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Abstract:   

The origin of the mass–force hierarchy remains one of the major open questions in fundamental 

physics, since the Standard Model (SM) does not explain the observed pattern of particle masses 

or the significant differences in interaction strengths. In this work, we examine whether 

fundamental constants, written as natural-unit (NU) frequency scalars, display an underlying 

constrained integer-scaling power structure. To explore this idea, we use Hermann Minkowski to 

approximate ratios of logs of constants by simple rational exponents 𝑖/𝑗 on a two-dimensional 

integer lattice. The leading first approximations define scaling relations characterized by 

parsimonious integer ratios, Diophantine residuals, and a conformal factor frequency 𝑣cf, which 

measures departures from exact power laws. We apply this framework to hydrogen, using all as 

the references to the others, but focus on the Rydberg frequency to compare electromagnetic and 

gravitational quantities as an example. We find that all the exponents are near perfect partial 

harmonic fractions in a highly structured form when the gravitational binding energy of the 

electron in hydrogen or the proton are the references. Any ratio of two constants are naturally 

encoded by the same integers i , j, 𝑣cf, and either constant scalar utilizing a standard algebraic 

power structure. Monte Carlo tests demonstrate that this ensembles’ patterns are unlikely to arise 

in randomized datasets. These results indicate that part of the hierarchy among fundamental 

constants may be captured by simple rational scaling relations based on resonant nodes, without 

altering established SM values. 

Key words: Mass–force hierarchy; Number theory; Integer power laws; Minkowski geometry of 

numbers; Rydberg constant; Hydrogen atom; Electromagnetic–gravitational interaction; 

Diophantine approximation; Natural units; Computational analysis 

1. Introduction 

 

The development of physics has followed the route of analyzing phenomenological data and 

attempting to accurately define that pattern by a mathematical formulation. Frequently the math 

formulation was well known and its correspondence to the physical system was clear. On the 
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other hand, the math may be well known, but there was no known associated physical system.  

This was true for Riemann’s curved space math until it became essential to define relativity [1]. 

Other times the math is created directly answering issues related to physics such as Minkowski’s 

spacetime and relativity [2]. We combine a number of known math-physical structures to 

approach the question of the mass-force scale hierarchy. They are all part of the Standard Model, 

but their combined utilization has not been described. These patterns include the following 

examples that are analogous to what are found within our methods. Arrhenius described a linear 

logarithmic plots between temperature and chemical reaction rates [3]. Rydberg described the 

hydrogen spectrum based on an infinite consecutive integer series of the squares of the harmonic 

fraction series [4]. Harmonic, (1/n) and partial harmonic fractions (1±1/n) are commonly 

encounter in physical and quantum resonant systems [5]. Mean motion resonance in planetary 

systems (like the moons of Jupiter) operates on a series of partial fractions (2:1, 3:2, 4:3) [6]. 

Meradian described cosmic spin properties based on the mass of the proton and partial harmonic 

fraction exponents 1+1/2 (3/2), 1+1/3 (4/3) that correlate with the logarithmic scale of galaxies, 

planets and asteroids linking quantum and cosmic properties together over large scale ranges [7].  

Hofstadter's butterfly is a fractal energy spectrum that describes the quantum behavior of 2D 

electrons subjected to a strong, perpendicular magnetic field within a lattice structure [8]. It is 

intimately tied to Minkowski's number theory, continued fractions, Farey sequences and 

Diophantine residuals. The Fowler-Nordheim (FN) Tunneling relationship is related to a partial 

harmonic fraction power (3/2) of an energy height [9]. Density of States (DOS) quantum states 

within a lattice are related to energies raised to the power series of ½, 0, and -1/2 [10].  

In the SM, fermion masses, mixing parameters and interaction couplings are not calculated, but 

are measured experimentally [11]. Despite the spectacular success of the theory in a broad 

spectrum of energies, the theory fails to provide the large-scale separations between observed mass 

scales, as well as the hierarchy of interaction strengths over many orders of magnitude [12,13]. 

This deficiency is directly connected with the hierarchy and naturalness issues, which continue to 

be the main concerns in high-energy physics [14,20,21.25,26]. 

The relative strengths of interactions can be well described by dimensionless quantities like the 

fine-structure constant, but the overall scale structure of the SM does not exhibit any obvious 

unifying integer scaling structure [16]. The theory is flexible enough to allow these parameters, 

although it does not give any explanation as to why they have the observed values or whether there 

are more profound relationships between them. This encourages the fact that the hierarchy of 

scaling of the fundamental constants could be due to an underlying organizing principle of 

mathematically constrained dimensionless relations or hidden scaling behavior [17,27,58]. 

The empirical relation between the charged leptons that was proposed by Yoshio Koide was one 

of the first indications that fermion masses could have hidden structure [12]. The relationship 

provides a value of 2/3, which is very close to the experimental value, in a nonlinear combination 

of the electron, muon, and tau masses. This quantitative triumph has inspired a host of theoretical 

explanations and model construction [23,24]. Nevertheless, even though it is accurate, the Koide 

relation has not evolved into a general predictive theory of particle masses or has given a 

systematic explanation of hierarchy patterns in various sectors. Consequently, the larger hierarchy 
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issue continues to be tackled by further symmetries, mechanisms, or new degrees of freedom on 

top of the SM [12,13,25].  

In this paper we consider another possibility: that the scaling hierarchy between fundamental 

constants that we observe is due to inherent mathematical structure well described within Number 

Theory, and not to new dynamical components. In particular, we consider the existence of simple 

rational scaling relations of constants in the form of NU frequency scalars, and the constraints of 

parsimony, integer fraction structure, prime factors, resonant power nodes, and geometry. Our 

model uses Hermann Minkowski Geometry of Numbers, GON, and Diophantine approximation, 

where the logarithmic ratios of constants are expressed in terms of irreducible rational powers 𝑖/𝑗 
on an integer lattice [29-34]. Irrational exponents cannot be precisely plotted on a integer lattice 

thus deviations are measured by a residual term and a conformal factor frequency 𝑣cf, which is a 

mapping between the discrete lattice representation and the continuous physical space [46-50]. 

We use Monte Carlo tests to test whether the observed hydrogen constant scalar Natural Unit, NU, 

values are significantly different than randomized datasets [51-55]. Assuming that the constants 

were numerically or mathematically uncorrelated, there would be no low-order rational or prime 

factor structure to expect. On the other hand, statistically significant deviations of the random 

expectations would indicate a constrained scaling pattern. In the current analysis, the 

electromagnetic and gravitational quantities are compared in a common and analytically 

transparent system, namely hydrogen as an example. We do not intend to assert clear causality, 

but to explore the possibility that simple arithmetic structure can encode some of the observed 

mass force hierarchy defining the dimensionless ratios of the constants’ scalar values analogous to 

the original Rydberg series observation.  

Besides his contribution to the geometric formulation of special relativity, Hermann Minkowski 

also contributed to Number Theory, with the Geometry of Numbers, GON, which investigates the 

connection between continuous quantities and discrete integer lattices [29]. One of the main issues 

in this context is the representation of an irrational number 𝛼 by rational fractions 𝑖/𝑗, 𝑖  and 𝑗 
being integers. This is directly related to classical Diophantine approximation results, such as the 

approximation theorem of Dirichlet [30,33], which guarantees the existence of infinitely many 

rational approximants of 

∣ 𝛼 −
𝑖

𝑗
∣<

1

𝑗2
. (1) 

There is a precise representation of some pair (𝑖, 𝑗) of rational 𝛼. In the case of irrational α, there 

can be no exact equality, and every rational approximation has a finite residual. In the current 

work, this discrepancy is represented by the Diophantine residual 𝐷𝑟, which is the difference 

between the actual logarithmic exponent and one of the infinite possible the rational 

approximations. By succeeding in increasing the size of integers, one gets an infinite series of 

better approximants, with smaller residuals, but not necessarily in a monotonic order [30-34]. 

These integer approximants can be geometrically represented on a two-dimensional integer lattice 

with coordinates (𝑗, 𝑖). The line 𝑦 = 𝛼𝑥  only intersects the lattice approximately, convergences, 

and the local minimum of the residual is a rational fraction 𝑖/𝑗, which is locally minimized by the 
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lattice points. This lattice interpretation gives the mathematical foundation of the discrete scaling 

relations that are studied in the current analysis. 

Figure 1. Possible partial harmonic fractions and specific 𝑖/𝑗 values for hydrogen from the 

perspective of 𝑣𝑅∞ . Any hydrogen constant could be the point of perspective, and the points and 

slopes would be different.   

 

 
 

Figure 1 shows the Minkowski GON lattice ℤ2 for first-order rational power-law approximants. 

For target values lying in the approximate interval 𝑣𝑅∞
1/2

≤ 𝑣 ≤ 𝑣𝑅∞
3/2

, the only admissible first 

approximants are partial harmonic fractions, PHF, of the form 1 ± 1/𝑗, together with the identity 

points ±1. Each blue point represents an allowed irreducible pair (𝑖, 𝑗), whose only possible 

corresponding lattice slopes are 𝑖/𝑗. For the hydrogen constants referenced to 𝑣𝑅∞ , the identified 

low-order lattice locations are 1/1 for (𝑅∞: 𝑅∞), −3/2 for (𝑅∞: GBE𝑒), 3/2 for (𝑅∞: 𝑝), 4/3 

for (𝑅∞: 𝑒), and 6/5 for (𝑅∞: 𝑎0). These points illustrate that the selected constants map into a 

compact subset of simple rational exponents near the unit-slope branch. Other PHF points not 

associated with constants are labeled as well demonstrating the progression of the infinite 

rational PHF series.  

              

Figure 2. Geometry-of-Numbers (GON) representation of the hydrogen scaling exponents and 

associated slopes of the log(target)/log(reference) on the Minkowski lattice ℤ2 for the target of 

gravitational binding energy of the electron in hydrogen, GBEe, and the reference Rydberg 

constnt, R∞. 
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Figure 2 displays the GON integer lattice ℤ2 together with the line slopes corresponding to the 

selected hydrogen constants referenced to 𝑣𝑅∞ . For values in the approximate interval 𝑣𝑅∞
1/2

≤

𝑣 ≤ 𝑣𝑅∞
3/2

, the only admissible first-order lattice points follow the partial harmonic fraction, PHF,  

sequence, together with the identity points ±1. Blue markers denote possible allowed irreducible 

pairs (𝑖, 𝑗), while the slope associated with each point is given by the rational exponent 𝑖/𝑗. The 

highlighted lines correspond to the principal hydrogen relations: 1 for (𝑅∞: 𝑅∞) (dashed black) 

or -1, −3/2 for (𝑅∞: GBE𝑒) (red), 3/2 for (𝑅∞: 𝑝) (solid black), 4/3 for (𝑅∞: 𝑒) (green), and 

6/5 for (𝑅∞: 𝑎0) (gold). Each relation is represented by a distinct slope, illustrating how the 

selected constants occupy separate unique low-order branches of the lattice. For this scalar 

hydrogen range of numerical values the only possible valid points are between the slopes of 1 

and 3/2.  

 

Since 𝑖/𝑗 is taken to be an irreducible rational ratio, its prime-factor structure naturally 

characterizes the associated scaling relation. Emphasizing the smallest admissible integers is 

consistent with the spirit of Hermann Minkowski and with classical minimality principles 

frequently used in mathematics and physics [29,30,32,34]. The first point, most parsimonious, of 

an infinite series related to an irrational slope is defined as the fundamental within the GON. In 

the present framework, the mass–force hierarchy is therefore examined through the fundamental 

parsimonious pair (𝑖, 𝑗), together with the requirement that the corresponding relation be exact or 

nearly exact. 

For near-perfect power laws, the Diophantine residual 𝐷𝑟 must be small, while the conformal 

factor frequency 𝑣cf  should remain close to unity in the adopted NU normalization. A perfect 

power law has a 𝑣cf  of 1 Hz, and a Dr of zero. In this sense, 𝑣cf provides a quantitative dimensioned 

measure of how closely two constants approach an exact rational scaling relation. It is not 
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introduced as a fitting parameter, but is strictly mathematically self-emergent. It is out of control 

of the observer. It is a transformation factor mapping between the discrete integer dimensionless 

lattice representation and the continuous frequency domain. Similar connections between discrete 

structure and continuous scaling appear broadly in renormalization and self-similar systems 

[27,41,42]. 

The simultaneous necessity of low-order integers, small Dr residuals, and 𝑣cf ≈ 1 puts a nontrivial 

constraint on the scalar data of a group of numbers that would not be anticipated of arbitrary 

numerical data. The lower the integers the larger the 𝑣cf range must be encountered in a random 

system. Larger integers would be uncommon with a probability of approximately 1/j2. This is in 

line with classical findings in Diophantine approximation, where the distribution and quality of 

rational approximants is systematically dependent on the denominator 𝑗 [30,31,33]. We thus 

evaluate statistical significance with respect to randomized controls by conventional Monte Carlo 

techniques [51-55]. If the fundamental constants scalars are random, not organized within a GON 

structure, then the integers, Dr, and 𝑣cf structure that those mathematically represents is an exact 

isomorphic form of the scalars would be expected to be random in nature as well.  

One of the main reasons to study the hydrogen system is that the NU frequency of the electron 

gravitational binding energy is numerically similar to the reciprocal of the proton frequency. This 

mathematical scalar relationship must be within a near perfect integer power law system. This 

encourages the generalization of the analysis to other constants of hydrogen, such as the electron 

mass, Bohr radius, and Rydberg scale, in a shared lattice structure. Hydrogen is especially clean 

as its structure is theoretically well understood and its constants are known with high precision 

within the Bohr model algebraic geometric relationships [56,57]. 

Such comparisons are independent of arbitrary unit conventions and are based solely on relative 

scale structure when expressed in natural units, NU, [16,18,58-60]. In this regard, the current 

research is concerned with the first and most parsimonious rational approximant in the Minkowski 

sequence of each pair of constants cross analyzing all of them as the reference. When low-order 

relations are observed to be consistent across multiple instances, then they can be a sign of an 

underlying organizational pattern in the hierarchy observed, and not a mere coincidence of 

numbers [19,27,35,36]. We focus on the gravitational binding energy of the electron and the 

Rydberg constant, but all of the constants are evaluated from their reference perspective to all of 

the rest.  

Figure 3. First-order Minkowski parsimony lattice pattern obtained from Monte Carlo sampling. 
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Figure 3 illustrates the distribution of leading fundamental most parsimonious rational 

approximants on the integer lattice ℤ2, generated from a Monte Carlo scan of randomly sampled 

target frequencies relative to a fixed reference value. For each trial, the logarithmic slope 

log⁡(𝑣random⁡target)/log⁡(𝑣ref)was computed for a range of vref
1/45 to vref

4.5, and the first locally 

optimal rational approximant 𝑖/𝑗minimizing the Diophantine residual 𝐷𝑟was identified. Colors 

indicate the relative frequency of occurrence, with warmer colors denoting more common 

outcomes and darker colors fewer common ones. 

 

The resulting pattern is highly structured, Fig (1). For target scales smaller than  𝑣ref
1/2

, the 

dominant first approximants follow the sequence 1/𝑗, approaching zero slope. In the 

approximate interval 𝑣ref
1/2

≤ 𝑣 ≤ 𝑣ref
3/2

, the allowed first approximants form the partial harmonic 

fraction branch centered on unit slope. Higher target ranges generate analogous branches around 

successive integer slopes approaching integer values of (0,1,2,3,…).  

 

This geometric progression converts a continuous slope system into a combined integer fraction 

and irrational Dr system, just as the Minkowski method does. There are an infinite number of 

possible slopes, but limited to narrow integer bands. The first Minkowski approximant maps a 

continuous range of scale ratios onto an ordered sequence of low-integer rational classes, with 

the residual 𝐷𝑟encoding the remaining continuous deviation from exact rational scaling. 

 

The admissible 𝑖/𝑗 pattern depends on the logarithmic ratio of a selected reference and target 

values of a group of numbers, and its qualitative structure is not dependent on the base of the 

logarithm. The range of the slopes define the possible i/j possibilities. The rescaling of the base 

only rescales the representation, but does not change the underlying ordering of rational 

approximants [30-34]. In the current work, NU frequency scalars are used in such a way that 
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arbitrary unit conventions are eliminated and only scale relations that are dimensionless are left 

[16,18,58]. Within the constraint of the first parsimonious approximant, the target values that are 

positive are all linked to a single leading rational slope 𝑖/𝑗 with a residual 𝐷𝑟. This results in a 

discrete mapping of a continuous scale of numerical scales to a discrete lattice of low-integer 

rational classes as shown in Fig. 3. The dominant rational approximation is determined by the 

lattice coordinates (𝑖, 𝑗) and 𝐷𝑟 measures the rest of the continuous deviation of the exact scaling. 

The branches of the first order that are admissible are arranged around successive integer slopes 

(… ,−2,−1,0,1,2,… ), but most approximants are close to, but not on these lines unless they are 

perfect power laws with 𝑣𝑐𝑓 equals 1 Hz. This hierarchical bifurcation is a natural result of rational 

approximation of integer lattices and is a geometry of continued fraction convergent [30-33]. 

When the target values are such that 𝑣target ≤ 𝑣ref
1/2

 , the first approximants are the sequence 

1/2, 1/3, 1/4,…, and tend to zero slope. In the range 𝑣ref
1/2

< 𝑣target < 𝑣ref
3/2

, the first approximants 

are on the partial harmonic fraction, PHF, branches 1 ± 1/𝑗. This is the range for the hydrogen 

constants from the perspective of the proton and the gravitational binding energy. For PHFs if the 

target lies below the reference, examples include 2/3, 3/4, 4/5,…; if it lies above, the 

corresponding sequence is 3/2, 4/3, 5/4, 6/5,…. Therefore, the emergence of PHFs in this scalar 

range is a mathematical imperative of the GON scheme.  

If the scalars evaluated are within this range then they do have PHF values.  Then they are within 

a classic resonant physical system, where each PHF is a resonant node. The hydrogen constants’ 

scalars are, therefore, these are within this type of resonant physical structure. This is a potential 

physical rationale for the origin of this specific structure, but we do not claim clear causality. A 

trade-off between parsimony and approximation accuracy is inherent: smaller integers tend to have 

larger possible residuals, and larger denominators tend to have more accurate rational fits [30,31].  

Between neighboring rational lattice slopes, the continuous range of numerical values is 

represented by the residual 𝐷𝑟. For example, the approximate intervals 1/2 → 1 → 3/2, 3/2 →

2 → 5/2, and 5/2 → 3 → 7/2⁡ are continuously interpolated by successive residual values around 

the corresponding rational slope approximants. In this way, the discrete set of lattice fractions is 

extended into a continuous scaling space. If the target value remains positive, but is smaller than 

unity, the same construction applies, with the sign of 𝑖⁡or 𝑗⁡reversed according to the logarithmic 

ratio (Figs. 1–3). 

The residual 𝐷𝑟 therefore measures the displacement from an exact lattice point. Starting from a 

rational approximant 𝑖/𝑗, the residual grows continuously until the midpoint between adjacent 

approximants is reached, after which the next rational fraction becomes the dominant 

approximation and the residual changes sign. Repetition of this process generates a piecewise 

continuous sequence of locally optimal rational approximants, analogous to the progression of 

continued-fraction convergents in classical Diophantine approximation [30–34]. 

As the denominator 𝑗⁡increases, neighboring rational fractions become more closely spaced, and 

the typical magnitude of the residual decreases. For the partial harmonic branches, the spacing 

between adjacent terms scales approximately as 1/𝑗. Consequently, low-order fractions are 
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common, but generally admit larger residuals, whereas higher-order fractions provide more 

accurate approximations at the cost of increased complexity [30,31]. 

The working hypothesis of this study is that constants as a group exhibit a non-random 

combination of five features: (i) preference for parsimonious low-order rational PHF exponents, 

(ii) small residuals 𝐷𝑟,  (iii) conformal factors 𝑣cf⁡⁡close to unity, (iiii) opposite sign indicate 

reciprocal numerical relationships, and (iiiii) the constants should be defined by series of small 

prime factors since these would insure unique numerical orthogonal resonant markers. The low-

order is related to parsimony associated with the first fundamental i/j ratio. The j values can be 

large, and still be the most parsimonious when the ratio of the target and reference are near 1. Such 

a combination would be statistically restrictive relative to random numerical datasets. We therefore 

test this expectation explicitly using Monte Carlo methods [51–55]. In this framework, 𝑣cf serves 

as a practical indicator of near-exact scaling for low-order approximants, while recurrent higher-𝑗 

structure may indicate additional ordered behavior. The specific prime factors are also an 

important potential non-random characterization.  

1.4 First principles motivated by number theory. 

The current hypothesis is developed based primarily on mathematics than on dynamical first 

principles, except that the number system could be resonant one if based on PHFs. It begins with 

the possibility that fundamental constants, when written as NU frequency scalars, can be organized 

in a consistent structured mathematical order, by integer fraction power relations, scaling 

symmetry and geometry utilizing any constant as the reference perspective that exactly define the 

ratio of one constant to another, therefore, their hierarchy. This perspective is a long tradition in 

theoretical physics where mathematical regularity has informed physical intuition [19,38,39]. In 

this type of representation, the constants are compared by ratios of dimensions, and the relative 

scales of the constants can be analyzed without reference to arbitrary unit choices [16,28,58]. 

The second assumption is that frequency-based variables offer a natural language comparison of 

quantities related to mass, length, and energy, as all of them can be related by standard unit 

conversions in NU systems, just as the Planck scale constants are defined [18,43,44]. In this form, 

the logarithmic ratios of constants are used to determine scaling exponents which can be studied 

with rational approximants on an integer lattice as unitized by Minkowski within his GON method. 

The main question is whether these exponents are randomly distributed or they tend to be 

concentrated around simple repeating structures. 

We use the Hermann Minkowski framework and classical Diophantine approximation [29-34] to 

explore this possibility since the log ratio of the constants appear to be irrational. The logarithmic 

exponent of a given reference constant  𝑣ref and target constant  𝑣𝑡𝑎𝑟𝑔𝑒𝑡 is usually irrational. 

Rational ratios 𝑖/𝑗 may be used to approximate this exponent, giving an infinite series of 

convergents. In the current analysis we consider the most important parsimonious approximant: 

the smallest irreducible pair (𝑖, 𝑗) corresponding to the first local minimum, the fundamental 

convergence, of the residual 𝐷𝑟 as described by Minkowski. The first approximant also generates 

specific GON properties where the slope is directly related to specific integers linking continuous 

and rational number systems.  
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The residual 𝐷𝑟 is a measure of the discrepancy between the actual exponent and its rational 

approximation, and the conformal factor frequency 𝑣cf gives the actual realization in the physical 

frequency domain and is derived from the vref,  Dr , i and j.  This is to say that 𝐷𝑟 ⁡and 𝑣cf are not 

free adjustable fitting parameters, but mathematical measures of departure of the exact rational 

scaling from a perfect integer power law. Similar concepts, where discrete structures are used to 

model continuous behavior, are found in number theory, renormalization, and spectral physics [35-

37,41]. 

One of the key organizing principles of the framework is parsimony: out of all the rational 

approximates that can be constructed, those with the smallest integers and smallest residuals are 

favored. These minimality conditions are common limiting logical factor in mathematics and 

theoretical physics, where simple structures are frequently the most general or stable descriptions 

[27,33,34]. Parsimony links directly to the lattice geometry. In case low-order integer near perfect 

power law structures are repeated between all constants independent of the reference, then this 

would be highly statistically constraining compared to random numerical data. We use this method 

to test the hypothesis on hydrogen as a unified universal electromagnetic gravitational benchmark 

system since it encompasses the most fundamental forces, energies, and particles. Hydrogen is 

especially appropriate since its constants are known with great accuracy and its theoretical 

framework is well developed within the Bohr Model [56,57]. We then enquire whether the mass-

force hierarchy which is observed can be described by simple rational power scaling relations, or 

whether the findings are due to numerical coincidence. This question is assessed explicitly by 

Monte Carlo comparisons with randomized controls [51-55]. There is no known integer 

organization of the scale of the constants within the SM so the numerical relationships and their 

isomorphic forms should be random if analyzed using an integer system. If the scalar system of 

the constants is highly nonrandom then the hypothesis is supported. Since all of the constants are 

analyzed as the reference there are 40 degrees of freedom, and no selection bias. In the future more 

constants could be included.  

1.5 Irrational exponents, logarithmic bases, and infinite rational approximants 

In modern physics, power laws and discrete quantum numbers are central, and encode hierarchical 

structure across scales that are widely separated. Scaling relations are found in quantum theory, 

critical phenomena, and renormalization, and discrete integers are used to label many physical 

states and symmetry representations [15,27,31,42]. More broadly, exponential and logarithmic 

mappings give a natural language to compare quantities that vary by many orders of magnitude. 

For two positive numbers 𝑥⁡and 𝑦, the logarithmic ratio log⁡(𝑦)/log⁡(𝑥)defines the exponent that 

expresses 𝑦⁡as a power of 𝑥. If this exponent is irrational, then 𝑦 cannot be written as an exact 

integer or rational power of 𝑥. This statement is independent of the logarithm base, since changes 

of base leave the ratio invariant. Although bases such as 10 or 𝑒⁡are commonly used, any positive 

number different from unity may serve as a valid logarithmic base. In the present work, the scalar 

value of the chosen NU reference constant is used as the base, so that other constants are analyzed 

relative to its intrinsic scale [16,18,58]. 
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An irrational exponent also implies the existence of an infinite sequence of rational approximates. 

Through continued fractions and Diophantine approximation, any irrational number admits 

progressively better rational representations 
𝑖

𝑗
⁡⁡with increasing integer complexity [30–34]. In the 

present framework, these approximants correspond to an infinite family of isomorphic power-law 

relations connecting the same pair of constants. In conventional physical applications, one usually 

retains only the decimal value of the exponent. Here, instead, we examine the associated rational 

sequence and focus on its leading parsimonious member. This reformulation does not alter the 

underlying mathematics; rather, it provides an alternative number-theoretic representation of scale 

relations that may reveal hidden low-order structure not evident in the decimal form alone. 

1.6 Paper organization 

The rest of this paper will be structured in the following way. Section 2 presents the physical 

system and the scaling framework. Sec. 2.1 describes the NU frequency representation and Sec. 

2.2 explains why hydrogen should be used as a unified electromagnetic-gravitational standard of 

reference using the Bohr model with gravitational binding added. Section 2.3 elaborates the integer 

power-law relations based on the Minkowski framework, and the dimensionless lattice formulation 

(Sec. 2.3.1) and the dimensioned frequency representation (Sec. 2.3.2) are treated separately. The 

roles of the conformal factor frequency 𝑣cf and the Diophantine residual 𝐷𝑟, are discussed on Sec. 

2.4 and the computational search and optimization procedure is described in Sec. 2.5. Sec. 2.6 

presents the Monte Carlo methodology of testing departures of random expectations. 

Section 3 gives the results, the most significant scaling exponents, the residuals, and conformal 

factors; the most parsimonious power-law relations; the Monte Carlo significance tests; the 

hierarchy of electromagnetic and gravitational forces; the prime-factor structure of the most 

significant approximants; and the higher-order isomorphic rational relations. Section 4 covers the 

physical interpretation and constraints of the framework. Sec. 5 summarizes final conclusions. 

2. Physical System and Scaling Framework 

 

To test any proposed scaling principle meaningfully, a physical system is needed where different 

regimes of interaction can be compared without making any structural assumptions that are not 

necessary. Here, we specify the NU representation, the hydrogen benchmark system, and the 

mathematical framework to explore the possibility of relating electromagnetic and gravitational 

quantities by parsimonious integer power laws in a single frequency-based description. 

 

2.1 Natural Unit System   

To place fundamental constants on a common footing, we express all relevant quantities in 

equivalent frequency units 𝜈(Hz). We adopt a NU convention in which the speed of light and 

Planck’s constant are set to unity, 𝑐 = ℎ = 1, so that scaling relations are encoded entirely through 

powers of frequency. This is the unit system of the Planck system. NU formulations of this kind 

are standard in high-energy and theoretical physics, where dimensional quantities are recast into 

universal scales [11,18,58]. The reference unit in the present normalization is 1 Hz. Numerical 

values used throughout this work are taken from the latest NIST CODATA recommendations [18]. 
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The present analysis depends only on ratios of frequencies, and ratio of the logs of the NU 

frequencies. The framework is effectively dimensionless and independent of any particular time 

or length scale. In this representation, frequency and wavelength are equivalent descriptions 

related by inversion, whereas composite units such as eV/𝑐2  avoidable dimensional structure 

[16,43,44]. In Number Theory numbers have specific meanings and significance. In this paper the 

NU scalars hold mathematical significance.  

Particle masses conventionally quoted in eV/𝑐2are converted to frequencies through the energy–

frequency relation. 

𝜈 =
𝑚𝑐2

ℎ
= 𝜉𝑚,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

where  

𝜉 = 2.41798935 × 1014
𝐻𝑧
𝑒𝑉

𝑐2

. 

This follows directly from the quantum relation 𝐸 = ℎ𝜈⁡together with mass–energy equivalence 

𝐸 = 𝑚𝑐2[43,44]. 

Using this convention, the electromagnetic binding scale of hydrogen, represented by the Rydberg 

constant 𝑅∞, corresponds to the frequency. 

                                               𝑣𝑅∞ = 𝑐𝑅∞ = 3.2898421 × 1015Hz.⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 

while the proton and electron rest-mass frequencies are 

𝑣𝑝 = 2.26873182 × 1023 Hz, 𝑣𝑒 = 1.23559002 × 1020 Hz. (6)  

 
These quantities are known experimentally to high precision and form a natural basis for 

hydrogenic scaling comparisons [11,18,56,57]. Length scales may be written in the same 

frequency language through 𝑐 = 𝜆𝜈. The Bohr radius 𝑎0is therefore represented by 

𝑣𝑎0 =
𝑐

𝑎0
, (7)  

which gives 

𝑣𝑎0 = 5.66525640 × 1018 Hz. (8) 

The Bohr radius and Rydberg scale are central parameters of the hydrogen atom and encode its 

characteristic spatial and energetic structure [56,57]. 

The gravitational binding energy of the electron in hydrogen is given by, 

𝐸GBE,e =
𝐺𝑚𝑝𝑚𝑒

𝑎0
, (9) 
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which⁡may⁡be⁡written⁡as⁡an⁡equivalent⁡frequency⁡through⁡division⁡by⁡Planck’s⁡constant, 

𝑣GBE,𝑒 =
𝐸GBE.e
ℎ

=
𝐺𝑚𝑝𝑚𝑒

𝑎0ℎ
, (10) 

Substituting the standard values of the constants [18] gives  

𝑣GBE,𝑒 ≈ 2.90025 × 10−24 Hz. (11) 

For later comparison, the reciprocal proton frequency is 

𝜈𝑝
−1 = 4.407748824 × 10−24. 

The numerical proximity between 𝜈GBE,𝑒 and 𝜈𝑝
−1 motivates the scaling analysis developed in the 

following sections. Whether this correspondence reflects underlying structure or numerical 

coincidence is tested quantitatively using the lattice and Monte Carlo methods introduced later 

[29–34,51–55]. There is a valid criticism that the gravitational binding energy is not directly 

measurable, but it is an accurate value. This same criteria is also a valid criticism of the rest mass 

of the electron, the Bohr radius, and the 𝑅∞ , but these are all well-established valid constants so 

we utilize them. 

2.2 Choice of Unified Physical System: Electromagnetic and Gravitational Binding in the 

Bohr Model 

We adopt the hydrogen atom as the benchmark system, using the ionization-energy scale 𝑅∞(the 

Rydberg constant) as the reference quantity. Particular attention is given to the proton 𝑝, electron 

𝑒, Bohr radius 𝑎0, and the gravitational binding energy of the electron in hydrogen, 𝐸GBE,𝑒. 

Hydrogen is especially suitable because it is a closed, and analytically tractable system whose 

characteristic scales are determined by well-known masses, geometry, and fundamental constants 

[56,57]. It encompasses many of the most fundamental forces (electromagnetic, and gravitational), 

energies (ionization), and particle masses (strong and weak). We also analyze all of the other 

constants as the reference, but focus on these two since it is a direct scaling of the ratio of the 

electromagnetic forces to gravity within the same system.  

Its electromagnetic structure is described with high precision, historically through the Niels Bohr 

model and later generally through quantum mechanics [56,57]. The same particle masses and 

orbital radius that determine the electromagnetic binding energy also define the corresponding 

gravitational binding energy, differing only by the interaction coupling. 

Although 𝐸GBE,𝑒is extremely small and not directly measurable, it is a well-defined derived 

quantity constructed from accepted constants. This allows electromagnetic and gravitational 

binding scales to be compared within a single internally consistent framework. Hydrogen therefore 

provides a clean testbed for assessing whether the proposed scaling relations reflect genuine inter-

force structure or numerical coincidence [18,51–55]. 

2.3 Quantum Parsimony Diophantine Resonance Power Laws Between Two Constants 
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In this section, we outline the dimensionless and dimensioned forms of the lattice framework used 

in this work, together with the basic assumptions underlying the proposed power-law relations 

between pairs of constants. 

 

2.3.1 The Dimensionless Domain 

 

The construction is entirely number theoretic in the dimensionless Minkowski domain and does 

not rely on any physical interpretation. This is an advantage since it does not add any new physics, 

and is well known. Two positive scalar frequencies are assigned as a reference quantity  [𝜈ref], a 

target quantity [𝜈target], and brackets are used to represent dimensionless numerical scalar values. 

The logarithmic ratio is the exact scaling exponent between the two quantities. 

 

slope(ref: target) = exp⁡(ref: target) =
log⁡([𝜈target])

log⁡([𝜈ref])
=
log⁡([𝜈target/𝜈ref])

log⁡([𝜈ref])
+ 1. (12) 

 

Since the logarithmic ratios do not change with the change of base, the exponent is only dependent 

on the relative magnitudes of the two numbers, but not the logarithm convention used. The slope 

could be defined using natural log, as well, with no changes in the ratio.  

In the case where this exponent is irrational, it can be approximated by a rational power 𝑖/𝑗, 𝑖 and 

𝑗  being integers. The difference between the rational approximation and the actual exponent is 

measured by the Diophantine residual. 

𝐷𝑟 = exp⁡(ref: target) −
𝑖

𝑗
, (13) 

that quantifies the quality of the approximation in the standard sense of Diophantine analysis [29-

34]. The pair (𝑖, 𝑗) of orders is an integer point on the lattice  ℤ2 Figure (1,2,6). 

 

Admissible approximants are only taken to be rational pairs 𝑖/𝑗 that give local minima of ∣ 𝐷𝑟 ∣. 
These are geometrically the points where the line specified by the exact exponent is closest to 

successive lattice points. This picks out a sparse and ordered infinite set of all possible integer 

pairs and leaves out the vast majority of the lattice points. 

The admissible pairs are obtained in a series as the lattice search is extended to larger integer 

domains. Every valid approximant is thus identified by an order label #1,#2,#3,... along with its 

associated 𝑖/𝑗⁡, residual 𝐷𝑟 and derived power-law relation. In the current work, special attention 

is paid to the first and the most parsimonious in this infinite series. The first is the only unique one. 

 

Figure 6. Geometry of first rational approximants, convergences, on the Minkowski lattice for 

the (𝑅∞: GBE𝑒)system. 
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Figure 6 shows the GON, construction of the pair (𝑅∞

, GBE𝑒), with the horizontal axis the 

denominator 𝑗, of the integer and the vertical axis the numerator 𝑖. The blue line is the precise 

logarithmic exponent of the two quantities, whose numerical slope is approximately -1.51687, 

and is near the rational number −3/2 . 

Red circles denote lattice points that are related to local minima of the Diophantine residual ∣
𝐷𝑟 ∣. These points are successive admissible rational approximates and the respective candidate 

power-law relations. The left panel gives a “zoomed-in” view of the lowest-order region, with 

the leading approximants being −3/2, −6/4, and −9/6; the irreducible form −3/2, is chosen 

as the parsimonious representative. 

The right panel depicts the larger lattice structure at larger integer values where more 

convergences are observed along the same line. The points on the opposite sides of the precise 

exponent line are associated with the alternating signs of the residual 𝐷𝑟, and the size of the 

residual tends to be smaller with larger integers. This is a sequence of convergences in order 

which is typical of fractal classical rational approximation on integer lattices [29-34]. Similar 

GON could be generated for every possible constant pair.  

 

2.3.2 The Dimensioned Frequency Domain 

 

We now introduce the realization of the scaling architecture in the dimensioned physical domain, 

having first established its form in the dimensionless lattice domain. This extension is not part of 

the classical Minkowski construction itself, but is introduced here to connect the discrete integer-

power representation on the ℤ2 lattice with measurable physical frequencies. In this framework, 

the conformal factor frequency 𝜈𝑐𝑓provides the link between the dimensionless lattice description 

and the continuous physical domain. 
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The quantity 𝜈𝑐𝑓  is defined as a function of the Diophantine residual 𝐷𝑟, and is therefore not an 

external fitting parameter. Dividing 𝜈target and 𝜈ref by 𝜈𝑐𝑓  maps the corresponding quantities to 

dimensionless scalars that align perfectly with the ℤ2 lattice, while multiplication by 𝜈𝑐𝑓  returns 

the lattice values to the physical frequency domain. In this sense, 𝜈𝑐𝑓  acts as the dimensional 

realization of the residual structure and provides the connection between rational dimensionless 

lattice exponents; and irrational dimensioned physical scales, and irrational powers. The 

transformation factor may be written equivalently in terms of the residual or the integer powers as 

𝜈𝑐𝑓(ref: target, 𝑖/𝑗) Hz = 𝜈ref
 𝐷𝑟 𝑗/(𝑗−𝑖)

 Hz = (
𝜈target

 𝑗

𝜈ref
 𝑖

)

1/(𝑗−𝑖)

Hz, (14) 

which shows that 𝜈𝑐𝑓  is determined directly by the intrinsic scale relation between the two 

constants. The full set of admissible rational approximants generates a structured three dimensional 

manifold in the space of 𝐷𝑟 and 𝜈𝑐𝑓 . The corresponding 𝐷𝑟 values define a discrete Diophantine 

spectrum associated with successive lattice convergences. This spectrum is not a wave function, 

but rather a structured sequence of residuals arising from the approximation of irrational exponents 

by rational lattice points. The dimensioned scaling relation between 𝜈target, 𝜈ref, and 𝜈𝑐𝑓  is then 

written as 

𝜈target  Hz = 𝜈𝑐𝑓 (ref: target,
𝑖

𝑗
, #𝑛)

 1−(𝑖/𝑗)

𝜈ref
 𝑖/𝑗

 Hz, (15) 

 

so that 𝜈target is expressed as the product of 𝜈𝑐𝑓  raised to the power 1 − 𝑖/𝑗 and 𝜈ref raised to the 

power 𝑖/𝑗. If the 𝜈𝑐𝑓  equals 1 Hz then the power law is perfect and the Dr equals 0. The closer 𝜈𝑐𝑓  

is to 1 Hz the “more” perfect the power law is. In the SM there is no reason why the constants’  

power laws should be near perfect.  

 

2.3.3 Dimensionless relations for 𝝂𝐫𝐞𝐟/𝝂𝐭𝐚𝐫𝐠𝐞𝐭 , 𝝂𝒄𝒇, and mass–force hierarchy power laws 

 

The ratios 𝜈ref/𝜈target define exact dimensionless power-law relations in terms of 𝜈ref, 𝜈target, i, 

j, and 𝜈𝑐𝑓 . These relations provide the basis for the definition of hierarchy scaling examined in this 

work. When 𝜈𝑐𝑓  is divided into both 𝜈ref and 𝜈target, the resulting quantities become dimensionless 

and preserve the invariant rational exponent 𝑖, 𝑗⁡𝑎𝑛𝑑⁡𝑖/𝑗, independent of the choice of units. U 

represents a variable unit scalar factor. It would have no effect on the powers. The basic relations 

are 

𝑈𝜈ref
𝑈𝜈target

= [
𝑈𝜈ref

𝑈𝜈𝑐𝑓(ref: target, 𝑖/𝑗)
]

(𝑗−𝑖)/𝑗

= [
𝑈𝜈target

𝑈𝜈𝑐𝑓(ref: target, 𝑖/𝑗)
]

(𝑗−𝑖)/𝑖

, (16) 

𝜈target

𝜈𝑐𝑓(ref: target, 𝑖/𝑗)
= [

𝜈ref
𝜈𝑐𝑓(ref: target, 𝑖/𝑗)

]

𝑖/𝑗

, (17) 

 

and 

[
𝜈target

𝜈𝑐𝑓(ref: target, 𝑖/𝑗)
]

𝑗/𝑖

=
𝜈ref

𝜈𝑐𝑓(ref: target, 𝑖/𝑗)
. (18) 
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These relations show that the hierarchy between two constants may be written within two different 

power laws using the same i, j values in a different algebraic power forms entirely in terms of 

dimensionless power laws defined by the one constant and a common 𝑣𝑐𝑓 in isolation. In this way, 

the power laws play a role analogous to scaling constants, but without introducing additional 

external physical parameters. 

 

2.4 Computational Search and Optimization Criteria 

 

We systematically search the expanding integer lattice ℤ2 with MATLAB and Excel spreadsheet-

based implementations to identify the integer power-law relations of the proposed scaling 

framework. The algorithm scans pairs of consecutive increasing integers (𝑖, 𝑗) within a two 

dimensional array and finds those pairs that are related to local minima of the absolute Diophantine 

residual in Eq. (13). These locally optimal pairs are the only admissible rational approximants. 

The main optimization criterion applied to determine the hierarchy is parsimony. Of all admissible 

integer ratios, the smallest irreducible pair that first appears in the ordered search sequence (𝑛 =

#1) is preferred where the residual is as close to a local minimum as possible. Even though there 

are infinitely many higher-order approximants, the first admissible pair is considered to define the 

leading hierarchy relation since it is linked to the GON. To achieve numerical stability and 

visualization, the search is carried out by the reciprocal residual 

1

∣ exp⁡(ref: target) −
𝑖
𝑗 ∣

=
1

∣ 𝐷𝑟 ∣
→ ∞, (19) 

accessed in pairs of irreducible integers (𝑖, 𝑗). Maxima of Eq. (19) are identical to minima of ∣ 𝐷𝑟 ∣, 
and candidate solutions can be found efficiently. In this representation, the higher the peaks, the 

more precise the rational approximants. An Excel and MATLAB script were both utilized for the 

calculations. The program finds the emergent powers, Dr, and vcf values. They are not fit.  

The higher-order resonances with larger integer pairs are also noted, as they produce an infinite 

hierarchy of further power-law solutions. Every admissible pair is associated with its 𝑣cf, residual 

𝐷𝑟 and order label n#. These long-term solutions are studied by tabulated outcomes and graphical 

representations of the residual landscape. 

The most parsimonious approximants are highlighted in the current study along with the 

corresponding 𝑖/𝑗, 𝐷𝑟 and 𝑣cf values. We summate the normalized 𝑣cf , if less than 1 then the 

reciprocal, values for each reference to evaluate how close they are to perfect power laws. We also 

investigate lattice degeneracies, prime-factor structure, higher-order resonances, and continued-

fraction properties of the resulting exponents to determine whether the observed hierarchy is 

consistent with random expectations or a more ordered numerical pattern [29-34,51-55]. 

2.5 Monte Carlo simulations 

We created a series of Monte Carlo simulations using MATLAB to evaluate what are the 

characteristics of the i/j, Dr, and vcf values of a pair of constants and an ensemble of random 
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numbers utilized within this mathematical framework. This creates a null hypothesis that can be 

tested against the known constants properties.  

Figure 4. Monte Carlo baseline probabilities for first-order rational approximants 𝑖/𝑗. 
 

 
Figure 4 illustrates the probability distribution y-axis of denominator values 𝑖/𝑗 x-axis of leading 

rational approximants of 106 Monte Carlo trials with randomly sampled target frequencies in 

the range 106.8 to 1024, with 𝑣𝑅∞ ⁡as the reference scale. This is approximately from vref
1/2 to vref 

3/2.  

The blue bars are the empirical Monte Carlo frequencies of the random ensemble. The red bar 

indicates the case of hydrogen gravitational binding-energy and R∞ as the reference, the leading 

approximant of which is | −
3

2
| [30,33]. As the j increased the probability drops with 

approximately a value of 1/j2. 

 

This distribution indicates that low-denominator fractions are highly preferred in random 

datasets, with approximants of larger 𝑗 occur becoming less frequent in random datasets. So, the 

occurrence of a small denominator like 𝑗 = 2 − 7 is not in itself an indication of non-random 

structure. Instead, statistical significance should be evaluated together with other requirements, 

including the size of the residuals, consistency of patterns among various constants, and the 

corresponding 𝑣cf  values. 
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Figure 5. Random 𝑣cf spectrum for the (𝑅∞
, corresponding⁡random⁡targets) pair and the 

observed values. 

 

 

 
Figure (5) is a graph of the vcf  spectrum for the R∞ as the reference versus 1 million iterations of 

random target values. The observed vcf values for this group of constants are shown. A Monte 

Carlo series was generated with a range of 106.8 to 1024 which generates symmetric values for 

either 3/2 or 1//2. The probabilities of the vcf  were collated versus the j value. The color is a 

“heat map” of the likelihood of any specific vcf for each j. It demonstrates that in general the 

lower the j the larger the ranges of possible vcf values, and they are more common. The likelihood 

of a specific vcf value for each j is quite broad. The higher the j the lower the vcf values in scale, 

and less likely the probability. The blue circle is for GBE, red for the proton, green for the 

electron, and yellow for the Bohr radius. The vcf values for R∞:GBE,e and R∞:p are both 

demonstrating non-random characteristics as vcf values near 1 for small j values. The others are 

random. 

 

Figure (6) probability of the product of four vcf values for a random five constant reference and 

target system  
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Figure (6) is a Monte Carlo simulation where five random values from a range of 1014 to 1024 

are selected randomly. One is randomly chosen as the reference. The four i, four j, four vcf, four 

Dr values were derived and collated for each iteration of one million. The product of the four vcf 

is a measure of the global alignment of a five constant system is to four perfect power laws. The 

lower the product the more perfect the power law system. The probability of the specific product 

of the vcf values is plotted. The graph is a skewed probability pattern where the most likely values 

in the range of 102.5 or 300. There is a sharp drop off as the product decreases with rare values 

below 10. There is a long tail drop off as the values increase above 106. The black circle is the 

for four vcf  product for GBE,e as the reference, yellow for the proton, tan for a0, blue for e, and 

green for R∞. The probabilities for the  vcf  products for GBE,e and the p are rare, while e and R∞ 

are more random.  

 

Figure (7) probability of the maximum j of four vcf values for a random five constant reference 

and target system  

 



21 
 

 
 

Figure (7) is a Monte Carlo simulation where five random values from a range of 1014 to 1024 

are selected randomly. One is randomly chosen as the reference. The four i, four j, four vcf, four 

Dr values were derived and collated. The maximum j of each ensemble of the four target random 

values, x-axis, was collated and plotted as probabilities, y-axis.  Since the known constants are 

composed of values where the reciprocal of one is nearly equal to the other in this Monte Carlo 

simulation the equivalent is randomly encountering two random values that are nearly identical. 

This is only associated when the j value is high. The most common maximum j values are in the 

range of 5 to 15. The likelihood of randomly encountering a high max j value drops off in a long 

tail to the right. The likelihood for a j max in the range of 129 is approximately 1 in one thousand. 

The j values for GBE, and the p are in this range so they are rare. 

 

Therefore the product of the known four vcf values and the maximum j for GBE,e and the p as 

the references are both the exact opposite of what a random system would produce [30-34]. This 

is not true for the other constants as potential references. Therefore these two are the constants 

that should be utilized as the reference values.  

 

3. Results 

 

This part shows the quantitative findings of the implementation of the Minkowski approximation 

framework, Eqs. (2) and (11)-(15), with 𝑅∞ as the reference scale and 𝑎0, 𝑒, 𝑝, and GBE𝑒 as desired 

quantities in the hydrogen system. The (𝑅∞
, GBE𝑒) pair is given special attention, as it offers the 

strongest electromagnetic-gravitational hierarchy and demonstrates the entire framework of the 

approach. We evaluate all of the constants a reference values in an identical fashion as well, but 

only the data from that set will be shown as charts since it is to exhaustive.  
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The findings are presented in Tables (1-10) and related figures. These are the most important 

rational approximants 𝑖/𝑗, the exact logarithmic slopes, the residuals 𝐷𝑟, the conformal factors 𝑣cf, 
the equivalent power-law forms, the higher-order resonances, and the statistical comparisons with 

randomized ensembles. We also discuss the prime-factor structure of the dominant exponents and 

the degeneracy pattern of equivalent lattice representations. 

3.1 Leading 𝒊/𝒋, slopes, exponents, and 𝝂𝐫𝐞𝐟/𝝂𝐭𝐚𝐫𝐠𝐞𝐭power laws 

 

The Tables list the first admissible approximant (#1) for each target constant, together with the 

exact slope exponent, the ratio 𝜈ref/𝜈target, and the associated dimensionless scaling relation 

derived from Eqs. (16)–(18). In each case, the exact logarithmic slope lies close to a simple low-

order rational number. 

Table (1): Leading first-order Minkowski approximants for hydrogen referenced to 𝑅∞, listing 

𝑖/𝑗, exact slope exponents, ratios 𝑣ref/𝑣target, and the corresponding dimensionless power-law 

forms. 

constant i/j (#1) 

decimal 

slope , 

exponent 

vref/vtarget 

[
𝜈𝑟𝑒𝑓

𝜈𝑐𝑓 (𝑟𝑒𝑓: 𝑡𝑎𝑟𝑔𝑒𝑡, −
𝑖
𝑗)
]

(𝑗−𝑖)/𝑗

 

GBE, e -3/2 

-1.5 

-1.51687 1.134331 1039 

[
𝜈𝑅𝐻

𝜈𝑐𝑓 (𝑅𝐻: 𝐺𝐵𝐸𝑒, −
3
2
)
]

5/2

 

R∞ 1 1 1  

a0 6/5 

1.2 

1.208545982 5.807048910 10-4 

[
𝜈𝑅𝐻

𝜈𝑐𝑓 (𝑅𝐻: 𝑎0,
6
5)
]

−1/5

 

 

e 4/3 

1.333333 

1.294815217  2.66256772 10-5 

[
𝜈𝑅𝐻

𝜈𝑐𝑓 (𝑅𝐻: 𝑒,
4
3)
]

−1/3

 

 

p 3/2 

1.5 

1.505156904 1.450079766 10-8 

[
𝜈𝑅𝐻

𝜈𝑐𝑓 (𝑅𝐻: 𝑝,
3
2)
]

−1/2

 

 

 

For the hydrogen system referenced to 𝑅∞, the leading exponents are found to be −3/2 for GBE𝑒, 

1for 𝑅∞, 6/5 for 𝑎0, 4/3 for 𝑒, and 3/2 for 𝑝. With the exception of the identity case, these values 

belong to the partial harmonic fraction family 1 ± 1/𝑗, consistent with the scale interval identified 

in Sec. 2, Fig (1,2,6). The observed constants therefore occupy a sparse subset of the admissible 

low-order rational positions defined by the prime factors 2, 3, and 5. These results show that the 
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ratios 𝜈ref/𝜈target can be represented by compact power-law forms involving only 𝜈ref, 𝑣cf, and 

small integer exponents. In this sense, 𝑣cf acts as the scale factor that completes the mapping 

between the exact physical ratios and their parsimonious lattice approximants. 

 

3.2 Geometry -of -Number line plots of the constants 

 

Figure 7 presents Geometry of Numbers, GON, lattice plots for the principal hydrogen constants 

referenced to 𝑅∞. In each panel, the horizontal axis denotes the integer denominator 𝑗, while the 

vertical axis denotes the numerator 𝑖, over the range 1 ≤ 𝑖, 𝑗 ≤ 100(with negative 𝑗included for 

the (𝑅∞: GBE𝑒)case). The plotted systems correspond to (𝑅∞: GBE𝑒, −3/2), (𝑅∞: 𝑝, 3/2), 
(𝑅∞: 𝑎0, 6/5), and (𝑅∞: 𝑒, 4/3). 

Figure (7): Geometry of the numbers plots for the five constant ensemble for the R∞ as the 

reference 

 
Figure 7. The zig-zag thin boundary between the two-colored areas determines the series of 

locally optimal lattice convergences of each exponent. This line is the admissible rational 

approximants of the Diophantine search process outlined on Sec. 2.4. The points that are closest 

to the true slope have smaller residuals and thus more precise power-law models. 

The upper-left and upper-right panels are a mirror pair of the negative and positive 3/2 branches, 

and the lower panels show the adjacent partial harmonic fractions⁡6/5 and 4/3. These branches 
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approach the unit slope more and more as the integers get larger, which is also in line with the 

partial harmonic fraction sequence mentioned above.  

 

Figure 7 thus shows how the chosen hydrogen constants fill separate low-order sectors of a 

shared lattice structure, instead of being represented as isolated numerical coincidences. This 

parallels the results seen in Fig. (1,2). 

 

3.3 𝒊/𝒋, PHF, 𝑫𝒓, 𝒗𝐜𝐟  
 

Table 2 lists the first admissible approximants (#1) of the hydrogen benchmark system, along with 

their partial harmonic fraction (PHF) forms, 𝐷𝑟, and conformal factor frequencies 𝑣cf.  The PHF 

representation is based on the order 1 ± (1/𝑗) that defines the dominant branch that is known to 

be used in the scale interval of interest. 

Table (2): First-order Minkowski approximants for hydrogen referenced to 𝑅∞: leading 𝑖/𝑗, PHF 

forms, 𝐷𝑟,  𝑣cf 

Constant 

pair 

i/j 

{2,3,5} 

Dr vcf 

R∞:GBE -3/2 -1.68718 10-2 7.857405 10-1 

R∞:R∞ 1   

R∞:a0 6/5, (2∙3)/(5) 8.545984443 10-3 2.172462647 10-1 

R∞:e 4/3, 22/3  -3.851811505 10-2 6.209791219 101 

R∞:p 3/2 5.156906446 10-3 6.917652790 10-1 

 

The product of the four vcf values is global measure of how near perfect the ensemble of constants 

are all to true power laws. The product of the four normalized vcf values for this group is 525.88. 

If vcf was less than 1 then 1/ vcf  was utilized.  

The leading exponents are −3/2 for GBE𝑒, 1 for 𝑅∞, 6/5 for 𝑎0, 4/3 for 𝑒, and 3/2 for 𝑝.. These 

values are simple low-order rational numbers constructed out of the first 3 prime factor integers, 

and the intermediate fraction 5/4 is represented by an admissible lattice position not taken up by 

one of the chosen constants.  

The conformal factors 𝑣cf fix the dimensional correction needed to scale the rational lattice 

approximation to the physical value. Values of 𝑣cf near unity are particularly close realizations of 

the suggested power-law form, and larger or smaller values are stronger rescaling. In the positive 

hydrogen branch (𝑎0, 𝑒, 𝑝), the denominators are decreasing in the following order of the first three 

prime numbers {5,3,2}, i.e. 6/5, 4/3, and 3/2. This development indicates the systematic 

arrangement of the constants in the partial harmonic branch instead of arbitrary arrangement. In 

the current analysis, 𝑣cf is was taken as a convenient measure of parsimony since it is more 

sensitive than 𝐷𝑟 alone to near-exact scaling relations. 

Table (3): First-order Minkowski approximants for hydrogen referenced to p: leading 𝑖/𝑗, PHF 

forms, 𝐷𝑟,  𝑣cf 



25 
 

 

 

 

 

 

Constant 

pair 

i/j 

{2,3,5,7,43} 

Dr vcf 

p:GBE -129/128 

-(3∙43)/28 

2.93529 10-5 1.000787 

p:R∞ 2/3 -2.28410581 10-3 6.917652790 10-1 

p:a0 4/5, 22/5 2.936876061 10-3 2.202749961 

p:e 6/7, (2∙3)/7 3.109793421 10-3 3.224197417 

p:p 1/1   

 

The product of the four normalized vcf values for this group is 10.275.  

Table (4): First-order Minkowski approximants for hydrogen referenced to GBE𝑒: leading 𝑖/𝑗, 

PHF forms, 𝐷𝑟,  𝑣cf 

 

Constant 

pair 

i/j 

{2,3,5,7,43} 

Dr vcf 

GBE:GBE 1   

GBE:R∞ -2/3 7.415157251 10-3 7.857405274 10-1 

GBE:a0 -4/5, -22/5 3.264235558 10-3 9.063907592 10-1 

GBE:e -6/7, -(2∙3)/7 3.533970075 10-3 9.020076157 10-1 

GBE:p -128/129 

-28/(3 ∙ 43) 

-2.276962 10-3 1.000787 

 

The product of the four normalized vcf values for this group is 1.5579. 

Table (5): First-order Minkowski approximants for hydrogen referenced to a0: leading 𝑖/𝑗, PHF 

forms, 𝐷𝑟,  𝑣cf 

 

Constant 

pair 

i/j 

{2,3,5,7} 

Dr vcf 

a0:GBE -5/4, -5/22 -5.12126 10-3 9.06391 10-1 

a0:R∞ 5/6, 

5/(2∙3) 

-5.892745327 10-3 2.172462647 10-1 

a0:a0 1   
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a0:e 15/14, 

(3∙5)/(2∙7) 

-4.590585244 10-5 1.028140236  

a0:p 5/4, 5/22 -4.572084289 10-3 2.202749961 

 

The product of the four normalized vcf values for this group is 11.501. 

 

Table (6): First-order Minkowski approximants for hydrogen referenced to e: leading 𝑖/𝑗, PHF 

forms, 𝐷𝑟,  𝑣cf, and Monte Carlo results 

 

Constant 

pair 

i/j 

{2,3,5,7} 

Dr vcf 

e:GBE -7/6, -7/(2∙3) -4.830040022E-03 9.020076157 10-1 

e:R∞ ¾, 3/22 2.231097216E-02 6.209791219 101 

e:a0 14/15, 

(2∙7)/(3∙5) 

3.999081155E-05 1.028140236 

e:e 1/1   

e:p 7/6, 7/(2∙3) -4.217472997E-03 3.224197417 

 

The product of the four normalized vcf values for this group is 228.21. 

Overall, the Monte Carlo tests indicate that the low-order rational structure observed for the 

hydrogen constants is highly statistically unusual. This finding does not prove physical causality, 

but it is consistent with the pattern being more structured than would be expected from random 

sampling for the proton and GBE,e as the reference values. 

3.4 Lattice-grid degeneracies and the 𝒊/𝒋mass–force hierarchy 

Table 7 shows a finite subset of the Minkowski lattice ℤ2 in terms of the integer coordinates (𝑖, 𝑗) 
of first-order rational approximants. The dimensioned relations are mapped back onto the lattice 

points when the physical target and reference frequencies are scaled by their respective 𝑣cf values, 

which is equivalent to stripping the residual 𝐷𝑟 from the irrational exponent representation [Eqs. 

(12), (16)–(18)]. Thus, the continuous physical scaling relations are mapped onto rational 

coordinates. 

Table 7. Finite section of the Minkowski lattice ℤ2showing rational 𝑖/𝑗coordinates and the 

locations of the principal hydrogen constants referenced to 𝑅∞: GBE𝑒 = −3/2, 𝑝 = 3/2, 𝑒 = 4/3, 

𝑎0 = 6/5, and 𝑅∞ = 1. 

-6/6 -6/5 -3/2 -2 -3 6 6 3 2 3/2 6/5, 

a0 

6/6 

-5/6 -5/5 -5/4 -5/3 -5/2 5 5 5/2 5/3 5/4 5/5 5/6 

-3/4 -4/5 -4/4 -4/3 -2 4 4 2 4/3, 

e 

4/4 4/5 3/4 
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-1/2 -3/5 -3/4 -3/3 -3/2, 

GBE,e 

3 3 3/2, p 3/3 3/4 3/5 1/2 

-1/3 -2/5 -1/2 -2/3 -2/2 2 2 2/2 2/3 1/2 2/5 1/3 

-1/6 -1/5 -1/4 -1/3 -1/2 -1, 

1/R∞ 

1, 

R∞ 

1/2 1/3 1/4 1/5 1/6 

-6 -5 -4 -3 -2 -1 1 2 3 4 5 6 

 

The table shows all of the i, j matrix locations of the lattice. There is degeneracy of the lattice. 

There are many different integer pairs that represent the same rational number, for example,3/2, 

6/4, and 9/6, all represent the same slope, Fig, (1,2). In the current work, these degeneracies are 

collapsed to their irreducible forms, with the smallest pair being the parsimonious form. This 

lattice was utilized to search for the most parsimonious i/j pair for each constant pair.  

The hydrogen constants are located at a few of the lattice points. The gravitational binding energy 

GBE𝑒 and proton branch are at −3/2 and 3/2, respectively. The electron is at 4/3, the Bohr radius 

at 6/5 and the identity 𝑅∞ at unity as the reference. All these are members of the partial harmonic 

fraction sequence. So, an infinite number of possible rational lattice points, for the chosen 

hydrogen system, reduces to a small, ordered set of low-order fractions. Table 3 illustrates this 

proposed mass–force hierarchy in the lattice. A similar grid could be created for each reference 

constant.  

3.5 The prime factor grid mass force hierarchy and Number Theory logic  

Table 8 is a re-arrangement of the leading rational exponents 𝑖/𝑗 by prime factors. Since every 

rational number can be uniquely expressed as a product of prime factors, this is another arithmetic 

perspective on the hierarchy of the hydrogen scaling relations. If the constants are structured by 

numbers then primes are essential to avoid degeneracy and resonance interference.  

Table 8. Prime-factor decomposition of the dominant first-order Minkowski approximants for the 

hydrogen system, revealing how the dominant exponents −3/2, 1, 6/5, 4/3, and 3/2 are built 

from the small primes {2, 3, 5}. 

system {prime factors} ={2,3,5} i/j (#1) 1 2 3 5 

GBE, e          {2,3}  sign inversion -3/2  2 -3  

R∞              {} 1 1    

a0                {2,3,5} closest to 1 6/5  2 3 5 

not the most parsimonious,  

does not exist 

5/4  22  5 

e                 {2,3} next closest to 1 4/3  22 3  

p                 {2,3} least close to 1 3/2  2 3  

 

For the leading constants of hydrogen, the dominant exponents are constructed from the low 

primes {2, 3, 5}: −3/2 for GBE𝑒, 1 for 𝑅∞, 6/5, 4/3, and 3/2. The Bohr-radius branch thus has 

the product 2 × 3 in the numerator and 5 in the denominator, while the electron and proton 
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branches are built from the small primes 2 and 3. The minus sign of −3/2 is due to inversion with 

respect to the reference branch. 

This arrangement shows two aspects of the parsimonious solutions. First, the hierarchy is 

represented by low-order integers with minimal prime complexity and powers. Second, as the 

rational exponents converge to unity, larger composite numerators and denominators emerge, in 

line with the partial harmonic fraction sequence. The intermediate fraction 5/4, while 

mathematically possible, is not chosen by one of the hydrogen constants. This shows that not all 

low-order lattice fractions are occupied in the current system. Table 4 thus demonstrates that the 

scaling relations identified can be represented not only geometrically on the lattice, but also 

arithmetically by a small number of prime factors with parsimony defining what is possible. 

Similar grids could be made for each reference.  

For the R∞ reference only the prime set of {2,3,5}.  The e and a0 references are defined by the 

prime set of {2,3,5,7}. The GBE and p references are defined by the prime set of {2,3,5,7,43}. The 

distribution of primes in each reference set could be random, but the results suggest order.  

 

3.6 Electromagnetic–gravitational force hierarchy ratio 

 

A direct consequence of the power-law construction is an exact representation of the ratio between 

the electromagnetic and gravitational binding scales in the hydrogen system. This ratio is central 

to the present analysis because it captures, within a single benchmark, the large disparity between 

the two interaction strengths. This same approach could be utilized for any two constants.  

 

The ratio of the corresponding frequencies is 
𝜈𝑅𝐻
𝜈𝐺𝐵𝐸𝑒

= 1.13433 × 1039. (20) 

 

Using Eq. (16), the same quantity may be written in equivalent power-law form as 

𝜈𝑅𝐻
𝜈𝐺𝐵𝐸𝑒

= [
𝜈𝑅𝐻

𝜈𝑐𝑓(𝑅𝐻: 𝐺𝐵𝐸𝑒 , −3/2, #1)
]

5/2

= [
𝜈𝐺𝐵𝐸𝑒

𝜈𝑐𝑓(𝑅𝐻: 𝐺𝐵𝐸𝑒 , −3/2, #1)
]

−5/3

. (21) 

 

These expressions show that the large electromagnetic–gravitational hierarchy is reproduced 

exactly from the conformal factor 𝜈𝑐𝑓  together with the rational powers of 3 and 2, and its 

associated integer algebraic combinations. In this sense, the hierarchy is encoded not by 

introducing new parameters, but through powers of the individual observed scalars themselves 

without direct knowledge of the other. The lattice encodes the perfect dimensionless hierarchy 

scaling information.  

 

All admissible higher-order rational approximants for the same constant pair reproduce the 

identical ratio when the corresponding 𝐷𝑟 and 𝜈𝑐𝑓  values are used. The same construction can be 

applied to any pair of benchmark constants, yielding a network of exact interlocking mutual scaling 

relations. 
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Thus, within the present framework, the familiar large force hierarchy appears as a structured 

consequence of low-order rational scaling rather than as an isolated numerical ratio. 

 

3.7 Explicit demonstration of the NU frequencies and lattice scalars 

 

Tables 9–12 compare the NU frequency values of the benchmark hydrogen constants with their 

corresponding dimensionless lattice-scaled values in the ℤ2 representation. These two numerical 

scalar descriptions are not identical, but are related through the conformal factor 𝑣cf, while 

preserving the same underlying ratios and rational exponents. One is a perfect lattice dimensionless 

power law, the other NU is near perfect. The NU perspective represents the physical quantities 

directly in Hertz, whereas the lattice perspective gives the renormalized dimensionless scalar pure 

mathematical values that satisfy the exact rational power-law relation on the integer grid. In this 

sense, the transformation by 𝑣cf maps the continuous physical-frequency domain into the discrete 

lattice domain and vice versa. 

Tables 9 and 10 are for the branches with 𝑣cf < 1, namely (𝑅∞: GBE𝑒)and (𝑅∞: 𝑎0). Here, the 

lattice scalars are larger than the original NU frequencies (after normalization). In contrast, Table 

11 shows the electron branch (𝑅∞: 𝑒), where 𝑣cf > 1, and the lattice values are smaller than the 

NU values. Table 12 is the proton branch (𝑅∞: 𝑝), where 𝑣cf < 1, so the lattice values are slightly 

rescaled upwards. In each case, the rescaled lattice values obey an exact rational relation, as 

dictated by the leading exponent: −3/2, 6/5, 4/3, and 3/2, respectively. So, while the numerical 

values are different in the NU and lattice views, the hierarchy is maintained and expressed in a 

parsimonious exact integer-power relation. The NU domain the powers are irrational. The lattice 

domain powers are rational.  They both define the identical physical systems from a slightly 

different perspective.  

Table 9. Comparison of NU frequency values and corresponding ℤ2lattice scalars for the 

(𝑅∞: GBE𝑒)pair with leading exponent −3/2. 

vcf  = 7.85741 10-1 NU perspective ℤ2 perspective 

(R∞: GBEe) 3.2898421(6.54) 1015 Hz 4.186931778 1015 

i/j = -3/2 2.90025 × 10-24 Hz 3.691103076 10-24 

 

Table 10. Comparison of NU frequency values and corresponding ℤ2lattice scalars for the 

(𝑅∞: 𝑎0)pair with leading exponent 6/5. 

vcf  = 2.172463427308 10-1 NU perspective ℤ2 perspective 

(R∞: a0) 3.2898421(6.54) 1015 Hz  1.514337164 1016 

i/j = 6/5 5.665256408 1018 Hz  2.607756861 1019 

 

Table 11. Comparison of NU frequency values and corresponding ℤ2lattice scalars for the 

(𝑅∞: 𝑒)pair with leading exponent 4/3 

vcf  = 6.209791852456 101 NU perspective ℤ2 perspective 
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(R∞: e) 3.2898421(6.54) 1015 Hz  5.297829916 1013 

i/j = 4/3 1.2355900198 1020    Hz  1.989744663 1018 

 

Table 12. Comparison of NU frequency values and corresponding ℤ2lattice scalars for the 

(𝑅∞: 𝑝)pair with leading exponent 3/2. 

vcf  = 6.917654065768 10-1 NU perspective ℤ2 perspective 

(R∞: p) 3.2898421(6.54) ×1015 Hz 4.755719314 ×1015 

i/j = 3/2  2.268731817  1023            Hz 3.279626006 1023 

 

3.9 Higher-Order Isomorphic Power Laws 

 

Beyond the first and most parsimonious rational approximation (#1), the integer search yields an 

infinite hierarchy of higher-order rational approximants that also satisfy the scaling constraints, 

Eqs. (22)–(26). Similar sequences arise for all benchmark constants; here we focus on the 
(𝑅∞

, GBE𝑒) pair as a representative case. Each admissible fraction 𝑖/𝑗 possesses its own 

transformation factor 𝑣cf, while reproducing the same exact electromagnetic–gravitational 

hierarchy ratio and the same derived value of 𝜈GBE𝑒 . 

Representative examples are 

𝜈𝐺𝐵𝐸𝑒 = 𝜈𝑐𝑓   (𝑅𝐻:𝐺𝐵𝐸𝑒 , −
3

2
, #1)

5/2

𝜈𝑅𝐻
−3/2

, (22) 

𝜈𝐺𝐵𝐸𝑒 = 𝜈𝑐𝑓   (𝑅𝐻:𝐺𝐵𝐸𝑒 , −
23

15
, #2)

38/15

𝜈𝑅𝐻
−23/15

, (23) 

𝜈𝐺𝐵𝐸𝑒 = 𝜈𝑐𝑓   (𝑅𝐻:𝐺𝐵𝐸𝑒 , −
26

17
, #3)

43/17

𝜈𝑅𝐻
−26/17

, (24) 

𝜈𝐺𝐵𝐸𝑒 = 𝜈𝑐𝑓   (𝑅𝐻:𝐺𝐵𝐸𝑒 , −
29

19
, #4)

48/19

𝜈𝑅𝐻
−29/19

, (25) 

𝜈𝐺𝐵𝐸𝑒 = 𝜈𝑐𝑓   (𝑅𝐻:𝐺𝐵𝐸𝑒 , −
32

21
, #5)

53/21

𝜈𝑅𝐻
−32/21

. (26) 

 

These relations are termed isomorphic because they represent different mathematical 

parameterizations of the same physical scaling relation. As the rational exponent changes, the 

associated value of 𝜈𝑐𝑓adjusts so that the observable quantity remains invariant. 

As expected from Diophantine approximation theory, larger integers generally yield closer 

approximations to the exact irrational logarithmic slope, but with reduced parsimony. The first-

order solution therefore remains the preferred representation, since it captures the same relation 

with the smallest integer structure. 

 

Although the higher-order forms are mathematically valid and illustrate the infinite internal 

structure of the framework, they do not introduce new physical predictions beyond the leading 

approximation. Their primary significance is to demonstrate that the proposed hierarchy admits a 

consistent sequence of equivalent rational realizations. Prime-factor decompositions of these 

higher-order solutions are summarized in Table 13. 
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3.10 Evaluation of the 𝒊, 𝒋, 𝒋 − 𝒊, 𝒋 + 𝒊, and 𝑫𝒓values of the higher-order isomorphic power 

laws 

 

Table 13 lists representative irreducible integer pairs (𝑖, 𝑗), their associated rational exponents 𝑖/𝑗, 
and the corresponding Diophantine residuals 

𝐷𝑟 = exp⁡(𝑅∞: 𝐺𝐵𝐸𝑒) −
𝑖

𝑗
, 

where the exact logarithmic scaling exponent is 

exp⁡(𝑅𝐻∞: 𝐺𝐵𝐸𝑒) = −1.516871761. 
The table also lists the integer pairs 𝑗 − 𝑖 and 𝑗 + 𝑖 which appear in the transformed power-law 

expressions, and are helpful in detecting arithmetic structure, irreducibility, and prime-factor 

constraints. 

 

Table 13. Shows representative higher-order irreducible integer pairs (𝑖, 𝑗), for the (𝑅𝐻: 𝐺𝐵𝐸𝑒) 

system, listing 𝑗 − 𝑖, 𝑗 + 𝑖, rational exponents 𝑖/𝑗, and Diophantine residuals 𝐷𝑟 =

exp⁡(𝑅𝐻: 𝐺𝐵𝐸𝑒) − 𝑖/𝑗, showing convergence toward the exponent −1.51687. 

 

𝑖 𝑗 𝑗 − 𝑖 𝑗 + 𝑖 𝑖/𝑗 𝐷𝑟 = exp⁡(𝑅𝐻: GBE𝑒) − 𝑖/𝑗 
−3 2 5 −1 −1.500000000 −1.68718 × 10⁻² 

−23 15 38 −8 −1.533333333 +1.64616 × 10⁻² 

−26 17 43 −9 −1.529411765 +1.25400 × 10⁻² 

−29 19 48 −10 −1.526315789 +9.44403 × 10⁻³ 

−32 21 53 −11 −1.523809524 +6.93776 × 10⁻³ 

−35 23 58 −12 −1.521739130 +4.86737 × 10⁻³ 

−38 25 63 −13 −1.520000000 +3.12824 × 10⁻³ 

−41 27 68 −14 −1.518518519 +1.64676 × 10⁻³ 

−44 29 73 −15 −1.517241379 +3.69618 × 10⁻⁴ 

−47 31 78 −16 −1.516129032 −7.42729 × 10⁻⁴ 

−50 33 83 −17 −1.515151515 −1.72025 × 10⁻³ 

−53 35 88 −18 −1.514285714 −2.58605 × 10⁻³ 

−56 37 93 −19 −1.513513514 −3.35825 × 10⁻³ 

−59 39 98 −20 −1.512820513 −4.05125 × 10⁻³ 

−62 41 103 −21 −1.512195122 −4.67664 × 10⁻³ 

−65 43 108 −22 −1.511627907 −5.24385 × 10⁻³ 

−73 48 121 −25 −1.520833333 +3.96157 × 10⁻³ 

−79 52 131 −27 −1.519230769 +2.35901 × 10⁻³ 

−85 56 141 −29 −1.517857143 +9.85381 × 10⁻⁴ 

−91 60 151 −31 −1.516666667 −2.05095 × 10⁻⁴ 

−97 64 161 −33 −1.515625000 −1.24676 × 10⁻³ 

 

With increasing integer magnitudes, the rational exponents 𝑖/𝑗 converge towards the exact 

irrational exponent, and the residuals 𝐷𝑟 become smaller in magnitude. The convergence is not 

monotonic, but rather oscillatory, as is typical of continued-fraction and Diophantine 
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approximations. Consequently, the admissible fractions oscillate about the exact value while 

successively reducing the residual scale. 

The first entry, −3/2, is the most economical approximation and is the preferred solution 

highlighted in this paper. Successive entries such as −23/15, −26/17, and −29/19 offer 

successively better, but less parsimonious, representations of the scaling relation. An interesting 

aspect of the admissible sequence is its continued low-integer arithmetic. For each entry, at least 

one of the set of numbers {𝑖, 𝑗, 𝑗 − 𝑖, 𝑗 + 𝑖} remains a small or prime integer, maintaining some 

degree of simplicity in higher order. This is a consequence of the lattice solutions, rather than 

random rational sampling. Table 13 thus shows that the proposed hierarchy is not limited to a 

single fraction, but is part of an ordered infinite set of irreducible rational approximants to the same 

exact logarithmic exponent. 

  

3.11 Evaluation of the i, j, Dr, vcf, values of the dimensionless ref/target isomorphic power 

laws 

 

Evaluation of the 𝑖/𝑗, 𝐷𝑟, and 𝑣cf values of the dimensionless reference/target isomorphic power 

laws 

 

Table 14. A sample of higher-order isomorphic power laws for the (𝑅𝐻: GBE𝑒) system, with 

irreducible rational exponents 𝑖/𝑗, decimal values, Diophantine residuals 𝐷𝑟, conformal factors 

𝑣cf, and the identical hierarchy ratio 𝜈𝑅𝐻/𝜈𝐺𝐵𝐸𝑒 = 1.13433× 1039 reproduced by each solution. 

 

𝑖/𝑗 Decimal  

𝑖/𝑗 
𝐷𝑟 = 

exp⁡(𝑅𝐻: GBE𝑒) − 𝑖/𝑗 
𝜈𝑐𝑓(𝑅𝐻: GBE𝑒, 𝑖/𝑗)  

[Hz] 
[

𝜈𝑟𝑒𝑓

𝜈𝑐𝑓 (𝑟𝑒𝑓: 𝑡𝑎𝑟𝑔𝑒𝑡,−
𝑖
𝑗)
]

(𝑗−𝑖)/𝑗

 

−3/2 −1.5000

00000 

−1.68718 × 10⁻² 7.85741 × 10⁻¹ 1.13433 × 10³⁹ 

−23/15 −1.5333

33333 

+1.64616 × 10⁻² 1.26133 1.13433 × 10³⁹ 

−26/17 −1.5294

11765 

+1.25400 × 10⁻² 1.19379 1.13433 × 10³⁹ 

−29/19 −1.5263

15789 

+9.44403 × 10⁻³ 1.14290 1.13433 × 10³⁹ 

−32/21 −1.5238

09524 

+6.93776 × 10⁻³ 1.10320 1.13433 × 10³⁹ 

−35/23 −1.5217

39130 

+4.86737 × 10⁻³ 1.07140 1.13433 × 10³⁹ 

−38/25 −1.5200

00000 

+3.12824 × 10⁻³ 1.04535 1.13433 × 10³⁹ 

−41/27 −1.5185

18519 

+1.64676 × 10⁻³ 1.02364 1.13433 × 10³⁹ 
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−44/29 −1.5172

41379 

+3.69618 × 10⁻⁴ 1.00526 1.13433 × 10³⁹ 

−47/31 −1.5161

29032 

−7.42729 × 10⁻⁴ 9.89508 ×10⁻¹ 1.13433 × 10³⁹ 

−50/33 −1.5151

51515 

−1.72025 × 10⁻³ 9.75859 × 10⁻¹ 1.13433 × 10³⁹ 

−53/35 −1.5142

85714 

−2.58605 × 10⁻³ 9.63918 × 10⁻¹ 1.13433 × 10³⁹ 

−56/37 −1.5135

13514 

−3.35825 × 10⁻³ 9.53384 × 10⁻¹ 1.13433 × 10³⁹ 

−59/39 −1.5128

20513 

−4.05125 × 10⁻³ 9.44023 × 10⁻¹ 1.13433 × 10³⁹ 

−62/41 −1.5121

95122 

−4.67664 × 10⁻³ 9.35650 × 10⁻¹ 1.13433 × 10³⁹ 

−65/43 −1.5116

27907 

−5.24385 × 10⁻³ 9.28117 × 10⁻¹ 1.13433 × 10³⁹ 

−73/48 −1.5208

33333 

+3.96157 × 10⁻³ 1.05776 1.13433 × 10³⁹ 

−79/52 −1.5192

30769 

+2.35901 × 10⁻³ 1.03402 1.13433 × 10³⁹ 

−85/56 −1.5178

57143 

+9.85381 × 10⁻⁴ 1.01408 1.13433 × 10³⁹ 

−91/60 −1.5166

66667 

−2.05095 × 10⁻⁴ 9.97092 × 10⁻¹ 1.13433 × 10³⁹ 

−97/64 −1.5156

25000 

−1.24676 × 10⁻³ 9.82448 × 10⁻¹ 1.13433 × 10³⁹ 

 

While the rational exponents differ along the admissible sequence, each entry reproduces the same 

electromagnetic-gravitational hierarchy ratio, 

𝜈𝑅𝐻
𝜈𝐺𝐵𝐸𝑒

= 1.13433 × 1039, 

showing the isomorphism of the construction. The exponent and the transformation factor are 

modified in such a way that the final dimensionless ratio is unchanged. 

An important implication of Table 14 is that a large number of different integer power laws 

correspond to the same physical hierarchy. Thus, the electromagnetic-gravitational ratio is not 

associated with a single rational exponent, but rather with an ordered sequence of equivalent forms. 

In terms of economy, the first solution −3/2 is still the most favored form because it yields the 

exact ratio with the smallest integers, and hold geometric significance with the lattice. The higher-

order solutions essentially display the arithmetic structure of the system. 

 

3.12 Inverse Modulus Diophantine Spectrum of an irrational system 
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The Diophantine residuals do not monotonically decrease with increasing integer values. Rather, 

they oscillate towards zero, as is typical of rational approximations to an irrational exponent. This 

is shown in Figs. 9–11 for the (𝑅𝐻: GBE𝑒) system. To display the local minima of the residuals, 

we use the inverse value 1/∣ 𝐷𝑟 ∣. In this case, good rational approximants are represented by high 

peaks, as the inverse-modulus is large for small residuals. Thus, each peak corresponds to an 

admissible lattice solution, a new i/j approximation and its associated 𝑣cf. 

 

Figure 9. Local view of the inverse-modulus Diophantine spectrum 1/∣ 𝐷𝑟 ∣ for the (𝑅𝐻: GBE𝑒) 
system. as a function of denominator 𝑗, showing the first sequence of admissible peaks 

associated with rational approximants. 

 
Figure 9 shows a local view of the first sequence of peaks as a function of j. The first dominant 

solution is the low-order fraction -3/2, followed by higher-order admissible solutions at higher 

denominators. Periodic repetition of degenerate solutions and new irreducible approximants 

occur at integer intervals, red arrows. New unique i/j values are labeled with black arrows. Each 

arrow is associated with a convergence point and a valid unique power law. 

 

Figure 10. Extended inverse-modulus Diophantine spectrum 1/𝐷𝑟 for the (𝑅𝐻: GBE𝑒) system 

over larger 𝑗 range showing alternating extrema and higher-order peak structure. 
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Figure 10 shows the spectrum for larger 𝑗 which includes a wider range of alternating positive 

and negative extrema. The change in sign is due to the successive rational approximants crossing 

the exact irrational exponent, leading to the expected alternating convergence of continued-

fraction theory. 

 

 

Figure 11. Three-dimensional view of the inverse-modulus Diophantine spectrum for the 

(𝑅𝐻: GBE𝑒) system above and below the ℤ2 lattice plane, displaying the manifold of successive 

rational approximants. This is a three dimensional view of Fig. (10). 
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Figure 11 shows the same structure as a three-dimensional surface above and below the ℤ2 lattice 

plane, Fig (10). The peaks and ridges represent particularly good approximants, while the flatter 

areas represent less good rational fits. The resulting structure has self-similar geometric features, 

in accord with the recursive nature of Diophantine approximation. 

 

These images demonstrate that the irrational exponent is not associated with random residual 

behavior, but with a highly structured approximation spectrum of successive integer lattice 

convergences. 

3.13 Inverse Modulus Diophantine degenerate spectrum of a rational system 

 

If the exact scaling exponent is rational, rather than irrational, the Diophantine residual spectrum 

is different. Rather than a nested sequence of successively better approximants, the residuals form 

an exact repeating lattice of equivalent integer multiples of the same rational fraction. This results 

in a degenerate spectrum with an infinite number of integer pairs that exactly obey the scaling law. 

Figure 12. Three-dimensional inverse-modulus Diophantine spectrum 1/∣ 𝐷𝑟 ∣for the 

rationalized system (𝑅∞/𝑣cf: GBE𝑒/𝑣cf). All exact convergences occur along the degenerate 

family −(3𝑛)/(2𝑛), corresponding to the fundamental ratio −3/2, with formally divergent 

peaks where 𝐷𝑟 = 0. n equals a consecutive integer series beginning at 1.  
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Figure 12 illustrates this behavior for the transformed system (𝑅∞/𝑣cf: GBE𝑒/𝑣cf), where the 

conformal scaling removes the irrational component and maps the relation onto a rational 

exponent. In this case, all admissible solutions lie on the family of equivalent fractions 

associated with the fundamental ratio −3/2, i.e. −(3 ∙ 𝑛)/(2 ∙ 𝑛)⁡for the consecutive integer 

series 𝑛. 

 

These pairs satisfy the power law exactly, the residuals obey 𝐷𝑟 = 0, and therefore the inverse-

modulus quantity 1/∣ 𝐷𝑟 ∣formally is infinity. Numerically, these appear as extremely large spikes 

limited only by computational precision. Unlike the fractal spectrum of the irrational case (Figs. 

9–11), no alternating hierarchy or irregular peak progression remains. This provides a useful 

contrast between irrational and rational systems. Irrational exponents generate structured, but non-

degenerate approximation spectra, whereas rational exponents collapse to exact commensurate 

lattice families. The transformation therefore demonstrates how the original irrational hierarchy 

can be renormalized into a perfect rational power-law manifold. The hierarchy defining the scale 

of two constants is collapsed into to rational fraction.  

 

4. Discussion 

 

The above results reveal a hierarchy of rational scaling relations between the chosen constants of 

the hydrogen system in the unified frequency representation. It can be criticized that the choice of 

hydrogen is inappropriate, but it encompasses a range of constants that span all of the forces and 

particle groups. We are starting with the simplest system and intend on analyzing all of the 



38 
 

constants. Hydrogen is the most stable and universal element of the universe so we feel it is a valid 

choice. The question is whether these relations are physically meaningful or merely a mathematical 

artefact. In this section, we discuss the interpretive status, merits and limitations of the method, 

and whether the hierarchy that emerges may reflect an inherent hierarchy among the constants 

themselves. 

4.1 Method's validity: do the emergent rational exponents and vcf from the Minkowski 

construction reflect physical hierarchy? 

This approach is novel, so it is reasonable to be suspicious of its physical significance. The pairs 

of integers 𝑖/𝑗, exponents and residuals are not free parameters, but are determined solely by the 

numerical inputs. The question is not whether these exist, but whether they represent physical/ 

mathematical reality or numerical accident. 

Power-law structure is ubiquitous in physics, with exponents often reflecting symmetry, hierarchy 

or renormalization. In this regard, the search for simple rational approximants is not 

unprecedented. The new idea is that a collection of fundamental constants, expressed in a common 

format, might display an internally coherent exponent spectrum subject to arithmetic parsimony 

and other limitations of Number Theory. 

In the case of the hydrogen benchmark considered here, the best admissible approximants are 

simple fractions with low order and small integer numerators and denominators, and the 

transformation residuals are small. The largest and single Dr is in the range of 10-2. All the others 

are 10-3 to the smallest of 10-5. These are reflects as vcf Hz values. These values if random should 

extend into the hundreds of thousands in range, but the largest encountered in these constant is 62. 

This is not trivial. The products of the normalized vcf values of the hydrogen constants are 1.5579, 

10.275; 11.501; 228.21; and 525.88. Based on the Monte Carlo results these values also can extend 

into many thousands for a random system. The first three a clearly not random results, particlually 

the 1.55 result. The two for GBEe and p both generate the same absolute i/j values indicating 

structure. For constants spanning a scale of 1046 this is a significant finding. The fact that these 

same two references have maximum j values of 128 and 129 are also clearly not a typical random 

event. The fact that both of these findings occur with the same references is doubly non-random 

in character. This supports the hypothesis that the constants are an organized near perfect power 

law system. Simple fractions are easily found in random searches, but consistent series of the 

smallest prime factors, and vcf values near 1 Hz are much more constrained. In the future as more 

constants are evaluated using the same methods if the results continue to demonstrate vcf values 

near 1 then every added constant increasing the likelihood that the system is non-random. This is 

essentially guaranteed since many of the constants near the scale of the proton that will lead to 

large j values and vcf values near 1.   

The role of 𝑣𝑐𝑓 is particularly important. It is not an adjustable fitting constant, but is related to the 

difference between the exact logarithmic exponent and its rational approximation that 

simultaneously define the emergent powers. It thus connects the rational lattice to the physical 

scaling continuum. When 𝑣𝑐𝑓 = 1, the relation approaches a perfect power law, and deviations 

from unity measure the correction. These findings do not yet constitute a new law of physics. They 
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currently show that the selected constants can be represented arithmetically in a compact form with 

statistically unusual non-random structure under the tests applied. It remains to be seen whether 

this reflects fundamental physics, redundancy among the constants, or merely a representation 

artifact, through further tests on other systems. 

All of the known constants first convergences based on the proton or GBE are within a partial 

harmonic power law structure based solely on their relative ratio of their log scales. This 

observation does have physical significance since these are the exact powers associated with a 

classical resonant node system.  If these results are supported then the constants represent a unified 

resonant power system which is within the Standard Model mechanisms. The hydrogen constants 

e, a0 and R∞ can be viewed equally supported from both sides between the GBE and p within a 

mirror like hydrogen resonant cavity.  

So, the current work should be regarded as a hypothesis generator: it suggests scaling regularities 

with structure that should be investigated, rather than a final unification of quantum and 

gravitational physics. 

 4.2 A new perspective on the mass-force hierarchy 

 

A long-standing puzzle in physics is the hierarchy between the electromagnetic and gravitational 

forces. The current approach was designed to investigate whether this hierarchy can be expressed 

in terms of simple arithmetic scaling. In the case of hydrogen, the ratio of order 1039 arises from 

low-order power-law relations between GBE𝑒, 𝑒, p, and 𝑅∞ (Eqs. 16–18). Although these 

quantities are not independent inputs, the SM does not offer a similarly simple internal 

representation of this hierarchy. This is just one example of a total of 20 different similar results. 

All of the ratios of one constant to any other are encoded in this integer system utilizing either 

constant as the base scalar.  

An interesting aspect of the leading solution is that the absolute exponent of the gravitational term 

matches that of the proton sector under the given representation. Whether this is a physical or 

numerical coincidence is not clear, but it implies that the hierarchy of forces may have nontrivial 

symmetries when expressed in dimensionless scaling form. This is predictable since the two 

scalars for gravity and the proton are near exact reciprocals. This must be associated with inverse 

sign i/j when the references are flipped. The point is not to replace or disprove, but to supplement 

existing theory. The SM describes the dynamics and symmetries of interactions, but does not 

explain the values of particle masses or interaction hierarchies [40]. The current approach, on the 

other hand, seeks to determine whether the values are also organized by an additional arithmetic 

structure that is revealed only after rescaling on a common isomorphic basis, and evaluating them 

from a power law perspective. The isomorphic perspective does not change the scalars only 

redefines them in terms of integers.  

4.3 Number theory and the mass-force architecture 

 

The current approach postulates that some of the observed mass-force hierarchy may be due to 

arithmetic structure, as well as physics. There are many examples of number theory and set theory 

within the SM. An example is the Hofstadter butterfly which is related to a crystal lattice and the 
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magnetic length. This is a cornerstone in the study of fractal energy levels and the Quantum Hall 

Effect. This is a system interfacing rational and irrational physical systems. Although this is a 

novel idea, mathematics has often been the language in which physical laws are expressed. In this 

case, the question is whether the known constants can be organized in a meaningful and consistent 

way using simple integer relations across many constants. In this framework, the 𝑖/𝑗 lattice serves 

as an ordering space in which constants are assigned leading rational exponents with respect to a 

selected constant. The patterns seen in these results parallel those seen before. There are many 

examples of harmonic fractions based on consecutive integer series. An energy raised to a negative 

and a positive partial harmonic fraction power (±1/2)  is seen in Density of States, just as 3/2 and 

-3/2 is in this work. Partial harmonic power laws of 3/2 and 4/3 have been described to be related 

the cosmic spin properties based on the scale of the proton, as well. Spontaneous organization of 

the partial harmonic frequencies of moon systems have been reported as well.  

Together with the 𝑣𝑐𝑓 factors, these exponents reproduce the observed scales of the chosen 

constants under the chosen transformation. Thus, the lattice serves as a map of relative scales, 

rather than a substitute for physics. This is somewhat analogous to the periodic table: a numerical 

ordering first, then a microscopic theory. The analogy should not be pushed too far. The present 

scheme is much more limited and presently empirical, but it shows how mathematical 

classification schemes can come before theory. One of the advantages of the method is that the 

scheme can be constructed for different reference constants. In this work we have demonstrated 

an identical organization of all of the constants evaluated. The exponents and residuals will change, 

but the ratios will remain the same through infinite isomorphic transformations. This implies that 

the structure is related, rather than dependent on the choice of parameters. At the very least, the 

results suggest that the hydrogen-system constants considered here have a succinct number-

theoretic representation. For example, the integers associated with the proton or the GBE as 

reference are associated with a consecutive integer series, {1,2/3,4/5,6/7}. This suggests an 

ordered system. Whether this is simply a re-representation of existing data or a deeper insight 

remains to be seen and will require further testing beyond the current benchmark. 

 

4.3.1 Number theory and number sets 

 

In the current approach, the allowable rational exponents are limited by the integer sets from which 

they are drawn. Since prime numbers are the fundamental building blocks of the integers, the prime 

factors of the leading 𝑖/𝑗 values offer a succinct description of the proposed mass–force hierarchy. 

In the case of the hydrogen R∞ benchmark considered here, the leading first-order exponents are 

built from the small prime set {2, 3, 5}, and unity for the reference term. Some are the small prime 

set is {2,3,5,7}, while the GBE and p prime set is {2,3,5,7,43}. This could be coincidence, but 

could be of fundamental origin.  

The leading solutions are interesting in that they are partial harmonic fractions (PHFs), that is, 

fractions of the form 1 ± (1/𝑗). These are the simplest low-order rational exponents that differ 

from the identity exponent 1, and they are consistent with the parsimony criterion. In this respect, 

their occurrence is a consequence of the arithmetic of the approximation scheme, rather than an 

independently postulated physical law. They are also related to resonant systems so there could be 
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a logical physical underpinning of the patterns identified. In the current data set, GBE𝑒, 𝑝, and 𝑒 

are linked to the low-order fractions −3/2, 3/2, and 4/3, while 𝑎0 is linked to 6/5, which includes 

the complete set {2, 3, 5}. In contrast, other low-order fractions, such as 5/4, are not chosen as the 

best matches for the hydrogen constants in this case. The point here is not that every low-order 

fraction must be associated with a physical constant, but that the constants considered here occupy 

a sub-lattice of the low-order positions and follow the restriction of maximum parsimony. 

More broadly, this suggests that prime-factor structure may offer an alternative arithmetic 

framework for relative scales of constants. Primes ensure that each constant is mathematically 

unique, and would avoid cross resonance with different constants if they were all present 

simultaneously within a single resonant system. Each constant could be within its own “prime set” 

silo. Whether this type of structure extends to other domains of fundamental physics remains to be 

seen, but the present benchmark demonstrates that it is at least possible in a nontrivial hydrogen 

system. Another finding is the almost reciprocal relation between the proton frequency and the 

gravitational binding-energy frequency of the electron in hydrogen. In the present representation, 

the leading exponents of the two branches have opposite sign, so that the gravitational branch is a 

sign-inverted copy of the proton branch. This is an interesting numerical aspect of the hydrogen 

benchmark. It remains to be seen whether this is a physical feature or an artefact of the present 

arithmetic representation. This near reciprocal relationship could be coincidental, but as shown 

with the Monte Carlo results it is highly unlikely to be a random finding.  

 

4.3.2 Testing the Hypothesis.  

 

A key question is whether the structures found here reflect underlying structure in fundamental 

constants or are a result of selective representation. In the absence of an underlying scaling 

regularity, the Minkowski procedure should yield exponents that are spread out across the integer 

lattice with some bias towards low-order rational values, large residuals, equal number of positive 

and negative fractions, no prime factor dominance, or recurrent organized patterns. Instead, the 

current hydrogen benchmarks produce a small set of parsimonious 𝑖/𝑗 values, dominated by partial 

harmonic fractions, consistent small consecutive prime spectrum, small 𝐷𝑟, and near-unity 𝑣𝑐𝑓 

values when GBEe and the proton are the references. To test the hypothesis, we need to go beyond 

the present benchmark to larger and independent sets of constants. There are many constants that 

cluster near the mass of the proton which would be associated with large j values and small vcf. 

That alone implies that evaluating more constants with the proton as the reference will demonstrate 

even greater non-random properties, and would include many more constants. Each new constant 

would support that the system is more organized and less potentially random. If the product of all 

of the evaluated vcf progressively diverge far below the random product of vcf which continues to 

increase with each added constant then the hypothesis is supported. If the product of vcf explodes 

with more constants then the hypothesis is false. The method is not reference-independent, but 

appears to be linked with either the proton or the GBE.  

 

4.4 The “Checker Board” Mass Force Hierarchy  
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A useful aspect of the present construction is that the infinite set of admissible (𝑖/𝑗, 𝐷𝑟
, 𝑣𝑐𝑓) 

solutions can be mapped onto a single dominant lattice site. In the hydrogen case, the large 

resonance manifold (Tables 1-2) is reduced to a few dominant sites on the Minkowski grid (Table 

3), each site being identified by a leading rational exponent and its residual structure. This is 

conceptually important. The scaling landscape is represented by a handful of integers, low-order 

prime factors and a single continuous correction factor 𝑣𝑐𝑓. The resulting pattern is like a 

checkerboard of filled and empty lattice sites, with only certain sites corresponding to physically 

meaningful leading relations. Evaluation of these individual lattice sites for a group of physically 

related constants may demonstrate a global group theory pattern confirming the significance of the 

powers.  

This is not intended to be a substitute for theory, but rather a shorthand hierarchy map. Just as the 

periodic table orders elements before detailing microscopic interactions, the current lattice orders 

relative scales via arithmetic position rather than interaction type. If such checkerboards exist for 

larger sets of constants, one could potentially build checkerboards for different physical sectors. 

Comparing the occupied sites, prime factors, and residual spectra might yield common principles 

or sector-specific features that clearly correlate with specific physical properties. For example, the 

weak and strong particles may be defined by “marker” prime factor sets unique to each group.  At 

the very least, the hydrogen example demonstrates that a seemingly complex hierarchy can be 

encoded in a simple discrete structure. Whether this is a physical or merely a numerical 

compression is an important question for future research. 

 

4.5. Cross-Domain Predictive Validity 

 

One way to test the validity of a proposed organizing principle is to see if it is consistent across 

widely separated physical scales. Correlations between nearby scales can be trivial, but structures 

that span large scales are more constraining and thus more informative. In the current hydrogen 

benchmark, the same rational-scaling relations connect the electromagnetic binding scale of 

hydrogen to the gravitational binding scale of the electron, even though the latter is many orders 

of magnitude smaller than the former. They both have the same i/j pair. This is significant because 

any inconsistencies would tend to be magnified over such large-scale separations. 

The top solutions also exhibit a symmetry between the proton and GBE𝑒 sectors, with the leading 

exponents equal in magnitude and opposite in sign (in the present representation). It is not clear 

whether this is a significant symmetry or an artefact of the construction, but it is a real feature of 

the data. The 𝑣𝑐𝑓 is play a crucial role again: values close to unity mean that the cross-domain 

relation is close to a power law, while the deviations from unity measure the continuous correction 

needed to bridge the discrete lattice structure with the measured scales. The combination of the i/j 

and the  𝑣𝑐𝑓 is a mathematical representation of the particle-rational and wave-continuous-

irrational duality. 

These findings need to be taken with a grain of salt. They do not constitute a theory of quantum 

gravity, or replace the SM, which has a different domain. They do indicate that some constants 
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from different physical domains may have a common arithmetic representation in a common 

scaling basis [45]. If such inter-sector correspondences hold for other independent data sets, the 

approach would be predictive. If not, the current finding would be more likely a system-specific 

coincidence. 

 

4.6 Significance of the dimensioned 𝑫𝒓 related frequency 𝒗𝒄𝒇 

 

In traditional Diophantine analysis, the residual 𝐷𝑟 is a dimensionless quantity that measures the 

closeness of an irrational exponent to a rational fraction. A novel aspect of the present approach is 

the introduction of a dimensioned manifestation of this residual structure in the form of the 

characteristic frequency 𝑣𝑐𝑓, which translates the abstract residual structure into the physical 

scaling domain. This frequency is the link between two representations: the rational lattice of 

integer exponents and the frequency manifold of measured constants. So, 𝑣𝑐𝑓 is not an externally 

imposed fit, but a derived scale that is determined by the difference between the exact logarithmic 

exponent and its best rational approximant. When 𝑣𝑐𝑓 = 1 Hz, the relation is close to an exact 

power law. Deviations from unity measure the continuous correction needed to bring the measured 

values into agreement with the discrete lattice. So, 𝑣𝑐𝑓 serves as a measure of scaling accuracy. 

Another significant implication is that the transformation converts an irrational exponent relation 

into an equivalent rationalized form without altering the observable ratio of constants. This enables 

the same physical hierarchy to be expressed either continuously in terms of direct ratios, or 

discretely in terms of one constant scalar, integer powers and 𝑣𝑐𝑓. The present findings do not 

mean that 𝑣𝑐𝑓 is a new fundamental constant. It is a derived characteristic scale of the 

representation. It is significant in encoding the degree of fit of physical constants to simple 

arithmetic hierarchy. If such nontrivial 𝑣𝑐𝑓 structures are found to be common across larger data 

sets, this quantity may prove to be a valuable diagnostic of scaling order among fundamental 

constants. 

   

4.7 The infinite number of power laws 

A mathematical implication of the current approach is that each pair of constants is accompanied 

by an infinite number of acceptable rational approximants. In addition to the leading parsimonious 

relation, larger and larger integer pairs lead to further power-law representations that converge to 

the same exact logarithmic exponent. These additional relations are isomorphic in the sense that 

they yield the same observable ratio between constants, but differ only in the integer representation 

and the corresponding 𝐷𝑟 and 𝑣𝑐𝑓⁡values. The physical hierarchy is thus preserved, despite the 

presence of multiple arithmetic representations. This is similar to the case in mathematics where a 

single number can be represented by an infinite number of increasingly complex rational numbers. 

The first solution is not unique, but minimal: it involves the smallest integers and thus is the most 

economical description. 
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For this reason, the higher-order solutions are mathematically correct, but contribute little 

additional physical information in the current interpretation. They primarily show the structure of 

the approximation manifold and the connection between simple and more complex rational 

representations. No claim is made here that the multiple representations correspond to different 

physical states. For the time being, they should be considered as alternative mathematical 

representations of the observed relation. The importance of the infinite hierarchy is thus 

methodological: it demonstrates that the observed scaling relations are not accidental, but members 

of a family of structured approximations whose simplest member is chosen by parsimony. 

5. Conclusions 

 

This study has explored whether a small set of hydrogen-system constants can be given a succinct 

arithmetic representation in a unified frequency representation and within the framework of the 

Minkowski approximation. In the current benchmark, the electromagnetic, inertial, geometric and 

gravitational scales are represented by a small number of low-order rational exponents and small 

emerging corrections. The findings indicate that some of the observed mass-force hierarchy may 

be expressible in terms of a constrained scaling structure rather than as an unconstrained set of 

independent random numerical constants. In this view, hierarchy is a consequence of parsimonious 

integer prime factor structure combined with the derived continuous correction factor 𝑣𝑐𝑓, which 

connects the discrete lattice description to physical measurements. 

Monte Carlo simulations suggest that the simultaneous occurrence of simple fractions, coherent 

ordering and near-perfect power scaling is highly unlikely under the random baselines considered 

here. These tests do not prove the existence of underlying structure, but encourage further 

exploration. The framework is not an alternative to the SM or physical theory. It provides an 

additional descriptive framework, emphasizing numerical organization rather than dynamics. It is 

therefore subject to external confirmation. The key test is simple: if the hypothesis is significant, 

similar low-complexity rational hierarchies and structured 𝑣𝑐𝑓 spectra should be found in larger 

and independent sets of constants. If not, the current hydrogen result should be dismissed as 

numerology. 
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