TRANSPOSED POISSON STRUCTURE ON THE WITT-TYPE ALGEBRA W(a,—1):
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ABSTRACT. In this paper, we provide a comprehensive study of the structural properties of the trans-
posed Poisson algebra W(a, —1). We classify several types of linear maps, including derivations, local
derivations, quasi-derivations, and d-derivations, showing that non-trivial d-derivations exist only for
§ =1and 6 = . Furthermore, we describe the groups of automorphisms, local automorphisms, 2-local
automorphisms, and quasi-automorphisms.

We also investigate Rota—Baxter operators of weight 1 on W(a, —1). Specifically, we classify opera-
tors that are homogeneous with respect to both the standard Z-grading and a Z,-grading, establishing
a rigidity result for the latter case. Finally, we classify all W-compatible Novikov—Poisson structures,
demonstrating that the associative product on the Witt algebra is universally compatible with its known
Novikov structures.
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1. TRANSPOSED POISSON ALGEBRAS

1.1. Introduction. Poisson algebras emerged from the Poisson brackets of Hamiltonian mechan-
ics. These structures are widely studied in symplectic geometry, the theory of integrable systems,
and classical and quantum mechanics [9, 21, 23, 25, 29]. Extensions of this concept, particularly
in the context of hydrodynamic-type brackets and Hamiltonian operators, led to the discovery of
Novikov-Poisson algebras [27]. These algebras are connected to Poisson brackets of hydrodynamic
type and the classification of Hamiltonian operators [14], and they describe specific aspects of fluid
dynamics and integrable systems.

The structure of a transposed Poisson algebra emerged from the study of Novikov-Poisson alge-
bras. In particular, the commutator of a Novikov product, [x,y] = x oy —y o x, defines a Lie bracket.
While it is natural to expect this bracket, together with a commutative associative product, to form a
standard Poisson algebra, these operations satisfy the transposed Leibniz identity [5]. Furthermore,
the Novikov product can be modified by an associative term: for any fixed element v in the algebra,
the new operation defined by

xo'y=xoy—v-x-y
provides a new Novikov-Poisson structure (£, 0/, -) on the original algebra [27].

This algebraic structure appears naturally in several other settings. For instance, given a derivation

D on a commutative associative algebra, a transposed Poisson bracket can be defined by:

[x,yl:=x-D(y) —y - D(x).

Furthermore, C. Bai, R. Bai, and L. Guo [5] showed that transposed Poisson algebras arise as classical

limits of Novikov deformations. In this framework, the Lie bracket is obtained as:

XhY—Ynx
h

where x -n y = x -y (mod h) and h is a parameter of the base field of characteristic 0.

These algebras also have natural generalizations and connections to other algebraic theories. One
active research direction, introduced in [1], involves adding a parameter to the definitions of Pois-
son and transposed Poisson algebras. This results in 5-Poisson and é-transposed Poisson algebras,
where the identities linking the operations are scaled by 6. Recent studies, such as the classification
of transposed 6-Poisson structures on null-filiform algebras [10] and the work on the §-first White-
head Lemma for Jordan algebras [30], demonstrate how deformation and cohomological techniques
apply in this broader context. Additionally, B. Sartayev [24] has investigated varieties of generalized
transposed Poisson algebras, establishing their basic identities and comparing them with classical
varieties. The landscape of non-associative structures, including results relevant to Poisson-type al-
gebras, has been comprehensively surveyed by I. Kaygorodov [15]. Finally, connections to other
areas, such as skew braces and Rota—Baxter operators on semi-direct products [7], suggest links be-
tween transposed Poisson algebras and the theory of solutions to the Yang—Baxter equation, opening
new directions for future research.

x,y] = (mod h)

In the present paper, we study the algebra W(a, b), which is the semi-direct product of the Witt
algebra W and the tensor density module I(a,b). We focus on the case b = —1. This choice is
motivated by the work of Ferreira, Kaygorodov, and Lopatkin [11], who proved that all 1-derivations
of this Lie algebra are trivial when b # —1. According to [16], this implies that non-trivial transposed
Poisson structures cannot exist in that case.

In fact, finding non-trivial }-derivations has become a common and effective way to identify
such structures. For instance, recent studies have computed all %—derivations for deformative
Schrodinger-Witt algebras, as well as non-finitely graded Witt and Heisenberg—-Witt algebras,
thereby classifying all their transposed Poisson structures [15] (see more cases in [2, 19, 25]).

Beyond these specific classifications, it is worth noting that generalized structures are just as sig-
nificant as classical ones. For example, generalized derivations, introduced by G. Leger and E. Luks
in [27], were recently used by R. Andruszkiewicz, T. Brzezinski, and K. Radziszewski in [3]. They
established a one-to-one correspondence between Lie affgebras and pairs (g, D), where g is a Lie alge-
bra and D is a generalized derivation (supplemented by an element of g). This result underscores the
deep connections between generalized derivations, non-associative structures, and the development
of transposed Poisson algebras.
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Parallel to the study of generalized operators, the concept of “local” structures has also gained
prominence. This idea originally migrated into algebra from functional analysis. In some finite-
dimensional algebras, local structures do not coincide with global ones. A notable example is the
Cayley algebra C over a field k with norm n. In [4], S. Ayupov, A. Elduque, and K. Kudaybergenov
established the following result:

e The local derivations of C form the Lie algebra {d € s0,(C) | d(1) = 0};
e The 2-local derivations coincide with the local derivations.

1.2. Structure of the paper. The paper is organized as follows. Section 2 focuses on linear maps
related to the Lie structure. We classify derivations, local derivations, and quasi-derivations. A key
result here is that non-trivial 5-derivations only exist for § = 1 and § = 3. Section 3 describes the
symmetries of the algebra. We classify automorphisms and their generalizations, such as local and
2-local automorphisms. Section 4 deals with Rota—Baxter operators. We classify operators that are
homogeneous with respect to the Z-grading and prove a rigidity result for the Z,-grading. Finally,
Section 5 examines W-compatible Novikov-Poisson structures. We show that the associative product
on the Witt algebra is compatible with all known Novikov structures on W

1.3. Main results. In this work, we classify both classical structures, such as derivations and
automorphisms, and their various generalizations, including quasi-automorphisms and quasi-
derivations. Our results show the structural rigidity of W(a, —1) by establishing that many “local”
versions of these maps actually coincide with the global ones. Specifically, we show that all 2-local
structures are identical to the standard ones. Furthermore, we find that while the Z-grading allows
for several types of Rota—Baxter operators, the Z,-grading is so restrictive that it allows only the
trivial operator.

1.4. Notation. In this paper, all algebras and linear spans are considered over the field of complex
numbers C, and all linear maps are assumed to be C-linear. For the tensor density module I(a, —1),
we set I = 0 if the parameter a is not an integer. Similarly, for any map f with an integer domain,
we define f(a) = 0 whenever a ¢ Z.

2. DERIVATIONS OF W(a, —1)

Let us define the primary objects of this study. Let £ be a linear space equipped with two bilinear
operations:
r [1]£X2—>£

Definition 1. The triple (£,-,[, ]) is called a transposed Poisson algebra if (£, -) is a commutative and
associative algebra, (£, [, 1) is a Lie algebra, and the transposed Leibniz identity holds:

2z-Ix,yl=1[z-xyl+[x,z-yl

Let W = <Ln | n e Z> be the Witt algebra and I(a,—1) = <Im | m e Z> be the tensor density
module. On the semi-direct product W(a, —1) = W x I(a, —1) we define the following relations on
the generators L, and L:

Ly -Ln=Lnim Ih - Ln:=0 Ln - Iini=Ingm,
L, Lin] = (n— m”—n—b—m In, Iml =0 L, Im] =—(Mm+a— n)1n+mz

for all integers n and m. These relations define a transposed Poisson algebra structure on W(a, —1).

2.1. Derivations. X. Tang described the derivations of the Lie structure (W(a, —1), [, ]) in [26]. Every
such derivation is a sum of an inner derivation and a projector onto the tensor density module:

Derie(W(a,—1))=Inn(W(a,—1))® CDy,

where D{(Ly) =0, D1(I;n) = I;m. Derivations of the transposed Poisson structure must be compati-
ble with both products. Let D be an arbitrary derivation of the Lie structure:

D= adg +}\D1,

where & = )~ oL + B51;. We obtain the following classification theorem:
j
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Theorem 2. The operator D is a derivation of the transposed Poisson algebra W(a, —1) if and only if & =
olg+ Bl_q and A = 0 when a € Z. In other words,
Der(W(a,—1)) = Cady, +Cad; , + C 84¢zD1.

Remark 3. In operator terms, these derivations are:

diag(-n|n € Z) 0 0 0 5 0 0
0 diag(—(m+a)|mez))’ \(i8ii+ali,j))y; 0)7 "#20 Id)"

Proof. The derivation satisfies the following condition:
[&,x] -y +AD1(x) -y +x- [£yl +x-AD1(y) = [£,x - yl.

Since D is a linear operator, we prove this for the generators of our algebra.
Casel: x=Landy = L.

D (G—m)og+G—m)eg)Lnsmyy + ) _((+a—=n)Bj+(+a—m)B;j)Inimsj
j j
=) (—n=m)gLaimj+ G+ a—n—m)BjInimyj.
j
Comparing the coefficients, we obtain:

joy =0,
(j+a)B; =0.
This implies:
o = dpj, a€C, 1)
Bj =PBd-qj BeC ()

Case2: x =L andy = Ly
nodnyim+(M+a)alnim +Anim = a(m+m+ a)lym.
After computation, we get:
a(m+a+n—(m+n+a))lyim+Alnim =0.
This identity implies that A = 0 if a € Z. Finally, we obtain:
D(1) = [aLg + BI-qa, -] + AdqezD1(-).
O

Corollary 4. Consider the transposed Poisson algebra structure on the Witt algebra induced from W(a, —1).
The derivations are described as:
Der(W) = Cady,,
or in operator form:
Der(W) = (diag(—n | n € Z)).

2.2. 1-derivations. The class of }-derivations is important for transposed Poisson algebras. The

transposed Leibniz rule implies that the map y — x - y is a 3-derivation. This is analogous to how
the map y — [x,y] is a derivation for a Poisson algebra.

Definition 5. A linear map D is called a }-derivation if it satisfies the following condition:

1
D(x*xy) = E(D(x) *y+x*D(y)),
for all elements x,y and all products * in the algebra.

In [11], the authors established that any element D € %—@ eCLie (W(a, —1)) acts on the generators as
follows:

D(L,) = Z %Ljin + Bjljin, D(Im) = Z o L ym,
j j

where the sequences «., 3. C C have finite support.
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Theorem 6. Every %-derivation D¢ %-’Det(W(a, —1)) acts on the generators according to:

D(Ln) =Y &Ljsn +Biljtn, Dllm) =D o5ljim,
j j

for sequences ., 3. C C with finite support.

Remark 7. In operator terms, the %-derivations of W(a, —1) are generated by:

t 0 0 0
Atez == (80 3t> , Biez = <Ht 0> .

Proof. We verify the condition for the generators L,, and I,.
Casel: x =L andy = L,.

1
Z 4Ljtntm + Bjljrnim = 2<Z %Ljtn+m + Bilj4nim + Z %L pmen + BiIi+m+n>~
j j j

The condition holds automatically, so this case imposes no additional restrictions.
Case 2: x =L, and y = I;;;. Here we have

D(Ly - Iin) = Z G rntm,

)
D(Ln) - Ijm +Ln - D(I;m) = ZZO(]' Lintm.
j

N[—=

It follows that D(L,, - ;) = (D (L) - I+ Ly - D(Im)). This case also imposes no restrictions on «;
and 3;. O

Corollary 8. Consider the transposed Poisson algebra structure on the Witt algebra induced from W(a, —1).
The space %-@ ev(W) is generated by the following operators:

AtGZ = Ht.
2.3. Local derivations.

Definition 9. A linear map D is a local derivation if for every element x in an algebra, there exists a
derivation A, such that:
D(x) = Ax(x).

Theorem 10. The local derivations of the transposed Poisson algebra W(a, —1) are spanned by the following
operators:

diag(ar (n)n|n € Z) 0
0 diag(ar(m)(m+a)|meZ))’
(0 (iﬁ(i)5i,j+a)m->
0 0 !

5 <O 0 )
a?Z\0 diag(A(m)|meZz))’
where «y, «1, 3,A\: Z — C are arbitrary functions.
Proof. Every local derivation is represented as:
D(-) = a()[Lo, -] + B()-a, ] + A(-)dagzD1(-),

where «, 3,A: W(a, —1) — C are arbitrary maps. Since D is linear, it is sufficient to define its action
on the generators:

D(Ln) = o(Ln)[Lo, Ll + B(Ln)[I—q, Ln]
= —a(Ln)nLn + B(LunIn_q,

D(Im) = a(Im)[Lo, Iml + AL )0 agzD1(Im)
=—a(ln)(m+ a)lim + A(Iim)dagzlm.

We set the following functions: a1 (n) := (L), ag(m) := a(Im), B(n) := B(Ln), and A(m) := A(Isn).
This completes the proof. O
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Corollary 11. Consider the transposed Poisson algebra structure on the Witt algebra W induced from
W(a, —1). The local derivations of W have the following form:
loc Der(W) = (diag(x(n)n|n € Z)),
where «: Z — C is an arbitrary function.
2.4. 2-local derivations.

Definition 12. A (not necessarily linear) map D is called a 2-local derivation if for any elements x and y in
an algebra, there exists a derivation Ay, such that:

D(x) = Axy(x),
D(y) = Axy(y).
Theorem 13. Every 2-local derivation of W(a, —1) is a derivation. In other words,
2-loc Der(W(a,—1)) = Der(W(a,—1)).
Proof. We represent a 2-local derivation as follows:
D(x) = a(x,y)[Lo, x] + B(x, y)I—a,x] +Alx,y)dagzD1(x),
where «, 3, A are scalar functions. For any y and y’, we have:
D(x) = a(x,y)[Lo, x] + B(x, y)I-a,x] +Alx,y)dagzD1(x),
D(x) = ax,y) Lo, x] + B(x, y )I-a,x] +Alx,y )8 agzD1(x).
Subtracting these equations gives:
0 = (alx,y) — alx,y")[Lo, X + (B(x,y) — B,y NI-a,x] + (A%, y) = A(x,y"))8qgzD1(x).

This identity shows that «(x,y) is independent of y. Due to the symmetry between x and y, we
conclude that «, 3, and A are constants. Thus, D is a derivation. O

Corollary 14. Consider the transposed Poisson algebra structure on the Witt algebra W induced from
W(a, —1). The 2-local derivations of W are derivations:

2-loc Det(W) = Der(W).
2.5. Quasi-derivations.
Definition 15. A pair of linear maps (D, F) is called a quasi-derivation if it satisfies the following condition:
Dlxxy) =Fx) xy +x*Fy),
for all elements x,y and all products * in the algebra.
In [17], I. Kaygorodov, A. Khudoyberdiyev, and Z. Shermatova established that the space of quasi-
derivations of a Lie algebra is the sum of the space of derivations and the space of %—derivations:

QDerrie(W(a, —1)) = Dergie(W(a, —1)) & %—”}Detue (W(a,-1)).

Theorem 16. Any quasi-derivation (D, F) of the transposed Poisson algebra W(a, —1) is defined by its action
on the generators:

F(Ln) = ) &lngj+ ) Bjlnyj —ynln —mln_q,
j j

)
F(Im) = ) &5Imij — (M4 @) yIm + Aqgzlm,
j

and
D(Ln) = Z 204Ln4j + ZBjIn—O—)’ —ynly —mln—q,

j
D(Im) =Y 2Tmyj — (M+a) YIm +Adagzlm,
j

where T,y € C and the sequences o, B; C C have finite support.
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Remark 17. In operator terms, the quasi-derivations (D, F) on W(a,—1) are generated by:

(3 0 _ (diag(n|neZz) 0 (0 0
AtEZ-—<0 Ht)r r_< 0 dlag(m—i—aImGZ) ’ BtEZ-— 3t 0/’

0o 0 0 0
Ti= ((i5i,j+a)m~ o)' Ai=dagz <0 Id)'

These operators satisfy the following relations:

F=) (CtAt+CiB) —C'T—C"T+CA,
t

D=2) (CtAr+C{By)—C"T—C"T+CA,
t

for arbitrary complex coefficients.

Proof. The expressions for F follow directly from Theorems 2 and 6 and the results in [17]. The action
of D is obtained by direct computation using the relations:

D(I—n) = F(Ln) : I—O +Ln- F(Lo),
D(Im) = F(Im) : I—O + L - F(LOJ-

Calculating these gives:

D(Ln) =) 20Lnsj +2BjInsj —ynln — Tl g,
j

D(Im) =Y 20Tm 5 — (M+ @) YIm + Adagzlm.
j

This describes the action of D on the generators. O

Corollary 18. Consider the transposed Poisson algebra structure on the Witt algebra W induced from
W(a, —1). Any quasi-derivation (D, F) of W is described by:

F(Ln) = ) ajLnyj—ynly,
j

D(Ln) = ) 205Lnyj —ynln,
j

wherey € C and the sequence («;); C C has finite support.

2.6. d-derivations.

Definition 19. A linear map D is called a d-derivation if it satisfies the following condition:
D(x+y) =8 (D(x) xy +xxD(y)),

where & € C. This condition holds for all elements x,y and all products x in the algebra. Note that in terms of
Definition 15, this means F = 8D.

Proposition 20. For the transposed Poisson algebra W(a, —1) and the induced structure on the Witt algebra,
non-trivial d-derivations exist only for 6 =1 or & = %

Proof. We solve the equation F = 8D. First, we consider the generator L,:

F(Ln) =) o5Lnsj+ ) Bjlngj —ynln —mln g,
j j

8D(Ln) = > 2805 Ln+j +28BjIn 5 — 8y nly — 8Tnln_q.
j
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Comparing the coordinates, we obtain the following system:
o(1-25) =0, j#0,
xo(1—28) —yn(1—-6) =0,
Bj(1—-28) =0, j+#—a,
B_a(l—=28)—T(1-58)=0

Ifé6 = %, then the coefficients «; and 35 are arbitrary, while t =0and y = 0. If = 1, then o; = 0 and

; = 0 for all j, while T and y are arbitrary complex numbers. If 5 ¢ {%, 1}, then o5 = 0 for j # 0 and
B; = 0 for j # —a. The remaining equations are:

xo(1—28) —yn(1—-8) =0,
B_a(l—=28)—(1—-5)=0.
Forn =0, we find 0p = 0 and 3_4 = 0. Consequently, T = 0 and y = 0. Thus, there are no non-trivial

d-derivations for & ¢ {3,1}.
Next, we check the generator I,,:

F(lm) = ) olnsj — (m+ ) yIm +Aagzlm,

)
SD(Im) = ) 280Tmj — 8(m+ a) YIm + SA8qgzTm.
j

We test the cases § = 1and § = 1.
If 6 =1, the equation becomes:

—(m+ a)yln + Aqgzlm = —(Mm + a)ylm + A0qgzlm.

This identity holds for any y and A.
If 5 = 1, the equation becomes:

1
D GImej + Aagzlm = ) o5lma + SMagzlm.
j j

This implies A = 0. O

3. AUTOMORPHISMS OF W(a, —1)

S. Gao, C. Jiang, and Y. Pei described the automorphisms of the Lie algebra structure on W(a, —1)
in [12]. They established the following isomorphism:

C® x (C* x C*) a¢giz,

u Le( (a )) {Coo X (Zy x (C* x C*)) otherwise.

Here, C* denotes the set of all sequences of complex numbers with finite support. The action on the
generators is determined by the following subgroup structures.

The Normal Abelian Subgroup 3. The subgroup J := (exp(kad I;) | i € Z,k € C) of Aut(W(a, —1)) acts
on the generators as follows:

t
[Texp(kjad [iLn =La + > K56+ a—n)ljy,
j j

Hexp(kj ad Ij) I = I,
j

where (k.) C Cis a sequence with finite support.
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Subgroups of Scale and Reflection. When a ¢ %Z, the automorphism group is determined by a; :=
{Gap | 0, € C}=Cr x C™:

aoc,u(l—n) =a'"Ly,

o, (Im) = o™ ply.

For the remaining cases, the structure involves a, = Z, and b, = C* x C*. Their actions are defined
as follows:
(1) Action of ap = {0, | ¢ = £1}:

_ elen a#0 _
o:(Ln) = ; 0:(Im) =1 _
s( n) {ELen+7\enIen a=0 e( m) e(m+a)—a.

(2) Action of by = {0, | @, u € C*}:

B oLy a0 _
o L) = ; o I) = oc™ul,.
(x,p.( n) {(ann + (Xn7\1n1n a=0 O(,},L( m) O Hlm

Using this notation, we express the automorphisms of the Lie structure as follows:

Ixm ad lZ/
Autpie (W /_1 = .
u Lle( (a )) {3 N (az X bz) otherwise.

Theorem 21. The group of automorphisms of the transposed Poisson algebra 'W(a, —1) is generated by:
diag(a™ |n € Z) 0
0 diag(pa™ [n€Z))’
where o, w € C*. In particular,
Aut(W(a,—1)) = C* x C*.

Proof. To prove the theorem, we check which Lie automorphisms preserve the associative product
x - Y. Since W(a, —1) is generated by L,, and I, it is sufficient to verify the conditions f(L, - Li,) =
f(Ln) - f(Lym) and f(Ly - Iin) = f(Ln) - f(Im).

Casel:a ¢ %Z.

We begin by fixing the generators of the Lie algebra automorphisms: T € Jand o4, € a;. Define the

map f(x) := T(0g,u(X)).
First, consider the action on L, and L,:

f“—n+m) = f“—n : Lm) = f“—n) : f(I—m)~

Expanding both sides:

f(Lnym) = T (Lner + Z kii+a—n— m)1i+n+m> ’

1

f(Ln) - f(L) = ™™ (Ln +) kili+a— n)mn) : (Lm +) kili+a- m)mm)

1 1

1

= gntm (an +) ki(2i+2a-n- m)IHner) :
Comparing the coefficients at I, m, we obtain the condition:
ki(i + (1) =0.
This implies ki = ¢di_q for some ¢ € C. Thus, t(L,,) =L —cnlp—q and 1(Im) = I;m.
Next, we apply the condition to the product Ly, - Iin:
f(Iner) = f“—n : Im) = f(Ln) : f(Im)z

oMMl m = oMLy —enln—q) - (™ pln)

_ mn+m n+m
= whnym —« uenln —a+m-

This forces ¢ = 0, yielding f(L,,) = «™L, and f(I;n) = a™uly,.
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Case2:a € 3Zand a ¢ Z.
Let f(x) := (crE (0a,u(x))) where 0¢ € a; and 04, € by. Repeating the calculation for L,, and L,

f(Lyym) = ea™ ™ <Lg(n+m) + Zki(i+ a—en+ m))IHE(Mm)) ,

i
f(Ly) - f(Lim) = e2mtm (Ls(n+m) + Z ki [21 +2a—¢e(n+ m)] Ii+£(n+m)> .
i
Comparing the coefficients of L, (4m) gives ¢ = €2, hence ¢ = 1. The coefficients of I, ¢ (nm) again
yield ki (i + a) = 0. The rest of the argument follows Case 1.

Case3:a e Z.
It is known from [12] that W(x,b) = W(x + n, b) for all integers n, so we reduce this to a = 0. Let
f(x) := T(0¢ (0, u(x))). Following [12], we have:

f(Le) =7 (‘Xa [Eng + (Ae + M)Eka])

= ot Lee + Zk )+s£] + (A +A)Elg

To check the preservation of the associative product, we expand both sides of equation
f(Lnym) = f(Ln) - f(Lin). Comparing the coefficients of L¢ (4 m), we immediately obtain ¢ = €2,
which forces ¢ = 1. Substituting ¢ = 1 back into the expressions, we get:

f(Lnym) = T ((]—n+m + Z k; G—Mm+ m))IjJrner
j#0

+ [(M + M) —ko] (n+ m)In+m>/
f(Ln) - f(Lm) = « (n+Zk j =) jin +2AmI, )

o™ [ Lo+ ) K — M) + 20mIy,

Using the property L, - I = I, 4 and I, - I = 0, the product f(L,,) - f(L) simplifies to:

f(Ln) - f(Lyn) = a™™ <Ln+m + ) K6 nm + ) K0 — M) jinem
j#0 j#0

+ [ko(O —n)+ko(0—m) +2An + 27\1m} In+m>.

Now, we compare the coefficients for each basis element I; 1, n:
e Forj #0:
kij—m—m)=ki(j—n)+kj(Gj—m)=k;(2j —n—m).
This simplifies to k;j = 0, which implies k; = 0 for all j # 0.
e For j = 0 (the coefficient of I, 4 ):
(2A1 — ko) (n+m) = (20 — 2kg)(n + m).

This yields ko(n +m) =0, s0 kg = 0.

Since k; = Aj/gj (where ¢; are non-zero constants from the Lie structure), the vanishing of all k;
implies that all A; are also zero. Thus, the only automorphisms that preserve the associative product
are the scaling maps o, where o, u € C*. O
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3.1. Local automorphisms.

Definition 22. A linear map A is called a local automorphism if for each element x there exists an auto-
morphism Ay such that:

A(x) = Ax(x).
Theorem 23. Local automorphisms of the transposed Poisson algebra W(a, —1) have the following form:
_ (diag(af*(n) In € Z) 0
loc Qlut(W(a,—l)) - ( 0 diag(p(m)oc}“(m) | m e Z) !

where ar, 1, u: Z — C* are arbitrary functions.

Proof. The proof follows the same logic as the proof for local derivations. Let A € loc JAut(W(a, —1)).
By definition, for any x, the action of A is given by A(x) = (diag(oc“(x) In e Z) @ diag(p(x)o™(x) |
n € Z))x. Applying this to the basis generators, we have:

A(Ln) = “n(l—n)l—nz
A(Ln) = w(Im) o™ (I ) Im.

By setting o (n) := «(Ln), az(m) := «(Iy,), and p(m) := u(I,n), we obtain the required diagonal
form. O

Corollary 24. Local automorphisms of the transposed Poisson Witt algebra W are given by the operators
(diag(a™(n) | n € Z)) for an arbitrary function «: Z — C*.

3.2. 2-local automorphisms.

Definition 25. A (not necessarily linear) map A is called a 2-local automorphism if for every pair of ele-
ments x,y there exists an automorphism A \ such that:

A(x) = Axy(x),
Aly) = Axyy).

Theorem 26. Every 2-local automorphism of the transposed Poisson algebra W(a, —1) is an automorphism.
In other words, any A & 2-loc 2ut (W(a, —1)) has the form:

diag(a™ [ n € Z) 0
0 diag(pa™ [neZ) )’

for some constants «, u € C*.

Proof. Let A be a 2-local automorphism. For any pairs (x,y) and (x,y’), there exist automorphisms
Ax,y and A, s such that:

A(x) = Axy(x) = (diag(a™(x,y) [ n € Z) ® u(x,y)diag(«™(x,y) I n € Z))x,
A(x) = Ay (x) = (diag(a™(x,y') [ n € Z) & p(x,y")diag(a™(x,y') | n € Z)) x.
Thus, the difference must be zero:
0 = diag(a«™(x,y) — a™(x,y’) [ n € Z) & diag(n(x, y)a™(x,y) — ulx, y )™ (x,y’) [ n € Z)x.
Setting x = L,, and y’ = Lo, we get:
o™ (Ln,y) — o™ (Ln, Lo) =0,
o(Ln,y) = Ca(Ln, Lo),

where ( is an n-th root of unity compatible with the action on Ly. Since the left-hand side must be
independent of y, the function « is constant across the section L, x W(a, —1). By the symmetry of
the arguments x and y, it follows that x(x,y) = o is a global constant in C*.

Now consider x = I, and y’ = Lg:

H(Im/y)‘xm(lm/y) = H(Im/ LO)(Xm(Im/ LO)/

(xm(Im/ LO)
I = w(lnm, Lp)—————.
Since « is already proven to be constant, we have p(I,,y) = u(Im, L) = p. Thus, x(x,y) = « and
1(x,y) = p are constants, and A is a global automorphism. O

Corollary 27. Any 2-local automorphism of the transposed Poisson algebra W is an automorphism.
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3.3. Quasi-automorphisms.
Definition 28. A pair of linear maps (A, F) is a quasi-automorphism if it satisfies the following condition:
A(xxy) =F(x) x Fy),
for all elements x,y and all products * in the algebra.
Before proceeding to the main theorem, we state a useful lemma.

Lemma 29. The only idempotents in the associative structure of the transposed Poisson algebra W(a, —1) are
0 and L.

Proof. This follows directly from the fact that the associative structure of W(a, —1) is an algebra of
extended Laurent polynomials, where the only solutions to p> = p are 0 and 1 (corresponding to

Lo). O
Theorem 30. Every quasi-automorphism (A, F) of W(a, —1) is an automorphism, where A = F. Specifically:
. (diag(a™[n € Z) 0 "
A_F_( 0 diag(pax™|neZz))’ o p & C

Proof. Applying the definition to Lo:
A(Ly) = A(Lo - Lo) = F(LYN - L) = F(Lo)™ - F(Lo)™ = F(Lo) - F(Lo).
By Lemma 29, F(Lg) = Ly (excluding 0 since F and A are invertible).
X Vv . .
Y W> Using the relations Lyt = Lin - Ly =
L, Lt], we compare the associative and Lie actions:

F( ZZX Xk 1Lk+ZZ yl Xk 1+X yk 1)Ik/

F m+t ZXm+tL +Zy111+t11’

Assume the map F has the block matrix form F = (

mortl

1 m+t m+t
m+t[F(Lm+t) Lol = m+t<Z”‘ L+Z + a)y™tty

Comparing the last two expressions coordinate-wise, we obtam.
i

Xt = ﬁx{““ — (m+t—ipx™tt =0, (X-eq)
ytt = H_ay.mH = (m+t—(i+a)y™t=0. (Y-eq)
' m+t7t i
The equation (X-eq) implies that X is a diagonal matrix (x{* = 0 for i # n). Substituting this into the

associative product condition gives x'xt = x7n 1. This is a homomorphism from the additive group

(Z, +) to the multiplicative group (C*, -). Since x8 =1, we have x]; = a™ for some « € C*.
Now consider the Y block from (Y-eq). For k # 0, y}f can be non-zero only if i = k—a. We examine
the product F(Ly,) - F(L¢) = F(Lim4+) - Lot

m+t
Ymt— aIm+t a*E (yl m+t a— L+x ym+t a— 1)Im+t*a'

i

Letd = m + t. Substituting x} = «*, we analyze two cases:

e Case 1: a = 0. The equation becomes y§ = Z(yg::oct + oa®~tyl). Setting t = 9 and noting

x8 =1, we get yg = Zyg, which implies yg =0.
e Case 2: a # 0. The equation simplifies to y _, = y5__«t. Since this must hold for all t, we
again conclude yg_ a=0.
Thus, Y = 0. A similar check for the action of A on the Lie bracket and shows that A(L,,) = F(L,) =
oLy,
Finally, we determine the blocks V and W by considering A(L, - It) and A([L, It]). The require-
ment that A( mat) = ———~—A([Ln, I]) forces V = 0. For the diagonal elements of W, we find

t+a m

wi = a™w). By setting 1 = w), we obtain W = diag(na™), which completes the proof. O
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From theorems 30 and 23 we obtain the following corollary:

Corollary 31. Local quasi-automorphisms of the transposed Poisson algebra W(a, —1) are defined by:

oy _ (diag(aft(n) [n € Z) 0
foc QQ{ut(W(a, 1)) o < 0 diag(u(m)cx}“(m) |me Z) ’
where ar, x1, u: Z — C* are arbitrary functions.

Similarly, from theorems 30 and 26:

Corollary 32. Every 2-local quasi-automorphism of the transposed Poisson algebra W(a, —1) is an automor-
phism.

4. HOMOGENEOUS ROTA-BAXTER OPERATORS ON W(a, —1)

We now turn to a class of operators originally introduced by Glen Baxter in his analytic proof of
the Spitzer identity [6]. By introducing these operators, Baxter reduced a non-trivial probabilistic
problem to the verification of an algebraic identity. The most intuitive example of such an operator
is the integration operator:

I: C(R) — C(R), I(f)] ::Jf(t)dt.
0

Let F(x) := I(f) ‘X and G(x) := I(g) ‘X be the primitives of f and g, respectively. Multiplying F by G
and applying the integration-by-parts formula, we obtain:

F)G() = 1(f)] I(g)|. & 1(1(g))| +1(1(f) g)| = Jf(t)G(t) at + j F(t)g(t) dt.
0 0

Equation (x) corresponds to the Rota-Baxter condition of weight zero.
We formalize this class of operators as follows:

Definition 33. A linear map R is called a Rota—Baxter operator of weight A € C if it satisfies the Rota—
Baxter binding equation:

R(x) * R(y) = R(R(x) xy +x *R(y)) + AR(x x y).
Note that if R is a Rota—Baxter operator of weight A # 0, then +R is a Rota—Baxter operator of weight 1.

Definition 34. Let B, = @, .z En bea graded algebra. A linear map L: Eq — E, is called a homogeneous
operator of degree k € Z if L(Ey,) < Ensx forallm € Z. It’s easy to see that this definition can be
extrapolated on all ordered set with additive structure.

In light of Definition 33, it is sufficient to classify operators of weight 0 and 1. For the Witt algebra
W, a complete classification of homogeneous Rota—Baxter operators is provided in [13]. Every homo-
geneous operator of degree k on the Witt algebra takes the form L,, — f(n)L,, 1« for some function
f: Z — C. We list below the results from [13] that are necessary for our generalization to W(a, —1).

Theorem 35. There are exactly three types of homogeneous Rota—Baxter operators of weight 0 on W:

RE(Ln) = adni2k0lnik, keZ xeC, 3)

RyP(Ln) = B(Sni2k0 + 20n13k0) Lnsok, k€ Z*, B eCF, (4)
Ly k'y * *

Ry (Ln) == ——= dnikezLntk, kleZ" 11k, yveC". 5)

 n+2k
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Theorem 36. All homogeneous Rota—Baxter operators of weight 1 on W have degree 0 and belong to one of
the following classes (where « € C):

L, n=2 L, n<-2
RSH(L = " - RZHL,) = " =
* Ry {Ln) {o ne1 R = s
L, n<l1 L, n>-1
>1 o n S <—1 o n =
e Ry (Ln) := {0 n>2 o Ry (Ln) = {O n< 2
—L, n<O0 —Ly n>0
eR*(Ln):=<alp n=0 o Ry M(Ln) ==qaly n=0
0 n>0 0 n<0
1] . 0 ._
eRy(Ln) :=-Ln oRy(Ln) =0

4.1. Homogeneous Rota-Baxter operators on W(a, —1) with Z-grading. Firstly, we fix the grading
on the algebra W(a, —1). In this section, we consider the following Z-grading;:

W(a,—1) = @ (CLn + CL,).
nez

Theorem 37. Let R be a homogeneous block-diagonal Rota—Baxter operator of weight O on the Lie structure
of W(a, —1) with the matrix representation R‘w @ R I(a,_1) (invariant on W and 1(a, —1)). So the possible
operators are given by the following relations:

{R%(Ln) = &On2k,0lntik,

N keZ, «teC. (6a)
Ry (Im) := T0m,—a—2k0k,0lm+k,

{RQE(Ln) = B(On+2k,0 + 28n+43k,0) Lnt2k, keZ*, BeC” (6b)
€ 7 € :

R (1) =0,
ky
RL’V’mO(Ln) = m5n+kelan+k/
. (). (60)
v, Y
R ) = L i Smemo 12 Sz

where for case (6¢), k,1 € Z*, 11k, vy € C*, and my € Z satisfies mgp # —2k — a (mod 1). We adopt the
convention that @ =0atx=0.

Proof. Suppose a homogeneous Rota—Baxter operator R of degree k takes the form:
R(Ln) == CM)Lnyk,  R(Im) = &(M) L k.

Due to the invariance of R on W and I(a, —1), it suffices to verify the Rota—Baxter condition on the
bracket [L,, Iinl:

[R(Ln), R(Im)] = —(m + a —n) ()&M) I 1 m2x,
R([R(Ln), Im] + [Ln, R(Im)]) = —((m+a—n—Xk)¢(n)
+ (m+k+a—n)Em)E(m+n+k)Iminiok. (7)
Setting n = —k, we obtain:

(kC(—K) — (m+ a +2k)E(m))&(m) = 0.
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This implies either £(m) = 0 or {(m) = nﬁ(‘; —|1<2)k for m # —a — 2k. Let ¢;n € {0,1} be a selector
sequence. The general form is:
k((—k)
&(m) = mimém,;&—a—zk + TOm,—a—2k,

where T € C, and T # 0 only if k((—k) = 0. Using the known classification for ¢(n) from Theorem 35,
we analyze the three types:
e Case (6a). Here ¢((n) = adyn,—2k. If k # 0, then {(—k) = 0, forcing &(m) = 0 for almost all m.
If k = 0, we obtain the identity R(Iy) = T0m,—alm.
e Case (6b). In this case, the degree of the operator R is 2k, and the function on the W subspace
is given by ¢(n) = B(dn,—2k + 20n,—3k). To determine the behavior of £(m), we substitute
these into the mixed Rota—Baxter functional equation (7).
— First, let n = —2k. Since ((—2k) = 3, equation (7) simplifies to the identity we used to
establish the general form:

2kpB
) e
— Next, we consider n = —3k. Here, ((—3k) = 23. A crucial shift occurs in the index of the

right-hand side of (7): the term &(m +n + 2k) becomes &(m — k). This couples the values
of £ at points m and m — k, yielding;:

(m+a+3k)(2B)E(m) = ((m+ a+k)(2B) + (m+5k+ a)E(m))E(m — k).

In this formula m + a + 4k # 0. If m + a 4 4k = 0 then obtain ke,_s5x = 0. Substituting
the fractional form of £(m) and &(m — k) and dividing by the common factor 4kp?2, we
arrive at the following recurrence relation for the selector sequence:

(Mm+a+3k)?em = ((M+ a+k)(m+a+4k) + k(m+ a+5k)em) em—x. (8)

Analyzing the support of ¢, reveals three scenarios:
(1) If ey = 1 and ek = 0, the equation implies (m + a + 3k)?> = 0, which only
happens if m = —a — 3k.
(2) If e, = 0 and e = 1, the right side must vanish, implying m = —a — k or
m = —a —4Kk.
(3) If ey, =1and ek = 1, the equation (8) is satisfied identically, theoretically allow-
ing for infinite sequences of non-zero values.
However, we must also satisfy the Rota—Baxter condition for all n ¢ {—2k, —3k}. For these
indices, ((n) = 0, and the functional equation reduces to:

O=(m+2k+a—n)em€minirk.

If there exists any mg such that €, # 0, then for almost all n, we must have e, n+2k =
0. This “orthogonality” condition prevents the existence of the chains described in the
third case or the multiple isolated points in the first or the second cases. Therefore, the
only globally consistent selector sequence is the trivial one, ¢, = 0, which implies & = 0.
e Case (6¢). Here {(n) = %&Hkgz.
- If n 4+ k ¢ 1Z, then ¢(n) = 0, and the functional equation (7) becomes:

O=(m+k+a—m)ememinsk (form, m+n—+k#—a—2k).

If we assume &, = 1 for some my # —a—2k, then for any n € Z\{—a—3k—my, —k+1Z},
we must have ey +k+n = 0. This implies that the support of ¢ is very sparse outside of
the cosets related to 1Z.

- Letn+k = lt forsome t € Z. Substituting {(n) and £(m) into (7) and setting m = —a—2k,
we get 0 = (2k + Lt)kzys_a_2k+[t61t7é0. Since k 1 1, we have 2k + It # 0, implying
€_q-2k+1t = 0forallt € Z*. Thus, € can be non-zero at index —a — 2k only as an isolated
point.

For m # —a — 2k — lt, direct computation shows:

(m+a+lt+2k)(m+a—1lt+k)em
=((m+a—)(m+a+2k)+ (m+2k+a— 1) (It +K)em) emie.
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This equation is satisfied if e;n = €41+ = 1. This confirms that if any &,,, = 1, then the
whole coset mg + 1Z should be in the support.
To complete the argument for this case, we need to match the periodicity from the second
subcase with the sparsity from the first subcase.

If there exists some myg such that ¢,,,, = 1, the second subcase implies that the whole coset
mp + 1Z must be contained in the support of ¢. However, the first subcase imposes a strict
“orthogonality” condition: for any m in the support, almost all other points m + k +n (when
n + k ¢ 1Z) cannot be in the support.

For both rules to work together, the support cannot cover more than one coset or have extra
points. Any point x outside the coset mg + 1Z (except perhaps the single point at —a — 2k)
would eventually break the equation for large shifts n.

Also, our analysis of the singular point showed that e _ 4511+ = 0 forall t # 0. This means
that —a — 2k cannot be part of a full coset 1Z. Thus, the only valid and non-zero solution is
for the support to be exactly one coset:

E€m = 6mEmO—H.Z/
where we must ensure my # —a — 2k (mod 1) to avoid problems at the singular point. This
leads us to the final form of the operator RyY"™.
|

Corollary 38. In the transposed Poisson structure on W(a, —1), every W and 1(a, —1)-invariant Rota—Baxter
operator of weight 0 vanishes on W and has following form

{R(Ln) -0

keZ t€C,a¢”Z.
R(Im) = Tdm,—a—2kdk0lm+k

Proof. We must verify the Rota—Baxter identity for the associative product -:

R(x) - R(y) = R(R(x) -y +x - R(y)).
If we assume R(L;,) = ¢(n)Ln+x, the identity for L, - Ly, becomes
¢(n)¢(m) = ¢(n+m+k)(¢(n) + ¢(m)).
For RY, setting n = m = —2k yields o® = o?(8_y 0 + §_k,), which implies a® = 2028y . For any
k # 0, this forces & = 0. If k = 0, the only idempotent solution is & = 0 or & = 1, but the latter fails
for n # m. Similar contradictions (1 = 2 or singular values) arise for R’ B and RVY.

Finally, we check the mixed product R(Ly) - R(Iy,) with R(L,,) = 0. The condition reduces to
0 = R(Ly, - R(Iin)). Substituting R(Iy) = T0m,—alm (for k = 0), we get:

0="10m,—aR(Inym) = Tzém,faénntm,faIner-

This must hold for all n. If n = 0, we have Tzém,fa = 0. If a ¢ Z, the index m (which is an integer)
can never equal —a, so the delta-symbol is always zero and the condition is satisfied. If a € Z, the
operator fails at m = —a. O

Theorem 39. Let R be a homogeneous block-diagonal Rota—Baxter operator of weight 1 on the transposed
Poisson structure of W(a, —1) with Z-grading. Suppose R is invariant on W and 1(a, —1), with the matrix
representation R|,y @ R| I(a,_1)- Then Ris one of the following:

@)) R8 @ (—Id) or R8 @0
) RY @ (—1d) or RY @ 0;
x 0

R+,
®) ( OO diag(—l(—oo,t] (m)[ne Z)) fort € Ztiikookand o € {105

@ (R diag(—l[tr+£) (n)Ine Z)) fort € ZU{Foojand o € {~1,0}.

Here, the operators acting on the Witt algebra W are taken from the classification in Theorem 36.
Proof. Consider a homogeneous operator R of degree 0. Let R(Ly,) := ¢(n)L,, and R(I,) = &(m)Iry

To verify the Rota-Baxter condition on the transposed Poisson structure, we must satisfy the identity
for both the Lie bracket and the associative product.



TRANSPOSED POISSON STRUCTURE ON W (a,—1) 17

For the mixed relations between L,, and I,,, the Lie condition and the associative condition yield:
(m+a—mn) (E(m +n)(¢n)+&m)+1) — C(n)é(m)) =0, (M-Lie)
Em+n)(¢m)+&m)+1) —¢n)g(m) =0. (M-Assoc)

Since (M-Assoc) implies (M-Lie), we only need to solve the associative functional equation.

First, we check the compatibility of the Witt algebra operators from Theorem 36 with the associa-
tive product.

Lemma 40. Among the weight 1 Rota—Baxter operators on the Lie Witt algebra W (Theorem 36), only
R, Rg, Ry, and Ry"* for o € {—1, 0} are compatible with the associative product.

Proof. The associative condition L;, - Ly = Ly requires {(n)¢(m) = {(n + m)({(n) + ¢{(m) + 1).
For n = m, this gives the diagonal constraint:

C(n) = (2¢(n) +1)¢(2n). (W-Diag)
Testing the known Lie classification against (W-Diag) reveals the following contradictions:
e Operator R0<1: Defined by ¢((n) = —1 for n > 2 and 0 otherwise. Atn =1, ¢(1) = 0 and
((2) = —1. Equation (W-Diag) gives 0 = (0 + 1)(—1), a contradiction.
e Operator R0>_1: Defined by ¢((n) = —1forn < —2. Atn =—1, weget 0 = —1.
e Operator RO>1: Defined by ((n) = —1forn < 1. Atn =1, {(1) = —1 and ¢(2) = 0. Equa-
tion (W-Diag) gives 1 = (-2 + 1)(0), a contradiction.
e Operator Ry ': Defined by {(n) = —1forn > —1. Atn = —1, we get 1 = 0.
For the step operators Roi’“, setting n = 0 in (W-Diag) yields «®> = (2& + 1), which simplifies to
o(oc + 1) = 0. Thus, only « € {0, —1} are valid. The cases R} (¢ = 0) and Rg (¢ = —1) satisfy the
identity for all n. O

Using the result of the Lemma, we analyze the support of £(m) by setting n = 0 in (M-Assoc):
E(m)(C(0) + &(m) +1) — ¢(0)E(m) =0 = &(m)(E(m) +1) =0.
Thus, £(m) € {0,—1} for all m, meaning (—1)R’I(a,_1) is a projection onto some subset of indices
D C Z. To find the shape of D, we analyze the cases for {(n):

e Cases Rg and Rg: If C=0or ¢ = —1, then (M-Assoc) simplifies to E(m +n)(E(m) +1) = 0 or
E(m +n)E(m) = —&(m). In both cases, & must be a constant 0 or —1. This gives the first two
items of the theorem.

e Case Rj"*: Here ¢(n) = —1 for n < 0. If we pick n < 0 in (M-Assoc), the equation becomes
Em+n)éE(m) = —&(m). If £(m) = —1 for some index m, then &(m + n) must also be —1 for
all n < 0. This forces the support of & to be the form (—oo, t]. The specific value of t depends
on o and the value of £(0), leading to the general form diag(—1(_oo])-

e Case R,"™: Here ¢(n) = —1 for n > 0. By symmetric logic, if £(m) = —1, then &(m + n) must
be —1 for all n > 0. This forces the support to be the form [t, +00).

In both ray cases, t = 00 corresponds to the constant operators 0 and —Id. O
4.2. Homogeneous Rota—Baxter operators on W(a, —1) with Z,-grading. Let us fix a Z,-grading on
our algebra:
W(a,—1) = W& I(a,—1).
We consider homogeneous Rota—Baxter operators of degree 1:
In terms of the basis generators, we write:
R(Ly) =) &L, R(Im) =) &L
i j
Theorem 41. There are no non-trivial homogeneous Rota—Baxter operators of weight 1 on the Z,-graded
transposed Poisson algebra W(a, —1).

Proof. We analyze the Rota—Baxter identity [R(x), R(y)] = R([R(x),y] +[x,R(y )]) +R([x, yl) for different
pairs of generators.
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e Case 1 ([Ln, Lin]). Evaluating the RB identity on the pair (L, Ly ):

[R(Ln), R(Lm)] = R([R(Lyn), Lim] + [Ln, R(Lm)]) 4+ R([Lyy, Lin]).
Since R(Ly) € I(a,—1) and the bracket [I, I] is zero, the left-hand side vanishes:

0=R ([Z My, Lin | + [Ln,Zq“Ij] + (nm)Ln+m)

1 )

=R (Z Mita—mlyym+) Mi+a—n)ln +(n— m)Ln+m) .
i j
Applying the action of R and splitting the result into the W and I components, we get

0= (Z i+ a—n)E M — Z (Gi+a— m)&li(erLk) +(n—m) Z (M
Lk ik

k

EW €l(a,~1)
For the I-component to vanish for all n, m, we must have (n — m) = 0. For any index
s, we can choose n, m such that n + m = s and n # m, which forces ¢ = 0 for all s, k. Thus,
R(W) = 0.
e Case 2 ([Ly,, Iin]). Now we apply the RB identity to the pair (L, I;m):
[R(Ln), R(Iim)] = R([R(Ln), Im] 4 [Ln, R(Im)]) + R([Ly, Im]).
Since R(L,,) = 0, the left-hand side is 0. Also [R(Ln), Iiw] = 0. Therefore:
0 =R(0+ [Ln, R(I;m)] + [Ln, Iim]).

Now expand the terms inside R. After computation we get:

0=R ([Ln,z a{“u] —(m+ a—n)lnm) =R <Z a{“(n—i)LnH> — (m+a—1R(Insm):

1

n+m
Ck

Since R(L,) = 0, the first sum vanishes, leaving:
(m+a—n) Z EMTML = 0.
i

This must hold for all n, m. For a fixed sum s = m +n, we have (s —2n + a)&§ = 0. Since we
can vary n freely, the coefficient (s — 2n + a) cannot be zero for all n. Thus, £ =0 for all s, 1,
which implies R(I) = 0.

|

Corollary 42. There is no non-trivial homogeneous Rota—Baxter operator of weight 1 on the Z,-graded Lie
algebra W(a,—1).

5. W-COMPATIBLE NOVIKOV-POISSON STRUCTURES

As shown by X. Kong, H. Chen, and C. Bai in [20], every Novikov structure compatible with the
Witt algebra W belongs to the family V4 for o € C (wWhere V49 = V_4). The Novikov product o in
these structures is defined as:

Lhpolm:=(ax+m)Lyim.

Our goal is to see if this product o and the associative product L,, - Ly := Ln4m together form a
Novikov-Poisson structure. To do this, we must verify two compatibility conditions:

(x-yloz=x-(yoz), (NP1)
(xoy)-z—xo(y-z)=(yox)-z—yo(x-z) (NP2)
It turns out that these rules hold for any choice of «.

Theorem 43. For any complex number o, the Novikov product o and the associative product - define a W-
compatible Novikov—Poisson structure.
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Proof. We verify this by direct computation. For the first condition (NP1):

(Li - Lj) oLk = Ligj o Ly = (¢ +*)Litjrk
Li- (oL =Li- (c+ KLk = (x+K)Litjrk

Both sides are equal.
For the second condition (NP2):

(LioLy) Lk —Lio(Ly - Ly) = (¢ +j)Litj+k — (@ +j+ K)Litj+x = —kLitjtx,
(LioLy) - Ly —Ljo(Li-Ly) = (¢ +1)Ligjpx — (e +i+K)Litjre = —kLigjik.
Since the results match, the condition holds. O

Corollary 44. The commutator of the Novikov product defines a Lie bracket for this Novikov—Poisson struic-
ture. This bracket is consistent with the definition of W(a, —1). Specifically, the triple:

(WI r [/ ]oc)

is a transposed Poisson algebra where the Lie product is given by:

Ln, Lmla =Lholm —Lnoly =(mMm—n)Lyym.

Note that although the Novikov product depends on «, the parameter & cancels out in the com-
mutator. This results in the standard Lie bracket of the Witt algebra.
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