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Abstract

This autonomous document formalizes a minimal closure of the present Hubble constant Hy
within the HGR framework (Hypercomplex General Relativity), by connecting: (i) the effective
FLRW reduction, (ii) the quantized internal sector defined by an observable X = ax@?, and
(iii) a unique late-time cosmological variable Qog(a). The aim is not to present a definitive
theorem, but rather a coherent, compilable, notation-stable architecture that can be directly
reused as a sub-appendix in a larger manuscript.
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1 Purpose and status of the present text

The goal is to provide an autonomous, coherent, and compilable version of the following logical
chain:

Qmicro — X = aXQp — Wfﬂ =KX <X2> — QU — Qeff(a) — H(CL) — Hy.

micro

Its precise status is the following.

e Results already present in the HGR manuscript: modified Friedmann equation, effective
form peg(a) = a/a® — B/a*, definition of an internal observable X = axQP, effective quantum
threshold W&t = kx <X 2>, and semi-classical approximation of <X 2>.

¢ Additions made in this document: explicit separation between the microscopic ) and
the cosmological @), projection hypothesis Q)9 = (Q?}, late-time locking onto a unique mode
Qest(a), and explicit algebraic resolution of Hy.

e Nature of the construction: a coherent minimal closure, not yet an ultimate derivation in
the sense of a fully closed microscopic theorem.

2 Effective cosmological basis

We start from the standardized FLRW form:

k &rG

E = 7(pmat + peff)‘ (1)

H?
+ 3

The effective geometric contribution is taken to be

pena) = &~ D @)

The internal radiative term is parameterized by a comoving amplitude:

Ca
ﬁ = v gosmo' (3)

In a more symplectic formulation, one may also write

Qcosmo Ca gosmo
x(t) = 2 pala) = E R (4)

Comment

Equation (2) is the effective starting point. As long as « is defined in terms of Hyp, one does not
yet have an autonomous prediction of Hy. The purpose of the present text is precisely to replace
this circular dependence by a connection to the quantized internal sector.



3 Quantized internal sector

We introduce the microscopic internal invariant

Qmicro(x) = EZaEZL + BZCLBZL (5)

The internal observable is then defined by
X(l‘) = ax Qmicro(x)p‘ (6)

After quantum promotion:

A

A A A A \P
X(x) = ax (B¢ B, + BIBL) .

We then define the effective threshold
W (@) = kx (X2(2)). (8)
In the semi-classical regime, we set

ch = <Qmicr0> ) (AQ)Z < A?nicro> - <QAmicro>2 . (9)

The first-order cumulant approximation gives:

5 (2p)(2p — 1) (AQ)?
<X2> ~ ok QY ll + 5 > | (10)
C
We introduce the abbreviation 20) ) (AQ)2
_ (2p)(2p -1
5, = : 5 (11)
cl
so that
(X2) ~ 0k Q¥ (1+4,). (12)
Therefore,
Wt = kx a3 Q2P(1+6,). (13)
This can be inverted as
eft 1/(2p)
a=—2 . 14
@a </£Xa_2x(1—|—5q)> (14)
4 Separation of the two amplitudes ()
Hypothesis 1 (Notation separation). We explicitly distinguish:
Qmicro : microscopic/quantized internal invariant, (15)
Qcosmo : effective cosmological amplitude entering f3. (16)

This separation is conceptually indispensable: using the same letter for these two objects is
dangerous, even if their physical kinship is clear.



Hypothesis 2 (Minimal semi-classical projection). We introduce a projection relation

QO = CQila

(17)

where Qg is the late-time cosmological amplitude at a = 1, € is an effective normalization coefficient,

and s is a coarse-graining erponent.

The minimal choice is

5:1, QOZCQCI'

Combining (14) and (17), one obtains

off s/(2p)
S

rxax (1 +d
In the minimal case s = 1:

off 1/(2p)
et )

kxa3 (1 + 4,

5 General late-time HGR—-Weyl version

We consider an equation of the form

81G A
H?>="p+ =
3 P73

This equation contains two additional sectors:

e an effective hypercomplex mode wy;

e a homogeneous Weyl mode ¢.

The problem is to close this system in the most economical way possible.

6 Reduction to a unique effective mode

k .
—;+aw?,+6w}+7HwJ+A¢2+BH¢+C¢.

(19)

(21)

Hypothesis 3 (Minimal late-time locking). We assume that, in the late-time regime, the two

sectors lock onto a single mode:

wy = uQef, ¢ = v Qefr,

where u and v are projection constants.

We then take a late-time dilution ansatz
chf(a) = QO a_m, m > 0.

Since @ = Ha, one has
Qeft = —mHQcx,

and hence

wJ:—meJ, (b:—mH(b.

(22)



Injecting (22)—(25) into (21), one obtains

8¢ A
H?>=—"= —
3773

+ YuH Qe + Av? ﬁff 4+ BoHQeg — CmvHQef.

k
-3 + o’ Q2 + APt H* Q2%

We then regroup terms:

87 Ak
(1 - Bm2u?Q%) H? — [yu+ (B — Om)v] Qeg H — TFT,O ty a7 (au? + Av?) Q%
Define
w= Bmu?,

v=vu+ (B —Cm)v,

o= au® + Av>.

The minimal closed cosmological equation then becomes

8rG Ak
(1 — ,U,QEH)HQ — VQeffH — Tp—i— g - ? +0Qe23ff =0.

7 Highlighted block: 10 central equations

The 10 structuring equations

(26)

= 0. (27)

H2 + % = ?(pmat + peff) (Cl)
pesi(a) = % — % (C2)
C
B = 57 Qoomo (C3)
X = OéXanicro (04)
Wel = gy <X2> (C5)
(X2) ~ 0k Q1 +9,) (C6)
Qo = ¢Q (C7)
Qett(a) = Qoa™™ (C8)
(1 - NQ?H)HQ - VQeffH
8rG Ak
{§P+3OL2+0Q23 = (C9)
~ vQo+ V2Q3 +4(1 — pQ)(Eo + 0Q})
o= 21— 4 3) )
A
E02¥p0+§—k‘ (32)
8 General resolution for H(a)
Equation (31) is quadratic in H. Let
D(a) =1 — uQesr(a)?, (33)



Then

The expanding-branch solution is

a)+ I'(a)? +4D(a)Z(a )'

H(a) = 2D()

9 Explicit formula for H

At the present epoch a = 1:

Qeff(l) :Q()a p(l) = po = Pmo + pPro-

We define
Dy=1- MQ%?
1—‘0 = VQ07
_ G A
o0 = Tp0+§—k+0Q0
Then

DoHZ —TgHy — E¢ = 0,

Iy + \/Fg + 4Dy=

which yields

Hy =
0 2D,
The physical expanding branch is
Ty + \/Fg +4Dy=
Hy = .

2Dy

Replacing explicitly,

Hy =

vQo + \/1/2@3 +4(1 — p@Q3) (35Cp0 + 4 — k +0@Q})

2(1 — pQp)

10 Injection of the quantum threshold into H,

W*eﬁ 1/p
Q(Q) = CQ 5 .
kxak(1+6q)

rxax (1 +dg) 7

From (20), one has

Hence

Dozl—MC2<

6

(44)



Wfff 1/(2p)
ST

kxak (1 + d4

1/p
8rG A wett
Eo=—9pot-—k+tol?| —52——~| .
N A <ﬁxa§((1+5q)>

(48)

(49)

Replacing these expressions into (44) gives an explicit dependence of Hy on the effective quantum

threshold.
To lighten the notation, let

3 3

pyeff 1/(2p) 87G A
e IR L.

kxak (1 + 4,

Then

V(Y + RV 2 + A1 — pl2Y2)(Ey + 0C2Y2)

Ho= 21— pC2Y?)

11 Late-time perturbative regime

pQi < 1, vQo| </ Eo + 0Q3.

Then a first-order expansion gives

2
14
Hy~\/Ey+0Q3 + % + %Q(H/Eo + 0 Q3.

Replacing Qg by (20), one obtains:

1/p
Weﬁ"
Ho ~ E 21 "x 00000
0 J 0+09¢ </{Xa§((1+6q)>

2 /fXa%((l + (5q)

Assume

1/p
:UJCZ Weff Wfﬁ
= (" * E 2
+ 2 (nxo&(l—i—éq) 0+9¢

12 Consistency conditions
For the branch to be physically acceptable, one at least requires:

(i) Absence of singularity in the kinetic coefficient

Do =1—uQi > 0.

(ii) Reality of the solution

2 +4DgZy > 0.

kxak(1+ 4,

(53)

(55)

(56)



(iii) Quantum version of the first condition

From (47):

1/p
Weff
1—pu?| —— )

Ho (/@ong((l + 5q)> >0 (57)

13 Physical interpretation

The minimal reading of the construction is the following.

> w

P

The quantized internal sector defines an observable X = ax @ icro-

This observable controls an effective threshold Wef.
This threshold determines a late-time amplitude @ after projection/coarse-graining.
The amplitude Qy governs an effective mode Qeg(a) = Qoa™ .

This mode backreacts on the closed Friedmann equation through three couplings:

1 : renormalization of the H? term, (58)
v : linear correction in H, (59)
o : additional geometric density. (60)

The present value Hg then becomes an output of the effective model, rather than merely a
constant inserted as an external normalization.

14 What is established, and what remains open

Established in this document

We have constructed an explicit dependence of the form

-HO = HU (Wfﬂv(sqacypau7 v,o, pOuAvk) . (61)

Still open

The point not yet derived microscopically is the exact projection law

Qo = CQ4. (62)

Three physical readings remain possible:

e direct projection of the semi-classical mean;

e coarse-grained domain variable;

e saturated amplitude.

Remark 1. In other words, the logical structure is closed, but the detailed micro-foundation of
the passage Q¢ — Qo still needs to be clarified if one wants to turn this coherent closure into an
entirely derived theorem.



15 Final summary

The full chain may be summarized as

Weft 1/(2p)
rxai(l+ 5q)>
87G Ak

— Qerr(a) = Qoa™™ — (1 — pQ2g) H? — vQer H — [;ﬂ’ HE 0%] =0

Quicro — X = axQhyiero — WET = kix (X2) — Qo =¢ (

vQo +\/v2Q3 + 4(1 — pQ})(Eo + 0Q3)
e 21— 5 Q) ' o

This document therefore provides an autonomous IXTEX basis for incorporating the minimal
semi-quantum closure of Hy into a larger HGR manuscript.
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