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We formulate black-hole thermodynamics as a positive observer readout of the closure-flat
completed-cycle framework. The counted objects are admissible black-hole completed cycles, rather
than bare interior microstates, bare forward histories, or independent endpoint data. On the sta-
tionary branch, exact Hawking—Unruh purification, committed-sector weights, reversible rank-one
coherence, and quarter-normalized detector blocks reproduce the Gibbons-Hawking—Wald area law
as an effective completed-cycle capacity. The quarter normalization is not appended after an inde-
pendent microscopic count: in the completed-cycle framework the classical horizon readout is part
of the primitive closure cycle, so the reciprocal quantum context is counted only after the horizon
text and its local Einstein response have restricted the admissible sectors. On the quasi-stationary
branch, the same readout data, together with the stated support-minimal branch selection, yield a
hidden-reservoir transport law, a public release channel, a Page-compatible fine-grained radiation
entropy, and temporal gluing to a rank-one terminal endpoint. Quantum-extremal islands appear as
semiclassical readouts of hidden-completion branches: the area term measures completion-boundary

capacity, while the bulk term measures unresolved completion entropy.

I. INTRODUCTION

Black-hole thermodynamics ties together horizon area,
thermal exterior physics, and quantum information in a
way that remains conceptually incomplete in the usual
semiclassical formulation [IHG]. The area law itself is
structurally robust and, in stationary settings, is encoded
in the Gibbons-Hawking and Wald formulas [7H9]. At the
same time, the information-loss problem appears when
one treats the observer-accessible exterior channel as if
it were the full quantum system throughout evaporation.
The present paper takes a different starting point. It
treats the counted black-hole sector not as a set of bare
forward histories or bulk interior microstates, but as a
restricted quantum sector of admissible completed cycles
carrying context choice, committed record, and closure
through the singular regime.

The completed-cycle formulation used here is the
black-hole positive readout of the closure-flat local-to-
global ledger framework. In the companion quantum-
gravity construction, physical completed-cycle data are
obtained by admissible readout from a closure-flat com-
parison class. We denote this imported quantum-gravity
input schematically by
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The construction of V., the closure quotient, and the
local-to-global kernel is not repeated here [10]. The
present paper uses only the black-hole specialization
of that structure: the admissible closure quotient, the
closure-stable coherent kernel, the geometric readout, the
universal transport normalization, and the singularity-
seam continuation needed for entropy counting, quasi-
stationary evaporation, and endpoint closure [TTHIG].

The main claims are twofold. First, on the faithful
stationary branch, the admissible committed completed-

cycle count reproduces the black-hole area law. Sec-
ond, on the quasi-stationary evaporation branch, the
same architecture yields a hidden-sector transport law,
a Page-compatible fine-grained radiation entropy, and
a temporal-gluing closure of the late pure endpoint.
These claims are conditional sectoral consequences.
The imported closure-flat datum supplies the com-
mon quotient, ledger-balance, reversible-coherent-kernel,
projective-transport, and seam-continuity data only af-
ter black-hole readout. The area law and the evapora-
tion profile then require the faithful stationary branch
and the support-minimal quasi-stationary branch spec-
ified below. Thus the conditions used below are not
independent black-hole axioms, but the explicit branch
profile is not claimed to follow from the bare closure-
flatness condition alone; it follows after the stated black-
hole readout and branch selections.

For the entropy argument below, the important point
is that the quarter-normalized capacity is imposed at the
level of the admissible horizon apparatus. The detailed
justification is given in Sec. [[Tl} here we only record that
the count is performed over text-constrained completed-
cycle sectors, not over a substrate-independent Hilbert-
space degeneracy.

A further consistency check comes from the quantum-
extremal-island description of the Page curve. In that
description, the fine-grained entropy of radiation is com-
puted by extremizing and minimizing a generalized en-
tropy consisting of an area term and a bulk entropy term
[I7H19]. The completed-cycle black-hole sector contains
the same structure intrinsically: the area term is the ca-
pacity of a hidden-completion boundary, while the bulk
entropy term is the entropy of the unresolved completion
included with the radiation. Within the completed-cycle
reduction, the island entropy prescription is therefore not
an independent additional postulate, but the semiclassi-
cal geometric readout of hidden-completion purification.



II. COMPLETED-CYCLE BLACK-HOLE
SECTOR AND OPERATIONAL CLOSURE

The black-hole sector is formulated on admissible clo-
sure classes of completed cycles rather than on unre-
duced microscopic representatives or smooth interior
geometries. The closure-flat local-to-global framework
supplies the admissible closure quotient, the closure-
stable coherent kernel, exact transport closure on the
reversible branch, and the observer-readable geometric
branch [I0]. In the black-hole specialization, the counted
objects are therefore admissible completed cycles carry-
ing a context choice, a committed exterior record, and
finite degeneration-stable closure data sufficient to iden-
tify the same physical object across singular or degener-
ate regimes. In the Hodge-theoretic formulation adopted
here, those closure data are encoded by admissible limit-
ing mixed Hodge data [20H23]. Let

Egye (M) (1)

denote the space of admissible black-hole completed cy-
cles at fixed exterior macrodata M, and let

Ehi (M) = EIS M)/ ~a (2)

be the corresponding black-hole physical quotient by ad-
missible closure identifications. The committed sector is
obtained by a map
Com : ERY* (M) — ELMIS (M), (3)

and the basic closure requirement is that the committed
record stabilizes the same internal cycle class through the
admissible limiting data. The role of the LMHS data here
is not to provide a smooth continuation of the singular ge-
ometry, but to supply the finite degeneration-stable data
needed for the black-hole specialization of the completed-
cycle closure quotient.

At the framework level, the black-hole construction is
a sectoral readout of a closure-flat comparison class. The
physical black-hole readout is

Igu(n) = (Xpu(w), (Ku(u)), Npu(u), gpu(u), spu(u)),

while the structural data needed to state the black-hole
reduction are collected as

Gpu(n) == 55 (n) = (E55°, meu, K, Usn, Epm, k7).

Thus H%{I denotes the structural black-hole readout. The

. —ph
entries ERF°, mpn, K&, Upn, Epn, and k27 denote, re-

spectively, the admissible closure quotient, committed-
sector pushforward, coherent-kernel readout, geometric
readout, sectoral branch law, and black-hole transport
normalization. When needed below, the terminal contin-
uation is supplied by the seam-stable LMHS continuation
already included in the admissible closure quotient.
Thus the labels BH1-BH5 name the black-hole re-
alizations of the quotient, committed-weight, reversible-
coherence, off-anchor-transport, and observer-reduction

components just displayed. The condition BH1 is the
admissible-quotient readout: all physical states, public
records, and thermodynamic weights are defined on ad-
missible closure classes in ZX2*(M), not on unreduced
microscopic representatives. The condition BH2 is the
committed-sector positive readout: on the faithful sta-
tionary branch, equilibrium weights are committed push-
forwards of one coherent completion, and faithful com-
mitted sectors satisfy reversible micro-indifference. The
condition BH3 is the reversible ledger—coherence anchor:
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Here p2% denotes the normalized observer-side coherent-

kernel representative on the reversible support. It is not
the exterior KMS density matrix obtained after trac-
ing the completion factor. Thus the reversible condition

ey = 0 is compatible with the thermal diagonal horizon
reduction derived in Sec. [[TT} the latter is the public re-

duced readout of a rank-one completed implementation.

Thus X is already an apparatus-normalized completed-
cycle capacity. The entropy derivation in Sec. [[Tl]explains
how the horizon text and its local Einstein response select
the admissible quantum completion sectors.

The same condition BH3 also includes exact projec-
tive transport closure of the reversible coherent line.
Hence the reversible support carries a rank-one coher-
ent completion unique as a projective reciprocal com-
pletion/choice paired object, with only the classwise
U(1)pair gauge left after exact transport closure. The
condition BH4 is the off-anchor transport readout of the
covariant completed-cycle dynamics:

) d ) )
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The condition BH5 is the positive observer-reduction
readout after the preferred modular/Killing context
has been selected.  Seam-continuity and transport-
normalization are not additional black-hole labels; they
enter as the terminal and branch-normalization refine-
ments needed for the evaporation branch.

With this division of labor, the entropy theorem and
the evaporation theorem have the same logical origin but
different technical status. The entropy theorem is the
stationary black-hole readout of the admissible quotient,
committed-sector weights, reversible rank-one coherence,
and quarter-normalized detector anchor. The evapora-
tion theorem is the quasi-stationary black-hole readout of
the same quotient and coherent anchor, together with the
off-anchor transport, observer-reduction, terminal seam-
continuity, and support-minimal branch-selection com-
ponents. Thus both results are sectoral consequences of
one closure-flat completed-cycle datum, while the evap-
oration theorem additionally uses the support-minimal
quasi-stationary branch selection.



IIT. EXACT THERMAL REDUCTION AND
THE STATIONARY HORIZON SECTOR

The Unruh setting already displays the exact
completed-cycle pattern underlying unitary-complete
thermality in the black-hole sector [24H26]. It therefore
provides the simplest exact preliminary model for the
stationary observer reduction used below.

Let a > 0 be the proper acceleration and fix one
Rindler frequency w > 0. For that mode pair, the
Minkowski vacuum may be written as

|OM>w = (1 — 6_27"‘”/‘1)1/2 Z e_m"m/aeiﬂwm

X |nw,R> ® |nw,L>-
This state is pure. Tracing over the left wedge gives
PRw = T |OM)w (OM|w

_ (1 o 67271'0.)/0,) Z ef2ﬂwn/a|7,LW,R><nw7R|7

n=0

(7)

hence
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PRw =
For the full field, the corresponding state is the tensor
product over mode pairs, but the single-mode form above
is all that is needed for the present exact preliminary
model. There is therefore no contradiction between exact
thermality and global purity: thermality belongs to the
observer reduction, while purity belongs to the completed
global implementation.

The stationary black-hole horizon sector is the patch-
wise modular copy of this same structure. Let Ky be
the preferred modular generator selected by the station-
ary horizon context and let

KH\n>K an|n>K. (9)
Then the exterior KMS state is

e_KH e_kn, —k
pext:ﬁ:; Zn ‘n>K<’rL|, Z ::ZLG .

(10)

A unitary-complete purification of is

G*kn/Q .
Uy) = ")k @ [ comps
| H> ; \/E | >K | >CO p (11)
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Tracing over the completion sector recovers the exterior
KMS state exactly. Thus the stationary Hawking sector
is already unitary-complete before one addresses the full
evaporation history.

The same formula also makes the reversible coherent-
kernel statement explicit. On the preferred modular basis
the stationary horizon coherent kernel is

—(kn+km)/2
e i _
Kug(n,m) = T Za el (n—0m) (12)

which is manifestly rank one. If reversible refinement-
loop holonomy is excluded, the remaining classwise phase
is only the U(1)pair gauge of the reciprocal comple-
tion/choice pairing. The stationary Hawking sector is
therefore not merely compatible with reversible coherent
completion; it is an explicit realization of the projective
paired coherent object.

IV. EQUILIBRIUM COUNT AND THE AREA
LAW

Let =BT (M) C ERIY®(M) denote the restricted equi-
librium sector consisting of those admissible closure
classes that satisfy faithful commitment, reversible no-
loss coherence, and unitary-complete implementation on
the stationary branch. Define the committed image of
this equilibrium sector by

Ecom,cq(M) = Com(E¢;" (M), (13)
and the fiber over x € ZIHS (M) by
LMHS ._ -1 —=BH
Fy = Com™ () NEgy (M). (14)

The role of BH2 is to remove the ambiguity between
thermodynamic measure and coherent completion. Let

Keion(§,€') = ¥(§)¥(¢) (15)

be the coherent kernel on the reversible equilibrium sup-
port, where W is a coherent representative of a projective
reciprocal completion/choice paired class. The commit-
ted equilibrium weights are not independent thermody-
namic insertions. They are the diagonal pushforward of
the same coherent completion,

P00 = D 1¥E)P, >

geFLMHS Y EELMHS (Af)

com,eq

Pan(x) =1.

(16)
The equilibrium black-hole entropy is therefore

SBH(M) = - Z

XEERE (M)

Pp () Inppy (). (17)

All logarithms in entropy and effective-dimension expres-
sions are natural logarithms.

On faithful equilibrium sectors, reversible micro-
indifference implies that no committed sector carries
privileged public weight:
for all x,x' € ZEMHS (A1), (18)

—com,eq

Paa(x) = PR (X))



Hence the committed equilibrium distribution is forced
to be uniform,

1
Pea(X) = =mme o 19
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and therefore
Sgu(M) = In [ELTS (M)). (20)

The essential point is that projective fiber multiplicity
does not survive after admissible quotienting. On the re-
versible support, each committed equilibrium sector car-
ries one physical projective reciprocal completion/choice
paired class rather than a family of inequivalent hidden
completions or phase representatives. This closes not
only the measure problem but also the quantum over-
counting problem: the entropy is not the logarithm of
arbitrary phase choices, nor of a basis of the reduced
exterior Hilbert space, nor of an independently inserted
positive measure. It is the logarithm of the number of
admissible committed equilibrium sectors.

To connect the count to the area law one needs the
quarter-normalized faithful detector anchor. Write

A
= . 21
¢ aGrcn ( )

On a reversible faithful local stroke the completed-cycle
balance is
0Xo = —0(K), ON. = 0. (22)

The minus sign in is the completed-cycle orienta-
tion convention for an inward horizon-capacity stroke.
In comparing with the local Einstein bridge below, the
same physical stroke is put in a common orientation; the
compatibility defect therefore measures the normaliza-
tion mismatch between A/(aGyen) and A/(4Gyen), not
an additional sign choice.

On the same local stroke class, the covariant phase-
space and modular-universality identities read [TTHI13]

rav R A
SHE™ (Dy) = 5(

L d+2
o) roe. e

B(K,) = 2T

S{(Tpp) CPul dV + O(£7+2). (24)
K By

If the reversible completed-cycle anchor and the re-
versible Einstein bridge are required to refer to the
same faithful stroke class, then the normalization is
not optional. Comparing the a-normalized reversible
completed-cycle relation with the Einstein-normalized
bridge yields the compatibility defect

1 1 A 1 1 0A
Ea'(4a)am; ﬁ@<4a>am'

(25)

Therefore, if the counted equilibrium sector contains
a nontrivial family of admissible first-law strokes with
0A # 0, compatibility on that same faithful stroke class
forces

a=4. (26)
Therefore
A
X = 2
1Gron @)

is not a free coding normalization. It is the unique faith-
ful reversible detector capacity compatible with the local
Einstein bridge.

This admits an apparatus interpretation. The entropy
is still a count of quantum completed-cycle sectors; what
the classical horizon apparatus supplies is not an addi-
tional degeneracy, but the public readout text on which
those sectors are physically implemented. In the ledger
framework the classical readout is one component of the
primitive closure cycle rather than a posterior record
added after the quantum count. Hence the reciprocal
quantum degrees of freedom associated with that read-
out cannot be counted independently of the constraints
imposed on the readout itself. For a stationary black-
hole horizon, these constraints are the area element, null
support, seam compatibility, gauge reduction, and the lo-
cal Einstein response. They restrict the admissible quan-
tum completion sectors before the degeneracy is counted.
Equation then fixes the smallest Einstein-compatible
reversible detector refinement. Thus the quarter factor
enters as an admissibility scale for the quantum sectors,
not as a classical multiplier appended after an uncon-
strained microscopic count.

The detector-theoretic reading is then immediate [27].
On the stationary large-area branch, let

Apn

Neff . — 28
H 4Gren ( )

denote the effective number of quarter-normalized faith-
ful detector slots. When a literal finite partition is re-
quired, choose an integer refinement

N
=] D",
i=1

so that the rounding ambiguity is subextensive and does
not affect the leading area law. Faithful one-nat satu-
ration means that each refinement slot DET) carries one
elementary public logical slot on the exact equilibrium
branch together with the hidden coherent completion re-
quired for reversible implementation. This is an effective
logarithmic multiplicity statement, not the assertion that
each block contains literally e discrete microstates. The
faithful thermal optimum selected by the reversible an-
chor is therefore encoded by

NG = N+ o(Ngh),

eq _
s, =1,

Indef =1. (29)



If projectively flat gluing contributes only subextensive
corrections to the logarithmic committed multiplicity,
then

N
log dimeg ELAS (M) = 3 Inds™ + o( V) (30)
i=1

= N 4 o(NE).

Hence

log dimeg ZEMIS (M) =

com,eq

AH AH
4Gren * O(4Gren> . (31)

In the exact effective-capacity saturation limit, the black-
hole entropy becomes

Apg
4Gren '

Spu = (32)
This is the first main claim of the paper. The black-hole
entropy is the thermodynamic image of an admissible
quantum completed-cycle count on the faithful station-
ary equilibrium branch. The qualification “admissible”
is essential: the degrees of freedom being counted are
quantum completion sectors, but their admissible sup-
port is selected by the primitive horizon readout and its
Einstein-compatible detector slots. The area law is there-
fore reconstructed as a text-constrained quantum count
on the stationary Einstein branch, not as a free quantum-
statistical count with a classical prefactor attached after-
ward.

V. QUASI-STATIONARY EVAPORATION AND
HIDDEN-SECTOR TRANSPORT

The second main claim concerns evaporation. The
relevant variables are the remaining horizon support
Xp(u), the cumulative public Hawking record Rpyup,(u),
and the hidden coherent/completion reservoir Chig(u).
The completed-cycle capacity split, which is the black-
hole form of the total-completion closure used in the dy-
namical reduction, is

Xo = XH(U) + C’hid(u) + Rpub(u), (33)

where X := Xg(0).

A priori, the hidden sector could be described by a
hidden fraction A(u) and an independent release channel
Jrel(u) through

Chid(u) = /\(u) [7XH (u)] — Jml(u). (34)
At this stage the hidden channel appears underdeter-
mined. The point of the present closure-flat framework
is precisely that this freedom is removed.

The reversible anchor BH3 fixes the no-loss coherent
branch through A[SY = 0; it does not by itself deter-
mine the off-anchor observer-reduction defect function.

On the open quasi-stationary branch, we therefore use
the branch-local observer-side purity defect as the nat-
ural coarse measure of departure from the rank-one an-
chor,

Dyt (u) := 1 = Trf (p723 g5 (w))*] = 0. (35)

The black-hole observer-reduction condition BH5 uses
its support-normalized branch representative,

ARR (u) := Npu(u) Dkl (u),  0< ARH(u) <1, (36)

ker

where the normalization is fixed by the support-
minimal branch convention rather than by an indepen-
dent Hilbert-space purity scale. The hidden fraction is
then identified with this support-normalized observer-
reduction defect,

Mu) = ARE (u). (37)

This is a branch-local closure law for the quasi-stationary
observer reduction, not a statement about the final tem-
porally glued endpoint state discussed in Sec. [VIII} On
the quasi-stationary Schwarzschild branch, once the pre-
ferred KMS data have been reduced to coarse geometry,
the remaining macroscopic support is

- XH(’LL)

x(u) = X, (38)

The support-minimal realization adopted on that branch
is

AMu) =1—z(u), 0 < U < Umaten < Uy, (39)
where Umatcn denotes the onset of the terminal match-
ing layer. In that final layer the quasi-stationary coarse
reduction is no longer assumed to hold, and the end-
point rank-one state is imposed instead by the temporal-
gluing condition of Sec. [VII] In particular, the pure
endpoint state is not obtained by identifying the limit
u — u, of the quasi-stationary defect variable with the
final observer-reduced radiation state.

The hidden reservoir law is the quasi-stationary pro-
jected reduction of the horizon-level off-anchor balance
. After imposing the preferred modular/Killing con-
text, the support-minimal defect law, and the total-
completion closure, the black-hole transport compresses
to

Chia(u) + 3Hp (u)Chia () = Mu) [ X (u)],

1 Xu(w) (40)
HH(U) = QXH(U).
Comparing with gives
jrel(u) = 3ITI-H (U)Chid (U), (41)

so the release channel is not independently postulated.
Once A is fixed, J.q is fixed as well.



To solve the system, treat Chiq as a function of Xy.
Since

: dChid
Chia = X, 42
hid = i, (42)
Eq. becomes
dChid 3 XH
—? Cpa=—(1-22), 43
dXy  2Xgy md ( X, (43)
The integrating factor is X;3/2. Imposing Cpiq(Xo) =0
yields
Cua(Xp) = X202 [ 1Y/ X0 4y 14
nid(Xr) = Xy e, v 4 (44)
and therefore
Chia(z) = 2Xo (1 — )2 (45)

Using , the cumulative public record becomes
Roun(z) = Xo(1 — 3z + 4x3/% — 22°), (46)

and integrating gives
1 3/2 3 o
Jrel(x) = XO 5 — 3z +4x - ix ) (47)

with integration constant fixed by Jie1(1) = 0. The for-
mal continuation of the open-branch solution to z = 0
gives

Jre1(0) = %. (48)
Here J,a should not be identified with the cumula-
tive public record Rpu,. It is the integrated hidden-
relaxation contribution appearing in the reservoir equa-
tion (34). Therefore the endpoint values Jye1(0) = Xo/2
and Rpup(0) = Xo are not in tension: Ry is fixed by
total-completion closure, whereas J..] measures only the
portion of the flow passing through the hidden-relaxation
channel. These values specify the matched terminal ca-
pacity data selected by the quasi-stationary branch for-
mula. In the present paper, however, the actual final
observer-reduced state is fixed by the temporal-gluing
condition of Sec. rather than by identifying the
endpoint state with the quasi-stationary branch limit it-
self. This is the first main dynamical closure result: once
the support law and the hidden-reservoir transport law
are imposed, Chiq and J. are fixed on the open quasi-
stationary branch. The separate retarded-time profile is
fixed below by the black-hole projection of the transport
normalization.

Chid(O) = 0, Rpub(o) = XOa

VI. FINE-GRAINED RADIATION ENTROPY
AND THE PAGE CURVE

For a pure completed state on an effective split between
the public radiation sector and its purifier, purity gives

equality of the two reduced entropies and the general
bound

Sfine < min{log dimeg Hyad, log dimes Hpur}. (49)

In the faithful Page-saturated branch used here, the ef-
fective logarithmic capacities are

log dimeg Hraa = Rpub (),

50
log dimegr Hpur = Xa(x) + Chia(x). (50)

Thus the completed-cycle reduction selects
Sing(x) = min{ Rpu(2), Xn(2) + Cria(2) }. (1)

Thus the Page formula is not a consequence of global

purity alone; it is the faithful saturation of the pure

completed-cycle split. The purifier side is not merely

the surviving black hole. It is the sum of the remaining

horizon support and the still-hidden coherent reservoir.
The Page point is determined by

Rpub(.’ﬂ) = XH(CC) + Chid(sc). (52)

Using Xg(x) = Xoz together with and (46]), the
Page condition becomes

1—3x+42%/% — 222 = 2 4+ 22(1 — V)2,

(53)
1— 6z + 82%/2 — 42 = 0.
With y = y/z, this is equivalently
4yt —8y° +6y% — 1 =0. (54)

The unique root in 0 < y < 1 gives

Ypage ~ 0.62452, TPage = Ypage ~ 0.39002,

Mpge (55)
% = \/TPage ~ 0.62452.
0

Thus the stated closure conditions give an explicit Page
point for the support-minimal quasi-stationary branch.

To express the solution in retarded time, use the quasi-
stationary state-to-geometry map on the Schwarzschild
branch,

M(u) =4[ -~

Ap(u) = 167G M (u)?. (56)

ren

In the closure-flat completed-cycle framework, the
mass-loss law is not inserted as an external semiclassi-
cal anchor. The universal off-anchor transport-readout
normalization is a readout coefficient associated with the
admissible physical projection of the closure-flat datum:

Kir > 0. (57)
Its black-hole projection is defined by

kBE =TT (k) > 0, (58)



where 1%}, denotes the transport-normalization compo-
nent of the black-hole structural readout. With

1
Tyg(M) = ——
#M) = GGl
the thermal public-release law is therefore
Poub(M) = kBT A (M) Ty (M)*. (59)

Since the public-release channel is the observer-accessible
asymptotic energy-loss channel on the quasi-stationary
branch,

VD S (60
U) =————— ap = .
G2 M(u)?’ A o563
Integrating gives
SOzH
M(u)® = MJ — e (61)
and hence
2/3 2 3
G M,
z(u) = (1 - > , Uf 1= Uevap = —— v,
Uevap SaH

(62)
Therefore, within the quasi-stationary regime before the
terminal matching layer,

u \2/3
0 < u < Umatch < Uevap, Au)=1- (1 — ) .
Uevap

(63)
In this form the retarded-time evaporation law is fixed
by the black-hole observer reduction of the common off-
anchor transport-readout normalization rather than by
an independent branch-local coefficient.

y \2/3 u \1/3 2
Chia(u) = 2Xo (1 - ) [1 - (1 - ) 1 ,
Uevap Uevap

(64)

u \2/3
Rpub(u)=X0[1—3(1—u )
evap

u u 4/3
+4<1— )—2(1— ) B
Uevap Uevap
(65)
Combining these with (1) gives the explicit quasi-
stationary-branch profile of the fine-grained radiation en-

tropy, up to the onset of the terminal matching layer.

VII. QUANTUM EXTREMAL ISLANDS AS
HIDDEN-COMPLETION READOUTS

The completed-cycle Page formula can be com-
pared directly with the quantum-extremal-island pre-
scription. The comparison is structural rather than only

analogical. In the completed-cycle formulation, the in-
gredients of the island formula are already present before
passing to a semiclassical geometric readout.

Let R denote the observer-accessible Hawking radia-
tion algebra at a quasi-stationary retarded time u. The
completed evaporation state is pure at the level of the
full completed object,

Pgiob () = [Wgiob (1)) (Pglon (u)], (66)

where the states at different quasi-stationary times are
related by the no-loss temporal gluing map of Sec. [VIII}
The radiation observer sees the reduced state

PR(U) = Treomp pglob(u)- (67)

Thus the radiation entropy is an observer-reduced en-
tropy, not the entropy of the completed global state.

To make the hidden-completion branch explicit,
let ﬁ%ﬂm denote the set of completed-cycle-admissible
hidden-completion sectors compatible with the radiation
algebra R. An element I € jﬁdm is not an additional in-
dependent semiclassical region at the fundamental level.
It is the hidden-completion sector whose semiclassical ge-
ometric readout is an island.

On the semiclassical code subspace associated with R,
the hidden-completion sectors define a center-block de-
composition

Heoato R) = € (HESF © Hime 0 HE) . (68)

RUI
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Here Hg(}ge is the finite edge sector carried by the com-
pletion boundary. Its logarithmic dimension is fixed by
the completed-cycle capacity law,

log dim H5p2® = X (O1). (69)

The geometric area term appears only after the semiclas-
sical readout of this capacity.

Let IT; denote the projector onto the I-block. Before
faithful branch selection, a center-respecting state has
the block form

Pcode = @ pPIpI, Pr = T‘I‘(prcode)a
Iegydm (70)

PI = p;lHIpcochIa (PI > 0)

Here each p; is normalized on its block. Hence p; > 0
and ) ;pr = 1, and the entropy contains the classical
center term

S(pcodc) = - ZPI IngI + Zpl‘s(pf) (71)

The calculation below is therefore a fixed committed-
center calculation: faithful branch selection has already
selected one stable block I, so that p;, = 1, all other p;
vanish, and the classical center Shannon term is absent.



Within such a fixed stable block I, the entropy of the
observer radiation algebra is represented by a fixed-center
algebraic density operator
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Here pRli® is the unresolved completion state assigned,
in the code-subspace representation, to the radiation to-

gether with the hidden-completion sector. Thus p;{;(R)
should not be read as an ordinary density matrix on a
bare Hilbert space H g, nor as an additional global state.
It is the fixed-center algebraic representative whose en-
tropy computes the observer entropy in that branch.
This is the completed-cycle analogue of a fixed-area or
fixed-center sector in the island calculation.

Using additivity of von Neumann entropy on tensor
products,

S(A ) = tog dim M3 + (o35

(73)
= X(01) + S5, (RU D)
where
Scomp(RUI) := S(pR0T") - (74)
Thus the completed-cycle generalized entropy is
Sgun(R, 1) = X (0I) + S (RUT). (75)

The admissible completion boundary is selected by
no-loss boundary stability. A small deformation of 91
changes both the edge capacity and the unresolved com-
pletion entropy. A stable completed-cycle split between
public radiation and hidden completion therefore satisfies

bo1Sg(R, I) = 651 [X(01) 4+ S, (RUT)] = 0. (76)

Faithful committed branch selection then chooses the sta-
ble branch of minimal observer entropy:

SEC = min Sgun (R, 1)
regsm
53132§§(R71):0 (77)
= mi t | X(0I) + S (RUI)| .
oy ey [X(01) + Sginp(RUT)]

Here ext; means extremization with respect to contin-
uous deformations of the completion boundary inside a
fixed admissible branch, while the outer minimum com-
pares the resulting stationary admissible branches. Thus
the notation is the completed-cycle counterpart of the
usual “extremize first, then minimize” prescription in the
quantum-extremal-surface formula.

Under the semiclassical geometric readout of a stable
completion block,

I— Igeom,

A(0Igeom)

Sy (R U I) — Sbulk(R U Igeom)-

comp

(78)

Eq. becomes

A(0Igeom)

S(R) = min ext 1.

geom Jgeom

+ Sbulk(R U Igeom):|

(79)
This is the quantum-extremal-island entropy prescription
[I7HI9]. Hence the island prescription is reproduced,
at the level of the generalized-entropy functional and
its branch competition, as the semiclassical geometric
readout of completed-cycle hidden purification. This is
not a separate first-principles derivation of the gravita-
tional replica path integral. Rather, within the present
framework, the replica-wormhole saddle is interpreted as
the semiclassical path-integral presentation of the same
hidden-completion branch.

The support-minimal Schwarzschild branch studied
above is the two-branch specialization of . The no-
island branch is the public Hawking branch,

Sove (I) = Rpub(x)7 (80)

no island

while the island branch is the completed purifier branch,

Siona(®) = Xg(x) + Cuia(z). (81)
Therefore
‘S'Ii‘?lanci3 (I) = min{sﬁzcisland (I), Sl(::l/;nd(z)} (82)

= min{Rpub(m), X (z) + Chia(x)}.

This is exactly Eq. . The island transition is therefore
the completed-cycle branch transition at

Rpub(x) = XH({E) + Chid(x). (83)

The island/QES construction does not modify the
completed-cycle black-hole dynamics. It identifies the
semiclassical geometric language in which the hidden-
completion branch is read.

VIII. TEMPORAL GLUING AND
UNITARY-COMPLETE EVAPORATION

The time-continuous formulas above describe the
coarse thermodynamic history. One still wants a pre-
cise statement of what “unitary-complete evaporation”
means at the level of stepwise completed-cycle transport.
Let the evaporation process be coarse-grained into stages
n=20,1,..., N, with global completed-cycle states

|W,) € H2d @ HeomP, (84)

Unitary-complete temporal gluing means that, for ev-
ery step, there exists a no-loss isometry on the completed
state space,

Vigin t Hiptd @ HP™P — Hi © HP, (85)
V7:r+1,nvn+1”ﬂ =1



on the admissible support. There are also temporal-
gluing representative phases e such that

[Wnt1) = €7 V10| Tn). (86)
The map V41 5, is not required to factorize as U,ffl’n@)

Upoih,- A factorized local isometry would preserve the

Schmidt spectrum across the radiation—completion split
and would therefore be too restrictive for an evapora-
tion branch with a changing Page profile. The no-loss
condition applies to the completed global state; the ra-
diation and completion sectors are then obtained by the
corresponding observer reductions. Define the temporal-
gluing defect by

e = 1= [(Wnp1, Voy1,n W) [ (87)
The exact unitary-complete anchor is

g8 =

- for every admissible quasi-stationary step.

(88)

The preferred horizon context is preserved by the com-

pleted transport at the observer-reduction level. Equiv-
alently, on the admissible quasi-stationary support,

Vyzr_t,_lm (KH,nJrl ® Icomp,n+1)Vn+1,n = KH,n & Icomp,n
+ O(0y).
(89)

This condition preserves the modular/Killing context
without forcing the global evaporation map to factor-
ize across the radiation—completion split. At each step
the observer-accessible reduced state may be written in
Gram form

5 = 3 ) ot T (0)

rr’

When the preferred modular /Killing context is fixed, one
may refine the labels so that

KH,n‘TaOé;n> = ann,r|raa;n>7 (91)
with diagonal observer weights

e_ﬁan,T

pn(r7 a) = 7 ) Zn = Z e~ Pnemr, (92)

For nonterminal quasi-stationary steps, local detailed
balance is not an independent additional postulate. It is
a spectral consequence of the preferred horizon context:

pu(r’, )

_ 7[371,("‘) W~ Wn r)
=e n7 L 93
pu(r, ) (93)

In this sense the Hawking observer reduction is thermal
throughout the quasi-stationary regime before the termi-
nal matching layer, while the full temporally glued com-
pleted history remains pure. The final rank-one radiation
state belongs to the endpoint gluing condition and is not

obtained by extending the intermediate KMS reduction
beyond its regime of validity.

The endpoint condition of full unitary completion is
that the final observer-reduced radiation kernel becomes
rank one. In the notation of , this means that the
completion Gram factor carries no residual endpoint ob-
struction,

i) —=1. (94)

Equivalently, if

em 1=\ Pl €0, (95)

then the final observer-reduced radiation state takes the
outer-product form

p(r)zlx)g, mn (Uf) = Cma' (96)
Thus the endpoint state is rank one. This condition
removes a residual singular obstruction in the comple-
tion Gram sector; it does not fix an absolute represen-
tative phase. The remaining classwise U(1)pair is the
reciprocal completion/choice pairing gauge of the final
rank-one representative. Thermal observer reduction and
late pure radiation are therefore compatible: thermality
belongs to intermediate reduced observer sectors, while
rank-one completion belongs to the full temporally glued
completed-cycle history.

This temporal-gluing statement is the black-hole read-
out of the no-loss transport, rank-one coherence, and
seam-continuity components of the closure-flat readout
structure in the companion quantum-gravity construc-
tion [I0]. It is not a microscopic one-sided evaporation
Hamiltonian. Rather, it gives a precise mathematical
meaning to unitary-complete evaporation: there exists
a global pure completed-cycle representative at every
quasi-stationary step, these representatives glue by no-
loss isometries, the observer-accessible Hawking sector is
thermal at each nonterminal quasi-stationary step, and
the endpoint radiation state is rank one after the termi-
nal matching layer. In the language of Sec.[VII] the same
no-loss completion is what allows the island branch to be
interpreted as a hidden-completion purifier rather than
as an additional independent semiclassical saddle.

IX. RIGIDITY OF THE SUPPORT-MINIMAL
QUASI-STATIONARY EVAPORATION BRANCH

The quasi-stationary Schwarzschild evaporation
branch is formulated as the black-hole positive readout
of a closure-flat datum n € IC.. The closure-flat construc-
tion of Ref. [I0] is used here only through its admissible
closure quotient, closure-stable coherent kernel, exact
reversible transport, geometric readout, and transport-
readout normalization. After restriction to the preferred
modular/Killing context, the required black-hole sectoral
data are precisely the readout components introduced in



Sec. [0l The purpose of the present section is therefore
not to introduce a new black-hole dynamical postulate,
but to identify the support-minimal quasi-stationary
branch selected by those readout data.

Along any admissible quasi-stationary history u —
[€(u)] € ZBY, the observer-reduction condition supplies
the purified completed state and no-loss temporal trans-
port described in Sec. [VIII] LMHS-stable singular closure
preserves the coherent line projectively, not an absolute
phase. The corresponding phase is therefore only a rep-
resentative of the classwise U(1)pair gauge and does not
define a new physical evaporation branch. Thus tempo-
ral gluing is not an additional sector-specific rule at the
level of the closure-flat completed-cycle datum; observer-
side mixedness and its Page-profile evolution arise only
after the black-hole observer reduction.

The earlier quasi-stationary analysis has already fixed
the support-minimal branch data:

ANz)=1-z, Chia(z) = 2Xo 2(1 — V)%,

Rpun(z) = Xo(1 — 3z + 42%/% — 227) &7
together with the Page profile and the retarded-time
law 7. The purpose of the present section is not
to rederive those formulas, but to record their rigidity
status. Once the closure-flat completed-cycle datum, the
black-hole transport-normalization readout x2H, and the
support-minimal observer-reduction branch have been se-
lected, these quantities are no longer independent black-
hole constitutive inputs. They are fixed features of the
quasi-stationary black-hole readout.

The endpoint closes as part of the same temporal-
gluing and LMHS-stable closure condition. The formal
terminal capacity data selected by the support-minimal
quasi-stationary branch are

Xg— 0, Chid — 0, Rpub — Xp. (98)
As in Sec. [VIII] the actual final state is not obtained by
treating the quasi-stationary coarse description as valid
all the way through the terminal matching layer. It is
fixed by temporal gluing together with LMHS-stable sin-
gular closure. Since that closure preserves the coherent
line projectively, there is no singular loss of phase coher-
ence at the level of the closure-flat completed-cycle da-
tum. After the hidden completion reservoir is exhausted,
the complementary factor carries no nontrivial residual
support. Therefore the final state factorizes as

|\Ij(uevap)> = |1/’f>rad ® |0f>comp (99)

up to the physically irrelevant projective representative
gauge. Equivalently,

peaa (Uevap) = [W7) (W,

so the late radiation state is rank one. Thus the absence
of an endpoint phase obstruction is not an independent
black-hole-specific postulate. It follows from the joint

(100)

10

statement that singular closure preserves the projective
paired coherent object and that the hidden completion
reservoir has been exhausted, leaving no nontrivial com-
plementary support in the completion sector.

These relations determine the closed quasi-stationary
evaporation branch within the closure-flat completed-
cycle framework. The stationary Hawking sector is ther-
mal because the preferred modular/Killing observer re-
duction is diagonal, while the global history remains
pure because every quasi-stationary observer sector de-
scends from the same closure-flat completed-cycle datum.
The hidden fraction is the support-normalized branch-
local observer-reduction defect of that reduction, the re-
lease channel is fixed by the common transport law, the
fine-grained radiation entropy is the Page minimum of
the public and purifier sides, and the endpoint state
is rank one because LMHS-stable singular closure pre-
serves the coherent line while the hidden complementary
support is exhausted. In this conditional completed-
cycle sense, the quasi-stationary evaporation branch is
obtained as one reduction of the common architecture
rather than from independent black-hole-specific consti-
tutive assumptions.

The preceding derivations already fixed the three
branch ingredients that might otherwise appear indepen-
dent. The support-minimal defect representative gives

Mu) = AR (),

ker )\(17) =1- x, (101)
where the second equality is the affine representative
with no additional functional shape data on the neutral
Schwarzschild branch. This is not uniqueness among all
monotone functions with the same endpoint values; it
is the rigidity statement for the support-minimal exact-
reduction sector.

The geometric readout is fixed by the same quarter-
normalized anchor that gives the stationary entropy
count:

N 4Gren

Apg = 167G2 M?.

ren
(102)
Likewise, the leading public release law is fixed by
the black-hole projection of the common off-anchor
transport-readout normalization,

XH = 4’/T(;renj\42v

Poun (M) = wt A (M) T (M),
an Vot (103)
G2, M2’ T 95673

ren

M=—

Thus the support law, Schwarzschild state-to-geometry
map, and leading public release normalization are not
independent black-hole-specific insertions. They are the
support-minimal black-hole reduction of the closure-flat
completed-cycle framework. The Page-compatible en-
tropy profile, the island branch, and the late rank-one
endpoint then follow from the hidden-reservoir law, total-
completion closure, faithful Page-saturated observer re-
duction, global purity, and temporal gluing.



The logical status should nevertheless remain ex-
plicit. The result is not a perturbatively exact one-sided
quantum-gravity scattering construction and does not
constitute a conventional bulk microscopic Hamiltonian
derivation. It is a completed-cycle observer-reduction
derivation of the support-minimal quasi-stationary evap-
oration branch. In this sense, and only in this sense, the
branch is microscopic inside the completed-cycle frame-
work.

X. CONCLUSION

The paper identifies a concrete statistical object for
black-hole entropy and a concrete completed-cycle de-
scription of quasi-stationary evaporation. The entropy-
carrying objects are admissible black-hole completed cy-
cles rather than bulk interior microstates, bare out-
come labels, or bare forward histories. On the sta-
tionary branch, exact Unruh/Hawking purification, re-
versible rank-one coherent completion, faithful quarter-
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normalized detector blocks, and committed-sector push-
forward weights reproduce the black-hole area law. The
quarter-normalized detector block is the faithful horizon
capacity measure selected by the common completed-
cycle implementation of the public horizon readout and
its reciprocal quantum completion. On the quasi-
stationary branch, the same closure-flat framework yields
a hidden-reservoir law, a public release channel, a Page-
compatible fine-grained radiation entropy, a horizon
state-to-geometry map, and a temporal-gluing closure of
the late pure endpoint. When the hidden-completion
branch is expressed through a semiclassical completion
boundary, the same entropy formula reproduces the
quantum-extremal-island prescription.

Thus the paper establishes a conditional sectoral
derivation: after the black-hole readout of a closure-
flat class and the stated faithful stationary and support-
minimal quasi-stationary branch selections, the area law,
Page-compatible hidden-reservoir profile, island readout,
and endpoint closure follow within one completed-cycle
structure. This gives the selected black-hole branch a
single closed completed-cycle interpretation rather than
a collection of independent sectoral assumptions.
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