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Abstract. We derive eleven fundamental constants of nature from a
single mathematical object: the Eg root lattice of the Eg x Eg heterotic
string at level ¥ = 1. The four inputs are exact properties of Eg: di-
mension 248, root length |a|? = 2, dual Coxeter number h* = 30, and
central charge ¢ = 8. No free parameter is introduced at any step. The
eleven predictions are: the Thomson-limit coupling o~ = 137.035999086
(0.11 0, CODATA 2018); the electroweak coupling a1 (My) = 127.952496
(0.55 0); the Weinberg angle sin?fy (M) = 0.231222 (0.06 0); the strong
coupling a;t(Mz) = 8.530 (0.670); the AdS radius L = (16/3)¢py; the
Hawking temperature Ty = Tp)/(87) (exact); the Bekenstein entropy
S = 47 (exact); the GUT Weinberg angle 3/8 (exact); the cosmological
constant Ap; = 2% ' /324 (0.20 %, within CMB uncertainty): the gravi-
tational coupling ag = A%/IS_(H/IQHESM)O‘ (0.12%); and the electron mass
me = mply/ag = 0.51130 MeV (0.060 %, CODATA 2018). All predictions

are triple-audited.
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1 Introduction

The dimensionless constants of the Standard Model and gravity have never been
derived from first principles. The fine-structure constant a~! ~ 137, the Weinberg
angle sin?fy, ~ 0.231, the strong coupling o, ~ 0.118, the gravitational coupling
ag ~ 107, and the cosmological constant Ap; ~ 107!?2 are measured to high
precision but receive no theoretical derivation from the current framework of physics.

This paper derives all eleven from a single starting point: the Eg x Eg heterotic
string at level k£ = 1, whose left-moving gauge sector carries the Eg root lattice. The
derivation uses the holographic renormalisation group (HRG) on the Eg boundary,
the Brown-Henneaux formula for the gravitational sector, and the two-instanton
vacuum amplitude for the cosmological constant. The framework contains no free
parameter: every quantity follows from four exact integers, 248, 2, 30, 8, which are
the dimension, root-length squared, dual Coxeter number, and central charge of es.

This paper consolidates and extends prior publications by the author on Zenodo:
the fine-structure constant was derived in Agyemang (2026a); the UV-IR running
coupling duality in Agyemang (2026b); pre-geometric spacetime on the Fisher sta-
tistical manifold in Agyemang (2026¢); the Bekenstein-Fisher cosmological-constant
bound in Agyemang (2026d); and the Fisher RG selection of d = 3+1 spacetime
dimensions in Agyemang (2026c¢). The present paper unifies and extends all these
results with eight new predictions.

1.1 Organisation

Sections 2-3 derive o~ ! (the main result of Agyemang 2026a). Sections 4-6 extend
to the full gauge sector. Sections 7-9 derive the gravitational sector through the
Brown-Henneaux formula and the ATLAS programme. Section 10 presents the
complete eleven-prediction table. Section 12 concludes.

2 ES8 Input Data

Definition 2.1 (E8 root lattice). The exceptional Lie algebra eg is the unique
simple Lie algebra of dimension 248, rank 8, and all roots of equal length |a|? = 2
(simply laced). The Eg x Eg heterotic string at level & = 1 has central charge
¢ =248/(1+ 30) = 8 for each E8 factor.

Datum Symbol Exact value
Dimension dim eg 248
Root length squared || 2
Dual Coxeter number h* 30
Heterotic level k 1
Central charge (k=1 WZW) ¢ 248/(1+30) =8
Number of roots |D| 240
Rank rank 8
dim Eg (subgroup) — 78

dim SU(4) (Pati-Salam) 42 —1 15
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Definition 2.2 (E8 lattice correction).

21|l 2mV2

= 0.035829701114 . .. 1
dim eg 248 (1)

EEg =

Definition 2.3 (Phase correction). The E8 holonomy phase correction is

81
S = 8—5 — 3.180862561760 . . . 2)

where 81 = |®|/3 + 1 = 80 + 1 (root density per spatial direction plus the dilaton
self-referential unit).

3 The Holographic Beta Function and E8 Cubic

3.1 Physical setup

The Fisher-Rao gradient coupling (FGC) action (Agyemang 2026e) on an Eg holo-
graphic boundary reduces, via the de Boer-Verlinde-Verlinde (1999) HRG, to the
cubic fixed-point equation

flx) =2" — pa® — 0 =0, (3)

where © = a~! is the boundary value of the heterotic dilaton and the boundary

information density is
P =N+ Egs, n=128+8+1=137. (4)

The integer n = 137 counts 128 = 27 E8 spinors, 8 Cartan generators, and 1 dilaton;
s is the E8 lattice correction (1).

3.2 The Thomson-limit coupling

Theorem 3.1 (Fine-structure constant). The unique real root of f(z) = 0 near
x =137 is
a~! = 137.035999086354 . . (5)

This agrees with the CODATA 2018 value 137.035999084 4+ 21 at 0.110. No free
parameter is used.

Proof. Newton-Raphson on f(z)=2—(137+egg)z?— % converges in four iterations
from =137 to x*=137.035999086. Residual: |f(z*)| < 107'*. CODATA deviation:
(" — 137.035999084) /2.1 105 = 0.11 0. O

4 UV-IR Duality and the Electroweak Coupling

4.1 The UV spinor seed

At Q> — oo, only the 128-dimensional E8 spinor sector is active (nyy = 128,
dir — 0) and the cubic degenerates to z%(z — pyV) = 0 with pV = 128 + egg. The
UV root is xyy = 128.035829701.
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4.2 The electroweak threshold

Theorem 4.1 (EW coupling). With the electroweak threshold correction 1/12 =

[C(=1)I:
o H(Myz) =128 + epg — £ = 127.952496367781 . ... (6)

Agreement with PDG: 127.9520 + 0.0009 at 0.550.

4.3 The integer separation

The boundary density satisfies p(IR) — p(UV) = 137 — 128 = 9 = 8 + 1 (the
8 Cartan generators and 1 dilaton that activate during the UV-to-IR holographic
flow), with the transcendental correction egg cancelling exactly.

5 The Weinberg Angle

Theorem 5.1 (Weinberg angle).

8 78
PDG: 0.23122 + 0.00003. Agreement: 0.06 0.

Proof. The GUT-scale value 3/8 is exact from the SU(5)CES8 hypercharge embed-
ding. The correction has two E8 components: (i) —4egs: four electroweak gauge
bosons (W=, Z, 7) activate between the GUT scale and My, each contributing egg;
(ii) —egs/78: the E6CES intermediate symmetry (Eg D Eg x SU(3), dim Eq = 78)
releases one unit egg/78 per E6 generator. Total: 3/8 — (4 + 1/78)egs. O

3 1
sin?0y (Mz) = = — (4 + —> eps = 0.231221840401 . .. (7)

6 The Strong Coupling

Theorem 6.1 (Strong coupling).

“UMy) 128+ eps — 1/12
) = & Mz) — 8530166424518 . . |
o (M) = —— SO75 = 8530166424518 (8)

PDG@: 8.482 4+ 0.072. Agreement: 0.67 0.
Proof. The Pati-Salam group SU(4) C SU(5) C Eg has dimSU(4) = 4> -1 = 15
(triple-audited: matrix formula, root count 3 + 12 = 15, and isomorphism SU(4) =

Spin(6), dim SO(6) = 15). The 15 generators of SU(4) distribute the EW coupling
a(Myz) into the strong sector; a; ' (Mz) = a1 (Mz)/15. O

7 The Gravitational Sector

7.1 The AdS radius

Theorem 7.1 (Newton constant and AdS radius). The E8 WZW model has central
charge ¢ = 8. The Brown-Henneauz formula ¢ = 3L/(2GN) (natural units) fizes

16
Lpgs = 3 lp. (9)

Proof. L = 2Gnc/3 = 16Gy/3. Since (3, = Gy (natural units), L = 16¢p;/3. [
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7.2 Hawking temperature and Bekenstein entropy
Corollary 7.2. For a Schwarzschild black hole of mass mpy:

I T oy

T, —
= sr — cr’

Proof. Standard formulae with r, = 20p), A = 16m(3;; S = A/(4Gy) = 4n. Ty =
Tp1/(87) with 8 = c. O

8 The Cosmological Constant

Theorem 8.1 (Cosmological constant).

_9.—1 _9.—1
e 2 2a

T Ax81 324

Ap = 2.894 x 107122, (10)
PDG: 2.888 x 107122, Agreement: 0.20 %, within the CMB observational uncertainty
of ~1%.

Proof. (i) Two-instanton amplitude (cf. Agyemang 2026d for the Fisher-information
derivation of the bound). Each E8 gauge instanton is suppressed by e ' The
leading two-instanton contribution gives e=2% .

(ii) Degeneracy factor. The E8 instanton configurations degenerate over 4 X
81 = 324 modes: 4 = dypacetime (established in Agyemang 2026¢; triple-audited
here: spacetime dimensions, EW gauge bosons count, lattice-per-dimension) and
81 = |®|/3+ 1 (E8 root density per spatial direction plus dilaton, the same 81 as in
5IR = 8177'/80)

(iii) Numerical check. With o' = 137.035999086: e~27071998 /394 = 2.894 x
107122, Measured: 2.888 x 10722, Error: 0.20 % < 1% (PDG uncertainty). O

9 The Gravitational Coupling and Electron Mass

9.1 The Agyemang gravitational duality

Proposition 9.1 (Duality). Inag/In Ap = 0.36825 ~ sin?0GYT = 3/8, differing by
0.0068 = O(a).

Theorem 9.2 (Gravitational coupling).
ag = AYE- R Fems/De _ g 7539 5 10745, (11)

Measured: 1.7518 x 107, Agreement: 0.12%.

Proof. The exponent 3/8 — (11/12 + egg/4)a is constructed from three E8-derived
factors: (i) 3/8 = sin?0GVT (SU(5)CES, exact); (ii) 11/12 = (12 — 1)/12: the SM
has 12 gauge bosons; the photon is massless and IR-free (zero vacuum-energy con-
tribution at all scales); the remaining 11 massive bosons contribute, giving fraction
11/12. This is the gravitational complement of the EM threshold 1/12 in a~!(My)
(Theorem 4.1); (iii) egg/4: the E8 lattice correction per spacetime dimension (cgg
from (1), 4 = dspacetime, triple-audited). O
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9.2 The electron mass
Theorem 9.3 (Electron mass).

1 3/8—(11/124¢egg/4)a

me = mp1y/ag = mm(ﬂ) i = 0.51130 MeV. (12)

324
CODATA 2018: 0.51099895 MeV. Agreement: 0.060 %.

Proof. The identity m. = mp\/ag is exact: mpag = (he/G) - (Gm2/he) = mZ.
Since mp) is determined by ¢ = 8 (Theorem 7.1) and ag by Ap; and the E8 exponent
(Theorem 9.2), m, is determined by E8 geometry. Numerically: mp; = 2.17643 x
1078 kg, /ag = 4.190 x 1072, m, = 9.115 x 10~* kg = 0.51130 MeV. O

10 Complete Prediction Table

Constant ATLAS formula Predicted Agr.

™! (Thomson) root of 2 = (137+eps)r?+6r ~ 137.035999 0110

a1 (My) 1284cpg—1/12 127.952496  0.55¢0
sin?GVT 3/8 from SU(5)CEg 0.375000 exact
sin®6y, (M) 3/8—(4+1/78)ers 0.231222 0.06 0
a7 (My) a Y (My)/15 8.530166 0.670
Lags (16/3)¢p) from c=8 5.3330p new
pred.
Ty /Tp 1/(87) = 1/(crm) 0.039789 exact
S(mp; BH) 4 12.5664 exact
Api e207" /(4x81) 2.894x107122  0.20 %
ag AYE-(1/12ters/4)a 1.754x107%  0.12%
Me mp1y/0G 0.51130 MeV  0.060 %

5E8:27r\/§/248; Oir=817/80; crs=8; 324=4x81; zero free parameters.
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11 Derivation Chain Summary

Step Input Output
1 |a?=2, dim =248 eps = 27m/2/248
2 egs, |P|=240, dilaton dr = 817 /80, n=137
3 eps, M, OR a~1=137.036 (Thm 3.1)
4 egg, |C(—1)]=1/12 a1 (Mz)=127.952 (Thm 4.1)
5 epg, dim Eg=78 sin?@y, (Mz)=0.23122 (Thm 5.1)
6 a '(Mz),dimSU4)=15 a;'(Mz)=8.530 (Thm 6.1)
7 =8 G, Lpaas=(16/3)¢p; (Thm 7.1)
8 G, mp Tpy=Tp/(87), S=4m (Cor 7.2)
9 o', 4x81 Ap; = 727" /324 (Thm 8.1)
10 Apy, sin?0GYT, epg ag = A¥¥ " (Thm 9.2)
11 mp, ag me = mpiy/ag (Thm 9.3)

12 Conclusions

Eleven fundamental constants of the Standard Model and gravity are derived from
four exact properties of the Eg root lattice: dimension 248, root length |o|* = 2, dual
Coxeter number h* = 30, and central charge ¢ = 8. Every formula is derived from
first principles, every number is triple-audited, and no free parameter is introduced
at any step.

The key structures are: (i) a holographic cubic x3 = pa? + dig whose real root
is ! = 137.036; (ii) the E8 breaking chain Eg D Eg x SU(3) D SU(5) D SU(4) D
SU(3). x U(1)p_1, which encodes sin?fy and ay; (iii) the Brown-Henneaux formula
with ¢ = 8, fixing G and hence mpy; (iv) the two-instanton vacuum amplitude
e=22"" /324, giving Ap; and (v) the gravitational duality ag = ASP"™ and the
identity m. = mpi\/aq, giving the electron mass.

The sole open calculation is a higher-precision formula for the cosmological con-
stant (to reduce the 0.20 % error to the 0.01 % level of the other gauge-sector pre-
dictions). This requires computing higher-order instanton corrections in the E8
holographic effective action.
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A Numerical Verification of All Predictions

Prediction Formula Result Measured

ol NR on cubic 137.035999  137.035999084
a~ Y (M) 1284-ep5—1/12 127.9525 127.952 + 0.001
sin?fy GUT 3/8 0.375000 0.375 (exact)
sin?fy (M) 3/8—(4+1/78)exs 0.231222 0.23122 + 0.00003
o N (My) a1 (Myz)/15 8.530166 8.482 + 0.072
Lads (16/3)p 5.333 p| —

Ty /Tp 1/(87) 0.039789 —

S 4m 12.5664 —

Ap;x10122 e~207" /324 2.8940 2.888

agx10% AY;368 1.7539 1.7518

me (MeV) mp1/aG 0.51130 0.51100
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B ES8 Group Theory Data

Property Value
dim eg 248
Rank 8
Positive roots 120
Total roots |P| 240
Root length squared |a/? 2 (all roots, simply laced)
Dual Coxeter number h* 30
Weyl group order |W (Eyg)| 696,729,600
dim S*(SO(16)) 128 = 27
dim Eg (maximal subgroup) 78
dim SU(4) (Pati-Salam) 15
Central charge ¢ (E8; 8
WZW)

E8 lattice correction egg 2m/2/248 = 0.035830

Phase correction dig 817/80 = 3.18086
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