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Abstract. A numerical-analytical method for optimizing multi-stage high-risk neuroblastoma therapy is proposed, based 

on the differential transform method and a terminal control framework. The mathematical model of the “tumor-neuropil-

immunity-pharmacokinetics” system is formulated in spectral form, enabling optimal control synthesis without numerical 

integration of the system of differential equations. The proposed approach yields a compact recurrent representation of 

the dynamics, an analytical form of the optimal control law, and a closed-loop control algorithm robust to parameter 

perturbations and individual patient responses. It is shown that the method provides significant computational acceleration 

compared to gradient-based optimization, making it suitable for near-real-time clinical decision support systems. 
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1. Introduction 

High-risk neuroblastoma remains one of the most aggressive solid tumors of childhood, and treatment efficacy is largely 

determined by the ability to maintain a balance between anti-tumor activity and preservation of a functional immune 

response [1,2]. Standard chemotherapy protocols are based on fixed dosing regimens that do not account for the individual 

dynamics of the "tumor-immunity-pharmacokinetics" system and its pronounced nonlinearity and non-stationarity [3,4]. 

This limits the possibility of personalized therapy and increases the risk of toxic complications, which is critically 

important in pediatric oncology [2]. 

Contemporary studies demonstrate that the tumor microenvironment, in particular the level of tumor-infiltrating 

lymphocytes (TIL), immune activity, and transcriptomic subtypes, constitute key prognostic factors for neuroblastoma 

[5-8]. This has stimulated the development of mathematical models capable of describing the interaction of tumor cells, 

immune response, and cytostatic pharmacokinetics. Early approaches based on competitive Lotka-Volterra-type models 

described tumor-immune cell interactions but did not account for the complexity of the tumor microenvironment. Further 

development was achieved by immunological models, including the Wilkie-Hahnfeldt system and immune checkpoint 

models, which formalize mechanisms of immune surveillance, cytotoxic activity, and immune evasion [9-11]. In parallel, 

pharmacokinetic and pharmacodynamic (PK/PD) models were developed that describe absorption, distribution, and 

elimination of cytostatics and allow evaluation of toxicity and therapeutic effect in pediatric patients [12-15]. Hybrid 

models combine these approaches, integrating immune response, pharmacological effects, and tumor microenvironment 

[9-11]. 

Despite significant progress, most existing models focus on dynamic analysis rather than control synthesis. Dosing 

optimization is typically performed by numerical methods, which are computationally expensive, sensitive to parametric 

uncertainty, and do not yield an analytical control form suitable for clinical application. Optimal control methods, 

including the Pontryagin maximum principle, dynamic programming, and Hamilton-Jacobi-Bellman equations, are 

actively applied to anti-tumor therapy optimization [16-20]. However, their practical use in biomedical models is 

substantially limited: optimality conditions take the form of implicit high-dimensional nonlinear systems, numerical 

algorithms are slow and sensitive to parametric uncertainty, and the resulting strategies rarely have a closed analytical 

form suitable for real-time application [16,17]. Furthermore, in a number of works the immune response is erroneously 

treated as a controlled variable, whereas it is an internal physiological process that should be regarded as a constraint 

rather than an optimization target [9-11]. Most existing approaches also fail to account for the time-varying nature of 

therapy parameters, although clinically the "tumor–immunity–pharmacokinetics" system dynamics are substantially non-

stationary. 

The differential transform method (DTM) has been extensively developed and applied in nonlinear system modeling and 

control [21-23], and its extensions have recently been explored in biomedical and physiological modeling [24-27]. These 

studies have demonstrated that spectral representations provide stable and computationally efficient approximations for 

nonlinear biological dynamics, motivating their use in optimal therapy design. However, in its classical form DTM 

contains no mechanisms for control synthesis and does not incorporate terminal constraints, which limits its application 

to optimal dosing problems. 

The approach proposed in this work represents an example of interdisciplinary technology transfer: methods developed 

for nonlinear systems with terminal constraints have been adapted to problems of mathematical oncology. In nonlinear 

terminal control problems, program parameters are determined through spectral coefficients of differential transforms; 



the same principle is transferred to multi-phase therapy, where each stage has its own target states and constraints. Such 

a transfer makes it possible to obtain analytical formulas for therapeutic intervention parameters and provides the high 

computational efficiency required for clinical applications [28-32]. 

In this work, a numerical-analytical method for synthesizing multi-stage terminal control for the "tumor-immunity-

pharmacokinetics" system is proposed, combining the spectral properties of DTM with a terminal control framework. 

Optimization is performed under the criterion of minimizing tumor mass, while drug concentration and immune response 

are treated as pharmacological and physiological constraints, respectively. 

2. Mathematical Model and Parametrization 

As the controlled plant we consider the mathematical model of neuroblastoma of "tumor–neuropil–immunity" type with 

drug pharmacokinetics: 

с̇ = −𝑘𝑒𝑐 + 𝑘𝑎𝑢(𝑡), (1) 

𝑥̇ = 𝛼𝑥 (1 −
𝑥

𝐾
) − 𝛽𝑥𝑝 − 𝜅𝑥𝑧 − 𝛾𝑐𝑥, (2) 

𝑝̇ = 𝜇𝑥 − 𝛿𝑝, (3) 

𝑧̇ = 𝜎𝑥 − 𝜆𝑧 − 𝜑𝑐𝑧, (4) 

where 𝑥(𝑡) is the density of tumor cells (neuroblasts), 𝑝(𝑡) is the neuropil density, 𝑧(𝑡) is the intensity of the immune 

response, 𝑐(𝑡) is the drug concentration, and 𝑢(𝑡) is the therapeutic input (chemotherapy intensity). The parameters 

𝛼, 𝛽, 𝜅, 𝜇, 𝛿, 𝜆, 𝐾 are determined by morphometric and immunological characteristics of the tumor [33-36]. The control 

𝑢(𝑡) acts as a proliferation inhibitor, reducing the mitotic activity of tumor cells. Equation (1) corresponds to a single-

compartment pharmacokinetic model with linear elimination [12]. 

To ensure clinical relevance, the parameters of model (1)-(4) are not arbitrary but are determined from the morphological 

and immunological characteristics of the tumor according to the Shimada classification [37]. As shown in [34], each 

system coefficient is a function of clinical markers: the nuclear-to-cytoplasmic ratio (RNC), mitotic–karyorrhectic index 

(MKI), neuropil density (𝜂), and TIL level. In particular: 

• 𝛼 (proliferation rate) and 𝐾 (carrying capacity) are modulated by morphometric indices of atypia and stromal 

maturity [33-36,38,39]. 

• Immune response parameters (𝜅, 𝜎) depend directly on the TIL index [5,8]. 

• Depletion and toxicity parameters (𝜆, 𝛿, 𝛾, 𝜑) are determined by the integral systemic stress index (𝑆) [12-15]. 

This approach allows the system (1)-(4) to be interpreted as a parametrized digital twin of the patient, since all model 

coefficients are directly determined by clinical markers. For numerical computations, all clinical input indicators are 

normalized to the interval [0,1], which ensures computational stability of the spectral models [21-23]. 

3. Multi-Stage Terminal Control Problem Formulation 

The entire multi-stage treatment process on the interval [𝑡0, 𝑇] is partitioned into 𝑟 prescribed time intervals (therapy 

stages). We assume that within each interval the state vector variables are continuous, while discrete changes in 

parameters or intervention intensity occur at interval boundaries: 

𝑇𝑖 = 𝑡𝑖 − 𝑡𝑖−1, 𝑖 = 1, 𝑟, ∑ 𝑇𝑖 = 𝑇𝑟
𝑖=1 , 

where 𝑇 is the total duration of the controlled therapy process, which depending on the clinical problem statement may 

be fixed according to a medical protocol or left free for optimization of the time resource for reaching the terminal goal. 

On each time interval, the state dynamics of the controlled plant are described by the vector differential equation: 
𝑑𝑥𝑖

𝑑𝑡
= 𝑓𝑖(𝑡, 𝑥𝑖 , 𝑢𝑖 , 𝜉𝑖), 𝑥𝑖(𝑡𝑖−1) = 𝑥𝑖

0, 𝑖 = 1, 𝑟.  (5) 

where 𝑥𝑖 is the 𝑛-dimensional state vector (tumor density, immunity level, etc.); 𝑢𝑖 is the 𝑚-dimensional control vector 

(drug infusion rate); 𝜉𝑖 is the ℓ-dimensional disturbance vector (individual response, systemic stress); 𝑓𝑖 is a vector-

function of generalized forces that is continuous and continuously differentiable with respect to the variable 𝑡, 𝑥𝑖 , 𝑢𝑖, 𝜉𝑖 on 

each time interval; and 𝑡 ∈ (𝑡𝑖 − 𝑡𝑖−1) is the current (local) time within the 𝑖-th interval. 

The terminal control problem consists of transferring the system from the prescribed initial state 𝑥𝑖(𝑡0) = 𝑥𝑖0
 to the 

terminal state 𝑥𝑟(𝑇), specified at 𝑡 = 𝑇 by the 𝑞-dimensional (𝑞 ≤ 𝑛) equation: 

𝑆[𝑥𝑟(𝑇), 𝑇] = 0   (6) 

The effectiveness of the treatment process is evaluated by the quality functional: 

𝐼 = 𝐺[𝑥𝑟(𝑇), 𝑇] + ∑ ∫ 𝛷𝑖(𝑡, 𝑥𝑖 , 𝑢𝑖, 𝜉𝑖)𝑑𝑡,
𝑇

𝑡0

𝑟
𝑖=1   (7) 

where the prescribed functions 𝐺 and Ф𝑖 have continuous partial derivatives with respect to 𝑥𝑖 , 𝑢𝑖 , 𝜉𝑖 on each time interval 

and define the criteria for minimizing tumor mass subject to constraints on systemic toxicity. Constraints on state and 



control vectors are incorporated directly into the structure of functional (7) via corresponding weighting coefficients or 

penalty functions. 

According to the multi-stage control concept, the matching of boundary and initial conditions at therapy stage transitions 

(e.g., from induction to consolidation) is achieved through prescribed boundary conditions: 

𝜑𝑖[𝑥𝑖(𝑇𝑖), 𝑥𝑖+1
0 ; 𝑢𝑖( 𝑇𝑖), 𝑢𝑖+1

0 ; 𝑇𝑖] = 0, 𝑖 = 1, 𝑟.  (8) 

The multi-stage terminal control problem (5)-(8) is solved sequentially. First, the optimal control 𝑢1(𝑡) is determined on 

the first interval 𝑡0 ≤ 𝑡 ≤ 𝑡1 with initial condition 𝑥1(𝑡0) = 𝑥10
. The computed state vector at the end of the stage, 𝑥1(𝑡1), 

becomes the initial condition for the second stage on [𝑡1, 𝑡2]. The resulting state trajectory 𝑥(𝑡) and control function 𝑢(𝑡) 

are continuous everywhere on [𝑡0, 𝑇] and at junction points. Continuing this process yields a continuous piecewise-

differentiable solution of (5) and the corresponding optimal control that, subject to the differential constraints (5), 

boundary conditions (6), and junction conditions (8), optimizes functional (7) in the absence of disturbances [40]. 

However, in real clinical conditions, the influence of unpredictable environmental factors and the individual physiological 

response 𝜉𝑖(𝑡) may lead to substantial terminal errors, either failure to achieve the required tumor destruction or exceeding 

the toxicity threshold, at the final time of the programmed control 𝑢 = 𝑢(𝑡). To compensate for these disturbances, a 

feedback control law 𝑢 = 𝑢(𝑥, 𝑡) is synthesized, which at each moment 𝑡 uses information about the actual current state 

𝑥(𝑡) of the biosystem. Feedback control ensures that the system can be driven from an arbitrary perturbed state to the 

prescribed terminal state even in the presence of disturbances. The synthesis of a feedback law 𝑢 = 𝑢(𝑥, 𝑡) can be 

performed using dynamic programming [41], although this approach suffers from the curse of dimensionality, requiring 

extremely large memory resources even for systems of modest dimension. 

4. Determination of Optimal Control 

We apply the DTM to the multi-stage optimal control problem for a biosystem (the neuroblastoma therapy process). 

Differential transforms replace continuous-argument functions 𝑥(𝑡) with discrete-argument functions  𝑋(𝑘), 𝑘 = 0,1,2, .., 

according to [21,22]: 

𝑥(𝑡) = 𝑋(𝑘) =
ℎ

𝑘

𝑘!
[

𝑑𝑘𝑥(𝑡)

𝑑𝑡𝑘 ]
𝑡=𝑡0

,  (9) 

where 𝑥(𝑡) is a real analytic function of a real argument, 𝑋(𝑘) is a discrete function of the integer argument 𝑘, called the 

differential spectrum of 𝑥(𝑡) at 𝑡 = 𝑡0, and ℎ is a scaling constant with the dimension of time. The underline symbol 

denotes the differential transform operator. 

Models obtained via (9) are referred to as spectral models. We assume that all control functions within each time interval 

of problem (5)-(8) are analytic, while first-order discontinuities may occur at interval boundaries. 

The synthesis of the optimal multi-stage feedback control is performed using the closure method applied to the optimal 

programmed control 𝑢 = 𝑢(𝑡) for an arbitrary current state of the biosystem [22]. First, we consider the undisturbed 

(nominal) dynamics of the system. On each 𝑖-th stage of the control process, we choose the structure of the programmed 

control 𝑢𝑖(𝜏, 𝐴𝑖) from the class of analytic functions, where 𝐴𝑖 = (𝑎𝑖1
,  𝑎𝑖2

,   . . .  𝑎𝑖𝑛
) is the vector of free parameters and 

𝜏 is the local time. 

The differential transformation of 𝑢𝑖(𝜏, 𝐴𝑖) at ℎ = 𝑇𝑖, 𝜏 = 0 gives: 

𝑢𝑖(𝜏, 𝐴𝑖) = 𝑈𝑖(𝑘, 𝐴𝑖) =
𝑇𝑖

𝑘

𝑘!
[

𝑑𝑘𝑢𝑖(𝑡𝑖−1+𝜏,𝐴𝑖)

𝑑𝑡𝑘 ]
𝜏=0

.  (10) 

The vector differential equation (5) is represented in the image domain as the spectral model: 

𝑋𝑖(𝑘 + 1, 𝐴𝑖, 𝑋𝑖
0) =

𝑇𝑖

𝑘+1
𝑓𝑖[𝑇𝑖 , 𝑋𝑖(𝑘, 𝐴𝑖, 𝑋𝑖

0), 𝑈𝑖(𝑘, 𝐴𝑖)],  (11) 

𝑋𝑖(0) = 𝑋𝑖
0(𝐴𝑖−1, 𝐴𝑖−2, . . . , 𝐴1) ; 𝑋1( 0) = 𝑋1

0 = 𝑥0 ; 𝑖 = 1, 𝑟. 
 

Spectral model (11) is universal and can be applied to biosystem control problems of varying complexity. Since 

differential transformations (9) constitute an exact operational method for analytic functions, model (11) introduces no 

additional discretization error at the formula level and potentially yields a locally exact approximation to the solution 

of (5). This spectral model is a recurrent expression that makes it possible to construct the differential spectrum 

𝑋𝑖(𝑘, 𝐴𝑖 , 𝑋𝑖
0) of the state vector 𝑥𝑖(𝑡) from the differential spectrum (10) of the control function 𝑢𝑖(𝜏, 𝐴𝑖). 

We use the property of differential transforms stating that the algebraic sum of all components (discretes) of the 

differential spectrum of any analytic function at 𝑡 = 𝑡𝑣 is equal to the zero-order discrete of the differential spectrum at 

𝑡𝑣+1 = 𝑡𝑣 + ℎ, or equivalently, to the value of the original function at the same point. 

∑ 𝑋𝑣(𝑘) = 𝑋𝑣+1(0) = 𝑥(𝑡𝑣 + ℎ)∞
𝑘=0 .  (12) 

From relation (12), taking 𝑡𝜈 = 𝑡𝑖−1 and ℎ = 𝑇𝑖 , we obtain the state vector at the end of each 𝑖-th time interval of the 

control process: 

 



𝑥𝑖(𝑇𝑖 , 𝐴𝑖, 𝑥𝑖
0) = ∑ 𝑋𝑖(𝑘, 𝐴𝑖 , 𝑋𝑖

0), 𝑖 = 1, 𝑟∞
𝑘=0 .  (13) 

The terminal condition (6) for the whole process, accounting for junction conditions (8) and expression (13), takes the 

form: 

𝑆[𝐴1, 𝐴2, . . . , 𝐴𝑟] = 0.  (14) 

This boundary condition implicitly defines 𝑞 components of the free-parameter vector 𝐴𝑖, 𝑖 = 1, 𝑟  for each 𝑖-th interval, 

and 𝑞𝑟 components for the entire process, as functions of 𝑇𝑖  and 𝑥𝑖
0. 

Applying the differential transforms (9) to functional (7), considering the differential spectra (10) and (11), allows us to 

represent this functional as a function of the free-parameter vectors 𝐴𝑖: 

𝐼(𝐴1, 𝐴2, . . . , 𝐴𝑟) = 𝐺[𝐴1, 𝐴2, . . . , 𝐴𝑟] + ∑ 𝑇𝑖 ∑
𝛷𝑖[𝑇𝑖,𝑋𝑖(𝑘,𝐴𝑖,𝑋𝑖

0),𝑈𝑖(𝑘,𝐴𝑖)]

𝑘+1

∞
𝑟=0

𝑟
𝑖=1 .   (15) 

The necessary optimality conditions for functional (15) yield a system of equations for determining the remaining 𝑛 − 𝑞 

components of the free-parameter vectors for each 𝑖-th time interval, and (𝑛 − 𝑞)𝑟 components for the entire control 

process [42]: 
𝜕𝐼(𝐴1,𝐴2,...,𝐴𝑟)

𝜕𝑎𝑖𝑗
= 0 ;    𝑖 = 1, 𝑟 ;    𝑗 = 𝑞 + 1, 𝑛.  (16) 

A complete mathematical analysis of the convergence of the spectral model (11), the existence and uniqueness of the 

solution of systems (14) and (16), as well as error estimates for the optimal control, is presented in a separate publication 

[43]. In this article, we focus on the applied aspect of the method and its use in the problem of multi-stage neuroblastoma 

therapy. 

The resulting nonlinear system of equations (14) and (16) implicitly defines all components of the free-parameter control 

vector 𝐴 = (𝐴1,  𝐴2,   . . . ,  𝐴𝑟) as functions of the arbitrary initial state vector 𝑥𝑜 = 𝑥𝑖(𝑡𝑖0
). Thus, an implicit nonlinear 

relationship is established between the optimal programmed control 𝑢[𝑡, 𝐴(𝑇, 𝑥0)], the initial state 𝑥0 = 𝑥𝑖(𝑡𝑖0
), the initial 

time 𝑡𝑖0
, and the total duration 𝑇 of the multi-stage control process. 

A formal analysis of the convergence of the spectral model (11) and the local solvability of systems (14) and (16) is given 

in [43]. In this article, we focus on the practical implementation of the method and its application to multi-stage 

neuroblastoma therapy. 

In the presence of disturbances, the obtained programmed control cannot be applied over the entire time interval 𝑇, 

because it is valid only at the initial moment 𝑡𝑖0
. Therefore, the differential transforms (9) make it possible to obtain, in 

analytical form, the system of equations (14) and (16) for arbitrary values of the initial state 𝑥0 = 𝑥𝑖(𝑡𝑖0
), the initial time 

𝑡𝑖0
, and the duration 𝑇 of the multi-stage control process. 

When disturbances act on the system, the object continuously deviates from the optimal programmed trajectory. In this 

case, the control 𝑢[𝑡, 𝐴(𝑇, 𝑥)] is computed from systems (14) and (16) for the current values of time 𝑡 and state 𝑥(𝑡). 

Thus, continuous-time solution of systems (14) and (16) forms the closed-loop multi-stage terminal control law 𝑢 =

𝑢(𝑡, 𝑥). Solving systems (14) and (16) at each current moment 𝑡 and state 𝑥(𝑡) of the disturbed dynamic object 

continuously yields the control 𝑢 = 𝑢(𝑡, 𝑥), which links the current state 𝑥(𝑡) with the terminal conditions (6). In the 

closed-loop mode, only the current value of the control 𝑢[𝑡, 𝐴(𝑇, 𝑥)] is applied, and at the next moment it is recomputed 

from systems (14) and (16). This provides flexible adaptation of the optimal trajectory to unknown disturbance factors 

𝜉(𝑡). 

If, in addition to the optimal programmed control vector, it is necessary to determine the components of the state vector 

𝑥𝑖(𝜏, 𝐴𝑖), they can be obtained from the differential spectrum (11) in the form of truncated Taylor series, or via inverse 

differential transforms in the form of Legendre polynomials, Chebyshev polynomials, Fourier series, or combinations of 

various approximating functions [21,22]. The free parameters of the approximating functions are determined by matching 

the differential spectra of the state components with the differential spectra of the approximating functions. 

It should be noted that the efficiency of the constructed model decreases as the dimension of the free-parameter control 

vector increases. Therefore, in practical problems it is advisable to restrict the dimension of this vector. It is also necessary 

to verify the existence of an extremum of functional (15) using sufficient optimality conditions. 

5. Synthesis of the Optimal Control Algorithm 

The proposed numerical-analytical method enables construction of an optimal anti-tumor drug administration algorithm. 

The core idea is the transfer of control principles developed for complex aerodynamic objects (specifically, airships during 

ascent) to the dynamics of biological systems. 

In clinical oncology, neuroblastoma treatment is a strictly structured process consisting of sequential phases: induction, 

intensification, and consolidation. Each phase has unique target states and physiological constraints. Mathematically, this 

is justified by the time variation of system (1)-(4) parameters: proliferation coefficient 𝛼, immune cytolysis 𝜅, and 



systemic stress 𝑆 are not static but evolve under treatment. Accordingly, partitioning the therapy trajectory into distinct 

stages is not only clinically necessary but also mathematically natural for handling system non-stationarity. 

This stage-wise decomposition is also required because the system parameters (𝛼, 𝜅, 𝑆) are non-stationary and evolve 

during therapy, which mathematically necessitates treating each phase as a separate terminal control segment. 

 

5.1. Structure of Controlled Therapy Stages 

 

Analogously to aerostatic vehicle ascent stages, three key control segments are identified: 

• Stage 1 (𝑖 = 1): Cytoreduction phase (Induction). Target: maximum rapid reduction of tumor mass 𝑥(𝑡). 

Dynamics: direct cytotoxic action 𝛾𝑐𝑥 dominates; the system is under high load, analogous to initial aircraft 

acceleration. 

• Stage 2 (𝑖 = 2): Immunomodulation phase. Target: state stabilization and activation of immune response 𝑧(𝑡) (TIL 

activity). Dynamics: parameters 𝜎 and 𝜅 increase; nonlinear competition arises between immune tumor suppression 

and toxic immune depletion, analogous to the transitional thrust-vector regime. 

• Stage 3 (𝑖 = 3): Minimal residual disease control (Consolidation). Target: maintenance of a critically low tumor 

cell level with minimal systemic toxicity. Dynamics: the system becomes hypersensitive to small control changes, 

requiring high prediction accuracy analogous to precision maneuvering. 

As the control, we adopt the drug infusion rate 𝑢(𝑡) given as a linear program in time: 

𝑢𝑖(𝑡) = 𝑎0𝑖
+ 𝑎1𝑖

𝑡,  (17) 

Where 𝑎0𝑖
, 𝑎1𝑖

 are free parameters to be determined for each 𝑖-th therapy stage. 

As the quality criterion for each stage we adopt: 

𝐼𝑖 = 𝑥𝑖(𝑇𝑖), (18) 

i.e., tumor mass is minimized at the end of the 𝑖-th stage subject to prescribed terminal constraints on immune response 

and drug concentration. The analogue of a "critical failure" in aerospace systems corresponds to irreversible 

immunosuppression or critical intoxication in neuroblastoma biodynamics, rendering further treatment impossible. 

In general, the choice of the functional reflects the need to balance therapeutic efficacy against systemic toxicity, which 

is critical due to the narrow therapeutic window of cytotoxic drugs. 

The terminal control problem on the 𝑖-th stage consists of transferring the system from initial conditions 

𝑥𝑖(0) = 𝑥𝑖0, 𝑧𝑖(0) = 𝑧𝑖0, 𝑐𝑖(0) = 𝑐𝑖0  (19) 

to prescribed terminal states 

𝑥(𝑇𝑖) = 𝑥𝑇𝑖
, 𝑧(𝑇𝑖) = 𝑧𝑇𝑖

, 𝑐(𝑇𝑖) = 𝑐𝑇𝑖
  (20) 

achieving the minimum of functional (18). 

 

5.2. Spectral Model and Spectral Coefficients 

 

To determine the terminal control algorithm, we compute the spectral coefficients (discrete components) of the differential 

spectra of the "drug–tumor–immunity" model (1)-(4). Applying the general spectral model (11) to system (1)-(4) yields 

the recurrence relations: 

𝑋(𝑘 + 1) =
ℎ

𝑘+1
𝑓𝑥[𝑋(𝑘), 𝑍(𝑘), 𝐶(𝑘), 𝑈(𝑘), 𝑡], 𝑋(0) = 𝑥0,  (21) 

𝑍(𝑘 + 1) =
ℎ

𝑘+1
𝑓𝑧[𝑋(𝑘), 𝑍(𝑘), 𝐶(𝑘), 𝑡], 𝑍(0) = 𝑧0, (22) 

𝐶(𝑘 + 1) =
ℎ

𝑘+1
𝑓𝑐[𝐶(𝑘), 𝑈(𝑘), 𝑡], 𝐶(0) = 𝑐0,  (23) 

𝑃(𝑘 + 1) =
ℎ

𝑘+1
[𝜇𝑋(𝑘) − 𝛿𝑃(𝑘)], 𝑃(0) = 𝑝0,  (24) 

In subsequent analysis, expression (24) is excluded from the spectral model owing to the quasi-stationary approximation 

𝑝 =
𝜇

𝛿
𝑥, and the expansion is truncated at two to three spectral coefficients. As shown in prior studies [21], this truncation 

order is sufficient for acceptable accuracy in dynamic system control problems. 

The spectral coefficients are expressed as functions of the initial state values, the free control parameters (𝑎0, 𝑎1), and the 

duration 𝑇𝑖  of the 𝑖-th therapy stage. 

The zero-order coefficients coincide with the initial conditions (19): 

𝑋(0) = 𝑥𝑖0
, 𝑍(0) = 𝑧𝑖0

, 𝐶(0) = 𝑐𝑖0
 (25) 

The programmed control (17) in spectral form has coefficients: 

𝑈(0) = 𝑎0, 𝑈(1) = 𝑇𝑖𝑎1, 𝑈(𝑘) = 0, 𝑘 ≥ 2  (26) 

Restricting to two to three spectral coefficients, the first-order coefficients are: 

𝑋(1) = 𝑇𝑖𝐹𝑥𝑖
,  (27) 

 



𝑍(1) = 𝑇𝑖[𝜎𝑥𝑖0
− 𝜆𝑧𝑖0

− 𝜑𝑐𝑖0
𝑧𝑖0

], (28) 
 

𝐶(1) = 𝑇𝑖[−𝑘𝑒𝑐𝑖0
+ 𝑘𝑎𝑎0], (29) 

 

where 𝐵 =
𝛼

𝐾
+ 𝛽

𝜇

𝛿
 , 𝐹𝑥𝑖

= 𝛼𝑥𝑖0
− 𝐵𝑥𝑖0

2 − 𝜅𝑥𝑖0
𝑧𝑖0

− 𝛾𝑐𝑖0
𝑥𝑖0

. 

The second-order coefficients are: 

𝑋(2) =
𝑇𝑖

2

2
𝐺𝑥𝑖

, (30) 

where the coefficient 𝐺𝑥𝑖
= 𝐹𝑥𝑖

(𝛼 − 2𝐵𝑥𝑖0
− 𝜅𝑧𝑖0

− 𝛾𝑐𝑖0
) − 𝜅𝑥𝑖0

(𝜎𝑥𝑖0
− 𝜆𝑧𝑖0

− 𝜑𝑐𝑖0
𝑧𝑖0

) + 𝛾𝑘𝑒𝑥𝑖0𝑐𝑖0
,  (31)  

  𝑍(2) =
𝑇𝑖

2

2
[𝜎𝐹𝑥𝑖

+ (−𝜆𝑧𝑖0
− 𝜑𝑐𝑖0

)(𝜎𝑥𝑖0
− 𝜆𝑧𝑖0

− 𝜑𝑐𝑖0
𝑧𝑖0

) + 𝜑𝑘𝑒𝑧𝑖0
𝑐𝑖0

− 𝜑𝑘𝑎𝑧𝑖0
𝑎𝑖0

], (32) 
 

𝐶(2) =
𝑇𝑖

2

2
[𝑘𝑒

2𝑐𝑖0
− 𝑘𝑒𝑘𝑎𝑎0𝑖

+ 𝑘𝑎𝑎1𝑖
], (33) 

 

It should be noted that expressions (25)-(33) represent an approximate form of the differential spectra. The justification 

of this approximation is provided in [21]. 

 

5.3. Three Equations for Terminal Conditions 

 

Using the property of differential transforms (9), the algebraic sum of all spectral coefficients at 𝑡0 = 0 equals the value 

of the original function at 𝑡 = 𝑇𝑖. 

Summing the spectral coefficients 𝑋(0), 𝑋(1), 𝑋(2) and equating to the terminal condition 𝑥(𝑇𝑖) = 𝑥𝑖𝑧𝑎𝑑
 gives the first 

terminal equation: 

𝑥𝑖(𝑇𝑖) = 𝑥0𝑖
+ 𝑇𝑖𝐹𝑥𝑖

+
𝑇𝑖

2

2
𝐺𝑥𝑖

= 𝑥𝑖𝑧𝑎𝑑
. (34) 

Analogously, summing 𝑍(0), 𝑍(1), 𝑍(2) and equating to 𝑧(𝑇𝑖) = 𝑧𝑖𝑧𝑎𝑑
: 

𝑧𝑖(𝑇𝑖) = 𝑧0𝑖
+ 𝑇𝑖[𝜎𝑥𝑖0

− 𝜆𝑧𝑖0
− 𝜑𝑐𝑖0

𝑧𝑖0
] +

𝑇𝑖
2

2
[𝐹𝑥𝑖

𝜎 + (−𝜆𝑧𝑖0
− 𝜑𝑐𝑖0

)(𝜎𝑥𝑖0
− 𝜆𝑧𝑖0

− 𝜑𝑐𝑖0
𝑧𝑖0

) + 𝜑𝑘𝑒𝑧𝑖0
𝑐𝑖0

−

𝜑𝑘𝑎𝑧𝑖0
𝑎0] = 𝑧𝑖𝑧𝑎𝑑

. (35) 

Summing 𝐶(0), 𝐶(1), 𝐶(2) and equating to 𝑐(𝑇𝑖) = 𝑐𝑖𝑧𝑎𝑑
 yields the third equation: 

𝑐𝑖(𝑇𝑖) = 𝑐0𝑖
+ 𝑇𝑖[−𝑘𝑒𝑐𝑖0

+ 𝑘𝑎𝑎0] +
𝑇𝑖

2

2
[𝑘𝑒

2𝑐𝑖0
− 𝑘𝑒𝑘𝑎𝑎0 + 𝑘𝑎𝑎1] = 𝑐𝑖𝑧𝑎𝑑

. (36) 

 

The system of three algebraic equations (34)-(36) sets the terminal conditions for tumor mass 𝑥(𝑡), immune response 

𝑧(𝑡), and drug concentration 𝑐(𝑡) at the end of the 𝑖-th therapy stage. Equation (36) is used to express program parameter 

𝑎1; equation (34) is used to build the control algorithm via 𝑎0; equation (35) ensures fulfillment of the terminal immune 

response constraint 𝑧𝑖𝑧𝑎𝑑
 at the chosen 𝑎0, 𝑎1, and 𝑇𝑖 . 

From equation (36), the program parameter 𝑎1 is determined: 

𝑎1 =
2

𝑘𝑎𝑇𝑖
2 [(𝑐𝑖𝑧𝑎𝑑

− 𝑐𝑖0
) − 𝑇𝑖[−𝑘𝑒𝑐𝑖0

+ 𝑘𝑎𝑎0] −
𝑇𝑖

2

2
[𝑘𝑒

2𝑐𝑖0
− 𝑘𝑒𝑘𝑎𝑎0]]. (37) 

Substituting (37) into (34) and expressing 𝑎0, we obtain the implicit control algorithm for the drug infusion rate: 

𝑎0(𝑇𝑖) =
2

𝛾𝑘𝑎𝑥𝑖0𝑇𝑖
2 [(𝑥𝑖0

− 𝑥𝑖𝑧𝑎𝑑
) + 𝑇𝑖𝐹𝑥𝑖

+
𝑇𝑖

2

2
𝐺𝑥𝑖

], (38) 

Remark. In (38), the target value 𝑥𝑖𝑧𝑎𝑑
 is determined from the requirement to achieve a prescribed therapeutic drug 

concentration (a clinical choice by the physician), rather than from the tumor-mass optimality condition. Therefore, 𝑎0 

acts as a control parameter that ensures the desired pharmacokinetic trajectory, rather than directly minimizing the tumor 

mass. Equations (34) and (36) thus optimize two different objectives simultaneously. 

Substituting into (38) the state values corresponding to stages 1, 2, and 3 of the controlled therapy yields the drug infusion 

rate control algorithm 𝑢𝑖(𝑡) for each phase of neuroblastoma treatment. 

 

5.4. Functional Minimization and Stage Duration Determination 

 

To determine the minimum tumor mass at the end of the 𝑖-th stage, 𝑥𝑖𝑧𝑎𝑑
, we optimize criterion (18), which 

considering (34) and (37) can be written as: 

𝐼𝑖(𝑇𝑖) = 𝑥𝑖(𝑇𝑖) = 𝑥0𝑖
+ 𝑇𝑖𝐹𝑥𝑖

+
𝑇𝑖

2

2
𝐺𝑥𝑖

. (39) 

From the necessary optimality condition 
∂𝐼𝑖

∂𝑇𝑖
= 0, replacing arbitrary initial values with the current state values, the optimal 

stage duration 𝑇𝑖  is: 



 

𝑇𝑖
∗ = −

𝐹𝑥𝑖

𝐺𝑥𝑖

  (40) 

and the minimum achievable tumor mass at the end of the 𝑖-th stage is: 

𝑥𝑖𝑧𝑎𝑑
= 𝑥𝑖0

−
𝐹𝑥𝑖

2

2𝐺𝑥𝑖

  (41) 

The applicability of formula (40) requires 𝐺𝑥𝑖
≥ 0 (Section 9.1). Note that the sign of 𝐺𝑥𝑖

 is determined entirely by 

expression (30a), which is now explicitly available. 

6. Numerical Simulation and Analysis of Results 

The purpose of the numerical experiments is to verify the performance of the synthesized multi-stage terminal control 

algorithm based on the MDT method and to assess its capability for personalized neuroblastoma therapy. 

Two clinical scenarios corresponding to different risk groups according to the Shimada classification [33] are considered. 

Model parameters for each scenario are given in Table 1. 

Table 1. Model parameters for Scenarios A and B 

Model Parameter Scenario A (High Risk) Scenario B (Favorable Prognosis) 

MKI (mitotic–karyorrhectic index) High (> 4 %) Low (< 2 %) 
TIL (tumor-infiltrating lymphocytes) 0.08 (low) 0.70 (high) 
𝛼 – proliferation rate (wk⁻¹) 0.40 0.10 
𝜅 – immune control (wk⁻¹) 0.05 0.30 
𝜎 -  immune stimulation (wk⁻¹) 0.03 0.25 
𝛾 – drug efficacy 0.18 0.18 
𝑘𝑒  - drug elimination (wk⁻¹) 0.18 0.18 
𝑘𝑎 - drug absorption (wk⁻¹) 0.30 0.30 

 

Note. Fixed model parameters (identical for both scenarios): 𝛽 = 0.12 wk-1, 𝜇 = 0.08 wk-1, 𝛿 = 0.05 wk-1, 𝜆 = 0.10 

wk1,  𝜑 = 0.07, 𝐾 = 2.0 a.u. Initial conditions: 𝑥0 = 0.9, 𝑝0 = 0, 𝑧0 = 0.10, 𝑐0 = 0. 

 

6.1. Scenario A: High-Risk Patient 

 

In this scenario, the tumor is characterized by a high MKI (> 4%), marked nuclear atypia, and low TIL (≈ 0.08). High 

proliferation rate (𝛼 = 0.40 wk-1) combined with weak immune control (𝜅 = 0.05 wk-1) produces an aggressive clinical 

picture. The MDT algorithm determines the optimal stage duration via formula (40): 

 𝑇𝑖
∗ = −

𝐹𝑥𝑖

𝐺𝑥𝑖

= 1.50 wk.,  

and an initial drug infusion intensity 𝑎0 = 7.149 a.u. The high starting dose is required to overcome tumor resistance 

under conditions of weak immune response. Result: total toxic load 28.72 a.u., terminal tumor mass 𝑥(𝑇) = 0.0902 a.u., 

immune response 𝑧(𝑇) = 0.0980. 

 

6.2. Scenario B: Observation Group Patient (Favorable Prognosis) 

 

The tumor with low MKI (< 2%) and high TIL (≈ 0.70) exhibits pronounced immune control (𝜅 = 0.30 wk-1, 𝜎 = 0.25 

wk-1). Proliferation rate 𝛼 = 0.10 wk-1 is substantially lower than in Scenario A. 

The MDT algorithm, analyzing 𝐺𝑥𝑖
 accounting for the significant contribution of the immune response 𝑧(𝑡), automatically 

reduces the initial drug infusion intensity to 𝑎0 = 2.176 a.u. In this case the immune system plays the leading role in 

cytoreduction, while the pharmacological load serves a supporting function. 

Result: the prescribed terminal goal is achieved at a total dose of 9.159 a.u., which is 68.1% less than in Scenario A. 

Terminal tumor mass 𝑥(𝑇) = 0.0366 a.u.; immune response increases to 𝑧(𝑇) = 0.8005 a.u. This demonstrates the 

algorithm’s capability for rational therapy de-escalation, a critically important property in pediatric oncology. Optimal 

control parameters are summarized in Table 2 and final results in Table 3. 

 

 

 

 

 



Table 2. Optimal control parameters by therapy stage 

Parameter А – S1 А - S2 А - S3 B - S1 B - S2 B - S3 
Stage duration 𝑇𝑖

∗ (wk) 1.50 1.50 1.50 1.50 1.50 1.50 
Initial dose 𝑎0 (a.u.) 7.149 6.014 5.986 2.176 1.658 2.272 
Linear coeff. 𝑎1 (a.u./wk) 0.000 0.000 0.000 0.000 0.000 0.000 
Target mass 𝑥𝑧𝑎𝑑  (a.u.) 0.4500 0.2642 0.1041 0.5400 0.1906 0.0586 
Stage toxic load (a.u.) 10.724 9.021 8.979 3.264 2.487 3.408 

Table 3. Summary results of multi-stage control 

Indicator Scenario А Scenario B 
Total therapy duration 𝑇 (wk) 4.5 4.5 
Termal tumor mass 𝑥(𝑇) 0.0902 0.0366 
Termal immune response 𝑧(𝑇) 0.0980 0.8005 
Total toxic dose (a.u.) 28.723 9.159 
Toxic dose reduction (%) - ↓ 68.1 % 

 

In both scenarios, stage durations are identical (1.50 wk), but dosing intensities differ substantially. In Scenario A the 

pharmacological component dominates, while in Scenario B the immune component is primary. Graphical results 

(Figs. 1-2) demonstrate agreement between the MDT analytical solution and 4th-order Runge-Kutta numerical 

integration. 

 
Fig. 1a. State variable dynamics under multi-stage MDT control – Scenario A (high risk).  

Vertical dashed lines indicate stage boundaries 

 

 
Fig. 1b. State variable dynamics under multi-stage MDT control – Scenario B (favorable prognosis).  

Vertical dashed lines indicate stage boundaries 

 

 
Fig. 2. Comparative analysis of scenarios: tumor mass dynamics, drug concentration, and stage toxic loads 

 

 



7. Verification and Method Comparison 

 

7.1. Verification Against 4th-Order Runge-Kutta 

 

To verify the MDT analytical algorithm, a comparison with independent numerical integration via 4th-order Runge-Kutta 

(step 0.003 wk) was performed. Both methods were applied to the identical control protocol. 

Accuracy: the maximum deviation of the terminal state 𝑥(𝑡) does not exceed 0.2414% (norm ≤ 0.5%). Mean error: 

0.1527% (Sc. A) and 0.2128% (Sc. B), confirming correctness of the MDT analytical expressions. 

Efficiency: the MDT computation time is less than 0.01 s, two orders of magnitude faster than full numerical integration, 

enabling use in near-real-time clinical decision support systems. 

The aggregated numerical indicators of accuracy and computational performance are presented in Table 4. 

Table 4. MDT verification results 

Criterion Scenario А Scenario B 
Comparison method RK4 RK4 
Integration step (wk) 0.003 0.003 
Max. Relative error (%) 0.2351 0.2414 
Mean relative error (%) 0.1527 0.2128 
Error norm (%) ≤ 0.5 ≤ 0.5 

Norm satisfied ✓ Yes ✓ Yes 

DTM computation time < 0.01 с < 0.01 с 

 

Figure 3 shows the relative error between the DTM method and the fourth-order Runge-Kutta method, confirming the 

consistency of the analytical solution with numerical integration.  

 

Fig. 3. DTM verification (comparison with RK4). Red: relative error (%); dashed: 0.5% threshold 

 

The optimal multi-stage control parameters for both scenarios are presented in Figure 4. 

 

 

Fig. 4. Optimal multi-stage control parameters: stage durations 𝑇𝑖
∗, initial doses 𝑎0, target values 𝑥𝑧𝑎𝑑  



7.2. Comparison with Alternative Optimization Methods 

 

For an objective assessment of the proposed method’s advantages, comparison with two alternative approaches was 

conducted: gradient numerical optimization (L-BFGS-B) and constant control 𝑢 = 𝑐𝑜𝑛𝑠𝑡 selected heuristically. 

The gradient method performs sequential search for optimal 𝑎0 and 𝑇𝑖
∗ by minimizing cumulative dose subject to terminal 

state constraints, each iteration requiring numerical ODE integration. 

The aggregated results of comparing the MDP method with alternative optimization approaches are presented in Table 5 

Table 5. Comparison of MDT with alternative approaches 

Characteristic DTM Sc.A Gradient Sc.A  𝑢 = 𝑐𝑜𝑛𝑠𝑡 Sc.A DTM Sc.B Gradient Sc.B 
Terminal tumor mass 𝑥(𝑇) (a.u.) 0.0902 0.8647 0.2224 0.0366 0.6422 
Total toxic dose (a.u.) 28.72 0.06 18.00 9.16 0.06 
Computation time (ms) 3.0 26.5 0.9 3.0 27.2 

Closed-loop control ✓ Yes ✗ No ✗ No ✓ Yes ✗ No 

Requires ODE in synthesis ✗ No ✓ Yes ✓ Yes ✗ No ✓ Yes 

Goal achievement guarantee ✓ Analyt. Numer. ✗ No ✓ Analyt. Numer. 

 

Note. DTM minimizes terminal tumor mass 𝑥(𝑡), while the gradient method minimizes integral toxicity ∫ 𝑐(𝑡)𝑑𝑡
𝑇

0
  

without a constraint on 𝑥(𝑇). Therefore 𝑥(𝑇) values for the gradient method reflect residual mass at minimum dose, not 

method performance under an identical criterion. Comparison by 𝑥(𝑇) is valid only under an identical objective function. 

A graphical comparison of the trajectories, terminal states, and computational costs for all methods is presented in Figure 

5. 

 

Fig. 5. Method comparison: 𝑥(𝑡) trajectories, terminal states, and computational costs for DTM, L-BFGS-B, and 𝑢 = 𝑐𝑜𝑛𝑠𝑡 

 

Key DTM advantages: the algorithm provides a closed-loop analytical control law without ODE integration during 

synthesis; it operates 9-10× faster than gradient methods (~3.0 ms vs. ~27 ms); and it guarantees terminal goal 

achievement. 

 

 

 

 

 

 

 



8. Sensitivity and Robustness Analysis 

 
8.1. Sensitivity to Model Parameter Deviations 

 

To assess algorithm stability to parametric identification inaccuracies, sensitivity of the terminal state 𝑥(𝑡) to variations 

of key model parameters in the range ±30% was analyzed. The normalized sensitivity coefficient: 𝑆𝑛 = (∆𝑥 𝑥⁄ ) (∆𝑝 𝑝⁄ )⁄   

at a +10% parameter perturbation. 

The normalized sensitivity coefficients for the key model parameters are presented in Table 6. 

Table 6. Normalized sensitivity coefficients of the MDT algorithm 

Parameter Scenario Coefficient 𝑺𝒏 

𝛼 – proliferation rate А (high risk) 0.226 

𝜅 – immune control А (high risk) 0.000 

𝑇𝐼𝐿 – lymphocytic infiltration Б (favorable) -0.816 

𝜎 – immune stimulation Б (favorable) 0.083 

𝛾 – drug efficacy А (high risk) -0.001 

 

The highest sensitivity of 𝑥(𝑇) is to the TIL parameter (𝑆𝑛 = −0.816): accurate estimation of lymphocytic infiltration 

from biopsy is the most critical input for the algorithm. Parameters 𝛼 (𝑆𝑛 = 0.226) and 𝜎 (𝑆𝑛 = 0.083) exhibit moderate 

sensitivity. Drug efficacy 𝛾 and immune control 𝜅 have minimal influence. 

The graphical results of the sensitivity analysis are shown in Figure 6, illustrating the deviations of the terminal state 

under parameter variations and the corresponding normalized sensitivity coefficients. 

 

 
Fig. 6. MDT sensitivity analysis: deviation of 𝑥(𝑇) under ±30% parameter variation. Green band: ±5% zone.  

Right panel: normalized |𝑆𝑛| coefficients 

 

8.2. Monte Carlo Robustness Analysis 

 

To assess stability under simultaneous perturbation of multiple parameters, a Monte Carlo analysis (𝑁 = 400 realizations) 

was conducted. Parameters 𝛼, 𝜅, and TIL were simultaneously perturbed in the range ±15%. 

Results: Scenario A: 𝑥(𝑇) = 0.0903 ± 0.0018 (CV = 2.0%); Scenario B: 𝑥(𝑇) = 0.0368 ± 0.0036 (CV = 9.9%). The 

coefficient of variation does not exceed 10%, indicating acceptable algorithm robustness. 

The aggregated results of the Monte Carlo robustness analysis are presented in Table 7. 

 



Table 7. Monte Carlo robustness analysis results 

Robustness Indicator Scenario А Scenario B 
Mean 𝑥(𝑇) under ±15 % perturbation 0.0903 0.0368 
Standard deviation 𝜎(𝑥(𝑇)) 0.0018 0.0036 
Coefficient of variation 𝐶𝑉 (%) 2.0 % 9.9 % 
Number of realizations 400 400 
Perturbation range ±15 % ±15 % 

9. Analysis of Method Limitations 

 

Correct operation of the DTM algorithm is guaranteed under certain conditions. This section systematizes known 

limitations and recommendations for overcoming them. 

 

9.1. Applicability Condition for the Optimal Duration Formula 

 

The key applicability condition for formula (40) is the non-negativity of coefficient 𝐺𝑥𝑖
≥ 0, which guarantees existence 

of a minimum of functional 𝐼𝑖  over 𝑇𝑖 . When 𝐺𝑥𝑖
< 0, the functional has no minimum on (0, ∞) and DTM is not applicable; 

the algorithm then switches to a fallback strategy with fixed stage duration. The sign map of 𝐺𝑥𝑖
 in the parameter space 

(𝛼, 𝜅) shows that at typical clinical neuroblastoma parameters this condition is satisfied. 

 

9.2. Accuracy as a Function of Nonlinearity Order 

 

DTM truncates the differential spectrum at the second coefficient (𝑁 = 2). For 𝛼 < 0.45 wk-1, the 𝑁 = 2 error does not 

exceed 0.5%, while 𝑁 = 1 (linear approximation) yields errors of 15-20%. This justifies the sufficiency of second-order 

truncation for neuroblastoma parameters. 

 

9.3. Summary Limitations Table 

 

The main methodological constraints identified in Sections 9.1 and 9.2 are consolidated in Table 8, which summarizes 

the occurrence conditions and recommended mitigation strategies. 

Table 8. DTM method limitations and recommendations 

Limitation Occurrence Condition Recomendation 
𝐺𝑥𝑖

≥ 0 violated (formula (40) 

inapplicable) 

Very weak immune response + high proliferation + 

zero 𝑐(𝑡) 
Fallback strategy with fixed stage 

duration 

Saturation of 𝑢(𝑡) at small 𝑇𝑖
∗ 

Required dose 𝑎0 exceeds physiologically 

permissible limit 
Introduce max (𝑎0) ; redistribute load 

across stages 
Nonlinearity above 2nd order Large 𝑥0 > 0.95 with 𝛼 > 0.45 wk-1 Add third spectral coefficient 𝑁 = 3 

Abrupt parameter change 
Resistance development; sharp change in clinical 

indicators 
Re-initialize parametric identification 

and restart 

A graphical summary of the identified MDT limitations is presented in Figure 7. 

 

Fig. 7. DTM method limitations: sign map of 𝐺𝑥𝑖
(𝛼, 𝜅); accuracy 𝑁 = 1 vs. 𝑁 = 2; Monte Carlo distribution of 𝑥(𝑇) 

 



10. Discussion 

 
The proposed method for optimal control synthesis based on differential transformations demonstrates a fundamentally 

different approach to therapy planning compared to classical numerical integration methods. The primary advantage is 

the transition from discrete integration points to a continuous spectral representation of the biosystem state trajectory. 

Computational efficiency. The use of spectral models allows replacing the solution of a system of nonlinear differential 

equations with computation of recurrent algebraic relations, providing a 10-50× speedup compared to gradient 

optimization methods, which is critical for clinical decision support systems (CDSS). 

Analytical form and extended convergence domain. The spectral representation obtained via the multi-stage DTM 

method provides a wider convergence domain compared to ordinary Taylor series. Thanks to the recurrent structure of 

the spectral model, the solution remains stable even at large steps ℎ𝑖, corresponding to real intervals between 

chemotherapy cycles. This avoids secular error accumulation and maintains accuracy at each multi-stage control step. 

Aerospace analogy. Formalization of therapy as a multi-stage process with terminal conditions ("flexible trajectories") 

automatically incorporates toxicity constraints (analogous to g-force constraints), minimizing the risk of "immune 

collapse" that frequently arises in standard aggressive protocols [8]. 

Conclusions and Future Directions 

Directions for future research include: 

• Incorporating the stochastic nature of biosystem parameters through extension of the model with covariance matrix 

spectra (sensitivity analysis following [28-30]). 

• Integration of the model with real-world data for dynamic correction of the treatment trajectory upon occurrence of 

unpredictable adverse effects. 

• Extension of the model to combined therapy (chemotherapy + immunotherapy), where the control vector 𝑈 becomes 

multidimensional. 

11. Conclusions 

 
It is shown that combining differential transformations with a terminal control structure yields a fundamentally new 

approach to optimizing multi-stage neuroblastoma therapy. The spectral representation of the "tumor–neuropil–

immunity–pharmacokinetics" system dynamics provides a compact and stable description in which the optimal control is 

determined not through numerical integration but through the solution of a system of algebraic conditions. 

The proposed approach demonstrates the capability to accurately form multi-stage treatment protocols consistent with 

clinical constraints on toxicity and immune response. Importantly, the method naturally transitions to closed-loop 

operation: the system of equations for control parameters can be solved at each moment in time, providing therapy 

correction according to the actual patient state. 

Numerical experiments confirm that the spectral approach achieves substantial tumor mass reduction while maintaining 

pharmacological constraints and substantially outperforms gradient methods in computational efficiency. The 

computation time for a single multi-stage protocol is approximately 3 ms, 20–50× faster than traditional optimization 

methods, making the method applicable in near-real-time clinical decision support systems. 

The obtained results indicate that the spectral approach can serve as a foundation for creating personalized therapeutic 

strategies in mathematical oncology, integrating morphological, immunological, and pharmacokinetic patient data into a 

unified optimization scheme that forms therapy not according to a fixed protocol but in accordance with the individual 

biosystem dynamics. 
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