is the frozen product my, not a product intrinsic to A<;.

Proof. This is a direct consequence of Proposition 10.1 and the full closure result of Section 4. [

This is the cleanest interpretation of the scalar-vector notation: it is a convenient coordinate
expression for a low-grade input inside a larger exact algebra.

10.4 Coefficient-valued status

When the coefficients are not scalars but elements of a vector space V', the expression must be
rewritten in tensor notation:

a+bitcji+dk ~ a®@1+bRi+tc®j+dEk.

This rewriting is not cosmetic. It records that the blade part and the coefficient part are distinct
pieces of data.
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Proposition 10.3 (Coefficient semantic dependence). Let V' be a real vector space and let
U=a®14+bQi+cj+dkecV ® A.

Then U is always a well-defined coefficient-valued scalar-vector object. However, the product of
two such objects is defined only after one specifies coefficient semantics.

Proof. The tensor expression is well-defined using only the vector-space structure of V. To
multiply two such expressions, one must combine coefficient factors such as b with ~, or more
generally ug with vp. A bare vector space does not specify such a combination. Section 6 lists
the three regimes: no canonical product in the pure metric/topological case, ordinary ungraded
tensor product multiplication when V' is an associative algebra, and tensor-hierarchy bookkeeping
when no internal coefficient multiplication is chosen. O

In particular, the scalar product expansion of Section 3 should not be copied into the coefficient-
valued setting without first choosing a coefficient regime.

10.5 Projected level-one status

There is a legitimate way to multiply scalar-vector objects and return to the scalar-vector sector:
project after multiplying in the full carrier. For scalar inputs,

UW e .Agl,
the projected scalar-vector product is
U*Jél W = Hgl(U ‘o W) (150)

This operation is closed on A<y, but it is not the exact frozen Clifford product. It is obtained
by first computing the exact product and then deleting the discarded grades.

Proposition 10.4 (Projected status). The operation x5 <1 makes A<i into a closed non-
associative projected product space in general. It does not make A<y into a frozen Clifford
algebra.

Proof. Closure follows from the definition of II<;. Non-associativity in general follows from the
associator-defect theorem and the explicit counterexample in Section 8. Since the product is
obtained by projection after full multiplication, it is not the original frozen product m, restricted

to a closed subalgebra. O

Thus projected closure should be interpreted as effective truncation, not as exact algebraic
closure.

10.6 Correct and incorrect readings

The status of a 4+ bi + ¢j + dk can now be summarized without ambiguity.

10.7 Semantic firewall for later papers

The classification above is deliberately restrictive. It prevents five common errors:

(1) treating A< as if it were a closed Clifford algebra;

72



Reading Status

a+ bi+ cj + dk € A<, for scalar coeflicients Correct: it is a scalar-vector element.
a + bi 4+ ¢j + dk € A by embedding Correct: it is a full-carrier element

with zero higher-grade coordinates.
a + bi + ¢j + dk generates exact products inside A Correct: exact frozen multiplication

is performed in the full carrier.
a + bi + ¢j + dk belongs to a closed scalar-vector Clifford algebra Incorrect: A< is not closed under

M-
*5 <1 is the exact Clifford product Incorrect: it is a projected effective
product.
*q,<1 1S associative Incorrect: projected level-one multi-

plication is non-associative for every
frozen signature.

a,b,c,d € V can always be multiplied as coefficients Incorrect: coefficient multiplication
requires a chosen regime.

a + bi + ¢j + dk is already a PDE field or signed-energy object Incorrect: analytic and signed-form
structures belong to later layers.

Table 2: Correct and incorrect readings of the scalar-vector notation.

(2) using projected products as if they were exact frozen products;

(3) multiplying V-coefficients without specifying a product, contraction, or tensor-hierarchy
convention;

(4) importing PDE regularity before an analytic field space has been declared;

(5) assigning signed energy before a signed quadratic form has been defined.

This is the semantic firewall supplied by VPSCF2. It does not prevent later papers from defining
signed forms, quotient reductions, differential operators, or interface spaces. It only requires
that each such construction be attached to a clearly specified carrier, coefficient regime, and
product convention.

10.8 Section conclusion

The final status is therefore:

a + bi 4+ ¢j + dk is a scalar-vector element embedded in the full Clifford carrier.

Exact multiplication takes place in A. Projected multiplication can return to A<;, but only as
an effective operation with possible associator defects. If the coefficients lie in a general space
V', the expression is only a coefficient-valued carrier until coefficient semantics are specified.
This conclusion completes the algebraic clarification needed before the series moves to signed
quadratic forms.

11 Interface Contract for VPSCF3

The preceding sections complete the algebraic and coefficient-space tasks assigned to VPSCF2.
VPSCF1 [1] supplied the fixed blade carrier, the frozen-signature multiplication tensors, the
signature-field state space, and the pathwise-versus-averaged distinction. VPSCF2 has used
those ingredients to solve the next structural problem: the scalar-vector expression

a+bi+cj+ dk
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is not a closed algebraic universe, and any coefficient-valued version of it requires explicit
coefficient semantics. The purpose of this final section is to state precisely what has now been
fixed and what may safely be developed in VPSCF3.

Remark 11.1 (No signed-form theory is developed in VPSCF2). This section is an interface
contract, not a new signed quadratic-form theory. VPSCF2 does not prove positivity, nonde-
generacy, coercivity, conservation, energy estimates, or classification results for signed forms. It
only records which additional semantic choices VPSCF3 must declare before such expressions
are well typed. None of the closure, coefficient-regime, or projection results of VPSCF2 depends
on the optional pairing or involution conventions listed below.

11.1 What VPSCF2 has established

The first established point is the separation between the scalar-vector sector and the full carrier.
The sector
Agl - SpanR{17 ia j? k}

is a linear scalar-vector sector, not a closed Clifford algebra. The full frozen-signature carrier is
A = spang{1,1, j, k,ij, ik, jk,ijk}.
For each frozen signature o € ¥, exact multiplication is performed by
me: A A— A
Thus the exact algebraic object is not (A<1, m,), which is not defined as a closed algebra, but

rather the full frozen algebra (A, m,).

The second established point is minimality. Inside the fixed blade carrier, the scalar-vector sector
generates all blades under frozen multiplication:

BladeAlg,, (A<1) = A.

This closure is signature-independent at the level of the generated blade set. The signs ¢;, 5, ¢,
affect multiplication coefficients and contractions, but they do not change the fact that closure
of 1,4, 4, k produces

7, ik, jk, ijk.
This is the full-closure reason why later constructions must not treat the scalar-vector sector as
a self-contained exact algebra.

The third established point is coefficient semantics. A coefficient-valued object

U:Zus®€5€V®A
SCI

is only a coefficient carrier until additional structure is supplied on V. Three regimes have been
isolated:

(i) pure metric or topological coefficient spaces, where norms, topologies, or pairings may exist
but multiplication is not canonically determined;

(ii) associative coefficient algebras, where an ordinary ungraded tensor product algebra can be
formed by
(v A)(w® B) = (v-vw) @ms(A, B);
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(iii) tensor-hierarchy semantics, where product-free coefficients are kept by the tensor-algebra
hierarchy
He =T(V) ® A, Hy =V @A (n>0).

No later paper should multiply V-coefficients unless it explicitly declares which of these, or
which additional coefficient semantics, is being used.

The fourth established point is projection. For
P =Tl<,, Qr=1-F,
the truncated projected product is
Ukg<r W=P.(U -, W).

The cases r = 1 and r = 2 are useful effective closures, but they are non-associative for every
frozen signature on the full truncated domains. Their associator is governed by the exact formula

Assocy <, (U, V,W) =P (—Qr(U c V) e W+ U -, Qr(V -, W)).

This identity is the formal obstruction to treating projected truncations as exact Clifford algebras.

11.2 Data that VPSCF3 must declare

The passage from closure theory to signed quadratic-form theory requires more than a carrier
and a product. A signed quadratic layer must declare four kinds of data:

(i) a carrier, such as A, A<,, V ® A, or a projected/effective carrier;

(ii) a coefficient regime, such as scalar coefficients, declared Hilbert or Banach data, Regime-B
coefficient multiplication, or the tensor-algebra hierarchy T'(V) ® A;

(iii) a product semantics, such as exact frozen multiplication m,, projected multiplication x4 <.,

averaged multiplication m,, or coefficient-valued projected multiplication *X,gr;

(iv) a duality, scalar-extraction, involution, or pairing semantics, such as scalar projection, a
grade-wise pairing, reversion, grade involution, Clifford conjugation, or a declared coefficient
pairing.

Without the fourth datum, expressions such as
QU)=(U,U), QU)=5c(U"xU), QU)=S5c(U-xU)

are not yet mathematically typed as real-valued quadratic forms. A product on A generally
returns an element of 4, not a scalar. The list above is diagnostic rather than constructive: it
specifies the type data VPSCF3 must choose, but it does not choose a signed form in VPSCF2.

Definition 11.2 (Standard blade involutions and scalar extraction). Let
Sc: A—=R
denote projection onto the scalar blade 1. For an ordered blade
€5 = €ay """ Cays S={a1 < - <aq} C1I,
define

ales) = (—1)%es,
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rev(eg) = (—1)9@~1/2¢g,

and
g := a(rev(eg)) = (=1)1Tt)/2¢g.

Extend these maps linearly to A. Here « is the grade involution, rev is reversion, and (-) is
Clifford conjugation.

These formulas describe the action on the ordered blade basis. They do not depend on the
frozen square signs €;,€;, €;; those signs enter the multiplication tensor m,, not the basis-level
sign pattern of the standard involutions. These are the standard Clifford involution conventions
2, 8].

Proposition 11.3 (Compatibility with frozen multiplication). For each frozen signature o, the
grade involution is an algebra automorphism of (A, ms), while reversion is an anti-automorphism:

a(mU(U7 V)) = ma(a(U)v a(V)),

rev(mq(U,V)) = mg(rev(V),rev(U)).

Consequently Clifford conjugation is an anti-automorphism.

Proof. 1t is enough to check the identities on the generators i, j, k and extend by bilinearity and
multiplicativity. The grade involution sends each generator to its negative and therefore preserves

the defining relations e? = ¢, and eqe, = —epe, for a # b. Reversion fixes each generator and

p—
reverses products, so it also preserves the defining square relations while reversing order. The

displayed identities follow on the ordered blade basis and hence on all of A. O

Definition 11.4 (Grade-wise and coefficient pairings). A grade-wise scalar pairing is a declared
bilinear form
<.’ .>q . A(Q) X A(Q) — R

In coefficient-valued settings one must also declare a coefficient pairing or bilinear form, for
example

(v (V 8 AD) x (V @ AD) 5 R

Such pairings are independent semantic data; they are not determined by the existence of the
frozen product m, or by the vector-space structure of V ® A.

Remark 11.5 (Quadratic forms are not products alone). The square U -, U is generally an
A-valued object. To obtain a real-valued signed quadratic form, one must additionally specify
how a scalar is extracted or paired: by Sc, by an involution followed by scalar projection, by
a trace-like functional, by a grade-wise pairing, or by a coefficient pairing. This is the extra
semantic datum that VPSCF3 must declare before writing energy-like or norm-like quantities.

11.3 What VPSCF3 may now define

The next natural layer is signed quadratic-form theory. Such a layer requires, at minimum, four
pieces of structure that VPSCF2 has now separated:

(1) a carrier, such as A<, A<2, A, V@A, or T(V) ® A;

(2) a coefficient regime, such as scalar coefficients, Hilbert coefficients with a declared pairing,
an associative coefficient algebra, or the tensor-algebra hierarchy;
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(3) a product or projection convention, such as exact frozen multiplication m,, projected mul-
tiplication %, <,, averaged multiplication m,, or coefficient-valued projected multiplication
v .
Xo,<rs
(4) a scalar-extraction, involution, grade-wise pairing, trace-like functional, or coefficient
pairing that turns the chosen carrier data into a real-valued signed quantity.

Without these choices, a signed form cannot be unambiguously interpreted or even correctly
typed. For example, a formal expression measuring the size of

U=a+bi+cj+dk

requires knowing whether a, b, ¢, d are scalars, Hilbert-space vectors, algebra elements, fields over
a base set, or tensor-hierarchy factors. It also requires knowing whether the intended object is
scalar-vector, full-grade, or projected from a higher-grade product.

Thus VPSCF3 may define signed quadratic forms only after declaring the relevant carrier,
coefficient regime, product/effective-product semantics, and scalar-extraction or pairing semantics.
In the scalar-vector setting, the signs ¢;,¢;, e provide the first frozen-signature weights, but
the rule turning coordinates into a scalar quadratic value must still be stated. In coefficient-
valued settings, a pairing or bilinear form on V must also be specified before one can write a
meaningful signed quantity. In full-grade settings, the bivector and trivector coordinates must
be accounted for by a declared grade-wise pairing, involution-plus-scalar-projection rule, or
equivalent scalar-extraction convention rather than silently discarded.

VPSCF2 does not develop those forms. It supplies the algebraic and semantic infrastructure
that makes them well-defined.

11.4 Constraints inherited by VPSCF3

VPSCEF3 inherits several constraints from the present paper.

First, if VPSCF3 works on A<, it must remember that this is a linear sector, not an exact
algebra. Any multiplication staying inside A<; must either be absent, projected, or replaced by
another declared operation. If products are used, the paper must distinguish between

U.,Wed

and
U*a,gl W e .A§1.

The former is exact and full-grade; the latter is projected and non-associative on the full
scalar-vector domain for every frozen signature.

Second, if VPSCF3 uses coefficient-valued objects, it must not rely on implicit coefficient
multiplication. For Hilbert or Banach coefficients, a norm or inner product may support quadratic
quantities, but it does not by itself define products of coefficients. If V' is an associative algebra,
the ordinary ungraded tensor product convention must be stated. If V' has no multiplication,
tensor-hierarchy semantics must be used or another bilinear operation must be introduced
explicitly.

Third, if VPSCF3 uses projected operations, associator defects are not optional technicalities.
They are structurally forced by discarded grades. Any signed form or energy functional coupled
to x4 <, must state whether it is insensitive to those defects, controls them, or treats them as
part of the effective theory.
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Fourth, if VPSCF3 averages over signatures, it must preserve the VPSCF1 distinction between
exact pathwise frozen multiplication and averaged effective multiplication [1]. Averages over o
produce effective operations; they do not replace the exact frozen product m, unless explicitly
declared as a separate averaged theory.

Fifth, if VPSCF3 writes a quadratic or energy-like expression, it must declare the scalar-extraction
or pairing rule. Expressions such as Sc(U -, U), Sc(U -, U), and (U, U) are different constructions
unless the relevant involution, scalar projection, trace, grade-wise pairing, or coefficient pairing
has been fixed explicitly.

11.5 Recommended starting point for VPSCF3

The cleanest starting point for VPSCF3 is the scalar or Hilbert-coefficient scalar-vector sector
with no multiplication assumed inside the sector. One may then define signed quadratic forms on
A<1 using the frozen signs and the declared coefficient pairing. This keeps the first signed-form
paper close to the motivating expression while avoiding the false claim that A<; is closed under
exact multiplication.

A second, more complete option is to define full-grade signed forms on A. This has the advantage
that the carrier is closed under exact multiplication, but it must specify how scalar, vector,
bivector, and trivector coordinates contribute to the signed form. Such a formulation is more
faithful to full Clifford closure, but it is also heavier and should be introduced only after the
scalar-vector form has been made transparent.

A third option is to compare level-one projected forms with full-grade forms. This would allow
VPSCF3 to measure the loss caused by projection. The natural quantity to track is not merely
the projected value, but also the discarded component

QU - V).

This would connect signed-form theory directly to the projection-defect mechanism established
in Section 8.

For a coherent series, the recommended order is therefore:

scalar-vector signed form — full-grade signed form — projection-loss comparison.

This sequence keeps VPSCF3 close to the original scalar-vector notation while preparing later
papers for quotient reductions, PDE operators, and interface analysis.

11.6 Closing summary

The conclusion of VPSCF2 can be compressed into four rules:

1) A< is useful but not closed under exact frozen Clifford multiplication.

(
(2
(
(

A is the full exact carrier for frozen-signature algebra.

3) V ® A requires explicit coefficient semantics before multiplication can be discussed.

)
)
)
)

4) Projected products create effective closure only by discarding grades, and the discarded

grades generate associator defects.

These rules close the algebraic carrier problem for the second paper of the VPSCF sequence. They
do not solve the signed-form problem, the quotient-reduction problem, the differential-operator
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problem, or the interface problem. Instead, they make those later problems well-posed by fixing
the carrier, coefficient, product/projection, and pairing-or-scalar-extraction semantics on which
they must depend.

Thus the transition to VPSCF3 is now mathematically clean:

after full closure, coefficient semantics, and declared scalar-extraction or pairing
semantics, signed quadratic forms can be defined without ambiguity.
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