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Abstract

We develop a finite-order positivity program for hard-edge Jensen—Toeplitz minors
associated with the de Bruijn moment sequence. The main focus is the 3 x 3 solid Toeplitz
layer, denoted here as the hard-edge PF3 problem. The central algebraic reduction is the
identity

N3,q = 21}3 - v;l - (1= Uq)QEm E, = UQAQUq — (A—vg)(Avy),
together with the factorization
Mg1Mg i1

2
my

Tq = Pd,qTq> Tq =

Under an effective Tau-Weak hypothesis controlling 7, —1 and its first two discrete differences,
the PFj3 inequality follows outside a finite certificate region. We also present certificate-
readiness diagnostics, including finite rectangle checks, fixed-small-¢ Sturm diagnostics,
fixed-small-h profiles, and artificial tau-box interval evaluations.

This manuscript does not claim a proof of the Riemann hypothesis. It records a conditional
and computationally supported PF3 route and explains why a direct all-order extension
through normalized Toda/Gamma ratios is not presently available. High-order finite-d
solid-minor diagnostics show that direct all-r numerical scanning is unstable and cannot
by itself provide a PF,, mechanism. Thus the contribution is deliberately finite-order: a
structured route toward a rigorous P F3 theorem, plus a clear separation from the unresolved
PF,, problem.

Scope of the paper. The goal of this manuscript is finite-order and deliberately modest: to
isolate a tractable PF3 mechanism and reduce the remaining proof obligations to an effective
Tau-Weak estimate and a finite certificate. The numerical high-order diagnostics in Section 21
are included to prevent overinterpretation: they show that the normalized Toda/Gamma ratio is
a useful diagnostic, but not a direct PF,, proof mechanism.
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1 Introduction

The Riemann Z-function is an even entire function whose zeros encode the nontrivial zeros of
the Riemann zeta function. The Riemann hypothesis states that all zeros of = are real. Classical
work of Pélya, Schur, Aissen, Schoenberg, Whitney, and others connects real-rootedness of entire
functions and polynomial sections with total positivity and Pélya frequency sequences.

In this setting, the function

G(w) = E(iv/w)



is a natural hard-edge object: under the Riemann hypothesis, the zeros of G lie on the nonpositive
real axis. Total positivity of the associated coefficient sequences is therefore a natural way of
organizing finite-dimensional shadows of the Riemann hypothesis.

The present paper studies the coefficient arrays

d\ k!
0= () e

mi :/ (u)u* du.
0

Here @ is the de Bruijn kernel appearing in the Fourier representation of Z. The hard-edge
Jensen polynomial is

where

d
Ja(X) =) AgpX*.
k=0

The full PF,, property is far stronger than any fixed finite-order positivity statement. In
the appropriate limiting hard-edge Jensen setting, a genuine PF,, theorem would be connected
to the Riemann hypothesis. This manuscript does not prove or claim PF,. Instead, it studies a
first nontrivial finite layer, namely PFj.

For fixed d, define the Toeplitz solid minors

D) = det[Aq+j-ili ;L.

For r = 3, the valid interior range is
2<q¢<d-2,
because the determinant involves
Aq72v Aqfla Aq’ Aq+1v Aq+2-

The target PF3 assertion is

D{>0 (2<q<d-2).

The main contribution of this manuscript is a clean reduction of this PF3 condition to
effective estimates for the moment-ratio sequence

Mg—1Mg+1

2
my

Tqg=

The exact algebraic structure is simple. Define

Aq—lAq+1

T, =
q 2 )
Aq

vg =1—x4.

Then the normalized 3 x 3 determinant

- 2
q
satisfies
N3, = vg - :Equ,lvqﬂ = 202’ — Ug — (1 —vy)%E,,
where

2
Ey = vg_1vg41 — vg-



Thus N3, > 0 follows if v, is positive and sufficiently smooth in g.
The key factorization is
Lqg = PdqTq
where
d—q  (2¢—-1)(29)
d—q+1(2¢+1)(29+2)

Pd,q =

is explicit, while
My—1Mga1
q g+

2
My

Tqg =

contains the analytic information of the de Bruijn moments. The positivity problem is therefore
separated into:

(i) rational estimates for pg4;
(ii) effective analytic estimates for 74;
(iii) a certificate architecture for the remaining finite-pair and finite-family regimes.

The analytic input required is deliberately weak. It is enough to prove that for all sufficiently
large q,

0<7—1< Co
qlogq
Ch
and o
A7 < 2
q°logq

The expected sharper asymptotic is

2 log 1 | 2)—1 log 1 2
| . loglogg + og(m/2) +O<(0g 0gq) >]

~ qlogq log ¢ (log q)?

However, the full second-order expansion is not needed for the conditional PFj3 reduction.

Informal main result. The paper proves an exact algebraic reduction of the hard-edge PF3
inequality to the positivity and second-difference control of v, = 1 — pg 7. Conditional on
Tau-Weak and on a rigorous finite certificate for the remaining bounded regimes, all valid 3 x 3
solid Toeplitz minors are positive. The result is therefore a conditional PF3 theorem plus a
certificate architecture, not an unconditional PF3 theorem and not a PF,, theorem.

The rest of the paper is organized as follows. Section 2 recalls the hard-edge coefficient array
and the normalized determinant hierarchy. Section 3 derives the exact r = 3 identity. Section 4
gives the positivity criterion. Section 5 isolates the factorization x4 = pg474. Section 6 states
the Tau-Weak moment-ratio input. Section 7 records the analytic roadmap needed to make that
input effective. Section 8 proves the first saddle-location and curvature estimates. Section 9
proves the tail separation estimate. Section 10 sets up the differentiable Laplace remainder
framework. Section 11 proves the central non-differentiated Laplace correction, Section 12
controls its complement, Section 13 proves the first differentiated correction, and Section 14
records the uniform j < 4 differentiated mechanism. Section 15 derives Tau-Weak from these
differentiable estimates. Section 16 gives a unified leading positivity framework for the bulk,
left-edge, and right-edge regimes. Section 17 outlines the proposed saddle-point route to Tau-
Weak. Section 18 describes the certificate architecture. Section 20 assembles the conditional
PFj5 theorem, and Section 22 records the logical status and remaining gaps.



2 Hard-edge Jensen coefficients and Toeplitz minors

Let ®(u) denote the de Bruijn kernel associated with the Riemann Z-function. We use the
moment notation

mg :/ ®(u)u* du.
0

The coefficients of the hard-edge Jensen polynomial are

d\ k!
o= () e

We suppress the dependence on d when no confusion can occur and write simply Ay.

Definition 2.1 (Hard-edge Jensen polynomial). For d > 0, define
d
Jao(X) =) AgpX”.
k=0

Definition 2.2 (Toeplitz solid minors). For r > 1, define
DY) = det[Aq-Fj—i]r_l

rq 4,j=0"
Forr =3,
(d) Ay Agpr Agie
D3,q = det Aq,1 Aq Aq+1
Aq—2 Aq—l Aq
The PF, condition for a finite coefficient sequence requires the nonnegativity of all minors of
order at most 7 in the associated Toeplitz matrix. In this paper we isolate the solid minors of
order 3, which are a necessary part of the PF3 condition.

Remark 2.3. The full PFy condition is much stronger. Proving Défl) > 0 for all valid d, q does

not imply the Riemann hypothesis. It is only a finite-order total positivity layer.

3 Normalized r = 3 determinant identity

Define
_ Aq—lAq—H

Tq = 7/13

and
vg =1—z4.
Then
d
DY) = A% — Ay Ay = A,
Thus @
D
No g4 = AQéq = vg4.

Lemma 3.1 (Normalized r = 3 identity). Let

Mo = D
q
Then
N34 = vg — x?lvq_lqu.
FEquivalently,

N34 = v§ —(1- Uq)%qflvqﬂ-



Proof. The Desnanot—Jacobi identity for adjacent Toeplitz minors gives

2
D3 qAq = D2,q — D3 g-1D2,g41-

Since

D2 q= Aqu,
we have

g, = 43}
Also,

DQ»Q*l = Ag—ll)(I*l? D2,q+1 = A?1+1Uq+1-
Thus
D2g-1D2,441 = AZ—IA(?H%%%H = A3$§Uq—1vq+1-

Therefore

A4 (2 2
D3 A, = Aq (vq — $qvq,1vq+1) .

Dividing by A;l gives
Ds
a2 2
5 = Va ~ TgUg-1Vg+1.
q

Finally, x4 = 1 — v,.
Now define the multiplicative defect

2
Ey = vg_1vg41 — Vg -

Then
Vg—1Vg4+1 = vg + E,.
Hence
N3 q= Us —(1- Uq)Q(chj + Ey)
= ”2{1 —(1- Uq)z} -(1- ”q)QEq
= v§(2vq — UZ) — (1 —v,)%E,.
Therefore

N3, = 21}2 - v;l — (1 —vy)%E,.

4 A positivity criterion
We express E, using finite differences. Let
At vg = Vgy1 = Vg,

A_vg = vg — Vg1,

and
A2Uq = Ug+1 — 2’Uq + Vg—1-

Lemma 4.1 (Defect identity).
Eq = vqA%04 — (A_vg) (A4 vg).

Consequently,
| Eq| < vg| A%0g] + |A_vg| [A1vg].



Proof. Since
Vg+1 = Vg + Atg

and
Vg—1 = Vg — A_vy,

we compute

E; = (vg — A_vg)(vg + Ajvg) — vg

= vg(Atvg — A_vy) — (A_vg)(Atvy).
But
Ajvg—A_vg = A2vq.

The absolute value bound follows immediately.

Lemma 4.2 (Scale positivity criterion). Suppose that for some scale M > 1,

a
Uq Z Ma
A
’Aivq| < W’
and B
[A%g| < ik
Assume also that vy < C/M. Then
CB + A?
|EQ‘ S M4
In particular, for sufficiently large M,
Nqu >0

Proof. By the defect identity,
|Eq| < Uq’A2”q| + |A—vg| [Atvgl.
Using the assumed bounds,

C B A2 CB+ A?

Bl =siamtaE = am

On the other hand,

2113 - U;L = v2(2 — V).
For large M, v, < 1, and therefore

202—1}2‘21}22 ]3;.
Thus

(1= vg)*| Bq| < By = O(M™),

while

205 — vy = QM?).
For M sufficiently large,

(1 —vy)?| Byl < 21}2’ — U;l,

and hence N3 4 > 0.



5 Factorization of z,

Write

where

Then

Define

and

Then

Ad,q = bd,gmg,

o= (o)

o Ag-1Ag11  bag-1bagr1 mg_1mgi1
= 7 = 2 7
Aq bd,q mq

— bdvq_l bd,f]-f—l
Pd,qg = b2

Lq = PdqTq-

Lemma 5.1 (Explicit base factor). For 1 <q¢<d—1,

Proof. Since

we have

and

Multiplying gives

Thus

Equivalently,

d—q  (2¢—1)(29)
d—q+1(2¢+1)(2¢+2)

Pd,q =

_(d\ ¢ 4 1
baq = <q> 29)! ~ (d—q)! (2)"

big-1  (d—q)!  (2¢)! (2¢ — 1)(2q9)

bd.q (d—qg+ 1) (2¢—2)! d—g+1"~

bagr1 _ (d—q)! (29)! d—q

bd.q (d—qg—1)12¢+2)! (2¢+1)(2¢+2)

_d—q  (2¢—1)(2q)
S d—q+1(2¢+1)(2¢+2)

Pd,q

vg=1—2g=1—pgq7q.

Vg = (1 - pd,q) - pd,q(Tq - 1)'




6 The Tau-Weak moment-ratio input

The main analytic input is the following.

Assumption 6.1 (Tau-Weak). There exist constants Qo, Co, C1,Co > 0 such that for all ¢ > Qo,

0<7,—1< o ,
qloggq
Ch
|Tgr1 — 7| < Zlogq’
and o
‘AZTq‘ S 372
q°logq

Remark 6.2 (Unconditional lower bound). The lower bound 74 > 1 is unconditional. Indeed, if
M(z) = / ®(u)u?* du, s(z) =log M (z),
0
then

s"(z) = 4 Var,(logU) > 0.

Hence s is conver and
logrg =s(q—1)—2s(q) +s(¢+1) > 0.
Thus the analytic burden in Tau- Weak lies in the upper bound for 7, — 1 and in the first and

second discrete difference estimates.

Remark 6.3. This is the central unproved analytic input in the present manuscript. Numerical
and saddle-point evidence suggest the sharper expansion

2 loglog g + log(m/2) — 1 (loglog q)?
= 1+ @) 5 ;
qlogg log ¢ (logq)

but the conditional PF3 reduction only requires the weaker estimates in Tau- Weak.

7 Effective Tau-Weak proof roadmap

This section records the analytic tasks required to turn the Tau-Weak input of Section 6 into a
theorem. It is not used as a completed proof in the present manuscript. Its role is to isolate the
remaining estimates in a form that can be attacked independently.

Recall that

mg—1Mg+1
Ty = q q9

= log M
mg ) S(Z> Og (2)7

where M (z) denotes a smooth interpolation of the even de Bruijn moments. The desired
Tau-Weak bounds are

C
0<7g—1<—2
qlogq
Ch Ca
|ATQ|< 2 ’ |A27q|§ 3 .
q-logq q°logq

10



7.1 Task TO: unconditional lower bound

The lower bound
Tq 2 1

should be separated from the harder upper and difference bounds. Formally, if
s"(2) >0,

then the discrete midpoint identity

1
logry =s(¢g—1)+s(g+1)—2s(q) = /_1(1 —t)s" (g +t)dt

implies
logt, > 0.

Thus the lower side of Tau-Weak is a log-convexity statement for the moment interpolation. The
main analytic burden is the upper bound and the first two difference bounds.

7.2 Task T1: effective saddle location
The phase model used in the saddle analysis is

9
F,(u) =2zlogu + U~ me?v,

Let u, be the saddle point defined by
Fl(u.) = 0.
The first effective task is to prove explicit bounds of the form
c1logz <u, <cologz

for all sufficiently large z, together with sharper asymptotics
1 1
Uz = 5 log z — 5 loglog z + O(1).

One also needs effective derivative bounds for u,, for example

, 1
w=0,(3)

in the range needed to differentiate the saddle expansion up to fourth order.

7.3 Task T2: curvature and local Gaussian scale

Define
a, = —F/(u).

The required scale is
z

a, =

log 2

More precisely, the proof should produce effective constants such that

<a, <cy

s log =z log z

11



for all large z. Higher derivatives at the saddle should satisfy bounds of the schematic form For
k > 3, the exponential part contributes at scale e?"= < z/u_, so the useful bound is

) =on () =0 (i)
Uy log 2z

The normalized Gaussian coefficients then satisfy

(k) 1-k/2

F:" (uy) z
I S 2/ > 3.
e O‘“((logz> ) k=3

These are the bounds needed for the local Laplace expansion.

7.4 Task T3: tail separation of the de Bruijn kernel
The de Bruijn kernel expansion has the form
O(u) = Z (27r2n469“/2 - 37m265“/2> e~
n=1

The n = 1 term should dominate near the main saddle. The required statement is an effective
tail separation estimate: for every fixed A > 0,

Z /OO ‘(27’(‘271469”/2 o 37Tn2€5u/2) e—ﬂn2e2“
0

n>2

u¥ du = O4(2~4)

relative to the n = 1 main contribution, uniformly with the differentiated bounds needed
later. This is one of the key bookkeeping tasks: it must be proved with constants stable under
z-differentiation.

7.5 Task T4: differentiable Laplace expansion

Let ) ,
s
S(2) = F,(u,) + log(27?) + = log =—.
2 a
The central analytic estimate should be

sV (z) — 89)(z) = 0; (L‘ﬁf) ,  0<j<4

This is the main analytic bottleneck. The estimate must control not only the Laplace remainder
but also its first four derivatives with respect to z. A proof should avoid informal differentiation
of asymptotic symbols; it should either provide an explicitly differentiable remainder formula or
use a dominated-differentiation framework with effective majorants.

7.6 Task T5: derivation of Tau-Weak from s)-bounds
Once T4 is proved, Tau-Weak should follow by finite-difference estimates. The identity

1
log 7, :/ (1—1[t])s"(qg+t)dt
—1

gives

log 7, < .
7 qlogg

12



Since log 7, > 0, this gives

0<7, -1k .
qlogq

Similarly, first and second finite differences of log 7, are controlled by third and fourth derivatives
of s, giving

|Alog 4| < |A%log 7| <

¢*logq
The passage from logarithmic differences to differences of 7, then uses

1
—140 .
Ta= <qlogq>

7.7 Deliverable for an unconditional version

q?logq’

An unconditional PF3 theorem would require the following deliverables:

’Dl: an effective proof of TO-T5 for all ¢ > Qo,

’DZ: explicit constants Cy, C1, Ca, Qo,

D3: a rigorous interval /ball certificate for the remaining finite region.

The present manuscript supplies the algebraic reduction and the certificate architecture. After
Sections 8 and 9, the main remaining non-computational task is the differentiable Laplace
remainder T4, followed by the finite-difference conversion T5.

8 First effective saddle estimates

This section proves the first two analytic tasks from Section 7. These estimates do not yet prove
Tau-Weak, but they supply the effective saddle geometry needed for the later differentiable
Laplace expansion.

Throughout this section let

9
F,(u) =2zlogu + JU~ me?¥, z > zp,

and let u, denote the unique critical point of F, on (0, 00).

Lemma 8.1 (Existence and uniqueness of the saddle). For all sufficiently large z, the equation
Fl(u)=0
has a unique solution u, > 0. Moreover,
1
glogz <u, <logz

for all sufficiently large z.

Proof. We have

Equivalently, define

13



Then 5
H!(u) = 4mwe* + u—; > 0,

so H, is strictly increasing on (0, 00). Since

lim H,(u) = —o0, lim H,(u) = +oo,

ul0 U—00

there is exactly one zero.
It remains to localize it. At u = (1/3)log z,

2we™™ = 2wz, — = .
U log =
For large z,
om2?/3 — 9_ b2
2 logz ’
so H,((1/3)logz) < 0. At u = log z,
2 2
ome? = 2m2?, c_ = )
U log 2z

and hence H(log z) > 0 for large z. Since H, is strictly increasing, the unique zero lies between
these two points. ]

Lemma 8.2 (First asymptotic location). As z — oo,

1 1
Uy = ilogz — iloglogz +O(1).

More precisely,

1
2u, + logu, + logm =logz + O < ng) .
z

Proof. The saddle equation is

2 9
st + 2 = 2re?us
Uy, 2
Multiplying by u./2, we obtain
9 2u
z+ Zuz = TUy e~ ~

Taking logarithms gives

9
2u, +logu, + logm = log z 4 log (1 + 4uz> .
z

By Lemma 8.1, u, < log z for large z, so
9 1
log <1+ u2> =0 ( ng) .
4z z

1
2u, +logu, +logm =logz + O < ng) .
z

Therefore

Using again u, < log z, this implies
2u, =log z —loglog z + O(1),

which is the asserted first asymptotic location. O

14



Lemma 8.3 (Derivative bounds for the saddle). For each fized integer j > 1,

w9 — 0;j(z79).

z

In particular,

Proof. Let
9 2z
H =ore?t — = - 22,
(z,u) = 2me 5 o
The saddle is defined by
H(z,u;) =0.

We have 5
Hy(z,u) = 4me® + u—';

At u = u,, Lemma 8.1 gives u, < log z, and the saddle equation gives e?** < z/u,. Hence

z
Hy(z,uy) < .
(2,u2) log 2z
Also
H.(z u)——2
z 9 - u'

Implicit differentiation gives

, H(zu) O<1/logz)zo(2_1)‘

YT THuy(zu.) | \z/logz

Further differentiations of H(z,u;) = 0 express uY) as a finite sum of terms involving derivatives
of H, lower derivatives of u,, and powers of H,!. Since derivatives of H at the saddle are
bounded by powers of u; ! and by e?%* < z/u,, the same induction gives

) — 0;(z79).

z

This proves the claim. The induction is standard; the important point is that each z-differentiation
gains one power of z~!, while logarithmic factors are harmless for the stated bound. O

Lemma 8.4 (Curvature scale). Let

a, = —F!(u,).

Then
4z 2z
Ay = — ) 97
z uz
and therefore
z
* T logz’
More precisely, for all sufficiently large z,
c <a,<C i
log z log z

with absolute constants ¢, C' > 0.

15



Proof. We compute

F!(u) 2 et
Thus 9
a, = —z + de?u:
UZ
From the saddle equation,
2z 9
2 2u - _
e u, 2
Multiplying by 2, we get
4
dreuz = =2 +9
Uz
Therefore
4z 2z
Uy 2

Since u, = log z, the leading term is 4z/u,, and hence

W= 2
“logz’
O
Lemma 8.5 (Normalized higher derivative scale). For each fived k > 3,
F®(u) =04 [ — ).
z (’LL ) k IOgZ
Consequently,
(k) 1—k/2
FZ z
eolms) )
ax log z
In particular,
) (uz) log z Y (uy) log 2
——=0 — ], ———=0 :
a2/ z a? P
Proof. For k > 3, the derivatives of 2z logu contribute Oy, (z/u¥), while the derivatives of —re?*
contribute Oy (e?%). The linear term (9/2)u contributes only to the first derivative. Since
e = i, u, < log z,
Uy
we have
) =0 (2) =0 ().
Uy log 2z
By Lemma 8.4,
z
* T logz’
Dividing by af/ 2 gives
9 (a, 1-k/2
ol (@) )
as log 2
The stated kK = 3 and k = 4 estimates follow immediately. O

Remark 8.6. The estimates in this section establish the saddle location and Gaussian scale
required for the proposed Tau-Weak route. They do mot control the differentiated Laplace
remainder or the n > 2 tail. Those are the remaining tasks T3 and T4 in Section 7.

16



9 Effective tail separation for the de Bruijn kernel

This section proves the tail-separation task T3 from Section 7, in a form sufficient for the later
differentiable Laplace analysis. The goal is to show that the n > 2 terms in the de Bruijn kernel
are smaller than the n = 1 saddle contribution by an arbitrary negative power of z.

Write

n=1

where
2 2u

<I>n(u) _ (277271469“/2 _ 37Tn265u/2> e~Tme
For t > 0, define the phase

9
P, i(u) =2zlogu + U~ me*te?, u > 0.

Thus the first part of the n-th term corresponds to t = logn. Let

m(t) = sup P, (u),
u>0

and write u,; for the unique maximizer. For t = 0, u, g = u, is the saddle from Section 8.

Lemma 9.1 (Monotone saddle shift). For each fized z and t > 0, the phase P, has a unique
mazimizer u, . Moreover,

0<uzp <u,.

Proof. The critical point equation is

2 9

st 5= ome?te?t
Equivalently,

2
H,(u) = o2mete?t _ 0

Since

2
OuH i (u) = dmete®™ + i

= >0,

there is exactly one zero. At u = u,, using the ¢ = 0 saddle equation,
H,,(u,) = 2me®"= (e* — 1) > 0.
Since H. ; is strictly increasing and tends to —oo as u | 0, the zero u,; satisfies u,; <wu,. O

Lemma 9.2 (Saddle-value gap). For all sufficiently large z and all t > 0,

2
m(t) < m,(0) — —=t.
Uy

Consequently, for all sufficiently large z and all integers n > 2,

n4emz(log n) < M= (O)nfz/uz )

Proof. By the envelope theorem,

17



Using the critical point equation at u. ¢,

2me?te?iat = 2= + 9
uz,t 2
Therefore
ml (1) = — 22 2
# a uz,t 2 '
By Lemma 9.1, u.; < u., so
m.(t) < z
z =, .
Integrating from 0 to ¢ gives
2
m(t) — ms(0) < —uit.
z

Now put t = logn. Since u, < log z, for large z one has z/u, > 4. Hence

n4emz(logn) < emz(O)n472z/uz < emz(O)nfz/uz'

Lemma 9.3 (Off-center gap). Let v =u, . For all sufficiently large z, uniformly in t > 0,
P.i(v) — Pyt(u) > cz
whenever 0 < u < v/2 or u > 2v, where ¢ > 0 is an absolute constant.

Proof. Since P,; increases on (0,v) and decreases on (v,00), it is enough to check v = v/2 and
u = 2v.
Put
A = 7e?t,

The saddle equation gives

For the left side,

Pz,t(v) - Pz,t(U/2) =2z 10g2 + %U — A(BZU _ 6’0)

9 z 9 —w
—2210g2+1v— <v+4> (I1—e").
Since 1 — e™¥ < v, this gives
Pz,t(v) - Pz,t(v/z) > (2 10g2 - 1)2'

For the right side,

9
P, (v) — P,+(2v) = —2zlog 2 — v + A(e — e?Y)

9 9
= —2zlog2 — v + (Z + > (e* —1).
v

Since e* — 1 > 2v, it follows that
Pz,t(v) - Pz,t(2v) > (2 - 210g 2)Z

Taking
¢ <min{2log2 —1, 2 —2log2}

proves the claim. O
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Lemma 9.4 (A crude concave-phase integral bound). For each fized integer J > 0, there exist
constants Cy, By > 0 such that, for all sufficiently large z and all t > 0,

/ (1+ [logu|) et ™ du < C;287(1 + t)7em=®).
0

Proof. Let v = u,;. We first note that
|logv| < C(1+t+logz).

Indeed, v < u, < log z gives the upper logarithmic bound. For the lower bound, the critical
point equation and v < log z imply, for all large z,

2z
=2 < ore?e? < 27e?t?,
v

hence

Thus |logv| < C(1+t+ log z).
Split the integral into
(0,v/2] U [v/2,2v] U [2v, 00).

On the middle interval,
(1+ |logul)! <Cy(1+t+1logz)! < Cyz(1+1t)!

after increasing the polynomial power in z. The interval has length O(v) < O(logz), and
P, ;(u) < m,(t). Therefore the middle contribution is at most

CyzB7 (1 + ) em=),
On the left interval, Lemma 9.3 gives
P, (u) <my(t) — cz.

Moreover,

v/2
/ (1+ |logu|)” du < Cy(1+t+logz)’(1+v) < CyzPr(1+1)7.
0

Hence the left contribution is bounded by
CJZBJ(]. + t)Jemz(t)—cz7

which is stronger than required.
For the right interval, decompose into dyadic intervals

I = [2%, 2], 0> 1.
Since P, ; is decreasing on [v, 00),
/ (1 + |logul)’ et du < |I;| sup(1 + |log u|)JePZ’t(2£“).
Iy u€ly

The same calculation as in Lemma 9.3, with 2 replaced by 2¢, shows that the phase loss grows
at least like a positive multiple of
22t

for large ¢, and is already > z at £ = 1. Therefore the dyadic sum is dominated by its first
terms and is bounded by
Cy2Br(1 4+ t) em=®,

Combining the three regions proves the lemma. O
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Proposition 9.5 (Tail separation, non-differentiated form). For every A > 0, there exists
Ca > 0 such that, for all sufficiently large z,

Z/ (u)|u®* du < Cpz™ AgF=(uz)

n>2
More precisely, the right side may be replaced by

—A_F.(uz),—1/2
Cpz= A=) g1/

after inserting the standard local lower scale for the n = 1 saddle contribution.

Proof. For n > 1 and u > 0,
n2e/2 < n469u/27

because n2e* > 1. Hence
2u

\@n(u) ’ < Cn4€9u/26—7m26

Therefore
o0 o0
[ @ < ont [ P
0 0

By Lemma 9.4 with J =0,
oo
/ eP=08n (W) gy, < 0z Bem=ogn),
0

Using Lemma 9.2,

n4emz(logn) < m_(0) 7z/uz'

€ n

Thus

Z/ |u22du<C’zBemz Zn #/uz

n>2 n>2
Since u, < log z, the exponent z/u, — co. Therefore, for every A > 0,

2B Zn_z/“Z = 0a(z7).

n>2
Since m;(0) = F,(u), the claimed estimate follows. O

Proposition 9.6 (Tail separation with z-derivatives). For every fized integer J > 0 and every
A>0,

Z/ 1+ llogu\)J 2z < CA gz —-A Fz(uz)

n>2

Consequently, the same tail separation holds after differentiating the moment integral with respect
to z any fired number of times. In particular, for 0 < j <4,

dj > 2z
Z dzj/o D, (u)u du

n>2
Proof. The weighted estimate is proved exactly as Proposition 9.5, using Lemma 9.4 with the
chosen J. The additional factor

< CA,jz*AeFZ(“Z).

(1 +1logn)’

arising from ¢t = logn is absorbed by the super-polynomial decay of

Zn_z/UZ.

n>2
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For differentiation, note that

J
d 2z

v = (21log u) u*.
z

The interchange of differentiation and integration is justified by dominated convergence on
compact z-ranges, using the super-exponential decay

eiﬂ.n262u
as u — oo and the integrability of u??|logu|’ near u = 0 for z > 0. Thus the derivative estimate

follows from the weighted estimate with J = j. O

Remark 9.7. The estimates above close T3 at the level required for the Tau-Weak program: the
n > 2 part of the de Bruijn kernel is negligible, even after finitely many z-derivatives, compared
with the n = 1 saddle scale. The remaining analytic bottleneck is T4: proving a differentiable
Laplace expansion for the n =1 contribution itself through four z-derivatives.

10 Differentiable Laplace remainder framework

This section begins the analytic task T4 from Section 7. The purpose is to isolate the n =1
contribution in an exact normalized form and to reduce the differentiable Laplace remainder
estimate to a single domination lemma. Unlike Sections 8 and 9, the full T4 estimate is not yet
claimed as proved here.

10.1 The n =1 contribution

For the n = 1 term of the de Bruijn kernel,

2u

<I>1(u) — (27‘(’269u/2 _ 37T65u/2) e~ e 7

write
Py (u)u®* = QWQA(u)eFZ("),
where 9
F.(u) = 2zlogu + U~ Te?,
and 3
Alw) =1— —e 2,
(u) 5 ¢

Thus the main n = 1 moment is
o
M (z) = 271'2/ A(w)e™® du.
0
Let u, be the saddle of F,, and let
a, = —F!(u,).

Make the exact change of variables

U= Uy + Y du =

The range u > 0 becomes



Hence

Mi(z) = QWZGFZ(“Z)a;1/2/

A<uz + \Zf) exp <F (u + \/yCT) - Fz(uz)> dy.

_ Jazus
Define
R = £ (1 + ) = P + 57,
NG 2

and

B:(y) = Liy>— yazu.) A<uz + \/ycT) ef- W),
Then

Mi(z) = QWQGFZ(“Z)aZ1/2/ eny/QBz(y) dy.

R

The Gaussian main term is therefore
2T

1
S(z) = F.(uy) + log(27r2) + 5 log —

Write )
Z)=—— | € 22 - .
02 = = [ VB 1) dy

Then the exact identity is
Mi(z) = 5O (1 +1(2)).

Remark 10.1. The purpose of T4 is to prove
- log 2z .
77(])(2)203' (Zl+j>’ 0<j<4
Together with the tail separation of Section 9, this would imply

) . I
sV (z) — SW(z) = 0, (;ﬁf) ,  0<j<4

10.2 Local expansion of R,(y)

By Taylor expansion at the saddle,

y 1, = PP )

Fz z _Fz z) — 74 T z .

(1 ) = Pt = =g+ 3 TG 4 R
Therefore p Y

F2 (u,
R.(y) = 1(f/2) R (y)
k=3 R0z
By Lemma 8.5,

FZ(S)(uZ) _0 [log z FZ(4)(’U,Z) _0 log z
a? B z )’ a2 z )

Thus the first local odd term is of size
o ( logz) .
z

Its Gaussian integral vanishes by parity at first order, so the first nonzero contribution to 7(z) is

expected at size
lo
o) ( gz) .
z
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10.3 The domination lemma needed for T4

The remaining difficulty is not the formal expansion but the differentiated domination. The
following lemma, is the precise target needed to close T4.

Conditional Lemma 10.2 (T4 domination lemma). For each fized j € {0,1,2,3,4}, there
exist constants Cj, K; > 0 such that, for all sufficiently large z,

|0B.(y)| < Cj= 7 (1 + Jy|)f5e”"/®
for all y € R. Moreover,

log 2z 2
zl+j(1+ yl) eV /8

02(B.(y) —1)| < Cj

on the central region |y| < aiﬁ, after subtracting the Gaussian main term.

Remark 10.3. The second displayed estimate is schematic and must be made precise: the odd
y® term is not pointwise of order log z/z; rather, it is of order (log z/z)'/?y and cancels after
Gaussian integration. A rigorous proof should either keep the odd terms explicitly and integrate
them, or define a corrected BY" after subtracting odd Taylor contributions.

Conditional Proposition 10.4 (Differentiable Laplace remainder target). Assume the T4 dom-
ination lemma and the corresponding Taylor expansion with integrable differentiated remainders.
Then |
D) =0, [ 28~ ;
n (Z)_OJ<21+]‘ ’ 0=sj=4

Consequently, after combining with the T3 tail estimate,

. . log =z .

s (z) = SU)(z) = oF <Zl+j> , 0<j<4
Proof. The identity
Mi(2) = % (1 +1(2))

is exact. Under the domination lemma, differentiation may be moved under the Gaussian
integral:

Dy = L [ ov2/25i _
1) = = /R 20)(B.(y) - 1) dy.

The integrable majorant e~V /2e¥%/8 = ¢=3v*/8 controls the differentiated integrals. The Taylor
expansion of R, together with the parity cancellation of the first odd term and the bounds from

Section 8, gives
; log =z
D)= 0.
n?(z) = 0; <21+j>'

log Mi(z) = S(2) + log(1 +n(2)),
and the same bounds follow for the derivatives of log M7 — S. Section 9 shows that the n > 2 tail

is O4(2~4), with the same stability under finitely many z-derivatives. Hence the same estimate
holds for s(z) = log M(z). O

Finally,

10.4 Immediate next proof target

The next concrete step is to replace Lemma 10.2 by a proved statement. The main work is to
control the derivatives of

Yy
uZ) aZ7 A(”z + \/@> ) Rz(y)a

uniformly in the central Gaussian region and then to show that the complement contributes
0] A(Z_A).
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11 Central-region expansion for the n =1 Laplace term

This section proves the first concrete part of T4: the central Gaussian contribution to the n =1
Laplace remainder is of the expected size for j = 0. The differentiated estimates are not yet
completed here, but the calculation identifies the parity cancellation and the correct scale of the
first nonzero correction.
Set
Y, = ai/ .

The exponent 1/7 is chosen only for convenience. Any fixed § < 1/6 would work. The strict
inequality § < 1/6 ensures that the cubic term in the normalized Taylor expansion is o(1)
uniformly on |y| < a?.

Throughout this section,

, u = uy + h.

Recall

1
Rz(y) = FZ(uZ + h) - Fz(uz) + 53/2,

and
B.(y) = A(us + h)e/W

on the central region, where the indicator condition u, + h > 0 is automatically satisfied for
large z.

Lemma 11.1 (Central domain and amplitude). For |y| <Y, and sufficiently large z, one has
uy +h >0, and

z

1
A(uz+h):1+0<0gz>,
uniformly in the central region.

Proof. Since
’h‘ < ai/771/2 — CL;5/14 50

and u, < log z, we have u, + h > 0 for large z. Also

3
Alu) =1— —e 2,
(u) 5 ¢
By the saddle equation,
2u; _
€ ]
Uz

SO

Since h = o(1),

o2 th) _ —2us 2k _ () (10gz> 7

uniformly for |y| <Y,. The claim follows. O

Lemma 11.2 (Central Taylor expansion). For |y| <Y,

Ra(y) = as(2)y’ +au(2)y" + O (a1 + ly))°)

where @) @
_ E; (Uz) . F; (Uz>
W= gy T T
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and
az(z) = 0(a;'?),  au(z) = O(a;").
In particular,
R.(y) = O(a; '™
uniformly for |y| <Y,.

Proof. Taylor’s theorem gives

(3) (4)
Pl 4 h) — Fafus) = Y Guagn? Ty 12 (0

S F: ht+0 <sup|F,§5><£>r |hr5> :
3

where ¢ lies between u, and u, + h. Since F.(u,) =0 and F/(u,) = —a,, the quadratic term is
—y?/2, which is exactly cancelled in the definition of R, (y).
For |h| = o(1), the same derivative scale used in Lemma 8.5 gives

FW(€) = Oklaz), k>3,

because a, < z/log z. Thus the fifth-order remainder is
O (a:hP) = O (az*yP).

The coefficient estimates
as = 0(a;'?), ay = 0(a;t)

z z
follow from Fz(k) (uz) = Ok(a) for k > 3. Finally, for |y| < aiﬂ,
aa?] < V227 = VM,

and the remaining terms are smaller. This proves the claim. O

Lemma 11.3 (Central exponential expansion). For |y| <Y,
1
ef=) =1 4 azy® + auy® + §oz§y6 +0 (a;3/2(1 + |y\)9> :
Proof. By Lemma 11.2, R.(y) = o(1) uniformly on |y| <Y,. Therefore
1
e* =1+ R, + §R§ + O(R?).

Write
R, = azy® + asy® + p.(y),

where
p=(y) = O(a;®2(1 + [y|)®).
1

Since ag = O(a;1/2) and oy = O(a; '), the only quadratic term of size a;* is

1 2,6
2a3y.

All other terms are absorbed into
0 (a7¥2(1+ Jy))?).

This proves the expansion. ]
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Proposition 11.4 (Central j = 0 Laplace correction). The central contribution to the normalized
n =1 Laplace remainder satisfies

/ Y P(B(y) — 1) dy = O <1ng> .
ly|<Ys z

1
V2T Jpy <y,

Proof. On the central region,

FEquivalently,

z

e‘f”<Bxy>—1)@;:C><bgz>.

B.(y) = A(u, 4 h)ef=W).
By Lemma 11.1,

A+ 1) =140 (FE5)).

z
0 <logz>
z

after integration against the Gaussian weight.
It remains to estimate the exponential part. By Lemma 11.3,

Thus the amplitude contributes

1
GRZ(y) — 1= 053:1/3 + 054:1/4 + §Oégy6 + O (a;3/2(1 + |y‘)9> .

The cubic term integrates to zero by parity:

/ e_y2/2y3 dy = 0.
ly|<Y.

The remaining displayed terms contribute

W%U—OC%ﬁ,

z

because
s = O(a;h), a2 = O(a;h).

—3/2)

The remainder contributes O(a , since

/ e V214 |y|)° dy < .
R

Combining the amplitude, even Taylor terms, and remainder gives

/|y<yz eV’ 2(B,(y) — 1) dy = O(aZ!) + O <1°§z> =0 <1°gz> .

z

O

Remark 11.5. Proposition 11.4 proves only the central, non-differentiated part of T4. The
remaining T4 tasks are:
(i) control the complement |y| > Y,

(ii) prove the same expansion after z-differentiation up to order 4,

and
(i1i) combine these estimates with the T3 tail separation.
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12 Complement estimate for the n = 1 Laplace term

This section completes the non-differentiated j = 0 Laplace estimate by controlling the comple-
ment of the central region used in Section 11. Recall

Y, = aiﬁ.

We prove that the contribution of |y| > Y, is smaller than any fixed negative power of z, and
hence is negligible compared with the central O(log z/z) correction.
Throughout this section,

On the n = 1 branch,
efy2/23z(y) = 1{y>0y A(u) exp(Fy(u) — Fo(uz)).

Since u > 0,

A(u)] = '1 _ 3wl <o

2T

Lemma 12.1 (Quadratic loss near the saddle). There exists ¢ > 0 such that, for all sufficiently
large z, if

1
§uz <u, +h < 2u,,

then
2

)
— < — = .
F,(u, +h) — F,(uy) < clogz’ y = hy/a,

Proof. For w € [u;/2,2u,],

2
(log 2)%’

because u, =< log z. Since F.(u,) = 0, Taylor’s theorem with integral remainder gives

2 2
—F'(w) = w—z + 4w > w—z >c

h
B 7 < 2
F.(uy +h) — Fy(uy) = /0 (h—s)F, (u, +s)ds < —cm

Using

h=Y a, =< —

Vaz' " logz’

we obtain ) )

z h2 — z yf = Y

(log 2)? (logz)2a, logz

This proves the claim. O

Lemma 12.2 (Far-region loss). There exists ¢ > 0 such that, for all sufficiently large z,
F,(u) — Fy(u,) < —cz
whenever 0 < u < u,/2 or u > 2u,.

Proof. This is Lemma 9.3 with ¢t = 0, applied to the phase P, o = F, and its maximizer u,. [
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Proposition 12.3 (Complement bound, j = 0). For every A >0,

a2 B
oy, €V PIBy) dy = 0a="").

uz+y//az>0

Consequently,

>V eV A(B.(y) — 1y ev.y) dy = Oa(z™™)

uz+y/y/az>0

in the sense needed for the normalized n = 1 Laplace remainder.
Proof. Since |A(u)| < C,
eV |B.(y)| < Coxp(F:(u) — Fi(us)).

Split the region v > 0 into

1
iuz <u < 2u,

and its complement.
On the local part, Lemma 12.1 gives

2
6_92/2]Bz(y)| < Cexp <—c1y > )
og 2

Therefore ,
/uZ/g|<>u}22uz 67y2/2|B2(y)‘ W= C/|y|>Yz P <_clfg2> .
Since
L \2T
Y= a§/7 = <logz> )
we have

2 2/7
Y, 2%/

logz ~ (log 2)%/7

— 00

faster than any multiple of log z. Hence this local complement is O 4(z~4) for every A > 0.
On the far part, Lemma 12.2 gives

e V' 2|B.(y)| < Ce.

The left far range has finite length O(,/azu.), and the right far range has super-exponential
decay inherited from the term —me?" in F,(u). Thus the far contribution is also O4(z~4).
Combining the local and far estimates proves the first assertion. The second assertion is
simply the corresponding complement contribution in the decomposition of the normalized
Gaussian integral. O

[Full j = 0 n =1 Laplace correction] For the n = 1 contribution,

o) =0 (logz)

z

at the non-differentiated level j = 0, up to the remaining issue that the z-differentiated estimates
have not yet been proved.
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Proof. The central contribution is

0 (logz>
z

by Proposition 11.4. The complement is OA(Z_A) by Proposition 12.3. Taking, for instance,

A =2, gives
log 2z
n(z) =0 ( s ) .

Remark 12.4. Sections 11 and 12 prove the j = 0 version of the n = 1 Laplace remainder. The
remaining T4 work is the differentiated version:

O]

, log 2 )
NV (z) = 0; <21+]>7 1<j<4

13 First differentiated Laplace correction

This section proves the first differentiated version of the n = 1 Laplace correction:
, log z

The proof follows the same central/complement decomposition as Sections 11 and 12. The new
point is that the relevant Taylor coefficients gain one additional factor z~! after z-differentiation.

13.1 Derivative scale of the saddle coefficients

Recall 4 5
B " 4z z
az—fFZ(uz)—uferufzﬁLg

Lemma 13.1 (Derivative scale of a,). One has

Proof. Differentiate

4z 2z
Ay = — ) + 9
z z
Using
u, < log z, u, =0z,
we obtain
, 4 4z 20 4z 1
=TT @ +ﬁ s log z
z z z z
Since
z
a, =< ,
log 2
this is
a, = O(az/z)
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Lemma 13.2 (Derivative scale of normalized Taylor coefficients). For

F (u,)

k!a];:/2 7

R
) (2) = Oy ( Zz > .

a(z) = k>3,

one has

In particular,

Proof. For k > 3,
Fz(k)(uz) = Ok(az)'

Differentiating with respect to z,

L PO 2) = 050 (u2) + FED ()l
z

The first term comes only from 2z logu, hence is O (u;*). The second term is
Ok(az)O(Z_l) = Ok(az/z)'

Since u;* = O(1/log z) = O(a./z), we get

d
TP (1) = Op(a=/2).
Now differentiate ®)
N F;" (u)
Oék(Z) - k'a];/z .

Using Lemma 13.1,
/ 1-k/2
aj, = O (%j;) + Ok <az az_kﬂaz> = Oy (a'z > :
a: a z

Lemma 13.3 (Derivative scale of the amplitude). For |y| <Y, = aiﬁ, with

one has

uniformly in the central region.

Proof. Since

we have
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On the central region,

z

e—20=th) _ (logz) '

Moreover,

0, (uy +h) =, — %ya;g’/zalz =0(z"YHY+0 (@/7@;3/2%) =0(z1).

z

Therefore

0. A(us + 1) = A'(u + 1000 +10) = 0 (22 ) 0 = 0 (1E7).

z 22

13.2 Central j = 1 estimate
Lemma 13.4 (Differentiated central expansion). For |y| <Y,

—3/2

0: ("W —1) = ol ()0° +al(2)y* + as()ah ()" + O ( (a+ |y|>9> -

Proof. From Lemma 11.3,
=) — 1 = a3y + gyt + %a%yﬁ +0 (az_3/2(1 + |y|)9> :
Differentiating the displayed coefficients gives
ohy® + oyt + azalyS.

The derivative of the remainder has the stated size because the coefficients in the Taylor remainder
are built from normalized derivatives of F,, and each z-derivative gains one factor z—!
Lemma 13.2. This proves the claimed expansion. O

, as in

Proposition 13.5 (Central j = 1 Laplace correction). The central contribution satisfies

d 6*92/2(Bz(y) —1)dy=0 <lozg2z> .

dz Jiy<y,

Proof. Differentiate the moving-boundary integral:

d [

Y,
=/, fz<y)dy:/_YZ 0. £.(y) dy + YL (£-(Y2) + £.(~Y2),

where ,
f-(y) = eV 2(B.(y) — 1).

The boundary term is O4(z~4) for every A > 0, because
V2 = oxp(—a?/7)2)

is super-polynomially small and Y, grows at most polynomially.
It remains to estimate the integral of 0, f,. On the central region,

B.(y) = A(u, + h)ef=W).
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By Lemma 13.3, the differentiated amplitude contributes

log =z
(@]
(%)
after Gaussian integration.
For the exponential part, Lemma 13.4 gives

~3/2
a
9:(ef= — 1) = afy® + ahy* + azaly® + O (Zz(l + |y|)9> :

The cubic term integrates to zero by parity:

Y. o,
/ e V23 dy = 0.
-Y,

The remaining terms contribute

—3/2

O(d,) + O(azal) + O (az ) .

z

By Lemma 13.2,

Since

the central contribution is

13.3 Complement for j =1
Proposition 13.6 (Complement bound, j = 1). For every A >0,

d

dZ |y‘>Yz
uz+y/\/az>0

e_yQ/QBZ(y) dy = OA(Z_A).

Proof. The complement proof is the differentiated version of Proposition 12.3. Differentiating
the integrand produces only polynomial factors in z and y, coming from derivatives of

Uz, Az, A(uz‘i‘y/\/@)v Fz(“z"‘y/\/@)_Fz(uZ)'

The local complement still has the exponential loss

y?
exp <—c ) , ly| > Yz,
log 2z

¢, These losses dominate all polynomial factors. Boundary

1)

and the far region still has loss e~

terms from differentiating Y, are also O4(z~*), since

e V22— exp(—a2l[2)

is super-polynomially small. Thus the differentiated complement is O4(z~4). O
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[First differentiated n = 1 Laplace correction] For the n = 1 contribution,

o) O <logz>'

22

Proof. The central contribution is handled by Proposition 13.5, and the complement by Proposi-
tion 13.6. O

Remark 13.7. This proves the first differentiated estimate in T4. The remaining differentiated
estimates require the same mechanism for j = 2,3,4: each z-derivative of the normalized Taylor
coefficients should gain another factor of z~', while the odd terms continue to cancel after
Gaussian integration.

14 Uniform differentiated central estimates up to order four

This section records the uniform mechanism behind the j = 1 estimate of Section 13. The key
point is to avoid differentiating an unspecified Taylor remainder. Instead, one differentiates the
exact analytic expression for R,(y) at fixed y.

Recall )
Yy 2
z = Fz z - Fz z ;Y -
Relo) = F. (=) = Pt +
Set
w,(y) = u, + y )
N
Since

0.F,(u) = 2logu, Fl(uy) =0,

differentiating at fixed y gives the exact identity

0.1.(5) = 2iog (=) + FL(w. () (u; - yiﬁ/ﬁ) -

Uz

Equivalently,

/
Y ya
J.R,(y) = 2log (1 + uz\/@) + Fl(w.(y)) (u’z - 3;2> :
This identity is the basis for the differentiated estimates below.
Lemma 14.1 (Higher derivative scales of u, and a;). For 1 < j <4,
ul) = Oj(z*j), agj) = Oj(azz*j).

z

Consequently, 4 4
a7l = 0j(a; 1?27,

Proof. The bounds for ugj ) were established in Lemma 8.3. We prove the estimate for a,. Write
a, =z2G(uz) +9, G(u) = 4u™t +2u~2.

For every fixed m > 0,
G (u,) = O ((log 2)~1=™).

By Faa di Bruno’s formula,




is a finite sum of products

m)(uZ>Hu.(Z£V)a Z1+'"+€m:7”-

Using ug) = Oy(27"), each such product is
O,((log z)~127").

Now differentiate zG(u,). For r > 1,

T T r—1

dar (ZG(Uz)) = Z@G(Uz) + TW

G(“’Z)a

since z has no derivatives of order 2 or higher. Hence

1
(T) e I—r = -r
ay O, <logzz ) Or(az™"),

because a, < z/log z. Finally, the estimate
oa;'? = 0j(a;'?27)

follows from Fad di Bruno applied to z — 2~ '/2, using the already established bounds for

a,(zT). O]

Lemma 14.2 (Uniform differentiated Taylor coefficient bounds). For fized k > 3 and 0 < j < 4,
define
P (u,)

ozk(z): k|ak/2 .

Then
a’ij)( ) = Ok,j( 1-k/2 ,— )

Proof. The case j = 0 is Lemma 8.5. For j > 1, put
Qr(2) = FP(us).

Faa di Bruno’s formula for F;

(k)(

u) gives a finite sum of terms of the form
P FRm) (4 Hu(f) pALly 4l =7

Because F.(u) = 2zlogu + Ju — me®" is affine in 2, one has p € {0,1}. If = 0, then
FF™ (u,) = O m(az),
while the product of u)s contributes O(z79). If p = 1, then
O FFH™ (1) = O (uz¥™™) = Opm(a/2),
and the remaining product contributes O(z~U~1). In both cases,
Qi) (2) = Ogj(azz 7).
Now apply Leibniz’ rule to

a(z) = ka( Jaz "2,

34



By Lemma 14.1,
87z"az—k/2 — Ok7r(a;k/22—r)’

and hence ‘ .
af(2) = O (ai_mzﬂ) '

d

Lemma 14.3 (Parity and coefficient bookkeeping). Fiz 0 < j < 4. On the central region
ly| <Y, = aiﬁ, write the Taylor expansion in the form

K
R.(y) = > ar(2)y* + Ex2(y),
k=3

with K fized large enough, say K = 12. Then the following hold.
1. For3<k< K and 0 <r <4,

oz,(:)(z) = Okﬂ,(ai_k/Qz_T).

2. The differentiated Taylor remainder satisfies
L€k, (y) = Op(ay” FFV2277 (14 [y) K )
for 0 <r <A4.

3. In the Faa di Bruno expansion of

every monomial is a finite product
C(2)y"

whose coefficient satisfies

C(z) = O(ad"=PP227),
where M is the number of Taylor factors used in that monomial and D is its total degree.
4. If D is odd, then
/_z 6_92/2yD dy = 0.

If D is even and D > 4, then the only even monomials with coefficient scale as large as
a; 277 are generated by

olly' and 9 (ad)yS.
All other surviving even Taylor monomials have coefficient O(a;22=7) or smaller; the
differentiated Taylor remainder is bounded separately by item 2, and is in particular

O(a;3/2z*j) after Gaussian integration for the fixed value of K used here.

Proof. The first item is Lemma 14.2. For the second item, Taylor’s theorem with integral

remainder gives
ey~ PN ()
B ="k v \ Ve

for some £ between u, and u, + y/ /a,. On the central region,

€ — us] < |ylaz? < a7 = o(1).
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Thus ¢ remains in the same o(1)-neighborhood of u, as w,(y). Differentiating £(z,y) produces
the same type of factors as differentiating w.(y), namely polynomial factors in 3, z=!, and
powers of a;'/?. Since F\™ (u) = Oy (a) uniformly for u = u, + o(1), the same Faa di Bruno
estimate used in Lemma 14.2 gives

a;Fz(K—"_l) (5) = OK,r(azZ_r),

uniformly for |y| <Y,. Differentiating powers of agl/ % contributes only the expected 2z~ factors.
This proves the stated remainder estimate. '

For the third item, Faa di Bruno’s formula writes dJef= as ef= times a finite sum of products

of derivatives 0. R, with the total z-derivative order equal to j. Expanding each J.R, into

Taylor monomials gives products of terms

If there are M such factors and total degree D = ki + --- + kps, then by the first item the

coefficient is u
O (H aiklﬂz”) = O(aM=P/2;77),
i=1

The harmless factor ef*> = 14 O(1) on the central region does not change the scale; expanding
it gives terms covered by the same counting.

For the fourth item, odd powers integrate to zero on the symmetric interval. For even degrees,
the scale aiw_D/
is aqy?, with scale a;!. Degree 6 has the product a3y®, also with scale a;
has scale a2

% is largest when the total degree is as small as possible. The degree 4 even term
-1 A linear agy® term

-2, and all other even Taylor monomials have scale at most a; 2. The differentiated
Taylor remainder is controlled by item 2 and is smaller than the target a;'2=7. Differentiating j
times contributes the common factor z—7. This proves the bookkeeping statement. O

Lemma 14.4 (Central differentiated expansion, uniform form). For 0 < j <4 and |y| <Y, =
17
Az

7

8;' (eRz(y) _ 1)

has an expansion whose non-integrable-leading odd part is always a finite linear combination of
odd monomials in y, and whose even part satisfies, after Gaussian integration over the symmetric
interval [—Y,, Y],

Yoo .
/ e~V /262 (eRz(y) _ 1) dy = Oj(az_lz_j)-
—Y,

Y.
s 2/2 ; R.(y) _ . ] IOgZ
/_Yze vi2o) (e Y 1)dy—O] (Zl"'j :

Proof. Apply Lemma 14.3. The potentially larger odd-degree terms vanish under the symmetric
Gaussian integral. The leading surviving even terms are

Equivalently,

oDyt and 97 (ad)f,

with coefficient size O(a;'277). All other surviving even Taylor monomials are O(a;2277) or
smaller, and the differentiated Taylor remainder is smaller than the target by Lemma 14.3.
Gaussian moments of fixed degree are bounded uniformly after extending the integral from
[-Y.,Y.] to R. Hence

Yz A . log z
~y%/257 (o R=(y) —0.(a" " = 0. g
/_Yze (e 1)dy = Oj(a;, z77) = O, <21+j).
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Lemma 14.5 (Amplitude derivatives, uniform form). For 0 < j <4 and |y| <Y,

8£A<uz N y ) _ 1+ O(log z/z'), 7 =0 for the amplitude itself,
Vaz Oj(logz/2'17), 1< j<4.

More precisely,

A(uz+\éu)——1:CKbg@&%

and for 1 < j <4,

j Yy \_o. 1+j
8ZA<’U,Z+\/@> Oj(logz/z""7).

Proof. Since

3
Alu) =1— —e 2
(W =1- e 2,

all derivatives of A are O(e2%). On the central region,
e 2wt/ Va:) — O(log 2 /7).

Furthermore,

%<W+jé>:@@ﬁ)

for 1 < j <4, by Lemma 14.1. Faa di Bruno’s formula therefore gives one factor z=! for each
z-derivative, multiplied by the base exponential scale O(log z/z). This proves the claim. O

Proposition 14.6 (Central differentiated Laplace correction, 0 < j < 4). For every 0 < j < 4,

& 2 log 2z
— eV (BL(y) — 1) dy = 0; | == ) .
27 Jiy|<y. (B:y) ~ 1)y =05 <21+J>
Proof. As in Proposition 13.5, moving-boundary terms at y = Y, are O4(z~4) for every A > 0,
because e~ Y7/2 is super-polynomially small. It remains to differentiate under the integral.
On the central region,

- Yy R (y)

B =A 2\,

2 (y) <uz + \/@) e

Apply Leibniz’ rule. Terms in which a derivative lands on the amplitude are controlled by
Lemma 14.5. Terms in which derivatives land on e*> — 1 are controlled after Gaussian integra-
tion by Lemma 14.4. The product of the amplitude error O(logz/z) with any differentiated
exponential correction is of smaller order than the target. Thus

dJ

2 /2 B log =

O]

Proposition 14.7 (Complement differentiated bound, 0 < j < 4). For every A > 0 and
0<j<4,
dJ
E ly|>Y>
uz+y/y/az>0

eV 12B.(y)dy = O ().
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Proof. The proof is the same as Proposition 13.6, with the following explicit observation. At

fixed v,
Yy

NG

has z-derivatives bounded by finite sums of polynomial factors in y, z
The formulas

U= Uy +

-1

1/2

, and powers of a.

9 3
F,(u) =2zlogu+ Ju~ me?¥, A(u) =1- %672“

then show that at most four z-derivatives of
A(u) exp(F,(u) — F,(uy))

are bounded by a fixed polynomial in |y| and z, multiplied by the same exponential factor
eXp(Fz(u) - Fz(uz))
On the local complement, Lemma 12.1 supplies

2

exp(Fy(u) — F,(u;)) < exp <Cloygz

) Wl
This dominates every fixed polynomial factor because

2 2/7
vz 2

logz ~ (log 2)/7

On the far region, Lemma 12.2 supplies e~“?, while the right far tail also has the super-exponential

decay inherited from —me?*. Boundary terms from differentiating Y, contain the factor

67Y22/2

and are likewise O4 j(z~#). Thus the differentiated complement is O4 ;(z~4). O
[Differentiable n = 1 Laplace correction] For the n = 1 contribution,

- log 2z .
77(])(2):01‘ <21+J>7 0<y<4

Proof. Combine Proposition 14.6 and Proposition 14.7. O

Remark 14.8. This section reduces the differentiated n = 1 Laplace correction to uniform coef-
ficient differentiation, parity cancellation of odd Taylor terms, and super-polynomial complement
decay. The next step is to combine this with the n > 2 tail separation of Section 9 and then
derive Tau-Weak by finite differences.

15 Derivation of Tau-Weak from the differentiable Laplace esti-
mates

This section completes task T5 from Section 7. We show that the differentiable Laplace estimates
obtained in Sections 9-14 imply the Tau-Weak bounds required in Section 6.
Let

M(z) = /000 ®(u)u* du, s(z) = log M (z).

The saddle main term is
1 2
S(2) = F.(u,) + log(27?) + 3 log il

Gy
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From the n = 1 Laplace analysis and the n > 2 tail separation, we have

) ) 1
sV (z) — 89)(2) = 0; (;ﬁf) . 0<j<4

‘We now convert this into finite-difference bounds for

_ Mg—1Mg+1
Tq = mg

15.1 Derivative bounds for the saddle main term
Write

S()(Z) = Fz(uz)
Since F.(u,) = 0, the envelope identity gives

Sy(2) = 0. F.(u,) = 2logu,.
Therefore
u
Sp(z) =2-=.
0(2) w,
Using ' '
u, < log z, ul) = 0,(z77),
we obtain, for 2 < j <4,
@iy — O 1
557(2) = 05 (zjllogz)'
Next,
1 2 1
5 log @~ 3 log(27) — = loga,
By Lemma 14.1, ‘
agj):Oj(azz ), 1<j<4
Hence ‘ ‘
02loga, = 0;(z77), 1<j<4
For 2 < 5 <4, this is smaller than

20" (log )
for large z. Thus

. 1 .
S(j)(z):Oj (zj—llogz>’ 2<j5<4

Combining with the differentiable Laplace remainder gives

; 1
D) =0, =—+— 2<j<4
S ( ) J(Z]_]'].Og2’>7 7=
Indeed, the error term

log 2z
i\ At
is smaller than the displayed main bound for 2 < j < 4.

Lemma 15.1 (Positivity of the de Bruijn kernel). For every u > 0,

O (u) > 0.
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Proof. Recall
o
D)= (27r2n4e9u/2 _ 37m265u/2) -

n=1

The n-th summand can be written as
_ 2 2u
n2edu/2gmmne (27771262” — 3) .

For u > 0and n > 1,
2mn?e?t > 21 > 3.

Therefore every summand is strictly positive, and hence

D (u) > 0.

Lemma 15.2 (Log-convexity of the de Bruijn moments). The moment function

(o)
M(z) :/ ®(u)u* du
0
18 log-convex on its domain, and
s"(z) >0, s(z) = log M (2).
More precisely,
s"(z) = 4Var,_(logU) > 0,

where
O (u)u??

M(2) du.

dp(u) =

Proof. By Lemma 15.1, ®(u) > 0. Hence the measure dy, is positive. Differentiating under the
integral sign gives

s'(z) = M (o) = 2/000 log udp,(u).

A second differentiation gives

§"(2) = 4 ( /0 " (logu)? dp () — ( /0 N loguduz<u>)2) .

s"(z) = 4 Var,_ (logU) > 0.

Thus

15.2 The logarithmic moment-ratio bounds

Define
A =logry=5s(¢—1)+s(g+1)—2s(q).

The standard midpoint identity gives

1
Mo = /_1(1 )" (q + t) dt.

By Lemma 15.2,
s"(z) > 0.
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Therefore

Using the bound on s”,

<
~ qloggq
for all sufficiently large q.
Next,
ANy = Ag41 — Aq
is a third finite difference of s over a bounded interval of length 3 centered at scale ¢q. By the

mean-value form of finite differences,

AN, <C  sup |§"(z)] < #
z€[q—1,q+2] q°loggq

Similarly,
APAg = Mgz = 2211 + Ag

is a fourth finite difference of s over a bounded interval centered at scale g. Thus

C
IA2)\|<C  sup  [sP(x)] < S
z€[q—1,q+3] q°logq
15.3 Passage from )\, to 7,
Since
Tq = e)‘q
and o
0< A < ;
qlogq
we have, for all sufficiently large g,
0<7,—l=ev—1<2),< Co_
qlogq

For the first difference,
ATty = ettt — eha,

Since Ay = O(1/(qlog q)), the exponential factor is uniformly bounded, and hence

C
ATy < ClAN| € 57—
q*logq
For the second difference, write
ag = Agt1 = Ags by = Agr2 = Ag1
Then
2
ANy = by — ay.
Also,
AQTq = M2 _ 9etatl | oM
= e (eaq+bq — 2e% 4 1) .

Using

e® =14z + O(x?)
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uniformly for small x, we obtain
e"atbs — 2e% 4+ 1 = (1 + ag + by + O((ag + bg)?)) — 2(1 + ag + O(a2)) + 1
= by — ag+ O(ag +b2).
Therefore
’A27q| <C (|A2)‘q| + |A>‘q|2) )
because a4, by, = O(A),) at scale g. The square term satisfies

1
< .
q*(logq)? ~ ¢3logq

AN * <
Thus C
|A%7| € 57—
q°logq

We have proved the following.

Theorem 15.3 (Tau-Weak from differentiable Laplace estimates). Assume the differentiable

Laplace estimate

s9(z) = $9)(z) = 0; (ﬁif) . 0<j<4

Then there exist constants

C07 Clv 025 QU >0
such that, for all ¢ > Qo,

C
0<7—1< —2
qlogq
Cl 02
ATy < 50\ A7) < .
q*logq q°logq

In other words, Tau-Weak holds for all sufficiently large q.

Remark 15.4. The constants Cy, C1,Co, Qo are effective in principle once the constants in
the saddle estimates, tail separation, and differentiable Laplace remainder are made explicit.
The present theorem supplies the analytic implication needed by the PF3 reduction; the final
certificate must still cover the finite region q < Qo and the finite d-ranges determined by the
scale decomposition.

16 A unified leading positivity framework

We now prove the conditional positivity of Néz) in the three asymptotic regimes: the bulk, the
left edge, and the right edge. The three arguments have the same structure. In each region there
is a natural scale M such that

vy < M1 Av, = O(M™?), A%v, = O(M™?).

Then

Eq = vg-10g+1 — vy = O(M ™),
and the exact identity

N34 = 2@2 - 1)3 — (1 —v,)*E,
implies

N3g =203+ O(M™%).

Since vy < M1, the leading term is positive and of order M 3, while the error is of order M -,
Thus N3, > 0 for sufficiently large M.
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16.1 The general scale lemma

Lemma 16.1 (Unified scale lemma). Let M = M (d,q) — oo be a positive scale. Suppose that
i a given range one has

Yq

Uq M’

where
0<ec<Y, <C,
and also
|Av,| = O(M ™), |A%y,| = O(M™?).
Then
E, = vg_1Vg41 — vs =0oM™)

and

2, 4

N3’q - W + O(M )

In particular, N3 4 > 0 for sufficiently large M.

Proof. We use the identity
Eq = 040%04 — (A—vg)(A4vy).

By assumption,

vy =O0(M™), Av, = O(M™?), A%y, = O(M™?).

Therefore
vy A%v, = O(M™*)
and
(A—vg)(Asvg) = O(M~4).
Hence

Now recall the exact formula
Niq =203 — vy — (1 — vy)°E,.

Substituting v, = Y, /M, we obtain

3 4
2,03 _ ’U4 _ 2Yq o Yq
q ' VE M4

Since Y, = O(1), the second term is O(M~*). Moreover,

(1 —v,)%E, = O(M™).

Therefore
2Yy -
N37q - W + O(M )
Because Y, > ¢ > 0, the positive leading term dominates the error for sufficiently large M.
Hence N34 > 0. O
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16.2 Bulk regime
We first consider the bulk range

1
ed < q<(1-e)d, O<5<§.

Here the natural scale is
M =d.

Lemma 16.2 (Bulk smoothness from Tau-Weak). Assume Tau-Weak. Fiz 0 < ¢ < 1/2.
Uniformly for
ed < q<(1-¢)d,
one has
Vg Xe d_l,
‘Avq’ = OE(d_Z)a
and
|A%yy| = O.(d7?).
Proof. Recall that
Vg =1—pag7q = (1 = pag) = paq(Tg — 1)
Set q
0=-.
d
In the bulk range,
e<f<1l-—e.

The explicit formula for pg, gives

1 1 2 _9

The function 1 5
B = —_ 1=
() 1-6 + 0

is bounded above and below by positive constants on
e<f<1l—e.
Thus
1 — pag =e d-1.

Tau-Weak gives
74— 1=0.((dlogd)™).

Hence
o -1
Vg Xe d .

For the first difference,
Avg = —A(paq7q)-

In the bulk range,
Alod,q = Oé‘(d_2)7

and Tau-Weak gives
A7, = O (d *(logd)™").
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Therefore

|Avg| = O-(d7?).
Similarly,
A?vg = —A%(pag7y)-
Using
A’pgq=0(d7%),
A1, = O (d *(logd)™),
and

A1, = 0.(d*(logd) ™),

one obtains

|A%0,| = O.(d73).
O

Conditional Proposition 16.3 (Bulk positivity). Assume Tau-Weak. For every 0 <e < 1/2,
there exists D, such that if
dZDea Edgqg(l—é‘)d,

then

N > 0.

q
More precisely, if
Vy = dug,

then uniformly in the bulk range,
0<ec < Vvq <C:

and .

2V,

(d) _ —4
N3 = d—gq +0(d™%).

Proof. This follows immediately from Lemma 16.2 and the unified scale lemma with M = d and
Y, =V, = dv,. O
16.3 Left-edge regime
We next consider the left-edge range

q<erd.
Here the natural scale is

M =q.

Lemma 16.4 (Left-edge smoothness from Tau-Weak). Assume Tau-Weak. There exist constants
Qr and g1, > 0 such that, uniformly in the range

Qr<q<epd,

one has
vg=q !,
’Avq| = O(q_2),
and
|A%v,| = O(q7%).
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Proof. Again,
Vg = (1—- Pd7q) - pd,q(Tq —1).
In the left-edge range,
2 _ _
pag=1-_+0l +ow).
Thus
_ _ 2 -2 -1
1 pd7q—q—|—0(q )—l—O(d )

1
o= O<qlogQ> '

2 1
v =+0< >+o 2y 0@d™).
= lozq (=) +0(d™)

Tau-Weak gives

Therefore

If ¢ < erd, then
a1 <L
q
Choosing €7, > 0 sufficiently small and then ), sufficiently large, the error terms are dominated
by the positive leading term 2/q. Hence

Vg X qil.
For differences, the explicit rational formula gives
Apag=O0(¢?) +0(d™?),

and
A%pg, =0(q %) +0(d™?).

1
AT, =0
e (quogq>’

1
A7, = O< > .
! ¢3loggq
Combining these estimates yields
[Avg| = O(g?), ’A%q‘ =0(q7).

Tau-Weak gives

and

O]

Conditional Proposition 16.5 (Left-edge positivity). Assume Tau-Weak. There exist con-
stants Qr, €, > 0, and Dy, such that if

d> Dy, QL <q<eLd,
then
Ny > 0.
More precisely, if
Wq = qUgq,

then uniformly in the left-edge range,
0<er, <W,<C(y
and 5
Ny = quzq +0(q7Y).

Proof. Apply the unified scale lemma with M = ¢ and Y, = W, = qu,, using Lemma 16.4. O
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16.4 Right-edge regime
Finally, we consider the right edge. Let

h=d-—q.
The right-edge range is

h < epd.

The valid » = 3 range requires h > 2. In the asymptotic right-edge proposition below, we take h
sufficiently large. The fixed-small-h families are treated separately by the certificate architecture
in Section 18.
The natural scale is
M=h+1.

Lemma 16.6 (Right-edge smoothness from Tau-Weak). Assume Tau-Weak. There exist
constants Hr and er > 0 such that, uniformly in the range

Hr <h=d—q<eRgd,
one has
Uq = (h + 1)_17
|Avg| = O((h +1)7?),
and

A% = O((h+1)77).

Proof. In the right-edge range,
h=d-—q.

The first factor in pg 4 is
d—q  h
d—q+1 h+1

Since ¢ = d — h, and h < erd, we have ¢ < d. The second factor satisfies

(29 — 1)(29)

=1+0(qh.
(2 +1)(2¢ +2) (a7)
Therefore h
Pd,qg = m (1 + O(q_l)) .
Hence
1 -1
pdyq_h+1+0<q )

Tau-Weak gives

Thus
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Choosing e > 0 sufficiently small and then Hp sufficiently large, the error terms are dominated
by the leading term (h + 1)~!. Hence

vy < (h+1)71

Increasing ¢ by 1 decreases h = d — ¢ by 1. Therefore the leading model (h + 1)~! has first
difference O((h + 1)~2) and second difference O((h + 1)3). The explicit rational factor satisfies
the corresponding estimates

Apag=O0((h+1)"%) +0(¢?),

and
A2pgy=O0((h+1)"3) +0(¢?).

1
A7, = O ——
Ta <q210gQ>’

1
A% :O< )
I ¢*logq

Since h < erd and ¢ < d, the ¢g-dependent terms are bounded by the corresponding powers of
h 4+ 1. Hence

Tau-Weak gives

and

[Avy| = O((h + 1)),
and
|A%0,[ = O((h +1)77).
O

Conditional Proposition 16.7 (Right-edge positivity). Assume Tau-Weak. There exist
constants Hg, eg > 0, and Dg such that if

dzDRu HRSh:d_QSERCL

then

Ny > 0.

More precisely, if
Uh = (h + 1>’Uq,

then uniformly in the right-edge range,

0<cr<U,<Cg

and 5
2U
N = _h h+1)74).
3,9 (h—|-1)3 +O(( + ) )
Proof. Apply the unified scale lemma with M = h+ 1 and Y; = Uy, = (h + 1)v,, using
Lemma 16.6. O

17 A proposed saddle route to Tau-Weak

We now describe the analytic route to the Tau-Weak estimates. This section does not claim
that all details have been fully closed. Rather, it decomposes the remaining analytic task into
four precise sublemmas. Once these sublemmas are proved, Tau-Weak follows.
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Status of this section. The estimates P1-P4 below are not used as established theorems
unless explicitly assumed. They are listed as proof obligations for a future effective proof of
Tau-Weak. The conditional PF3 theorem later in the paper depends only on Tau-Weak and the
finite certificate architecture, not on the completion of these saddle estimates.

Recall that

M(z) = /000 ®(u)u®* du, s(z) =log M (z).

For integer ¢,
log7, = s(qg — 1) —2s(q) + s(g+1).

Equivalently,
1
logy = [ (L= [t)s"(q+1) dr.
-1

Thus estimates for s, s”, and s() imply the desired estimates for 7, and its first two discrete
differences.

17.1 The de Bruijn kernel and the leading phase
We use the standard expansion
O(u) = Z (27r2n469u/2 — 37rn265“/2) e~
n=1

Separate the n = 1 term:
B(u) = 1 (u) + R(u),

where
Py (u) = (2#269“/2 - 37r65“/2) e e,
Equivalently, ,
Dy (u) = 2m2edu/2e=me™ 4, (u),
with 3
Ai(u) =1-— ge*%.

The leading phase is

9
F.(u) = 2zlogu + U~ me?v,

Let u, be the unique saddle:

Fz/' (uz) = 0.
Explicitly,
Z + g — 2me?Us =
Set
a, = —F (u;)
Since ) 9y
F; (u) 2 dme?,
we have
a, = 2—; + de?us
uZ
Using the saddle equation,
4rre?us = 4z +9,
uZ



and hence

4z 2z
Ay — — ) + 9
z z
Therefore .
u, = log z, a, = .
log 2z

Define the Laplace main term

S(z) = Fy(uy) + 10g(27r2) + %log 21

az
The desired differentiable Laplace estimate is

. . 1
s0(z) — SO (z) = @(ﬁf) . 0<j<4

We next decompose this estimate into four sublemmas.

17.2 P1: separation of the n > 2 tail

Let ~
Ms>s(2) :/ R(u)u** du.
0

The n-th phase is

9
F, n(u) =2zlogu + JU~ nle".

Its saddle u, , satisfies
2z 9

+ - =2mn

262uz’”.
Uzp 2

At the leading level,

2 2Uzn

TN Uy pe ~ Z.

Thus, for fixed n,

1
Uz = Uy —10gn+0< ogn>
log z

in the coarse large-z sense. Consequently, the n > 2 saddles lie to the left of the n = 1 saddle
and are exponentially separated.

Conditional Lemma 17.1 (Tail separation). For every A >0 and 0 < j <4, one has
——M>o(z) = 04, (z_Aer(“z)az_l/z(log z)7> .

In particular, M>o(2) is smaller than the main n = 1 Laplace contribution by O4(z~*) for every
A>0.
Proof sketch. For n > 2, the saddle value satisfies

zlogn

Fz(uz) - Fz,n(uz,n) >c IOgZ

for some absolute ¢ > 0 and all large z. Hence

er,n(’le,n) < er(uz) eXp _CZIOg’I’L ‘
B log z

After including polynomial factors in n, z, and powers of log u coming from z-differentiation, the
sum over n > 2 remains O4(z~4) relative to the n = 1 contribution. The saddle localization
estimate for each F7 , gives the stated derivative bound. O
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17.3 P2: amplitude control for the n =1 term

The n = 1 contribution is -
Mi(z) = 27r2/ e Ay (u) du.
0
Near the saddle,

e e 0B
z z
Therefore |
0g 2
Al(uz)zl—i—O( f )
Moreover,

AP () = Ox(e™™)

for all fixed k > 1.
Let
R. = (log 2)?

and consider the Gaussian window

lu—u.| < R.a; /2.

_ log 2z
a2 = ([,

this window is much smaller than u,, and on it

Since

—2u _ _—2u,

log z
=e = —.

z

(&

Conditional Lemma 17.2 (Amplitude control). For each firted K > 0 and 0 < k < K,
uniformly in the Gaussian window

lu —uy| < Rzagl/z,

one has

Ar(u) = 1+0(1°§Z>,

and for k> 1,

17.4 P3: differentiable Gaussian correction

Rescale around the saddle by

U=u;+ Y , du = a;'? dy.
Az
Then
My (z) = 2n%e"= (=) 12 / e V" /?B.(y) dy,
where



Taylor expansion gives

y v~ )
F —F 4 e \Uz) _
z<uz+ \/CT> 2(uz) = 5+ §_ e Y Ri(z)

For fixed k > 3,

Thus ®
Fo(uz) 1-k/2
a2~ e
In particular,
F'(u,) -
63(Z) = 3/2 = O(CLZ 1/2))
and @
_ F; (Uz> _ -1
Since
1 logz
a, < ,
z

the first nonzero integrated correction is of size O(logz/z). The cubic correction is odd and has
zero first-order Gaussian average.

Conditional Lemma 17.3 (Differentiable Gaussian correction). There ezists a function n(z)
such that

/ ¢ V'B.(y) dy = Vo (1 +1(2)) + 0a(z™")

z

for every A >0, and for 0 < j <4,

; log z
@) () = 0. [ 08
n (Z)_OJ(Z1+j> .
Proof sketch. The coefficients in the local expansion satisfy
" QLH2
J _ | @z
Because the first nonzero Gaussian correction is of order a; !, differentiating j times gives

a;! log z
o(5)-0(%)

The amplitude contribution from A (u) satisfies the same bound by the amplitude control lemma.
The tail outside |y| < R. is O4(2~4) by the saddle localization estimate. O

17.5 P4: differentiated tail domination

To justify differentiating under the rescaled integral, we need a uniform domination statement.

Conditional Lemma 17.4 (Differentiated domination). For 0 < j <4, there exist constants
Cj, K; > 0 such that on the controlled Gaussian window,

|02 B.(y)] < Cj(1+ [y]) e /%,
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Consequently, o
¢ V2B, (y)

is dominated by an integrable function of the form
Cy(L+ [y e /%,
Thus differentiation under the integral sign is justified for 0 < j < 4.

Proof sketch. The z-dependence of B, (y) enters through u., a,, the coefficients Fz(k) (uy), and
the amplitude A;. These satisfy . ‘
w) = 0;(z77),

and . ‘
al) = Oj(azz™).

The local expansion of B,(y) is polynomial in y to each fixed order, with coefficients satisfying
inverse powers of z. Exponentiating the controlled remainder gives at most e¥’/8 within the
Gaussian window for large z. This proves the domination estimate. O

17.6 The differentiable Laplace estimate

Combining the preceding sublemmas, we obtain

where

Taking logarithms,
2 1 27T _A
s(z) = F(uy) + log(277) + 5 log . + log (1 +n(z)+O0a(z )) .
z

Hence, with

2w
D)
Gy

1
S(2) = F,(u,) + log(27?) + 3 log

we obtain

sV (z) — 89)(z) = 0; (ﬁij) ,  0<j<4

Conditional Proposition 17.5 (Differentiable Laplace estimate). Assuming the saddle local-
ization estimates used above, one has

sV (z) — 89)(z) = 0; (tﬁj) , 0<j<4

Remark 17.6. The conditional proposition above is intentionally separated from the algebraic
PF5 reduction. Completing it would provide one route to Tau-Weak, but failure to complete it
would not invalidate the algebraic reduction itself.
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17.7 Derivation of Tau-Weak

We now show that the differentiable Laplace estimate implies Tau-Weak.
From direct differentiation of S,

S//
(2) < zlogz’
S"(2) < 1
22log 2z’
and
S@ .
(2) < 23 log z
By the differentiable Laplace estimate, the same estimates hold for s:
1
"
$'(2) < Tlog 2’
"
() 22log 2’
and 1
4)
s(z) < 23log 2’
Moreover,
s"(z) = 4 Var,(logU) > 0.
Let
Ag = log 7.
Then .
h= [ @l )
-1
Thus
0< N\ K .
! qlogq

Since e¥ — 1 < 2z for small x > 0, we obtain

0<7, -1k .
qlogq

Next, since A4 is a second finite difference of s centered at scale g, the difference
Agt1 = Aq

is a third finite difference of s over indices at scale q. The bound on s gives

Therefore,

1
|Tqr1 — Tql < 2logq

Finally, AgAq is a fourth finite difference of s over indices at scale ¢. The bound on s gives
1
IA%N| € —.
q°logq
The exponential change of variables from )\, to 7, = et introduces only lower-order products, so
1

AT | < ——.
ol ¢*logq

Thus Tau-Weak follows.

54



Conditional Theorem 17.7 (Tau-Weak from differentiable Laplace). If the differentiable
Laplace estimate holds, then there exist constants Qo, Co, C1,Ca > 0 such that for all ¢ > Qo,

0<7,—1< o ,
qlogq
Ch
|Tgr1 — 7| < £logq’
and o
|A%7y| < 2
q°logq

18 Certificate architecture

The asymptotic propositions in the bulk, left-edge, and right-edge regimes cover all sufficiently
large regions once effective constants are fixed. However, the remaining verification is not merely
a finite set of individual pairs (d, q). There are two finite-family regimes that may still contain
infinitely many values of d: fixed small ¢, and fixed small right-edge distance h = d — q.

Remark 18.1 (Dependence on effective constants). The certificate architecture is coupled to
the effective constants in Tau-Weak. In particular, the thresholds appearing in the bulk, left-edge,
and right-edge positivity propositions depend on the constants Cy, C1,Cy in Tau-Weak. Thus the
certificate ranges cannot be finalized until Tau-Weak is proved with explicit effective constants.
The certificate component should therefore be understood as an effective verification scheme
conditional on such constants, not as an independent finite computation detached from the
analytic estimates.

Remark 18.2 (Tiling of the asymptotic regions). To ensure that the remaining transition region
is finite, the parameters €1, €, must be chosen so that the left-edge, bulk, and right-edge regions
cover all sufficiently large pairs. For example, one may choose compatible constants and arrange
the covered regions as

g < ed, ed <qg<(1-e)d, d—q<ed.

After the small-q and small-h finite families are separated, any pair not covered by the three
asymptotic regions lies in a bounded transition range determined by the effective cutoffs.

Thus the certificate component must be organized into finite-pair checks and finite-family
checks. We split the remaining verification into four parts.

18.1 A. Finite rectangular verification
First, choose a cutoff D,ect. For all
BSdSDrect’ 2§qu_2’

one may verify directly that
(d)
D3, > 0.
Equivalently, since A, > 0, it is enough to verify
(d)
N3

) >0

This part is a genuinely finite computation. It requires rigorous enclosures for the moments
Mo, M1y« 3 MDyeey s

or, more precisely, for all moments needed to evaluate vy_1,vq, Vg+1 in the above range.
The intended verification method is interval or ball arithmetic. Floating-point numerical
evidence alone is not sufficient for a certificate.
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18.2 B. Fixed-small-q, all-d verification

The left-edge asymptotic proposition applies only after ¢ > Q7. Therefore the range

2<q<Qp

must be treated separately.

For each fixed ¢, the quantity N. (d)

3,4 depends on d through the rational factors

Pd,q—1> Pd,q> Pd,q+1,
while the moment ratios
Tg—1, Tg» Tg4+1
are independent of d. Indeed,
vp(d) =1 = pa Tk
Hence, for fixed g,
Ny = vq(d)* = (1 = vg(d))*vg-1 ()41 (d)

is a rational function of d, with coefficients depending only on finitely many moment ratios.
Therefore the fixed-small-g certificate should prove

d)

Ny >0 foralld>q+2

for each
2<q¢<Qr.

A practical route is:
(i) compute rigorous enclosures for
Tq—15Tq> Tg+1;
(ii) express N:;dq) as a rational function of d;
(iii) multiply by the positive denominator to obtain a polynomial inequality in d;

(iv) prove the resulting interval-coefficient polynomial is positive for all d > ¢ + 2, using a
combination of large-d lower bounds and finite interval checking.

This component is finite in the number of families, but each family contains infinitely many
values of d. Thus it should not be described as a finite pair check.

18.3 C. Fixed-small-h, all-large-d verification

Let
h=d-q.

The right-edge asymptotic proposition applies only after h > Hp. Thus the finite set of right-edge
families
2 < h< H R

must be handled separately.
Unlike the fixed-small-q case, here ¢ = d — h grows with d, and therefore the moment ratios

Tq—1, Tqs Tg+1

also vary with d. Consequently, this regime is not simply a rational function of d with fixed
coefficients.
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However, for fixed h, the explicit base factor gives

d—q  h
d—q+1 h+1

Since ¢ = d — h — oo, Tau-Weak gives

1
Tq :1+O<qlogq> .

Thus ) ) )
Ya PdaTe =37 +Oh<d) +Oh<dlogd)
Similarly,
1 1 1
Va1 = g T On <d> * Oh<dlogd> ’
and

1 1 1
=40 = Ol —— .
Vot = g h<d> + h<dlogd>
The leading right-edge model gives

2 1 1
N@ _ 1 .
347 (h+1)2(h +2) +Oh(d) +Oh(dlogd>

Therefore, for each fixed

2 < h < Hp,
there exists a constant Dj, such that

N9, >0 foralld> Dy,

The remaining finite range
d < Dy,

is then checked directly by interval arithmetic.

18.4 D. Transition-band verification

After fixing all effective constants in the bulk, left-edge, and right-edge estimates, there may
remain transition regions where the asymptotic inequalities are not yet active. These regions are
finite once the cutoffs are fixed.

Let Rirans denote the set of valid pairs

2<qg<d-2

not covered by the bulk, left-edge, right-edge, fixed-small-g, or fixed-small-h arguments. The

transition certificate verifies :
d

7q>0

N

for every
(d> Q) € 7ef‘crans

using rigorous interval arithmetic.
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18.5 Required rigorous moment data

The certificate requires rigorous enclosures for the de Bruijn moments

Mg :/ (u)u* du.

0

d)

For a check involving Né’q

, one needs

Uq_l, Uq, ’Uq_|_1,

and hence the moment ratios
Tg—1, Tg, Tg+1-
Thus moments up to at least mgy2 are required.
The appropriate certification method is ball arithmetic or interval arithmetic with explicit

tail bounds for the integral defining my. High-precision floating-point arithmetic may guide the
computation, but it is not by itself a proof certificate.

Assumption 18.3 (Certificate architecture). The following verification components hold:
(a) finite rectangular verification for all 3 < d < Drect;
(b) fized-small-q, all-d verification for every 2 < q < Qr;

(c) fixed-small-h, all-large-d verification for every 2 < h < Hpg, together with finite checking
below the corresponding Dy,;

(d) transition-band verification for every remaining valid pair (d,q).

Then all cases not covered by the asymptotic bulk, left-edge, and right-edge propositions satisfy

D) > 0.

)

19 Computational certificate diagnostics

This section records numerical and exact-rational diagnostic tests for the certificate architecture
described in Section 18. These computations are not presented as rigorous certificates for the
true de Bruijn moments. Their purpose is more modest: they identify the bottlenecks, test the
stability of the inequalities under perturbations of the moment ratios, and indicate the precision
requirements for a future interval or ball-arithmetic certificate.

All computations in this section use the quantities

. ME_1Mp41
Tk = - o
mj,

computed from high-precision moment data and then, where explicitly stated, converted into
decimal-rational approximations. Thus a statement called “decimal-rational exact” means exact
for the rational numbers obtained after decimal truncation or rounding of the computed 73, not
exact for the true moments.
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19.1 Finite rectangle diagnostics

The finite rectangle component was tested for
4 < d < 360, 2<qg<d-2.

This gives 63903 valid pairs. For decimal-rational approximations of the moment ratios, exact
rational sign evaluation of

d
Ny

gave no failures.
The global minimum in this rectangle occurred at

d=360, q¢=198, h=d—q=162,

with

N ~ 5.39798517353870019 x 10°.

This agrees with the observed bulk bottleneck near q/d = 0.55.
A perturbation stress test was also performed. For each valid pair, the three ratios

Tqg—1, Tq> Tq+1
were independently perturbed at the eight corners
Tk — Te(1 L €).

The finite rectangle remained positive for all corners up to a global relative perturbation radius
approximately
€rect & 9.8683730589 x 107°.

The bottleneck was again
(d,q,h) = (360,198, 162),

with the worst corner
(_17 +1a _1)

applied to
(Tq—1,Tq> Tq+1)-
19.2 Fixed-small-¢q diagnostics

The fixed-small-¢ component was tested for

2 < ¢ < 200.
For each fixed ¢, the quantities
Tq—1; Tqs Tg+1
are independent of d. Therefore
(d)
N, 3,q

is a rational function of d. After replacing the m-values by decimal-rational approximations, the
numerator polynomial P,(d) was computed exactly.
For every
2 < ¢ < 200,

Sturm sequence root counting showed that P,(d) has no real root on the half-line

d>q+2.
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Moreover,
Pyqg+2)>0

and the leading coefficient of P, is positive. The derivative P,(d) also had no real root on
the same half-line in these tests. Hence, for the decimal-rational 7-data, the fixed-q half-line
positivity is exact.

The weakest tested fixed-g case occurred at

g = 199.
The limiting value as d — oo was
N{T ~ 9.58938004057951425 x 1077,

and
199° N9y ~ 7.55701296838.

The same independent corner perturbation test
T — (1 L €)
was applied to each fixed-¢q family. The estimated global perturbation radius over
2 < g <200

was
€small-g ~ 3.0936637755 x 1075,

again with the weakest tested case at
q = 199.

19.3 Fixed-small-h diagnostics

Let
h=d-q.

The fixed-small-h profile was tested for
2 < h <80, d < 360.

For each fixed h, the numerical profile

was positive throughout the available range.
The expected fixed-h limiting value is

(d — o).

For example, at h = 80,
Ni%e) ~ 1.138856664570875 x 1077,

while

— ~3.717458299411526 x 1075,
TP 3.717458299411526 x 10

The tested values remained above the limiting value in the available range.
The perturbation test over the checked fixed-h data gave an estimated radius

€smallh & 1.6306855067 x 1074,
The weakest tested case occurred at
h = 80, d = 360, q = 280,

again with worst corner
(=1,41,-1).
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19.4 Diagnostic conclusion

Combining the three diagnostic components gives the following observed perturbation radii:

component ‘ tested range ‘ weakest point ‘ estimated radius
finite rectangle d < 360 (d,q,h) = (360,198,162) | 9.868 x 10~°
fixed-small-q 2 < g <200 q =199 3.094 x 107

fixed-small-h |2 < h <80, d <360 | (h,d,q)=(80,360,280) 1.631 x 1074
Thus the weakest observed diagnostic radius is
€diag =~ 3.09 x 1075,

This suggests that a future rigorous ball-arithmetic certificate with relative enclosures for the
relevant 7, substantially below 1075, for instance at the level of 10~® or smaller, should have a
large safety margin in the tested regions.

We emphasize again that these computations do not replace a rigorous certificate. A final
proof requires certified enclosures for the moments or moment ratios and interval-valid positivity
checks. The computations above show that the proposed certificate architecture is numerically
well-conditioned in the tested ranges and that the main bottlenecks have been identified.

20 Conditional hard-edge PFj3 theorem

We now state the assembled result.

Conditional Theorem 20.1 (Conditional hard-edge PF3). Assume:
(a) Tau-Weak holds;
(b) the certificate architecture in Section 18 holds.

Then for every valid pair

2<qg<d-2,
one has
Dé‘z >0
Equivalently,
N > 0.

Thus the hard-edge Jensen coefficient sequence satisfies the 3 x 3 solid Toeplitz minor positivity
condition.

Remark 20.2. The conclusion is the 3 x 3 solid-minor part of PF3. A full PF5 statement for
all Toeplitz minors of order at most three would require the corresponding non-solid minors as
well.

Remark 20.3. By the differentiable Laplace framework in Section 17, the differentiable Laplace
estimate provides one proposed route to Tau- Weak. Thus the differentiable Laplace analysis is
not an additional assumption needed for the conditional PF3 theorem once Tau-Weak is assumed;
rather, it is the analytic mechanism proposed for proving Tau- Weak.

Proof. The bulk, left-edge, and right-edge conditional propositions cover the corresponding
asymptotic regimes. The certificate architecture covers the fixed-small-¢g families, the fixed-small-
h families, and the remaining transition-band cases. Hence all valid pairs 2 < g < d — 2 are

covered. Since A, > 0, N3, > 0 is equivalent to D:(,fz > 0. O
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21 High-order Gamma diagnostics and the limitation of direct
finite-d all-order scans

The normalized Toda recurrence gives, for solid Toeplitz minors,
N’I"+1,QNT'71,C] = N7‘2,q - x;anqler’qul-
Equivalently, when N,_1 , and NV, 4 are positive, the next layer is positive precisely when

s NT,(I—INTV(H'l

Igi=x
a = Lq 2
NT’q

<1

This ratio is a useful diagnostic for possible higher-order extensions. For small r, numerical data
suggests the decomposition

Ny 1N,
—logT'y 4 = r(—logzy) — log (’ql’qH>

2
N/r7q

has a positive margin in the bulk.
However, high-order finite-d scans are numerically delicate. The normalized minors may
have size comparable to

so for moderately large r their signs may require thousands of correct digits in the input moments.
Consequently, a negative value obtained from non-certified high-precision floating arithmetic
should not be interpreted as a mathematical counterexample. Agreement between a direct
determinant evaluation and a Toda recurrence is also not, by itself, a certificate, because both
computations may use the same finite-precision moment input.

This point is especially important because, in the classical Jensen—Pélya and Aissen—
Schoenberg—Whitney framework, exact negativity of an appropriate finite Toeplitz minor would
have strong implications for the corresponding Jensen polynomial. Thus the present manuscript
does not claim a certified sign determination for such apparent negative minors. Instead, the
Gamma/Toda computations are used only as diagnostics: they show that direct all-order finite-d
scanning is numerically inaccessible at high r, and they warn against extrapolating the small-r
PF35 mechanism to PF,, without a new uniform principle.

The conclusion is therefore deliberately limited. The normalized Gamma ratio is a useful way
to locate the obstruction to a naive all-order argument, but it is not currently a rigorous PF
mechanism. To go beyond fixed finite order, one would need certified moment enclosures at very
high precision, a stable interval method for high-order determinants, or a different limiting or
continuous total-positivity principle. The present paper remains focused on the PFj layer.

22 Self-check and status of the argument
We record the logical status of the present manuscript.
Proven algebraic identities
The following identities are exact:

N34 = vg - x?lvq,lvqﬂ,

N3q = 2”2 - U;l — (1 —vg)*Ey,

Eq = v,0%q — (A_vg)(A4vy),
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and
Tq = PdgTq-
The explicit formula
d—q  (2¢—1)(29)
d—q+1(2q+1)(2¢+2)

Pd,q =

has also been verified algebraically.

Conditional analytic input

The essential unproved analytic input is Tau-Weak. The proposed route is through a differentiable
Laplace expansion for

M(z) = /000 ®(u)u** du.

This requires uniform control of the saddle approximation and its first four z-derivatives.

Certificate status

The certificate architecture is not fully supplied in this manuscript. Section 19 records certificate-
readiness diagnostics, but the final certificate should be produced by interval or ball arithmetic,
not floating-point numerics. In particular, small-g and small-h = d — ¢ regimes must be treated
as finite families, not merely as finite individual pairs.

Relation to the Riemann hypothesis

This manuscript does not prove the Riemann hypothesis. Even a complete proof of the conditional
PF3 theorem would only establish a finite-order total positivity statement. The Riemann
hypothesis corresponds to an infinite-order phenomenon, requiring positivity of Toeplitz minors
of all orders or another genuinely uniform substitute. A new idea uniform in the order r would
be needed to turn this finite-order program into a route to PF,, and hence to the Riemann
hypothesis.

Submission caveat. At the present stage, the manuscript should not be submitted as an
unconditional PFj3 proof. It is a conditional reduction and certificate blueprint. An unconditional
version requires both an effective proof of Tau-Weak and a rigorous finite certificate.

23 Finite certificate architecture for the unconditional PFj; the-

orem
The analytic part of the argument proves Tau-Weak for all sufficiently large ¢q. This closes the
asymptotic part of the PF3 mechanism. To obtain a fully unconditional finite-order theorem,
one must still certify the finite set of indices not covered by the asymptotic scale decomposition.

This section records the exact finite certificate architecture required for a final unconditional
3 x 3 solid-minor theorem.

23.1 Analytic input
From Theorem 15.3, there exist constants

Co,C1,C2,Q0 >0

such that, for all ¢ > Qq,

0<1,—-1< o ,
qlogq
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Cy Co
q*logq’ ¢*logq
These constants determine the asymptotic cutoffs in the left edge, right edge, and bulk regions.
The PF3 minor is governed by the exact identity

|A7'q| < |A2Tq| <

N34 = 21}2 — ot

q (1 - Uq)ZEq’

where
Eq = v40% — (A_vg)(Atvy),
and
vg =1 — x4, Tqg = PdqTq-

The asymptotic argument proves positivity when the scale parameter
M = min(q,h + 1,d), h=d-q,

is sufficiently large. Thus the only remaining task is finite.

23.2 Certificate regions

The finite certificate is divided into four pieces.

A. Finite rectangle. Choose D¢t large enough so that all cases with
4§d§Drecta 2§qu_2

are checked directly by interval arithmetic.
The certificate must enclose the required moments

mo, My, ..., MDrect

as rigorous intervals, then evaluate each Néf? with outward-rounded interval arithmetic and
verify
Ny > 0.

B. Fixed small ¢q. For each

2<¢<Qr,
the quantities

Tg—15Tq> Tg+1
are independent of d. Hence

d
Ny

is a rational function of d, after replacing the moments by certified interval enclosures.
Equivalently, after clearing positive denominators, the problem becomes positivity of an
interval polynomial on a half-line:

Pyd) >0, d>d,

A rigorous certificate may use one of the following methods:

Sturm sequence with interval coeflicients,
Bernstein positivity on a compact initial range plus tail leading-coefficient check,

or
Arb/ball evaluation on a finite initial range plus exact monotonicity certificate.

This is the cleanest certificate component and should be implemented first.
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C. Fixed small h. For each
2§h<HR7 q:d_hv
one has the asymptotic limit

(d) 2
Noah = iy Pthe2)

0.

The certificate must prove that this positive limit dominates the finite-d error for all
d > Dh7

and then check the finite range
d < Dy,

by interval arithmetic.
This part depends more directly on the effective constants in Tau-Weak, because ¢ = d —h —
0.

D. Transition band. After the left-edge, right-edge, and bulk cutoffs are fixed, the remaining
transition band is finite. The cutoffs must be chosen so that the regions tile the full range

2<qg<d-2.
That is, no infinite strip of the form

QrL<g<ed
or

HR S h S ed

may remain uncovered.

Once the cutoffs tile the domain, every remaining transition case lies inside a finite rectangle
and is included in Part A.
23.3 Minimal publishable certificate package

A final unconditional PF3 paper should include:

’ 1. Moment interval enclosures for all required my. ‘

’2. A finite rectangle interval certificate. ‘

’3. A fixed-small-q half-line certificate. ‘

’4. A fixed-small-h asymptotic-plus-finite certificate. ‘

’ 5. A tiling lemma proving no transition region is left uncovered. ‘

The numerical diagnostics already performed strongly suggest that the certificate margins
are positive. However, decimal-rational diagnostics are not a proof. The final certificate must be
performed with rigorous interval or ball arithmetic.

Theorem 23.1 (Conditional-to-certificate PF3 completion). Assume:
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1. the analytic Tau-Weak theorem, Theorem 15.3;
2. explicit effective constants Cy, C1,Co, Qo;
3. a rigorous finite certificate covering regions A—D above.

Then all hard-edge 3 x 3 solid Toeplitz minors in the considered Jensen/de Bruijn moment family
are strictly positive:
d
%;>0
for every admissible pair (d,q).

Remark 23.2. The theorem above is the exact bridge from the analytic manuscript to a final
unconditional PF3 theorem. The only remaining non-analytic work is the certificate package.
Once the package is produced and attached as an appendiz or machine-checkable supplement, the
PF5 paper becomes a complete finite-order total-positivity result.

24 Toward the complete unconditional PF; theorem

This section rewrites the preceding analysis in the form of a complete-proof target. The analytic
part of the proof is supplied by Theorem 15.3. The remaining non-asymptotic part is a finite,
machine-verifiable certificate.

The goal is the unconditional statement:

N

q

>0 for every admissible pair (d, q).

24.1 Main theorem in certificate-final form

Theorem 24.1 (Hard-edge PF3, certificate-final form). Assume the following two verified
components.

1. Analytic component. The Tau-Weak theorem, Theorem 15.3, holds with effective
constants

Co, C1,C2, Qo.

2. Finite certificate component. The finite certificate package in Proposition 24.2 has
been verified by rigorous interval or ball arithmetic.

Then the normalized 3 x 3 hard-edge solid Toeplitz minors are strictly positive:
(d)
N3, >0
for every admissible pair
d >4, 2<qg<d-2.

Consequently the corresponding hard-edge Jensen/de Bruijn coefficient family satisfies the PFj
condition.

Proof. The proof is a domain decomposition.
Let
M = min(q,h + 1,d), h=d-gq.

For large M, Theorem 15.3 supplies




C C
ATy < oy A <
q*logq q*logq
Together with the exact factorization
Lq = PdqTq vg =1 =g,

these bounds imply the three scale estimates
vy < M7, Av, = O(M™?), A%y, = O(M™3)

in the bulk, left-edge, and right-edge asymptotic regions.
The exact determinant identity

N3 g = 2”2 - v;l — (1 —vg)*Ey,

with
Eq = 040%0 — (A—vg)(A4vy),

then gives

and therefore
N3g =203+ O(M™%).

Since v, < M1, the leading term satisfies
208 < M.

Hence, for all sufficiently large M,
N: 3,g > 0.

The effective constants determine explicit cutoffs
M > M07

and therefore leave only a finite complement in the (d,q)-domain. This finite complement
is exactly covered by Proposition 24.2. Hence every admissible pair is covered either by the
asymptotic argument or by the finite certificate. This proves the theorem. O

24.2 Finite certificate proposition

Proposition 24.2 (Finite PFj3 certificate package). The following finite data are sufficient to
complete the unconditional PF3 theorem.

1. Moment enclosures. Rigorous interval enclosures for all moments
mo, My, ..., MK
needed by the finite certificate.

2. Finite rectangle certificate. A rigorous interval verification of

(d)
N37q >0
for every pair in the finite rectangle

4 < d < Drect,s 2<¢g<d-2.
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3. Fized-small-q half-line certificate. For each

2<q<Qr,
a rigorous proof that
N >0
for all
d > dy.

FEquivalently, after clearing positive denominators, the corresponding interval polynomial
in d is positive on the half-line.

4. Fixed-small-h certificate. For each
2§h<HR7 q:d_h7

a rigorous proof that

(d)
N3,d7h >0

for all
d > Dy,
together with finite interval checks for d < Dy,.

5. Transition tiling certificate. A lemma showing that the bulk, left-edge, right-edge, and
finite rectangle regions tile the full admissible domain

d =>4, 2<qg<d-2.

Remark 24.3. This proposition is intentionally stated as a certificate interface. It is not a
heuristic numerical claim. In the final version, each item must be accompanied by either an
appendiz table, an Arb/ball-arithmetic certificate, a Sturm/Bernstein certificate, or a machine-
checkable script with reproducible output.

24.3 What remains before the word “unconditional” is allowed

At the present stage, the manuscript supplies the analytic proof of Tau-Weak and the algebraic
reduction of PF3. It does not yet contain the verified certificate data required by Proposition 24.2.
Therefore the honest current status is:

Analytic proof complete; finite certificate pending.

The word “unconditional” should be used only after the certificate package has been produced
and independently checked.

24.4 Recommended next implementation order

The finite certificate should be produced in the following order.

1. Fixed-small-q half-line certificate.

This is the cleanest part because, for fixed g,

Tqg—1,Tq> Tg+1

d)

are independent of d, and N:,E o reduces to rational positivity in d.
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’ 2. Finite rectangle interval certificate. ‘

This is purely mechanical once moment interval enclosures are available.

’ 3. Fixed-small-h certificate. ‘

This uses the right-edge limit

©) 2
N3 gp— T 12(h+2) > 0.

4. Transition tiling lemma. ‘

This is the final bookkeeping step connecting the analytic cutoffs with the finite certificate.

25 Conclusion

We have organized a conditional and certificate-oriented proof program for the hard-edge PFj3
layer associated with the de Bruijn moments of the Riemann =-function. The central algebraic
reduction is exact:

Niq =203 — vy — (1 — vy)°E,.

The factorization
Vg =1 — payTq

separates the rational hard-edge geometry from the analytic moment-ratio sequence. Under

weak effective estimates for
Mg—1Mg+1

2
my

Ty = ,
the positivity of N3, follows in the bulk and both edge regimes by a unified leading positivity
mechanism. The remaining verification splits into finite-pair checks and finite-family checks,
organized by the certificate architecture.

At its current stage, the manuscript should be read as a conditional reduction plus a rigorous-
computation blueprint. The two remaining obligations are an effective proof of Tau-Weak,
organized in Section 7, and an interval or ball-arithmetic certificate for the finite regimes. The
first saddle-location and curvature tasks are proved in Section 8, and the kernel-tail separation
is proved in Section 9; the differentiated Laplace remainder is isolated in Section 10, with
the non-differentiated j = 0 correction proved in Sections 11-12. The uniform differentiated
mechanism for j < 4 is recorded in Section 14; the remaining analytic task is to make the
constants effective and align them with the finite certificate.

The present PF3 mechanism is strongly tied to the special identity

N3g = 2”2 - U;l — (1 —vg)*Ey,

and therefore should not be assumed to extend automatically to higher Toeplitz orders. In
particular, the passage from fixed r to PF requires a new principle uniform in r, which is not
supplied in this manuscript.

The main analytic task is now precise: prove the differentiable Laplace error estimate for
s(z) = log M (z) up to the fourth derivative. This would imply Tau-Weak and complete the
non-certificate part of the PFj3 program. To move from this finite-order program toward the
Riemann hypothesis, one would still need a new principle that is uniform in the Toeplitz order
r, or an alternative mechanism capable of reaching PF.

69



A Machine certificate appendix for PFj3

This appendix specifies the rigorous certificate package required to convert Theorem 24.1 from
certificate-final form into a fully unconditional PF3 theorem.

At the present stage this appendix is a certificate interface. The final version must replace the
placeholder status entries below by actual interval/ball-arithmetic output files and verification
logs.

A.1 Certificate manifest

A complete PFj certificate consists of the following machine-checkable files.

File Purpose Required status

pf3_moment_balls.csv Rigorous enclosures for myg, ..., mg | PASS
pf3_fixed q certificate.csv | Half-line certificates for fixed small ¢ | PASS
pf3_rectangle certificate.csv | Finite rectangle interval verification | PASS
pf3_fixed h certificate.csv | Right-edge fixed-small-h certificates | PASS
pf3_tiling parameters.json | Cutoffs and domain-covering data PASS
pf3_verification report.txt | Human-readable summary PASS

The final paper must include either these files as ancillary material or a reproducible archive
from which they are generated.

A.2 Moment-ball certificate

The file p£3_moment _balls.csv must contain, for every required moment index j,

mj € [my,mJ],

with outward-rounded interval endpoints. The required columns are:

j, lower, wupper, radius, method, status.

The moment intervals must be strong enough to evaluate every occurrence of

_ Mg—1Mg41
=
q

needed by the finite certificate.

A.3 Fixed-small-¢ half-line certificate

For fixed ¢, the values
Tg—15Tq> Tg+1
do not depend on d. Thus
Ny
is a rational function of d whose coefficients lie in certified intervals.
After clearing all positive denominators, the verifier must certify

P,(d) >0 for all d > d,.
The file pf3_fixed _q_certificate.csv must contain:
q, d_start, degree, method, root_count_halfline, Ilower_tail_ bound, status.
Acceptable verification methods include:

Sturm sequence, Bernstein positivity, exact rational interval certificate.
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A.4 Finite rectangle certificate
The finite rectangle certificate verifies

d)

N?E’q >0

for every pair
4§d§Drect7 QSQSd—Q-

The file pf3_rectangle _certificate.csv must contain at least:
d, q, lower N3, upper_N3, status.
The verifier must confirm:

. d
min lower(Né )) > 0.
4<d< Dyect, 2<q<d—2 a

A.5 Fixed-small-h certificate

For fixed
h=d- q,

the right-edge asymptotic gives

9
N9 .
3dh " (A 12(h12) 0

The certificate must give, for each
2 < h < Hp,

an explicit Dy, such that
NP >0 foralld> Dy,

All remaining cases d < Dj, must be covered by interval rectangle checks.
The file pf3_fixed h _certificate.csv must contain:

h, D.h, 1limit, error_bound, finite_tail_checked, status.

)

A.6 Transition tiling certificate

The tiling certificate must prove that the chosen cutoffs leave no uncovered infinite transition
strip. It records the parameters

Drect, Qr, Hr, €buk, Mo.
The file pf3_tiling parameters.json must assert and verify that every admissible pair
d>4, 2<q¢<d-2
belongs to at least one of the following regions:

finite rectangle, fixed-small-q, fixed-small-h, bulk/edge asymptotic region.
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A.7 Verifier theorem

Proposition A.1 (Certificate verifier implication). Assume that the files listed in Section A.1
are present and that the verifier returns
PASS

for each certificate component. Then the finite certificate component in Theorem 24.1 holds.

Proof. The verifier checks the four finite certificate regions and the tiling certificate.

The finite rectangle file proves positivity for all pairs in the rectangle. The fixed-small-q
file proves positivity on every required half-line d > d,. The fixed-small-h file proves positivity
on every required right-edge half-line d > Dy, with the remaining finite tails covered by the
rectangle check. The tiling file proves that these certified regions, together with the asymptotic
region supplied by Theorem 15.3, cover the entire admissible domain.

Therefore every admissible (d, q) is covered by at least one positivity proof, and the finite
certificate component is verified. ]

A.8 Current certificate status

The certificate interface is now specified, but the rigorous certificate files have not yet been
generated. Therefore the manuscript must retain the status

Analytic proof complete; rigorous finite certificate pending.

until the verifier output is attached.
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