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Abstract
Temporal cycles are fundamental patterns in graphs, with important

applications in finance, security, and neuroscience. In this work,

we study the Simple Temporal Cycle Enumeration (STCE) problem,

which aims to enumerate all simple cycles with strictly increasing

timestamps within a given time window. However, existing meth-

ods, such as 2SCENT, suffer from redundant checks and expensive

detection phase, making them inefficient for large-scale or dynami-

cally evolving graphs. To overcome these challenges, we introduce

a novel edge-centric framework that treats temporal edges as the

core units of exploration. By computing edge offsets in linear time,

we eliminate redundant temporal checks, and our constraint-based

DFS avoids the expensive detection phase required by prior work.

This design ensures polynomial delay and leads to substantial per-

formance gains over existing approaches. Furthermore, we extend

our framework to dynamic settings by introducing an efficient in-

cremental update algorithm that selectively identifies affected paths

only. Experiments show over an order-of-magnitude speedup on

static graphs and up to six orders-of-magnitude improvement for

dynamic updates, with most updates completing within 1 ms.
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1 Introduction
Graphs are used to model entities and their relationships across a

variety of domains, including finance, cybersecurity, recommenda-

tion systems, and more [37, 38, 51, 56, 57]. One common analytical

approach for graph-based data is the enumeration of subgraph pat-

terns, such as cycles, cliques, and motifs, which provide insights

into structural properties. In this paper, we study the problem of

Simple Temporal Cycle Enumeration (STCE), which aims to identify

all valid simple temporal cycles under given temporal constraints.

Temporal cycles naturally arise in many real-world domains. In

stock trading, cyclic transaction patterns may indicate suspicious

activities such as wash trading [20, 22, 39]. In financial transaction

networks, fraud and money laundering often manifest as cyclic

flows of funds [16, 18, 33, 47]. In biological and neural networks,

temporal cycles can represent feedback loops that are essential

for understanding system dynamics [10, 25, 30]. In temporal net-

work resilience, temporal cycles have recently been identified as

resilience-relevant structural signals in dynamic networks [32]. In

closed-loop supply chains, studies show that reverse flows and

closed-loop structures strongly affect system dynamics such as the

bullwhip effect, highlighting the importance of cyclic dependencies

in dynamic supply networks [12, 42]. In these scenarios, it is cru-

cial to respect the temporal order of interactions when identifying

cycles. To further ensure temporal coherence and avoid spurious

long-range patterns, a time-window constraint is commonly im-

posed, requiring that the duration between the first and last edges

of a cycle does not exceed a given window size𝑤 .

The STCE problem has recently attracted significant attention

due to its practical importance. The state-of-the-artmethod 2SCENT

[28] employs a two-phase framework to enumerate valid simple

temporal cycles. Notably, the second-phase enumeration critically

depends on the completion of the first phase, which is mandatory

and cannot be bypassed. However, this first phase incurs a high

computational cost of O(𝑚(𝑚 + 𝑐)𝑊 ), where𝑚 is the number of

edges, 𝑐 is the number of valid simple temporal cycles, and𝑊 is

the maximum number of edges within a time window of size 𝑤 ,

making it a major performance bottleneck in practice. Moreover, its

vertex-centric exploration leads to excessive redundant temporal
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checks: vertices can be revisited many times, and each traversal re-

quires verifying temporal constraints, causing substantial overhead.

In addition, existing solutions are not designed to handle graph

updates. Since many real-world applications involve continuously

evolving data, the inability to support incremental updates makes

these algorithms unsuitable for real-time processing.

To address the inefficiencies of vertex-centric methods, we in-

troduce a fundamental shift to an edge-centric paradigm. Instead

of treating vertices as the primary units of exploration, our ap-

proach organizes edges as the core elements. This shift enables

precomputation and reuse of inter-edge relationships (represented

as edge offsets), meaning that temporal constraints are checked

only once per edge pair rather than repeatedly for every vertex

traversal. As a result, redundant computations are drastically re-

duced, and traversal becomes more efficient and scalable. On top

of this edge-centric structure, our algorithm enumerates all valid

simple temporal cycles with polynomial delay (O((𝑐 + 𝑛) (𝑛 +𝑚)),
where 𝑛 is the number of vertices), ensuring correctness without

sacrificing performance, especially in large graphs or those with

long time windows.

To support dynamic graph scenarios, we further introduce an

Incremental Breakpoint-based DFS algorithm for efficient affected

cycle enumeration. By initiating search only from the updated edge

and incorporating a breakpoint mechanism, our method identifies

newly inserted or removed cycles without revisiting previously

discovered ones. In summary, our main contributions are as follows:

(1) We introduce a lightweight preprocessing edge-centric frame-

work for STCE that computes the edge relationships in O(𝑚)
time. This preprocessing avoids repeated temporal compat-

ibility checks between edges and forms the foundation for

efficient cycle enumeration.

(2) We design a constrained DFS algorithm that leverages the

edge offsets to learn from failed explorations and avoid re-

visiting fruitless paths, guaranteeing polynomial delay for

cycle enumeration.

(3) To support dynamic graphs, we develop an efficient update

algorithm that selectively explores only the affected regions

after edge updates, greatly reducing computation.

(4) Experiments demonstrate that our method achieves over an

order-of-magnitude speedup on static graphs and up to six

orders-of-magnitude improvement on dynamic graphs, with

the vast majority of updates completed within 1 ms.

2 Background
2.1 Preliminaries
We consider a directed graph G = (V, E), whereV denotes a set

of vertices and E denotes a set of directed edges. Each edge 𝑒 ∈ E
is defined as a triplet (𝑢, 𝑣, 𝑡), where 𝑢, 𝑣 ∈ V and 𝑡 is a natural

number representing the time when the connection between 𝑢

and 𝑣 takes place. We assume multiple edges can have the same

time, but different edges between two vertices must have distinct

times. Given a vertex 𝑢 ∈ V , the out-neighbor set of 𝑢 is defined

as 𝑁𝑜𝑢𝑡 (𝑢) = {𝑣 | (𝑢, 𝑣, 𝑡) ∈ E}. The out-degree of 𝑢 is denoted as

𝑁 + (𝑢) = |𝑁𝑜𝑢𝑡 (𝑢) |. We denote 𝑛 = |V| and𝑚 = |E | as the number

of vertices and edges in the graph G, respectively.
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(a) Original Graph G1
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(b) Updated Graph G2

Figure 1: G1 is the original graph, and G2 is the updated graph
after the blue edge insertion.

Definition 1 (Temporal Path). A temporal path 𝑝 between two
vertices 𝑢, 𝑣 ∈ V is a sequence of edges: ⟨(𝑢, 𝑣1, 𝑡1), (𝑣1, 𝑣2, 𝑡2), · · · ,
(𝑣𝑘−1, 𝑣, 𝑡𝑘 )⟩ such that all edges are in E and 𝑡1 < 𝑡2 < · · · < 𝑡𝑘 . We
denote the duration of a temporal path 𝑝 as 𝑑𝑢𝑟 (𝑝) := 𝑡𝑘 − 𝑡1. We say
𝑝 is valid for a given time window𝑤 if 𝑑𝑢𝑟 (𝑝) ≤ 𝑤 .

Definition 2 (Temporal Cycle). A temporal cycle 𝑐 rooted at
vertex 𝑢 is a temporal path that starts and ends at 𝑢. The cycle 𝑐 is
said to be simple if every intermediate vertex appears at most once.

Problem Statement. Given G = (V, E) and a time window𝑤 , the

simple temporal cycle enumeration (STCE) problem aims to find all

valid simple temporal cycles C with respect to the time window𝑤 .

Example 1. Figure 1(a) illustrates an example temporal graph G1.
The walk 𝑉7

3−→ 𝑉2
1−→ 𝑉3 is not a valid temporal path. Given a time

window 𝑤 = 10, the path 𝑝 = 𝑉1
2−→ 𝑉7

11−→ 𝑉8
12−→ 𝑉1 forms a valid

simple temporal cycle. However, when𝑤 = 5, 𝑝 becomes invalid since
its duration exceeds the time window. Under 𝑤 = 10, there are 11
valid simple temporal cycles in G1, including, for example, the cycle

𝑉7
3−→ 𝑉2

4−→ 𝑉3
7−→ 𝑉5

9−→ 𝑉6
10−→ 𝑉7.

2.2 Existing Solutions
In this subsection, we introduce two main existing solutions.

(1) A baseline solution [27]. Kumar and Calders addressed the

STCE problem by enumerating all simple temporal paths within a

given time window𝑤 to identify valid cycles [27]. Their algorithm

processes temporal edges chronologically, maintaining a list of valid

paths. When a new edge (𝑢, 𝑣, 𝑡) is encountered, each path ending

at 𝑢 that excludes 𝑣 is extended to 𝑣 ; if the new path returns to the

starting vertex, it is reported as a cycle. Paths violating the time

constraint (i.e., 𝑡 − 𝑡1 ≥ 𝑤 ) are discarded. Although the method

scans edges in one direction only once, the number of paths grows

exponentially, making it computationally infeasible for large graphs

despite its conceptual simplicity.

(2) 2SCENT [28]. To overcome the limitations of [27], the au-

thors proposed a two-phase algorithm, 2SCENT, for efficiently

identifying valid simple temporal cycles. In the first phase (i.e., the

detection phase), the algorithm finds all root vertices along with

their corresponding start time 𝑡𝑠 , end time 𝑡𝑒 , and a superset of

cycle-related vertices𝑉 . It maintains a reverse-reachability set 𝑆 (𝑢)
for each vertex 𝑢 ∈ V , where each element (𝑥, 𝑡𝑥 ) denotes a path
from 𝑥 to 𝑢 at time 𝑡𝑥 . Temporal edges are processed chronologi-

cally. Upon encountering edge (𝑎, 𝑏, 𝑡), the algorithm adds (𝑎, 𝑡) to
𝑆 (𝑏) and propagates all pairs in 𝑆 (𝑎) to 𝑆 (𝑏), removing any (𝑥, 𝑡𝑥 )
where 𝑡𝑥 < 𝑡 −𝑤 to satisfy the time window constraint. If a pair
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(𝑏, 𝑡𝑏 ) ∈ 𝑆 (𝑏) is found, it indicates a valid cycle starting and ending
at 𝑏, with the vertex set 𝑉 = {𝑥 | (𝑥, 𝑡𝑥 ) ∈ 𝑆 (𝑎), 𝑡𝑏 < 𝑡𝑥 < 𝑡}.

The second phase applies a constrained depth-first search (cDFS)

to eliminate redundant explorations. For each quadruple of root

vertex 𝑟 , start time 𝑡𝑠 , end time 𝑡𝑒 , and set of candidate nodes 𝑉 ,

the search is performed on a reduced graph G′ = (𝑉 , E′), where
E′ = {(𝑢, 𝑣, 𝑡) ∈ E | 𝑡 ∈ [𝑡𝑠 , 𝑡𝑒 ]}, starting from each root vertex

𝑟 . To prune fruitless paths, the algorithm assigns each vertex a

closing time: if a vertex is reached after its closing time, it is skipped.

Upon discovering a valid cycle, the closing times of its vertices

are updated to guide future pruning. This strategy reduces the

cycle enumeration complexity to O((𝑐 + 1) (𝑚 + 𝑛)), where 𝑐 is the
number of valid simple temporal cycles. Although 2SCENT is more

efficient than baseline [27], its performance deteriorates on large

graphs, especially with increasing window size𝑤 . In some cases,

it cannot complete the detection phase within a reasonable time.

Moreover, neither 2SCENT nor the baseline approach supports

dynamic updates due to their inherent computational overhead.

3 Edge-centric Framework
3.1 Motivation
We observe that 2SCENT suffers from two key drawbacks:

(1) Excessive Redundant Checks. 2SCENT treats vertices as

the central elements, essentially assuming that the relationships

among edges are determined solely by their associated vertices.

Consequently, the exploration process is vertex-centric: starting

from a vertex, the algorithm searches its neighbors, checks whether

the temporal constraint is satisfied, and either continues the explo-

ration or prunes the search accordingly. However, it is important to

note that the satisfaction of the temporal constraint must be verified

at each step, and these checks cannot be avoided in 2SCENT. Since

a vertex can be revisited an exponential number of times during

the search, the cumulative overhead of performing these checks

becomes substantial, severely impacting the efficiency.

(2) Limitations of the Detection Phase. The detection phase

of 2SCENT suffers from fundamental inefficiencies. Specifically, it

computes all root vertices and the associated auxiliary information,

resulting in a time complexity of O(𝑚(𝑚 + 𝑐)𝑊 ). Moreover, the

cDFS in 2SCENT critically depends on the completeness of the

detection phase; otherwise, the closing time mechanism may incor-

rectly prune valid exploration paths, leading to the loss of correct

results. For example, when starting from a vertex 𝑢, cDFS may

reach a vertex 𝑣 and prematurely update its closing time following

a failed exploration. This forces subsequent traversals involving

𝑣 to be pruned. However, such pruning can be erroneous if the

failure at 𝑣 is path-specific, for instance, when the associated timing

constraints (i.e., violation of the time window) only apply to the

current traversal. In scenarios where a different starting edge is

selected, 𝑣 might still contribute to a valid cycle. Consequently,

2SCENT suffers from poor efficiency and scalability, particularly

when applied to large graphs with extended time windows.

To address these two limitations, we break the vertex-centric

bottleneck by introducing a novel edge-centric framework. By orga-

nizing edges as the core exploration units, inter-edge relationships

are computed once and efficiently reused, substantially reducing re-

dundant checks during traversal. Based on this structure, we further

Vertices
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⋯⋯
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Figure 2: The offsets of edges in G1

design an algorithm that enumerates all valid simple temporal cy-

cles with polynomial delay, significantly improving both efficiency

and scalability. In the following, we first present the edge-based

data structure and then detail the full algorithm.

3.2 Edge-based Structure
Organizing edges as fundamental exploration units can substan-

tially reduce redundant checks for temporal constraints such as

timestamp ordering and window size. However, explicitly storing

all valid successors for each edge incurs prohibitive O(𝑚2) space.
To address this, we propose an edge-centric data structure that

groups edges by their source vertex and stores them contiguously

in temporal order. Instead of materializing all successors, we record

for each edge only the start and end offsets of its valid successors

in the edge list, reducing space complexity to O(𝑚).

Definition 3 (Edge Offsets). Let 𝑒 = (𝑢, 𝑣, 𝑡) be an edge in a
temporal graph and 𝑤 be a given time window. Denote by 𝐸𝑜𝑢𝑡 (𝑣)
the list of outgoing edges from vertex 𝑣 , sorted in ascending order of
timestamp. We define the start offset of 𝑒 , denoted by 𝑠𝑒𝑡𝑠 (𝑒), as the
smallest index in 𝐸𝑜𝑢𝑡 (𝑣) such that the timestamp exceeds 𝑡 , and the
end offset of 𝑒 , denoted by 𝑠𝑒𝑡𝑒 (𝑒), as the smallest index in 𝐸𝑜𝑢𝑡 (𝑣)
such that the timestamp exceeds 𝑡 +𝑤 . If no such indices exist, we set
the offsets to 𝑁 + (𝑣). Then, the valid successor edges of 𝑒 are exactly
the edges in the half-open range 𝐸𝑜𝑢𝑡 (𝑣) [𝑠𝑒𝑡𝑠 (𝑒) : 𝑠𝑒𝑡𝑒 (𝑒)).

A naive implementation would scan all subsequent edges to

locate the valid successors of each edge, leading to a prohibitive

O(𝑚2) time complexity. Our key observation is that this repeated

search is largely redundant: because edges are temporally ordered

and grouped by source vertex, the successor set of nearby edges

changes only gradually. We therefore compute successor offsets

using a sliding-window procedure. For an edge 𝑒𝑖 , once the feasible

successor interval among the outgoing edges of its destination ver-

tex has been located, the corresponding window boundaries can be

advanced monotonically and reused when processing other edges

that point to the same vertex. In this way, the algorithm avoids

restarting the search from scratch for every edge; instead, it main-

tains and updates local temporal windows incrementally. Since each

pointer only moves forward and each valid successor belongs to

the outgoing edge list of some destination vertex, the total amount

of pointer movement over all edges is linear in the number of edges.

Consequently, all successor offsets can be computed in O(𝑚) time,

with the formal proof deferred to the Appendix.

Algorithm 1 outlines the procedure for computing offsets. We

first organize all temporal edges into two arrays, 𝐸𝑜𝑢𝑡 and 𝐸𝑖𝑛 (Line

1). 𝐸𝑜𝑢𝑡 [𝑣] denotes the contiguous block of outgoing edges from



KDD ’26, August 09–13, 2026, Jeju Island, Republic of Korea Qi Liang, Dian Ouyang, Kang Chen, Fan Zhang, and Xuemin Lin

Algorithm 1: Compute Edge Offsets

Input: Temporal graph G = (V, E) , a time window 𝑤

Output: The start and end offsets of each edge

1 𝐸𝑜𝑢𝑡 , 𝐸𝑖𝑛 ← edges grouped by source and target;

2 for 𝑣 ∈ V do
3 for 𝑒 ∈ 𝐸𝑖𝑛 [𝑣 ], ordered ascending w.r.t. 𝑡 do
4 if 𝑒 is the first edge then
5 𝑠𝑒𝑡𝑠 [𝑒 ] ← min{𝑥 | 0 ≤ 𝑥 < 𝑁 + (𝑣), 𝐸𝑜𝑢𝑡 [𝑣 ] [𝑥 ] .𝑡 > 𝑒.𝑡 }

or 𝑁 + (𝑣) ;
6 𝑠𝑒𝑡𝑒 [𝑒 ] ← min{𝑥 | 0 ≤ 𝑥 < 𝑁 + (𝑣), 𝐸𝑜𝑢𝑡 [𝑣 ] [𝑥 ] .𝑡 >

𝑒.𝑡 + 𝑤} or 𝑁 + (𝑣) ;
7 else
8 𝑒′ ← the previous edge of 𝐸𝑖𝑛 [𝑣 ];
9 𝑠𝑒𝑡𝑠 [𝑒 ] ← min{𝑥 | 𝑠𝑒𝑡𝑠 [𝑒′ ] ≤ 𝑥 <

𝑁 + (𝑣), 𝐸out [𝑣 ] [𝑥 ] .𝑡 > 𝑒.𝑡, } or 𝑁 + (𝑣) ;
10 𝑠𝑒𝑡𝑒 [𝑒 ] ← min{𝑥 | 𝑠𝑒𝑡𝑒 [𝑒′ ] ≤ 𝑥 <

𝑁 + (𝑣), 𝐸out [𝑣 ] [𝑥 ] .𝑡 > 𝑒.𝑡 + 𝑤} or 𝑁 + (𝑣) ;

11 return 𝑠𝑒𝑡𝑠 and 𝑠𝑒𝑡𝑒 ;

𝑣 , while 𝐸𝑖𝑛 [𝑣] contains all incoming edges to 𝑣 . For each vertex

𝑣 ∈ V , we process its incoming edges in temporal order. Given an

incoming edge 𝑒 ∈ 𝐸𝑖𝑛 [𝑣], we identify its valid successor range in

𝐸𝑜𝑢𝑡 [𝑣] by locating (i) the first outgoing edge whose timestamp is

larger than 𝑒.𝑡 , and (ii) the first outgoing edge whose timestamp

exceeds 𝑒.𝑡 +𝑤 . These two positions define the start and end offsets

of 𝑒 ; if the outgoing edge does not exist, the corresponding offset is

set to 𝑁 + (𝑣) (Lines 4–6). To achieve linear-time complexity, when

processing successive incoming edges of the same vertex, we reuse

the previously computed offsets as the initial scan positions and

advance them monotonically as needed (Lines 7–10).

Example 2. Figure 2 illustrates the computed offsets for each edge
in graph 𝐺 . For example, the edge (𝑉1,𝑉2, 2) has offsets (1, 3) (as-
suming indices start from 0), indicating that valid successors from 𝑉2
are (𝑉2,𝑉3, 4) and (𝑉2,𝑉3, 6). Thus, the edge (𝑉2,𝑉3, 1) can be safely
skipped during the remaining exploration.

3.3 Filter-based DFS
Building on the precomputed edge offsets, we develop an offset-

guided enumeration algorithm, Filter-based DFS (F-DFS). The cen-

tral idea is to shift temporal reasoning out of the recursive search:

instead of repeatedly checking whether a candidate edge satisfies

the time-window constraint, F-DFS directly jumps to the precom-

puted range of valid successors. Thus, each expansion step only con-

siders edges that are already guaranteed to be temporally feasible,

enabling efficient enumeration of valid simple temporal paths and,

consequently, cycles. This design is particularly effective when the

time window𝑤 is small. In this regime, feasible paths are naturally

short and the main bottleneck is identifying temporally valid next

edges. By replacing repeated constraint checks with offset-based

access, F-DFS substantially reduces this overhead and achieves high

efficiency for small window sizes.

Algorithm 2 presents the algorithm in detail. Lines 1–3 initialize

the path vector 𝑝 and the visited flag array. A depth-first search

(DFS) is performed from each edge (Lines 4–5). Upon reaching an

edge 𝑒𝑐 , it is appended to 𝑝 and its destination is marked as visited

(Lines 7–8). F-DFS then uses offsets to identify the valid successor

range of 𝑒𝑐 , avoiding redundant temporal checks (Line 9). For each

Algorithm 2: Filter-based DFS

Input: Edges Array 𝐸𝑜𝑢𝑡 , a time window 𝑤, the edge offsets 𝑠𝑒𝑡𝑠 , 𝑠𝑒𝑡𝑒
Output: All valid simple temporal cycles

1 𝑝 ← ∅ ;
2 for 𝑣 ∈ V do
3 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑣 ] ← 𝑓 𝑎𝑙𝑠𝑒 ;

4 for 𝑒 ∈ 𝐸𝑜𝑢𝑡 do
5 F-DFS(𝑒, 𝑒);

6 Procedure F-DFS(𝑒𝑠 , 𝑒𝑐)
7 𝑝 ← 𝑝 ∪ {𝑒𝑐 };
8 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑡𝑟𝑢𝑒 ;

9 for 𝑠𝑒𝑡𝑠 [𝑒𝑐 ] ≤ 𝑖 < 𝑠𝑒𝑡𝑒 [𝑒𝑐 ] do
10 𝑒′ ← 𝐸𝑜𝑢𝑡 [𝑒𝑐 .𝑡𝑜 ] [𝑖 ];
11 if 𝑒′ .𝑡 − 𝑒𝑠 .𝑡 > 𝑤 then
12 Break;

13 if 𝑒′ .𝑡𝑜 = 𝑒𝑠 .𝑓 𝑟𝑜𝑚 then
14 return 𝑝 ∪ {𝑒′ };
15 if 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒′ .𝑡𝑜 ] = 𝑓 𝑎𝑙𝑠𝑒 then
16 F-DFS(𝑒𝑠 , 𝑒

′)

17 𝑝 ← 𝑝 − {𝑒𝑐 };
18 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑓 𝑎𝑙𝑠𝑒 ;

candidate successor, it first verifies whether the timestamp remains

within the time window𝑤 (Lines 11–12); since successors are time-

ordered, a violation allows early termination. If the successor leads

back to the source, a valid temporal cycle is reported (Lines 13–14). If

the destination has already been visited, it is skipped to ensure path

simplicity (Lines 15–16). Upon backtracking, the edge is removed

and the visited flag resets (Lines 17–18).

Example 3. Assuming a time window 𝑤 = 10, Figure 3 illus-
trates a partial DFS search tree rooted at 𝑉1 on G1. Under traditional
DFS-based approaches, when the search reaches vertex 𝑉2, all its out-
going edges must be examined to verify temporal feasibility, including
(𝑉2,𝑉3, 1), (𝑉2,𝑉3, 4), and (𝑉2,𝑉3, 6). Although it is straightforward to
determine that (𝑉2,𝑉3, 1) violates the temporal constraint, this check is
repeatedly performed every time the same exploration state is reached,
leading to substantial cumulative overhead. In contrast, our F-DFS
method leverages precomputed edge offsets to directly identify the
valid successor range. As a result, temporally invalid edges such as
(𝑉2,𝑉3, 1) are skipped entirely during exploration, as indicated by the
red dotted edges in Figure 3.

3.4 Polynomial Delay Method
Although F-DFS avoids repeated temporal checks through offset-

guided expansion, it may still spend substantial time exploring

branches that can never form valid cycles. Such fruitless exploration

mainly arises for two reasons. First, the current vertex may have

no temporally valid way to return to the source after timestamp 𝑡 ,

so any continuation from this state cannot close a cycle. Second,

even if a temporal return path exists, all such paths may revisit

vertices already on the current search path, thereby violating the

simplicity constraint. A natural way to avoid the first type of failure

is to add a detection phase that precomputes which vertices can

temporally return to the source, and then restrict DFS to these

candidates. However, this global precomputation is often expensive

and may dominate the total running time.
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Figure 3: Partial DFS search tree on graph G1 with time win-
dow 𝑤 = 10. Red dotted edges denote temporally invalid
edges that are skipped using precomputed edge offsets, while
gray vertices indicate blocked nodes that prune redundant
traversal paths, illustrating the efficiency of our strategy.

Our goal is to obtain the pruning power of detection without

paying its upfront cost. To this end, we propose Block-based DFS

(B-DFS), a feedback-guided enumeration algorithm that removes

the detection phase entirely. It allows DFS to explore uncertain

branches, but once a branch is discovered to be unable to produce

a valid simple temporal cycle, this negative information is recorded

and reused to block future searches from entering the same dead end.

This feedback mechanism turns failed explorations into reusable

pruning knowledge. As the search proceeds, B-DFS progressively

refines its understanding of which states are unproductive, thereby

avoiding redundant traversal while still eliminating the costly de-

tection phase. Before presenting the algorithm, we introduce a key

observation and a supporting lemma.

Observation 1. Given a DFS starting from vertex 𝑠 , if the current
exploration path 𝑝 = 𝑠 → · · · → 𝑣 constitutes a valid simple cycle
rooted at 𝑠 , then the DFS is guaranteed to report it after fully exploring
the subtree rooted at 𝑣 .

Lemma 1. Given a current DFS exploration path 𝑝 = 𝑠 → · · · → 𝑣 ,
if no valid simple cycle is found after fully exploring the search tree
rooted at 𝑣 , then any valid simple cycle involving an edge explored
after reaching 𝑣 must traverse one or more vertices that were already
visited before 𝑣 (referred to as conflict vertices). Moreover, such a cycle
can exist only if these conflict vertices can form a valid simple cycle.

When performing DFS from a fixed starting edge, there are two

cases where the search tree rooted at a vertex 𝑣 is fully explored

without finding a valid simple cycle: (1) no conflict vertices are

encountered, and the search eventually terminates at a vertex 𝑡 ;

(2) one or more conflict vertices are encountered, and the search

terminates at a conflict vertex 𝑣𝑐 . In the first case, all edges explored

between 𝑣 and 𝑡 can be permanently blocked, as they cannot con-

tribute to any valid cycle. In the second case, according to Lemma 1,

if the conflict vertex 𝑣𝑐 is later found to be part of a valid simple cy-

cle, then the path from 𝑣 to 𝑣𝑐 may also be valid. These edges should

therefore be temporarily blocked and only unblocked once a cycle

involving 𝑣𝑐 is discovered. This leads to a natural question: how

Algorithm 3: Unblock
Input: Block set 𝐵, unblock list𝑈 , vertex 𝑣, time 𝑡

1 Procedure Unblock(𝐵,𝑈 , 𝑣, 𝑡)
2 if 𝑡 > 𝐵 [𝑣 ] then
3 𝐵 [𝑣 ] ← 𝑡 ;

4 for (𝑢, 𝑡 ′ ) ∈ 𝑈 [𝑣 ] do
5 if 𝑡 ′ < 𝑡 then
6 Unblock(𝐵,𝑈 ,𝑢, 𝑡 ′);
7 𝑈 [𝑣 ] ← 𝑈 [𝑣 ] − { (𝑢, 𝑡 ′ ) };

can we distinguish explored from unexplored edges and design a

mechanism that blocks the former while preserving the latter for fu-

ture exploration? To address this, we adopt a time-threshold-based

vertex blocking strategy, motivated by the following observation.

Observation 2. Given a DFS exploration starting from vertex
𝑠 , let the current path be 𝑝 = 𝑠 → · · · → 𝑣 . After fully exploring
the search tree rooted at 𝑣 , all valid outgoing edges from 𝑣 whose
timestamps are greater than the arrival time at 𝑣 have been explored.

Based on Observation 2, we maintain a time threshold 𝑡 for each

vertex 𝑣 , allowing only incoming edges with timestamps earlier

than 𝑡 to be explored. When a previously blocked edge becomes

part of a valid cycle, the threshold of the corresponding vertex

is raised to a higher value 𝑡 ′ > 𝑡 , enabling re-exploration of pre-

viously pruned edges. To support dependency-aware unblocking,

each vertex 𝑣 maintains an unblock list 𝑈 (𝑣), where each entry

(𝑢, 𝑡) indicates that once 𝑣 ’s threshold exceeds 𝑡 , vertex 𝑢 should

be reconsidered, as it may now reach 𝑣 via a valid temporal path.

We adopt a conservative pruning strategy: all edges are initially

considered non-contributing, and this assumption is updated only

when a valid cycle is discovered. During DFS, each visited vertex

sets its time threshold to its arrival time upon first visitation, and

thresholds are selectively updated when cycles are found.

Lines 7–30 of Algorithm 4 describe the DFS procedure from a

fixed starting edge. The current edge 𝑒𝑐 is first appended to the path

𝑝 (Line 8), and the arrival time at 𝑒𝑐 .𝑡𝑜 is set as its time limit, thereby

blocking traversal via later edges (Line 9). A variable 𝑙𝑎𝑠𝑡𝑝 records

the maximum timestamp among all valid cycles found, and is set to

0 if none exists. For each candidate successor edge, the algorithm

proceeds as follows. If its timestamp exceeds the window 𝑤 , the

search branch is pruned immediately (Lines 13–14). If the successor

returns to the starting vertex, a valid cycle is reported and 𝑙𝑎𝑠𝑡𝑝 is

updated (Lines 15–17). If the successor leads to a blocked vertex, it

is skipped and the flag pass is set to false (Lines 19–20); otherwise,

DFS continues recursively (Lines 21–22). The simplicity constraint

is implicitly enforced by vertex time limits, preventing revisits. If

no valid cycle is found through 𝑒𝑐 , a dependency (𝑒𝑐 .𝑡𝑜, 𝑒′ .𝑡𝑖𝑚𝑒) is
added to𝑈 [𝑒′ .𝑡𝑜] (Lines 23–24), enabling future unblocking. Oth-
erwise, 𝑙𝑎𝑠𝑡𝑝 is updated to the maximum timestamp among all

discovered cycles (Lines 25–26), and 𝑒𝑐 together with its dependent

edges are unblocked via Unblock (Lines 27–28), which is triggered

only when the new time exceeds the current limit. Finally, the algo-

rithm backtracks by removing 𝑒𝑐 from 𝑝 and returns whether the

current branch yields a valid cycle (Lines 29–30).

Now, the approach performs DFS exploration from each starting

edge, which yields a total time complexity of O((𝑐 +𝑚) (𝑚 + 𝑛)).
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Algorithm 4: Block-based DFS

Input: Temporal edges Array 𝐸𝑜𝑢𝑡 , a time window 𝑤, the start and end

offsets 𝑠𝑒𝑡𝑠 , 𝑠𝑒𝑡𝑒
Output: All valid simple temporal cycles

1 𝑝 ← ∅;
2 for 𝑣 ∈ V do
3 ∀𝑥 ∈ 𝑉 , 𝐵 [𝑥 ] ← ∞;
4 ∀𝑥 ∈ 𝑉 ,𝑈 [𝑥 ] ← ∅;
5 for 𝑒 ∈ 𝐸𝑜𝑢𝑡 [𝑣 ], ordered descending w.r.t. 𝑡 do
6 B-DFS(𝑒, 𝑒, 𝐵,𝑈 );

7 Procedure B-DFS(𝑒𝑠 , 𝑒𝑐 , 𝐵,𝑈 )
8 𝑝 ← 𝑝 ∪ {𝑒𝑐 };
9 𝐵 [𝑒𝑐 .𝑡𝑜 ] ← 𝑒𝑐 .𝑡𝑖𝑚𝑒 ;

10 𝑙𝑎𝑠𝑡𝑝 ← 0;

11 for 𝑠𝑒𝑡𝑠 [𝑒𝑐 .𝑡𝑜 ] ≤ 𝑖 < 𝑠𝑒𝑡𝑒 [𝑒𝑐 .𝑡𝑜 ] do
12 𝑒′ ← 𝐸𝑜𝑢𝑡 [𝑒𝑐 .𝑡𝑜 ] [𝑖 ];
13 if 𝑒′ .𝑡 − 𝑒𝑠 .𝑡 > 𝑤 then
14 Break;

15 if 𝑒′ .𝑡𝑜 = 𝑒𝑠 .𝑓 𝑟𝑜𝑚 then
16 𝑙𝑎𝑠𝑡𝑝 ← 𝑒′ .𝑡 ;
17 return 𝑝 ∪ {𝑒′ };
18 𝑝𝑎𝑠𝑠 ← 𝑓 𝑎𝑙𝑠𝑒 ;

19 if 𝐵 [𝑒′ .𝑡𝑜 ] ≤ 𝑒′ .𝑡 then
20 𝑝𝑎𝑠𝑠 ← 𝑓 𝑎𝑙𝑠𝑒 ;

21 else
22 𝑝𝑎𝑠𝑠 ← B-DFS(𝑒𝑠 , 𝑒

′, 𝐵,𝑈 );

23 if 𝑝𝑎𝑠𝑠 = 𝑓 𝑎𝑙𝑠𝑒 then
24 𝑈 [𝑒′ .𝑡𝑜 ] ← { (𝑒𝑐 .𝑡𝑜, 𝑒′ .𝑡 ) };
25 else
26 𝑙𝑎𝑠𝑡𝑝 ←𝑚𝑎𝑥 (𝑒′ .𝑡, 𝑙𝑎𝑠𝑡𝑝 ) ;

27 if 𝑙𝑎𝑠𝑡𝑝 > 0 then
28 Unblock(𝑒𝑐 .𝑡𝑜, 𝑙𝑎𝑠𝑡𝑝);

29 𝑝 ← 𝑝 − {𝑒𝑐 };
30 return 𝑙𝑎𝑠𝑡𝑝 > 0;

However, some explorations remain redundant. For instance, if a

vertex 𝑣 is unreachable from the source 𝑠 , then changing the starting

edge from 𝑠 cannot produce any valid path from 𝑣 , and all such

searches are guaranteed to be fruitless. To enable this pruning, we

present the following lemma.

Lemma 2. Given a DFS exploration from the source vertex 𝑠 , if a
exploration path fails to return to 𝑠 when starting from an outgoing
edge of 𝑠 with a later timestamp, then the same path cannot succeed
when starting from an outgoing edge with an earlier timestamp.

Based on Lemma 2, we initiate DFS from the edge with the

largest timestamp when multiple edges originate from the same

vertex. Blocking information from this initial search can be reused

in subsequent traversals. Specifically, if an edge fails to reach the

starting vertex in the first search, it remains blocked in later ones.

This reuse avoids repeated exploration and reduces the overall

time complexity to O((𝑐 + 𝑛) (𝑚 + 𝑛)). Algorithm 4 outlines the

full procedure. Line 1 initializes the path vector 𝑝 , and for each

vertex, the block set 𝐵 and unblock list𝑈 are initialized (Lines 3–4).

Edges are explored in descending timestamp order to allow earlier

searches to benefit from blocking results of later ones (Line 5).

Example 4. Figure 3 illustrates the search tree on graph G1 with
time window 𝑤 = 10, starting from 𝑉1. The algorithm explores the

path 𝑉1
2−→ 𝑉7

3−→ 𝑉2
4−→ 𝑉3

7−→ 𝑉5
9−→ 𝑉6

10−→ 𝑉7, but backtracks due

Algorithm 5: Incremental Breakpoint-based DFS

Input: Temporal edges Array 𝐸𝑜𝑢𝑡 , a time window 𝑤, the new start and end

offsets 𝑠𝑒𝑡𝑠 , 𝑠𝑒𝑡𝑒 , the new additional edge 𝑒

Output: All new valid simple temporal cycles

1 for 𝑣 ∈ V do
2 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑣 ] ← 𝑓 𝑎𝑙𝑠𝑒 ;

3 IB-DFS(𝑒, 𝑒, 𝐵,𝑈 , 𝑓 𝑎𝑙𝑠𝑒);

4 Procedure IB-DFS(𝑒𝑠 , 𝑒𝑐 , 𝐵,𝑈 ,𝑏𝑟𝑒𝑎𝑘𝑝𝑜𝑖𝑛𝑡)
5 if 𝑏𝑟𝑒𝑎𝑘𝑝𝑜𝑖𝑛𝑡 = 𝑓 𝑎𝑙𝑠𝑒 then
6 Lines 8-10 in Algorithm 4;

7 for 𝑒′ ∈ 𝐸𝑜𝑢𝑡 [𝑒𝑐 .𝑡𝑜 ] and 𝑒′ .𝑡 ≠ 𝑒𝑐 .𝑡 do
8 Lines 13-20 in Algorithm 4;

9 else
10 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑡𝑟𝑢𝑒 ;

11 if 𝑒′ .𝑡 < 𝑒𝑐 .𝑡 ∧ 𝑒𝑐 .𝑡 − 𝑒′ .𝑡 ≤ 𝑤 then
12 𝑝𝑎𝑠𝑠 ← IB-DFS(𝑒𝑠 , 𝑒

′, 𝐵,𝑈 , 𝑡𝑟𝑢𝑒);

13 else if 𝑒′ .𝑡 > 𝑒𝑐 .𝑡 then
14 𝑝𝑎𝑠𝑠 ← IB-DFS(𝑒𝑠 , 𝑒

′, 𝐵,𝑈 , 𝑓 𝑎𝑙𝑠𝑒);

15 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑓 𝑎𝑙𝑠𝑒 ;

16 Lines 23-29 in Algorithm 4;

17 else
18 Lines 8-12 in Algorithm 4;

19 if 𝑒′ .𝑡 ≥ 𝑒𝑠 .𝑡 then
20 Break;

21 Lines 15-18 in Algorithm 4;

22 if 𝐵 [𝑒′ .𝑡𝑜 ] ≤ 𝑒′ .𝑡 or 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒′ .𝑡𝑜 ] = 𝑡𝑟𝑢𝑒 then
23 𝑝𝑎𝑠𝑠 ← 𝑓 𝑎𝑙𝑠𝑒 ;

24 else
25 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑡𝑟𝑢𝑒 ;

26 𝑝𝑎𝑠𝑠 ← IB-DFS(𝑒𝑠 , 𝑒
′, 𝐵,𝑈 , 𝑡𝑟𝑢𝑒);

27 𝑣𝑖𝑠𝑖𝑡𝑒𝑑 [𝑒𝑐 .𝑡𝑜 ] ← 𝑓 𝑎𝑙𝑠𝑒 ;

28 Lines 23-29 in Algorithm 4;

to revisiting 𝑉7. It then explores an alternate branch via (𝑉3,𝑉4, 7)
and (𝑉4,𝑉5, 8), but terminates early as 𝑉5 is blocked. Compared to
Filter-based DFS, which redundantly revisits such paths, Block-based
DFS prunes them early by blocking gray vertices. Eventually, a valid

cycle 𝑉1
2−→ 𝑉7

11−→ 𝑉8
12−→ 𝑉1 is found. The algorithm updates time

limits of involved vertices (e.g., 𝑉8 ← 12, 𝑉7 ← 11) and recursively
unblocks those dependent on them (e.g., 𝑉6).

Theorem 1. The Block-based DFS method only returns all valid
simple temporal cycles within a given time window𝑤 .

Theorem 2. The Block-based DFS method has a time complexity
of O((𝑐 + 𝑛) (𝑚 + 𝑛)) and a space complexity of O(𝑚 + 𝑛), where 𝑐
is the number of all valid simple temporal cycles.

4 Dynamic Update
Real-world temporal graphs evolve continuously through edge

insertions and deletions, making it inefficient to rerun Block-based

DFS after every update. Most cycles are unaffected by a single edge

update, and the only cycles that can be newly created by an insertion

must contain the inserted edge. This suggests a localized update

strategy: rather than re-enumerating the entire graph, we repair

only the affected offset entries and launch a DFS anchored at the

new edge to discover the newly formed cycles. The main challenge

is that the inserted edge may not be the earliest edge in a temporal

cycle; thus, the search must first identify the temporal breakpoint

of the cycle and then enforce temporal consistency from that point
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Table 1: Characteristics of Datasets (𝐾 = 10
3, 𝑀 = 10

6, 𝐵 = 10
9)

Name Dataset |V| |E | Time Span (Days)

BO bitcoinotc 5.8K 35K 1903

EM email-Eu 987 332K 803

MO mathoverflow 24K 506K 2350

TR transactions 112K 538K 1803

HG higgs 304K 563K 7

WT wiki-talk 1.1M 7.8M 2320

MS messages 364K 26M 1880

AM AML-data 9.9M 45M 30

FS Friendster 65M 1.8B 3600

onward. In this section, we present this incremental strategy for

edge insertions; edge deletions are handled similarly and discussed

at the end of the section.

When a new edge is added, the first step is to insert it into the

appropriate position within the outgoing edge list 𝐸𝑜𝑢𝑡 and update

the corresponding start and end offsets. The update process involves

two cases: (1) New edge 𝑒 = (𝑢, 𝑣, 𝑡): If 𝑒 is the first edge to arrive
at vertex 𝑣 , we must recompute the starting and ending offsets

for all edges starting from 𝑣 by scanning the entire 𝐸𝑜𝑢𝑡 [𝑣] list.
Otherwise, we can similarly update the offsets with Algorithm 1.

(2) Edges that arrive at 𝑢: We examine all edges that arrive at 𝑢 to

update their cached offsets, based on the insertion position of the

new edge in 𝐸𝑜𝑢𝑡 [𝑢]. Let 𝑖 denote the index of the newly inserted

edge in 𝐸𝑜𝑢𝑡 [𝑢], and let (𝑠𝑒𝑡𝑠 , 𝑠𝑒𝑡𝑒 ) be the start and end offsets of an
existing edge 𝑒′. The updates proceed as follows: If 𝑠𝑒𝑡𝑠 < 𝑖 < 𝑠𝑒𝑡𝑒 ,

increment 𝑠𝑒𝑡𝑒 by 1. If 𝑖 = 𝑠𝑒𝑡𝑠 , compare the timestamp 𝑡 ′ of 𝑒′ with
the new edge’s timestamp 𝑡 : If 𝑡 ′ < 𝑡 , then increment 𝑠𝑒𝑡𝑒 by 1;

Otherwise, increment 𝑠𝑒𝑡𝑠 by 1. If 𝑖 = 𝑠𝑒𝑡𝑒 and 𝑡 ′ + 𝑤 < 𝑡 , then

increment 𝑠𝑒𝑡𝑒 by 1. In all other cases, no update is necessary.

A key observation is that any newly formed cycle must include

the inserted edge. Thus, we initiate a DFS from the new edge to iden-

tify all such cycles, with the main challenge being the maintenance

of temporal consistency. The new edge may serve as either the

earliest (i.e., minimal timestamp) edge in the cycle or appear later.

To handle both cases, the algorithm allows any traversal (excluding

edges with same timestamp) to find the earliest edge of cycles, if

no previously visited edge has a smaller timestamp. Once a smaller

timestamp is encountered, a breakpoint is triggered, marking the

earliest edge in the cycle. From that point on, the algorithm enforces

the strict temporal ordering, allowing only increasing timestamps.

By distinguishing these two phases and managing breakpoints

dynamically, the algorithm efficiently handle with edge insertions.

Algorithm 5 outlines the details of the algorithm. Initially, when

the breakpoint is unset, the algorithm explores all successors ex-

cept those with the same timestamp (Line 7). If a successor has an

earlier timestamp, the breakpoint is triggered (Line 12), enforcing

stricter traversal where successors must have strictly increasing

timestamps and satisfy 𝑒𝑐 .𝑡 − 𝑒′ .𝑡 ≤ 𝑤 (Line 11). If the timestamp

is later, exploration continues without restriction (Line 14). Once

the breakpoint is triggered, the algorithm follows Block-based DFS

rules with an added constraint: successors must not exceed the start-

ing edge’s timestamp (Lines 19–20). A visited vector ensures path
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Figure 5: Performance of B-DFS and IB-DFS.

simplicity (Lines 10, 25), and is reset during backtracking (Lines 15,

27), ensuring correctness.

The Incremental Breakpoint-based DFS algorithm also naturally

extends to support edge deletions. To handle the removal of an edge,

we first identify and eliminate all cycles that include the deleted

edge by initiating a search starting from it. Once all such cycles

are removed, we proceed to delete the edge from the outgoing

edge list 𝐸𝑜𝑢𝑡 and update the corresponding offsets using a strategy

similar to that used in edge insertion. The time complexity of the

Incremental Breakpoint-based DFS remains O((𝑐 + 1) (𝑚 +𝑛)), and
the space complexity is O(𝑚 + 𝑛). We omit the detailed proof here,

as it closely mirrors the analysis in Theorem 2.

5 Experiments
5.1 Experimental Setup
We evaluate the following methods: (1) Base [27]: The baseline
method. (2) 2SCENT [28]: The state-of-the-art algorithm. (3) Fine-
John [7]: The fine-grained parallel versions of the temporal John-

son algorithm. (4) Fine-Tarjan [7]: The fine-grained parallel ver-

sions of the temporal Read-Tarjan algorithm. (5) F-DFS: Our Filter-
based DFS method. (6) B-DFS: Our Block-based DFS method. (7)

IB-DFS: Our Incremental Breakpoint-based DFS method. For Fine-

John and Fine-Tarjan, we report results using their single-threaded

versions to ensure a fair comparison with our single-threaded algo-

rithms. Table 1 summarizes the basic statistics of the real-world tem-

poral graphs used in our experiments. Additional datasets, detailed

experimental settings, and supplementary results are provided in

the Appendix.

5.2 Experimental Comparisons
Comparison on Static Graphs. To ensure experimental feasibility,

we impose a time limit of an hour (3.6×106 ms). Any query that does

not complete within this limit is terminated, and its running time

is reported as an hour. Figure 4 compares the runtime of different

algorithms across multiple datasets, where the time window used in

each experiment is indicated next to the graph name. As expected,

Base is the least efficient method and consistently exceeds the one-

hour time limit due to its exhaustive enumeration of temporal paths.

While 2SCENT improves upon Base, it still fails to complete within
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Figure 6: Comparison of running time with time window𝑤 varied
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Figure 7: Performance of B-DFS and IB-DFS with time window𝑤 varied

the time limit on most datasets. The parallel-inspired methods Fine-

John and Fine-Tarjan are able to finish within one hour and may

occasionally outperform F-DFS on specific datasets. However, our

B-DFS algorithm consistently delivers better performance, with

speedups reaching over one order of magnitude in the best cases.

Comparison on Dynamic Graphs.We evaluate IB-DFS under dy-

namic updates using threemetrics: average update time, throughput

(updates per second), and 99th-percentile tail latency. For average

runtime, we compare IB-DFS with B-DFS, as other baselines are

prohibitively slow in dynamic settings; for throughput and tail la-

tency, we report only IB-DFS, since B-DFS cannot meet real-time

requirements. As shown in Figure 5, IB-DFS is up to over six orders

of magnitude faster than B-DFS. For instance, on the AM dataset

with a 192-hour window, B-DFS requires nearly 10
7
µs (INF) per

update, whereas IB-DFS completes an update in under 10 µs. This

gap stems from their fundamentally different strategies: B-DFS re-

computes all cycles upon each update, while IB-DFS incrementally

processes only affected regions. Consequently, IB-DFS achieves

sub-millisecond 99th-percentile latency on most datasets and sus-

tains a throughput above 10
4
updates per second, demonstrating

its suitability for high-rate dynamic updates.

Impact of Time Window Size (Static Graphs). Figure 6 reports
runtime as the time window size increases, with the number of

enumerated cycles shown on the right y-axis. For the AM dataset,

the window eventually covers the entire graph; due to runtime

limits, we cap the output at 1M cycles. Overall, runtime increases

with larger windows, as they expand the search space and produce

more valid temporal cycles, consistent with the rising output counts.

An exception appears on AM, where runtime decreases for large

windows because the 1M cycle cap is reached earlier. Across all

datasets, B-DFS consistently delivers the best performance, with

smoothly increasing runtime as the window grows, highlighting

its robustness under expanding temporal constraints.

Impact of Time Window Size (Dynamic Graphs). Figure 7 re-
ports performance as the time window length𝑤 varies, measured

by average running time, throughput, and 99th-percentile tail la-

tency. As expected, the average running time of both B-DFS and

IB-DFS increases approximately linearly with𝑤 due to the expand-

ing temporal search space. For IB-DFS, tail latency also increases

with𝑤 , accompanied by a corresponding decrease in throughput.

Despite this, IB-DFS exhibits strong scalability and robustness: on

most datasets, both average latency and 99th-percentile tail latency

remain below 1 ms even for large window sizes, confirming its

suitability for dynamic temporal graphs.

Scalability Analysis. We evaluate scalability on the FS dataset.

For static algorithms, we cap the output at 1M cycles due to runtime

limits; no cap is applied in the dynamic setting. As shown in Fig-

ure 8(a), Base, 2SCENT, Fine-John, Fine-Tarjan, and F-DFS all fail

to enumerate 1M cycles: Base, Fine-John, and Fine-Tarjan exceed

the 256 GB memory limit, 2SCENT and F-DFS cannot reach the

cap within one hour. In contrast, B-DFS scales stably, with runtime

growing approximately linearly as graph size increases. Figure 8(b)

reports the dynamic performance of IB-DFS. Both average and

tail latency increase linearly with graph size, while throughput

degrades smoothly without sharp drops. These results confirm the

robustness and scalability of IB-DFS on large dynamic graphs.

Memory Cost. Figure 9 reports the memory consumption of all

evaluated algorithms. For methods that do not finish within one

hour, we report their memory usage at termination. Overall, on

the majority of datasets, F-DFS and B-DFS incur lower memory
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Figure 8: Performance on FS having different sizes
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Figure 9: Comparison of memory consumption (KB)

overhead than existing methods. These results demonstrate that

our methods are both computation and memory efficient.

5.3 Ablation Experiments
BDFS-NF denotes a variant that applies the blocking mechanism

without using edge offsets. Figure 10 shows that B-DFS consis-

tently achieves the best performance, as it simultaneously elimi-

nates redundant temporal constraint checks and avoids repeated

exploration of fruitless paths. In contrast, F-DFS only removes re-

dundant temporal checks, while BDFS-NF only prevents repeated

useless exploration. This study clearly demonstrates that both tech-

niques are individually effective and, more importantly, comple-

mentary—together enabling the superior efficiency of B-DFS.
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Figure 10: Ablation experiment

5.4 Case Study
Figure 11 illustrates a transaction subgraph extracted from IBM fi-

nancial transaction data, where the red edges highlight a suspicious

laundering flow. Each edge is annotated with its transaction time

(e.g., 09/01 04:04 denotes 04:04 on September 1, 2022). The intended

takeaway is not merely that these red edges form a temporal cycle,

but that such a cycle captures a meaningful laundering behavior:

funds originate from Account A, pass through a chain of interme-

diary accounts (B,C,D,E,F) in strictly increasing temporal order,

and eventually return to A within a bounded time window. This

closed, time-respecting circulation is consistent with the layering

behavior commonly used to obscure fund provenance. Importantly,

B C

EF

A D

G I

H J

09/02 13:07

09/04 00:45

09/04 04:05

09/04 06:08

09/04 17:54

09/05 09:21

09/01 04:04

09/02 14:25

09/02 04:51

09/02 17:24

Figure 11: A time-respecting money laundering cycle on fi-
nancial transaction data

this pattern cannot be directly replaced by static motifs or cliques,

which ignore temporal order and therefore fail to distinguish a

genuine time-ascending fund flow from a set of unordered trans-

actions. This case study demonstrates why enumerating simple

temporal cycles is practically meaningful for financial monitoring,

and motivates the need for efficient STCE algorithms in real-world

dynamic transaction networks.

6 Conclusion
For the simple temporal cycle enumeration problem, we propose a

novel edge-centric framework that treats temporal edges to elimi-

nate redundant temporal checks. Based on this design, we develop

an efficient constraint-based DFS algorithm with polynomial delay

and no detection phase overhead. To handle dynamic graphs, we

further introduce an incremental update algorithm that selectively

explores affected paths using a breakpoint mechanism. Experiments

show over an order-of-magnitude speedup on static graphs and

up to six orders-of-magnitude improvement for dynamic updates,

with most updates completing within 1 ms.
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A Appendix
A.1 Theorem and Proof
Theorem. Both the space and time complexity of computing the

edge offsets are O(𝑚).
Proof. Each edge stores two offset values in addition to its own

information, resulting in a total space complexity of O(𝑚). During
execution, Algorithm 1 iterates over each incoming edge exactly

once. To compute the corresponding start and end offsets, it scans

through the outgoing edges of the relevant vertex, where each

outgoing edge is examined at most twice, once for validating the

start position and once for the end position. As a result, the overall

time complexity is also O(𝑚).
Proof of Theorem 1. The core idea of Block-based DFS is to

perform a truncated depth-first search: all valid paths are explored

except those pruned by blocked vertices. Vertices may be blocked

in two cases. First, if a vertex appears in the current path, revisiting

it would violate the simplicity constraint—a standard DFS pruning

rule. Second, a vertex may be blocked during backtracking, even if

not currently in the path. Suppose we explore 𝑣
𝑡1−→ 𝑣1

𝑡2−→ · · ·
𝑡𝑘−→ 𝑣𝑘 ,

and determine after exploring 𝑣𝑘 ’s subtree that it cannot lead to

a valid cycle. This occurs when: (1) 𝑣𝑘 cannot reach the starting

vertex 𝑣 within the time window 𝑤 ; or (2) any path from 𝑣𝑘 to 𝑣

revisits an earlier vertex (e.g., 𝑣𝑖 ), violating simplicity. In the latter

case, 𝑣𝑘 can only be unblocked if 𝑣𝑖 is unblocked, which happens

only after 𝑣𝑖 ’s subtree is fully explored. This dependency-aware

blocking and unblocking mechanism guarantees that all and only

valid simple temporal cycles are explored.

Proof of Theorem 2. The time complexity primarily depends

on the number of output cycles and the cost of edge exploration

and unblocking. Note that a vertex can only be unblocked through

a call to the Unblock procedure, which is invoked exclusively

when a valid cycle is found and reported. Consider a valid cycle

𝑣
𝑡1−→ 𝑣1

𝑡2−→ · · ·
𝑡𝑘−→ 𝑣𝑘

𝑡𝑘+1−−−→ 𝑣 . Once this cycle is output, the

algorithm invokes Unblock in reverse along the prefix path: first

on 𝑣𝑘 , then 𝑣𝑘−1, and so on, down to 𝑣1. Crucially, each call to

Unblock only unblocks vertices that were blocked solely due to

the current vertex. This implies that each edge can be unblocked at

most once between two cycle outputs. Consequently, each edgemay

be involved in at most two operations between any two outputs:

one for being unblocked, and one for being explored. In the worst

case, where no further cycles are found, the algorithm explores all

reachable edges until all vertices are blocked, costing O(𝑛(𝑚 + 𝑛))
times. Hence, the overall time complexity is O((𝑐 + 𝑛) (𝑚 + 𝑛)).
As for space complexity, the algorithm maintains a time limit for

each vertex, which requires O(𝑛) space. Each vertex also stores an

unblock list to record dependencies, with the total cost bounded by

O(𝑚). Hence, the total space complexity is O(𝑚 + 𝑛).
Proof of Lemma 1. According to Observation 1, if there exists

at least one valid path from 𝑣 to the starting vertex 𝑠 , but no valid

simple cycle is discovered after fully exploring the search tree

rooted at 𝑣 , then the failure must be attributed to violations of the

simplicity constraint. As a result, any potential cycle involving an

edge explored after reaching 𝑣 must traverse one or more of the

conflict vertices. Since the cycle must be simple, the subpath passing

through the conflict vertices must be part of the valid simple cycle.

Proof of Lemma 2. There are two possible reasons why a path

cannot reach the starting vertex within the time window: (1) There

exists no path to the source vertex; or (2) The path can reach the

source vertex, but its arrival time falls outside the specified time

window. In the first case, the conclusion is immediate. In the second

case, if the path violates the time window constraint when starting

from a later timestamp, then starting from an earlier timestamp

can only further shorten the available arrival time budget, making

it even less likely to satisfy the constraint.

A.2 Other Related Works
s-t Path (or Cycle) Enumeration. Recent studies have primarily

focused on hop-constrained s-t simple path enumeration. Gupta and

Suzumura [14] study bounded-length simple cycle enumeration in

static directed graphs, but their setting does not consider temporal

ordering or time-window constraints. Several theoretical works

[13, 49] achieve polynomial delay. Peng et al. [44] propose BC-BFS

with a “never repeat mistakes” strategy, improving on earlier meth-

ods. Sun et al. [52] also propose an index-basedmethod for real-time

enumeration of hop-constrained s-t simple paths. HP-index [47]

maintains paths between hop vertices whose degrees exceed a spec-

ified threshold, enabling real-time enumeration of hop-constrained

cycles in large dynamic graphs. For dynamic graphs, Zhang et al.

[65] design an efficient partial-path index. Other works include

FPGA-based solutions [31] and distributed algorithms [17]. These

methods, however, are designed specifically for hop-constrained

settings and are not applicable to temporal cycle enumeration.

The enumeration of all simple s-t paths or cycles in static graphs

has been extensively studied [23, 36, 45, 48, 54, 55]. Notably, John-

son’s algorithm [23] efficiently enumerates simple cycles in directed

graphs using DFS with vertex blocking, achieving O((𝑐+1) (𝑚+𝑛))
time. However, these classic methods are not applicable to tempo-

ral graphs as they do not account for temporal constraints. [40]

proposes an algorithm for enumerating hop-constrained temporal

cycles. When the hop constraint is removed, their method degener-

ates to the 2SCENT. As our work focuses on unconstrained simple
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Table 2: Characteristics of Datasets (𝐾 = 10
3, 𝑀 = 10

6)

Name Dataset |V| |E | Time Span (Days)

BA bitcoinalpha 3.7K 24K 1901

CO CollegeMsg 1.9K 59K 193

AU askubuntu 159K 964K 2613

SM SMS 44K 548K 338

NL wiki-dynamic-nl 1.1M 20M 3602

SU superuser 194K 1.4M 2773

FR friends 624K 12M 1826

SO StackOverflow 2.4M 17M 2774

V3 V6 V7 V8 V1

V7

V2 V3

8 10 11 12

1, 2

2

breakpoint

4, 6

conflict vertex

Figure 12: The search branch starting at the new edge

temporal cycle enumeration, and 2SCENT already serves as the rep-

resentative baseline for this setting, we do not include this method

in our experimental comparison. Blanuša et al. [7] present scal-

able parallelizations of Johnson and Read-Tarjan algorithms for

enumerating simple, temporal, and hop-constrained cycles. We

use single-threaded versions to ensure a fair comparison with our

single-threaded algorithms. Furthermore, several studies [4, 6, 15]

address cycle detection in dynamic graphs rather than full enu-

meration, and thus fall outside the scope of our problem setting.

There also exist studies on counting temporal or static cycles [9, 11].

Adriaens et al. [1] study discovering interesting cycles in directed

graphs, where the goal is to retrieve cycles by an interestingness

measure rather than exhaustively enumerate all valid temporal cy-

cles. However, such approaches are not directly applicable to STCE

and are therefore excluded from our experimental comparison.

Temporal Graphs. In recent years, temporal graphs have been

studied from various perspectives [58, 61–64]. One common ap-

proach extends classical concepts from static graph theory—such

as PageRank [2, 19, 50], shortest paths [41, 53, 59], and centrality

measures [5, 35, 50]—to the temporal domain, accompanied by effi-

cient algorithms tailored to these adaptations. Other studies focus

on gaining a deeper understanding of the structure and dynamics

of temporal graphs. In particular, recent work leverages temporal

motifs [8, 26, 34, 43, 46] and their frequency distributions to ana-

lyze and characterize temporal networks. These works typically

focus on patterns with a fixed number of vertices or edges. To apply

such algorithms for cycle discovery, one would need to execute

them separately for each possible cycle length. Although feasible

in theory, this approach has several practical limitations. First, the

range of cycle lengths of interest is generally unknown in advance.

Second, motif-based algorithms are designed to enumerate or count

all patterns of a given size, rather than cycles specifically, resulting

in substantial overhead from irrelevant patterns. Moreover, many

of these studies focus on frequency counting or statistical summa-

rization instead of exact enumeration. As a result, temporal motif

algorithms are not well-suited for solving the STCE problem, and

we do not include them in our experimental comparison, as they

address a fundamentally different task.

A.3 Example of IB-DFS Method
Figure 12 illustrates the search process of Incremental Breakpoint-

based DFS starting from the newly added edge (𝑉3,𝑉6, 8), with a

time window 𝑤 = 10. The algorithm incrementally explores the

path 𝑉3
8−→ 𝑉6

10−→ 𝑉7
11−→ 𝑉8

12−→ 𝑉1. Since no breakpoint is encoun-

tered, the search continues to the successors of 𝑉1, namely 𝑉7 and
𝑉2. The edge (𝑉1,𝑉7, 1) is pruned due to exceeding the time win-

dow (12 − 1 > 10), and (𝑉1,𝑉7, 2) is skipped as 𝑉7 has already been

visited. The algorithm then follows (𝑉1,𝑉2, 2), where a breakpoint
is detected since the timestamp (2) is earlier than the current time

(12), violating the temporal ordering. The exploration continues

through valid edges such as (𝑉2,𝑉3, 4) or (𝑉2,𝑉3, 6), while ignoring
(𝑉2,𝑉3, 1), and eventually returns to the starting vertex 𝑉3.

A.4 Experimental Setup
Table 2 shows the basic statistics of the additional datasets. The SM

dataset is obtained from [60], while the FR, MS, and TR graphs are

from [21]. The NL graph is sourced from [29], the AM graph from

[3], and the remaining datasets are collected from [24]. Overall,

the number of vertices in our datasets ranges from approximately

1,000 to 65 million, and the number of edges spans from tens of

thousands to over 1 billion. The temporal coverage of these datasets

varies from 7 days to more than 3,000 days.

We obtain the source code of all baselines from their original

authors. All methods are implemented in C++ and compiled with

g++ using the -O3 optimization flag. Experiments are conducted on

a Linux machine with a 2.40 GHz Intel Xeon Silver 4210R CPU and

256 GB RAM. Our evaluation focuses on in-memory processing,

and disk I/O time is not included in the reported results.

A.5 Edge Offsets Cost
Table 3 reports the time cost of computing edge offsets on all eval-

uated datasets. Overall, the results demonstrate that the overhead

of edge-offset computation is lightweight and negligible compared

to the overall enumeration process.

Specifically, our edge-offset computation runs in linear time,

i.e., O(𝑚), and completes efficiently even on large-scale graphs

with tens of millions of edges. This confirms that the preprocessing

required by our framework is simple and scalable, and does not

introduce any practical bottleneck. In contrast, prior solutions such

as 2SCENT rely on an expensive detection phase with a worst-case

time complexity of O(𝑚(𝑚 + 𝑐)𝑊 ), which becomes prohibitive

on large graphs or under long time windows. As shown in our

experiments, such detection phase often fails to complete within a

reasonable time on large datasets, whereas our edge-offset compu-

tation consistently finishes quickly across all settings.
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These results highlight a key advantage of our approach: edge

offsets can be computed efficiently with minimal overhead, mak-

ing our method well suited for large-scale and dynamic temporal

graphs, where heavy preprocessing is impractical.

A.6 Performance on Static Graphs

Base 2SCENT Fine-John Fine-Tarjan F-DFS B-DFS

AU50h BA500h CO12h FR2h NL40s SM750h SO100h SU60h
101
102
103
104
105
106INF

Ti
m

e 
(m

s)

Figure 13: Comparison of running time

Figure 13 reports the running time of different algorithms on addi-

tional datasets. On smaller graphs or under narrow time windows

(e.g., SO with 100h), F-DFS can outperform B-DFS due to its lower

overhead. In these settings, the number of valid temporal cycles is

limited, and the lightweight traversal strategy of F-DFS is sufficient

to achieve good performance.

However, as either the graph size or the time window length

increases, B-DFS consistently demonstrates clear advantages. By

leveraging its blocking mechanism, B-DFS effectively prunes re-

dundant and unproductive paths, preventing repeated exploration.

For example, on SO with a 250h window, B-DFS significantly out-

performs F-DFS. Unlike F-DFS, which may revisit the same fruitless

branches multiple times, B-DFS ensures that each such branch is

explored at most once, leading to substantial efficiency gains.

Importantly, even in scenarios where B-DFS does not outperform

F-DFS, it still achieves performance that is markedly better than

prior methods. This highlights the robustness of B-DFS: while it

may incur slightly higher overhead in favorable cases for F-DFS, it

maintains stable and competitive performance across a wide range

of graph sizes and window lengths.

The performance trends under varying time window sizes are

shown in Figure 14, which are consistent with the observations

reported in Section 5.2. Overall, these results demonstrate that F-

DFS may excel in lightweight scenarios, whereas B-DFS provides

superior scalability and robustness for more challenging settings.

A.7 Performance on Dynamic Graphs

B-DFS IB-DFS P99 Tail Throughput
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Figure 15: Comparison of running time

The overall comparison between B-DFS and IB-DFS is shown in

Figure 15, with performance under different time window lengths

reported in Figure 16. The results clearly demonstrate the effec-

tiveness of IB-DFS in dynamic settings. Compared with B-DFS,

IB-DFS achieves dramatically lower latency. In nearly all cases, up-

date queries are completed within 1 ms, highlighting the practical

feasibility of IB-DFS for real-time temporal graph analysis.

As the time window length increases, the latency of IB-DFS ex-

hibits a mild upward trend. This behavior is expected, since a larger

window expands the temporal search space; nevertheless, the in-

crease remains approximately linear and well controlled. Moreover,

the reported P99 tail latency and throughput further confirm that IB-

DFS maintains stable performance under varying window sizes and

graph dynamics. Overall, these results indicate that IB-DFS is well

suited for dynamic scenarios, efficiently supporting high-frequency

graph updates while preserving low latency.

A.8 Robust Test
To further evaluate the robustness of IB-DFS, we conduct a stress

test on the AM and WT datasets. In this setting, each update edge

originates from one of the top-2000 vertices ranked by in-degree

and targets one of the top-10 vertices by out-degree, with more

than one thousand edge updates issued per second. This configura-

tion models highly skewed and high-frequency update workloads

commonly observed in real-world financial and communication

networks. Figure 17 reports the results of this stress test. Even un-

der such adversarial conditions, IB-DFS consistently maintains low

latency and high throughput, significantly outperforming B-DFS.

These results demonstrate that IB-DFS remains stable and efficient

under extreme update rates, confirming its suitability for large-scale

dynamic temporal graphs with long time windows.
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Figure 17: Robust test of IB-DFS on AM and WT

A.9 Memory Cost

Base 2SCENT Fine-John Fine-Tarjan F-DFS B-DFS
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Figure 18: Comparison of memory consumption

Figure 18 reports the memory consumption of all evaluated algo-

rithms on additional datasets. In general, Base incurs the highest

memory overhead, as it needs to materialize all potential temporal

paths within the given time window. In some cases, its reported
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Table 3: Running time of computing the edge offsets

Dataset HG5h TR140h NL40s AU50h BA500h BO600h CO12h EM50h MO150h SM750h SU60h FR2h WT40h SO100h MS3600s AM192h

Time (ms) 28.66 25.96 809.36 37.68 1.38 1.47 2.18 11.82 16.39 21.92 58.16 587.41 323.40 1011.48 1090.26 3004.49

Base 2scent Fine-John Fine-Tarjan F-DFS B-DFS CycleNumber
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Figure 14: Comparison of running time with time window𝑤 varied

memory usage appears relatively low; however, this is misleading,

since Base is terminated after one hour due to its poor runtime per-

formance, preventing it from reaching peak memory consumption.

Overall, our proposedmethods exhibit stable andmoderate memory

usage, demonstrating favorable memory efficiency in practice.

A.10 Ablation Experiment
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Figure 19: Ablation experiment

Figure 19 further compares the running time of F-DFS, BDFS-NF,

and B-DFS on additional datasets. Consistent with previous obser-

vations, B-DFS consistently achieves the best performance across all

datasets. This is because B-DFS integrates both pruning strategies:

edge-offset–based pruning, which eliminates redundant temporal

constraint checks, and block-based pruning, which prevents re-

peated exploration of fruitless paths. In contrast, F-DFS applies

only the former and still suffers from repeated traversal of invalid

branches, while BDFS-NF relies solely on block-based pruning and

incurs additional overhead due to frequent temporal checks. These

results clearly demonstrate that the two pruning techniques are

complementary, and their combination is crucial for achieving high

efficiency in simple temporal cycle enumeration.

A.11 Case Study
Table 4 summarizes the detailed information of the transaction

subgraph extracted from the IBM financial transaction dataset. All

transactions are sorted chronologically by their occurrence time.

Each vertex in the graph represents an account, which is uniquely

identified by the combination of a bank identifier and an account

identifier; the corresponding account labels are shown in parenthe-

ses in Figure 11.
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Figure 16: Performance of B-DFS and IB-DFS with time window𝑤 varied.

Table 4: The transaction information on IBM financial transaction data

Trans Timestamp From Bank Account To Bank Account Amount Currency Payment Format Is Laundering

1 2022/09/01 04:04 15231 803A568D0 (A) 5175 8077A9EB0 (G) 2423.56 Euro Cheque No

2 2022/09/02 04:51 23 8102CA2C0 (C) 219449 81271E150 (I) 4908.71 Euro Cheque No

3 2022/09/02 13:07 15231 803A568D0 (A) 1522 8012F9500 (B) 12633.54 Euro ACH Yes

4 2022/09/02 14:25 29 80CF37D80 (F) 110 80D5E9570 (H) 85087.47 Brazil Real Cash No

5 2022/09/02 17:24 310041 8040F6160 (J) 9679 8040FAF80 (D) 43506.35 Yen Cheque No

6 2022/09/04 00:45 1522 8012F9500 (B) 23 8102CA2C0 (C) 11619.65 Euro ACH Yes

7 2022/09/04 04:05 23 8102CA2C0 (C) 9679 8040FAF80 (D) 1352779.07 Yen ACH Yes

8 2022/09/04 06:08 9679 8040FAF80 (D) 25960 80AC28E60 (E) 10953.15 Euro ACH Yes

9 2022/09/04 17:54 25960 80AC28E60 (E) 29 80CF37D80 (F) 72471.22 Brazil Real ACH Yes

10 2022/09/05 09:21 29 80CF37D80 (F) 15231 803A568D0 (A) 11766.38 Euro ACH Yes

For each transaction, the From (To) Bank and Account fields

denote the source and destination accounts, respectively. Amount

records the transaction value, Currency specifies the currency type,

and Payment Format indicates the transaction method. The Is Laun-

dering attribute labels whether the transaction is associated with a

laundering activity. This temporal transaction network provides a

realistic case study illustrating how money laundering behaviors

emerge as time-respecting cyclic flows—patterns that are difficult

to detect using other motifs or cliques. Similar observations have

also been reported in [16].
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