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A Continuation of Gauss's " Dioptrische Untersuchungen." By
Professor R. A. SAMPSON. Read April 8th, 1897. Received,
in recast form, September 18th, 1897.

Of all methods by which we can discuss the most general case of
repeated asymmetrical refraction of a beam of light, that which
Gauss invented and applied to the symmetrical instrument appears
to be most appropriate; for it rests upon the correspondence of ray
to ray—the simplest correspondence which no refraction can disturb.
The deeper physical significance of the method of the characteristic
function appears to have diverted attention from what may be done
by direct consideration of the rays.

How complete a solution Gauss's method can furnish will bo seen
below, where a simple and elegant algebraical correspondence ex-
presses the limits of the modification which any narrow beam can
experience in passing in any manner through any singly refracting
media which vary continuously or discontinuously.

In this scheme sixteen coefficients express the correspondence of
ray to ray : six-of these are absorbed in satisfaction of six identical
relations; four more relate to an irrelevant choice of axes, and six
constants are left to express the properties peculiar to any, the most
general, given optical system. To exhibit these constants free from
irrelevant quantities and identical relations requires a somewhat
elaborate theory; which, however, yields an immediate test of the
equivalence of two given systems, and, among other things, proves
that direct incidence on a thick lens whose curvatures are unequal in
each face and in different planes in the two faces is equivalent to
any, the most general, given system.

The method of the characteristic function has been made by
Larmor to yield the same result—in fact, to furnish an implicit,
though unelaborated, solution of the whole problem (Proceedings
Lond. Math. iSoc, Vol. xx., p. 192, and Vol. xxm., p. 172). But a
question of so much generality and importance will justify a second,
radically different, discussion; and I trust that the new results of the
following pages, which include an account of the geometrical proper-
ties and a sketch classification of the most general systems, will show
that Gauss's method, applied freely and according to the spirit of
it, is a capable rival of even so powerful, elegant, and well tried a
method as the characteristic function.
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I.
Let a narrow beam of light be composed of discrete rays, not

related to one another in any manner, except that the squares of their
mutual inclinations are negligible. Let this beam be refracted at
any surfaces of discontinuity, arbitrary in number, in situation, and
in curvatures. Let an arbitrary ray be called the axis of the beam,
and at each surface let the origin of coordinates be placed where
this ray impinges on the surface, with the axis of x along the normal
and the axis of y along the tangent line which is perpendicular to
the axis of the beam. Then the
equation of the surface may be
written

2x=A0y
t+2HQyz+B0z

2,

and those of the ray,

before refraction:

cosl 0

after refraction:

sin 8'

cos 8' 0 _ _
sin 0''

where ft sin 0 - p sin 6' = 0.

If we write the equations of any other ray of the beam,

before refraction:
~—= = — o

cos (0 + 3) c sin (8 + 3)'

after refraction: * _ = ^ = z ~ c "
sin

where the quantities Jo, c0, 5, e, c', e' are all small, we may derive the
relations between these quantities from the formula

fil—fiT — (fx cos Q—fi cos Q')p,

where Z, l\ p are direction cosines with respect to any axis of original
and refracted ray and normal to the surface respectively, and G, 6'
are the inclinations of the rays to the normal. We get thus

fie—fie — (AobQ +H0C0)(p COB 6-n'COS 6'),
ft cos OS—ft' cos 8'V = (H0fe0 + i?0c0)(^cos 8—/cos 8').

Now refer the equations of the rays to new systems of coordinates
in which their own axes are the axes of x. Rotate the axes of x, z
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about that of y through an angle —6 ; the equation of the original
ray becomes

x — c0 sin 0 _ y—b0 __ z—c0cos 6,
cos 8 e sin 8

or, ignoring squares of small quantities,

x —
e

which we shall write in the form

n v
y = — x + b, z = —x + c,

/* /*
where 6 = &0, /8 = /xe, c = c0 cos ̂ , y = pi.

To find corresponding equations for the emergent ray we must shift
the origin to that arbitrary point where the axis of the beam next
impinges upon a refracting surface and rotate the axes of y, z until
the axis of y is a tangent line to that surface. The equations of the
ray then become

H ft

where /8'= /x

y = — fte' s i n <j>'+(*'&' cos q>\

V = &0 cos f'+c0 cos 6' sin tf + a'/8',

c' = — 60 sin <p'+c0 cos & cos ^'

where /u'a' is the shift of the origin along the ray, and $' is the angle
of rotation. Eliminate e, e', 8, $', 60, c0, and we get

6 = (b'—a'p)cos<p'— (c'-a'y) sintf>\

= /8' cos f ' - y ' sin

•c = [(6'_a'/3) sinf+(c'-aV) cos f

cos &

y =
cos Bj cos 0

where we have written
A XT T> 1-dp _ -Qp _ J>0 __ 1

A H cos 0' B cos2 0' /Lt cos ti — /t' cos 0'

D2
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If we write b = gjb'+^l^'+jpic'-f g^j

[April 8,

we get the following scheme of values, in which « has been written
for cos 0/cos &:—

gx = c o s <f>'

i j = A cos $>' •
+ JTsin^'

p9 =• tr sin ^'

r3 Bittr-1 [IT cos ^'
+ B sin <f']

hl = —a' c o s if)'

/j = — ^to/ c o s <p'

— Ha! s i n <>>' + cos <p'

q3 E S — - o r a ' s i n ^ '

s 3 = or"1 [—JTa' c o s <f/

— 5 o ' s i n <j>'+ s i n <f>']

j?i = — 8in^>'

r, =— u4sin<^'
+ H cos <£'

2̂ = w cos ^'

Aj^ir-1 [—Jsin^)'
+ JB COS $/]

?! = a' sin (f)'

s,«- wia'sin^'

—Bio'cos >̂'

— sin^>'

Aj —— wo'cos ̂ >'

^ = flT-^Ja'BUKf)'
—JBa'oos^'

+ COS <f>']

Regarding this scheme of coefficients it may be verified by inspection
that they obey the following twelve relations, namely :—

9i

* i

9\

K

k
Vx

*x

+ Pi

Pi

r»

9i

9x

*.

K
k

?i

h

Px
r,

+

Pt

r>

2a

St

h
9i

= 0,

= 0,

= 0,

= 0,

h *x

Px

(1)

(2)

(3)

(4)

(5)

(6)

k , l%
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(!')

(2')

(30

(4')

(5')

(6)

The structure of these equations is readily seen; each consists of two
minors of the determinant formed with the sixteen coefficients as
elements. The first six are composed of one minor made out of the
first and second rows, together with a minor formed similarly from
the third and fourth rows, and the second six are formed in the same
way from the first and second, third and fourth columns.

Now these same relations hold when any number of successive
refractions separate in the most general manner the rays (b, /5, c, y),
(&', /3', c', y'). For, if we have the three schemes of relation
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and

9i K

Pi ?J

9i Jh

r% e ,

Pi 9*

1 1

ft 2i
r, st

+

+

+

+

+

+

3 Untersuchungen.

Pi 2i

jPi ?i

Pi 2i

3 2

r, «j

9i K
ktl2

= 1,

= 0,

= 0,

= 0,

= 0,

= 1.

b =

c =

&' = y, b" + r\\(¥' + *-i o"+Xi r">

c == *r2&"+x»/3"+y»c"+i7jy"i

y = p2 6" + <7, ft" + ic, c" + X,y",

P = Kxb"+ L1/3"

c = Pt b" + Q,/3" + GiC"
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and if the first two obey the twelve relations just written, then the
third also obeys the same relations. For we have

•Hi =

•Pi =

&c, &c.

Now form, for example, the minors which make up (3'):—

0, fll

II 
II 9

r
i r i+*

jyi+st

rt 8,

+?i/

+ ̂
+ 9iPx

r 9 fc9

Mi

4 Z9

7i

»?i

ih X«

Ki Pi

+Piyd' ?ifl

,j + Z9<r

«j Z9

It will be seen that the minors of the (gh) system are all formed out
of the first and fourth rows, while those of the (yq) system are
formed out of the first and second columns ; in the same way, we have

= 0i*i

r, s,

*iPi

"•l Pi

Xi °x

Pi ya

» , »j9

+

+

0i Pi

r 9 fc9

h1g1

s% Z9

^iTs

Xi^s

Pi *3

IF, A ,

01 ?1

PxZi

^ Z ,

Thus, in virtue of the relations

ffl Pi

Xi »i

' i r«

Xi %

= 0,

= 0,

(10

(20

(3')

(T, Xi
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we have

In the same way, we get

Ra O]

*1 IT,

xiXs

Ki Pi

i "*i

7T, p 2

Xs ffs

+

+

+

•Pi Qt

Pi

•»1

Pi

ys

=

Vs

X,

<s

X,

01

=

*1

o,

o,

1,

+ Pi ft = 0.

89

(4')

(5')

(6')

(3')

Pi Qi +
Go 2Ta — "i Xi

Pi "i

+

K% X ,

= 1, (6)

and the remainder follow on exactly the same lines.

Let us now remove two unnecessary restrictions. We have
supposed the origin to lie in the first surface of discontinuity, and
the axis of y to be a tangent line. But introduce at an arbitrary
point of the beam before the first surface is reached a hypothetical
surface with zero change of refractive index, and the origin will be
transferred to an arbitrary point, and the axis of y to an arbitrary
direction. And the same applies to the emergent beam.

Secondly, we have supposed density to vary discontinuously; but,
since there is no restriction upon the number of surfaces of discon-
tinuity, the results apply equally to continuous variation.

Thus we have proved the following theorem:—
If the equations of an original ray and of the same ray emergent after

passing through any singly refracting continuous or discontinuous media
whatever in any manner be respectively

and
z = — x+c

y = T

4=
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where b, |3, c, y, b', /3', c', y' are aZZ smaZZ, so that the relations between
them are linear, viz.,

b = Glb'+Hip+Plc'+Q1y',

i-GiSi = 0,

sixteen coefficients obey the relations

^-QtR^ 1, (1)

(2)

(3)

(4)

(5)

(6)

' (10

(20

(3')

(4')

(5'j

(6')

Let us now consider farther the passage from one scheme of
coefficients to another, as written at length on p. 37, or, as we shall
write it hereafter,

^-Q^ = 0,

-S^ = 0,

(6/3cy) = -

Pi

Pi 9» 9i I

l r , st Jet Z, J

(&'/3'cV),

7i Xi

(6'/3Vy') = -
Pi

- (6 /3 c y ),

7j K,
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A ] X/j JX>1 O1

P, Q, G% H%

where it is postulated that each group of coefficients satisfies tht
relations (1)... (6), (1')... (6').

First let us prove the following theorem:—

If we have

J/i 'h Pi 2i
TA I ft* Q
fVI v] f 1 Oi

I I 1 A

Pi ft ft 8̂
t r , st hs Zj.

(bflcy) = -

*/wn inversely

(b'fi'cy) = 9i ~

si —
•(6/3cy).

For 9̂1 'h

ft 3» 6'+O./3' ft ft

c +

«'+

2i ^i

z, «,
Add these; then in virtue of (1), (4), (5), we get the first of the above
relations, and the others follow similarly.

Now it is physically and also algebraically evident that the ray is
reversible. Hence the scheme {Z,,. — hv &c.} must satisfy the twelve
fundamental relations. Make the necessary substitutions, ^ for gv

—ht for &!, s8 for pj, —g8 for g,, &c, and we find that (1) becomes (1'),
(2) becomes (5'), (3) becomes (4'), (4) becomes (3'), (5) becomes (2'),
(6) becomes (6').

Hence, from the reversibility of the ray, if the relations (1)...(6) are
satisfied, it follows that the relations (l')...(6') are also satisfied, and con-
versely.
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This may be proved without introducing the principle of reversi-
bility. For we have

9i

K
K
k

k
Pi

n

ft

K
Pi

hi

h

h
k

—

9iPi

*ift

k *>

ft

Si

Pi

h
ft

h

9i 9.1

kl8l

Pi 9.1

rx «,

ft

8t

Pi

r

ft

h
ft

8

^i ^i Pi Si

h k n h
Pi ft 9i h
To 8£ fCa vj

= A, say,

and Pi

»•»

ft

*1

ft
8i

ft

^,

ft

h

Pi

ft

Si

ft ft

*3

ft

»•»

h
h
ft +

Pi

ri

ft

h
K
h

ft

Pi

ft

ft

Pi ft ft

r , <?a A;2

Pi ft ft

r, s,

= 0.

Add these:

(1) 9% K - ( 2 ) (fa fl^

St ^S

+ (3)

+ (6)

?» 9*

st kt

Pi ft

r, s3

- (5 ) ^» g%

where (1), (2), . . . denote the left-hand members of the equations so
named.

In the same way,

(1) î i ft

r, s.

- ( 2 ) 'h ft

k s,

+ (3)

+ (6)

^ii>i

*i ri

+ (4)

= A.

9i ft - ( 5 ) 9iPi
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Add these: we get
A = (1) (6) — (2) (5) + (3) (4)

= 1,
in virtue of the values of the expressions (1) ...(6) ; hence, substituting
the values of A, (1) ... (6) above, we get

9i

*•

Pi

rx

h

9i

+

+

Pi

*i

9i

h

2s

«s

k

— 1

= 1.

Again, in like manner, we have

0 = 9\ h Pi 9i

K k ^i 8i

9i *i Pi 1\

?» 9%

9i h Pi

P% 9.% 9%

= (1) Pi 9i

9ih

- (2) h
9.%

9i

K
+ (3)

- (5 )

K
9s

9i

Pt

Pi

9i

Pi

9*

+ (4)

+ (6)

9i

Pi

9i

Pt

who

K
9t

0 = Pi 9.1 - (2) K 9i + (3)

- (5 )

î Pi

Sa Ka

9iPi

r , k%

+ (4)

+ (6)

9i 9.i

9i h

r , s%

0=(l) ri «i

9t hi

- (2 )

9s ^s

+ (3)

- (5 )

k *1

2s 9%

Pt 9*

+ (4)

+ (6)

&i «i

Pt hi

kx Zj

Pt 2s

r, sx - ( 2 )

9 9

+ (3)

- ( 5 )

9 9

+ (4)

+ (6)

*h «i

r , Z,

h k

(6')

ao
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and these, in virtue of the values of the expressions (1) ... (6), give
respectively

Pi

9i

Pi

h

rx

9i

r,

ft

ft

k

*l

+

+

+

9i

Pi

9i

K
Pi

K

qi

qi

h
Si

= o,

= 0,

= 0,

= 0.

(2')

(30

(50

Hence the twelve fundamental relations contain only six independent
statements.

Let us write the relation between the three schemes of p. 37, as
follows:—

Gi S, P, Q,}

Kx If, Ex fif,

i Wii 1*3 - " a

JXif O | dO.j X/j

Pi ft

Pi

^8 X»

xr

Vi

where in fact the value of any element on the left is found by treat-
ing the schemes on the right as if they were determinants, but
multiplying the rows of the first into the columns of the second; e.g.,

that is, we take the third row of {g^i} into the second column of
{vi %••• }> since Q% stands in the third row and second column on the
left. It is clear that this multiplication is not in general commutative
—a limitation that has a direct and obvious physical meaning. In-
versely we get

X/x — JtLi ot — t ^ j

—it, y, —it, i',
— Xs

— Pi

-Pi

^ — \ sa -qi

K 9i ~ri Pi
8i —ft k — *8
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.r,

Pi 9\

9i h

Pi

Xi

* i Pi

x« ys

Pi

- « i 0i:.-«

Lt)

ft

-Pi

- f t

- X i

— It

Oil

Si

It is to be observed that a scheme {gx \ ...} obeying the funda-
mental relations may represent a mere shift of origin; thus, if

1 X 0 01

0 1 0 0

0 0 1 X

10 ,0 0 l j

we have = c'+\y\

or the origin of the (b, c) system has been shifted a distance
along the axis of x from the origin of the (6', c') system.

Or, again, a mere rotation; thus, if

C O S ^

0

—sin^

0

0

COS0

0

— s in*

s in^

0

CO3 0

0

0

sin$

0

COS 0

we have b = 6'cos <(> 4- c'sin <f>, c = —b'sin ^ + c'cos 0,

/? /3' c'sin »̂, y = — / ^ i '

from theor the axes of (6, c) have been rotated through an angle
positions for (b', c').

It is possible that, if the fundamental relations are taken as definition
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of a scheme of sixteen coefficients, gvhl, &c, then the scheme so denned
includes other systems than can be produced by pure optical means;
but I cannot adduce an example.

The foregoing results permit us to construct with mechanical
facility the scheme of coefficients that belong to any given optical
system.*

Example I.—Multiply together the schemes

1
A

0

3/tr

0
1

0

0

0
H

«r

B/v

0 '
0

0

I/* .

r 1 —a'
0 1

0 0

.0 0

C O S <f>'

0

sin^'

. 0

0
0

1

0

0

cos

0

sin

0
0

-a

1 .

—sin^'

0

COS0'

0

0 '

—sin (f>'

0

c o s <b' .

which correspond respectively to refraction at a surface of dis-
continuity, shift of the origin of the emergent ray, a distance +fia
along the axis of the beam, and rotation of the axes for the same
through an angle +0'. We obtain the original scheme of p. 36.

Example II. Thick Lens.—Let a beam impinge directly upon a
lens of finite thickness whose faces'are of arbitrary curvatures. Let
the thickness be — /xc, the equation of the first surface

2x = aly
i+blz

i
t

and that of the second with parallel axes

or with axes rotated through an angle +6 from these,

2x =

* It is worth remembering that the some method applies to surfaces symmetrically
disposed along an axis when each scheme contains only two rows.
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First multiply together the schemes

47

r i o o o
H 1 0 0

0 0 1 0

0 0 6, 1

1 c 0 0
0 1 0 0

0 0 1

0 0
c

0 U

1 c 0

j 1+OjC 0

1 0

A, 1

0 0

H, 0

0 '
0
c

l + 6lC,

0 01

H, 0

1 0

JDo 1

1 0

A, 1
0 0

I.H, 0 B% 1

cfl,

off,,

( l + Oj

1+BjC

or we may form this scheme otherwise by rotating the axes between
the two refractions until the equation of the second surface assumes
its simplest form. Thus

1 0 0 0

O! 1 0 0

0 0 1 0

0 0 6, 1

cosfl

1 c 0 0

0 1 0 0

0 0 1 c

0 0 0 1

CCOS0 0 — sinfl 0

0 cos 8 0 — sin0

sin0 0 cosfl 0

0 sin $ 0 cos 6

1 0 0 0

aa 1 0 0

0 0 1 0

10 0 6j 1

ccos0

sinfl

6, sin fl

(1 + aic) cosfl

(a,+Oj + c^ajc) cos fl

c sin 8 cos 6

^) sinfl 6, cosfl

— csintf

(l+axc) sinfl

c cos 6

,c) cosfl .

f l 0 0 0

a, 1 0 0

0 0 1 0

[0 0 6, 1

(6, + a, + &iOjC) sinfl

c cos fl — (1 + 6jc) sin fl — c sin fl

ajc)cosfl —(a,+ 64+0,6^)sinfl — (l+a,c)sinfl

csinfl (l + 6jc) cosfl ccosfl

,0) sinfl (6, + 6s+6l61c)cosfl (l + 6,c) cosfl
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This scheme becomes identical with the one already obtained if we
further multiply by

' coaO

0
0 sin 6 0

cos0 0 sin

0 cos0 0

—sin 6 0 COS0J

that is, if we rotate the axes back to their original positions.

Example III. Curved Prism.—Let the two faces of a prism of any
angle be of arbitrary curvatures, the edge being formed by a common
tangent line. Let a beam impinge at the edge, perpendicular to this
line. Let this line be taken as axis of y. and the equations of the
surfaces be

2x = ay*+2hyz + bz\ 2x = Ay* + 2Hyz+Bz\

respectively. The resulting coefficients are given by

1

a

0

A
tr

I

0
I

0

0

a+A

0

0
h

«r

vt

0
1

0

0

o •
0

0

0

• 1

A

0

n

H+hU

t

J?-

srn

¥bn8

0

0

0

0

1

0

0

0

H

n
B
n

• >

0

0

0

n

VfU urll vrU

that is to say, the prism is equivalent to a single surface.

II-
1. It is evident that, if there are two systems of rays in corre-

spondence, so that the relations between the parameters that define
individual pairs are expressed by linear equations, then a scheme of
sixteen coefficients suffices to define the correspondence, and that
irrespective of the means, whether optical or other, by which one beam
is related to the other.

To introduce these sixteen coefficients the axes of x, x are identified
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with one corresponding pair of rays while the situations of the origins
and the directions of the axes of y, y' are undefined. But we must
consider that two systems are equivalent which differ merely in re-
spect to these undefined quantities, because the beams in two such
systems might be identified ray with ray by mere screw shifts along
the axes of x, x', and such shifts are not significant in relation to the
intrinsic representation of geometrical relationship afforded by the
sixteen coefficients.

Thus, out of sixteen quantities contained in the coefficients, four
(called X, p, 0, \jr below) must be allotted to describe irrelevant
features, and this suggests a conception of invariant forms which are
independent of irrelevant quantities, and are related only to the
geometrical modification produced in the beam. When we fully
understand how far a scheme of coefficients may be modified by
changes of axes, we shall find it easy to detect expressions which are
invariant in form and value in spite of such changes. These are
the quantities we require; it will be evident that their number is
limited only by their degree, that their degree is always even, and
that in the most general case not more than twelve can be inde-
pendent.

Associated with the invariants we shall observe forms which vary
with one only of the quantities X, p, <p, or \]/, which permit us to read
off immediately the change of axes which will reduce a scheme of
coefficients from one given shape to any other, its equivalent. These
may be called seminvariants.

The following discussion, up to the introduction of the optical
equations, applies to the modification of a narrow beam of rays by
any means, e.g., by repeated reciprocation at quadric surfaces, though
its plan and scope have been determined by the optical problem.

2. Let X, p define shifts of the origins, so that

VOL

r l

0

0

.0

X

1

0

0

0

0

1

0
XXIX.—NO.

0 '

0

X

1
615.

0i

*i

P
>r

* i

1

*i

i 2a

i s»

* i

Pi

rx

9*
kt

r i

Ri

Q,

ft'l
«i

* i

E

Si

T.
X

1

0

0

.0

p

1

0

0

0

0

1

0

0

0

p

1
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The forms which are independent of X and p and not higher than
the second degree are

01 ft

* , ' !

*ir, >

0»ft

K rx

h h

0i*i

• 0i 0*

M i

M,
z> z ,
ft?.

*

ft ft

r, r,

ft 09

r, ^

09 *9

* 9 «9

» ft 09

r, h

j

These are each equal to the similarly formed quantity with letters

Next consider a rotation of the axis of y through an angle «/>,

(Qx Hx Px <

0 siny» 0

cos ̂  0 sin ^

0 CO8 0 0

-sin^ 0 cos^

h, cos

Pi

ir* \ \

—flr.sin cos f — hx sin

sin 0

8in<p r, cos^ + fc,sin^

cos ^ — JJ, sin <p + gt cos 0

sin ^'

s, cos ^ +1% sin 0

— g, sin ^ + A, cos rf»

—«, s in^ + Zj COB «>,
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Confine attention to the terms in Jcv r,, r8, k3. We have

51

2 ( ^ E J + Z J E , ) = — (fcj-fcj+rj-rj1) sin

Now consider a rotation (\j/) of the axis of y',

\ ^ Pi <

i) cos 2<p.

8X

rvj 6j ^

P , Q,

S^r 0 —Bin^r

0 cost/' 0

n r̂ 0 cos if/

0 snu/r 0

cos ^r+r, sin if/ Z, cos I/ '+SJ sin iff --&, sin

|?j cos ifr + gf8 sin r̂ g, cosi// + ftj8ini/'

,r8 cos ̂  + A;8 sin \f/ «8 cos ^ +1$ sin ̂  —r8 sin

When we observe

cos $ — Z, s i n ^ + s, cos

cos^ — 9, sin ^+ft , cos

COB \p — st ahfr+l

- r j + rj) sin
E 2

cos 2
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3. Compare these with the former, and we find the following
equations true in spite of all changes in axes, namely:—

(a)

(b)

(a) E^-Kl+Rl-R]

(a') . 2

(/3) K2-K -Rl

2

The forms (a), (6) are two of the invariants we are seeking; (o), (a')
are seminvariants with respect to <p ; (/3), (/3') are seminvariants with
respect to \̂ .

It would be tedious to follow the details in all subsequent cases;
it may be verified without difficulty that we arrive at the following
results, true in spite of all changes of axes :—

(c) O^-K.P,-
(eO GlRi-KlPt-GiRl+KiP1 = g^-^-
(y) Gfo-Kft

+ ( A h + ) sin

cos

-«y i 1 ) cos

+ (fli^Sji+iis-2'j»<i) cos
and also

(e) Kx 8t - i , i?, -K% 8X + ijB! = kl8i-llri-kis1 + l%rv

(/) KA-L
(e) iT1/Sf,-2i1

,—r,s,) sin

(e') JBT,!,—K'jL!+B,/Sfj—2?2S\ = - (A^s,—^r, + Vi~^»"i) sin
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sin 2p,

($>') KXL%—KJJI—Rl8i+RiSl =̂ - (V i -* i r i + V « — W sin 2^

+ (fc^j—Ar,?,—r^j+r,^) Cos 2^>;
and, finally,

{g) GlL1-HlK1+Pl8l-QlRl+PiSi-QiRi+GiLi-HiK%

There are also seminvariants •with, respect to \ and p, namely,

(a,) ^ Z J + ^ Z J + P ^ + PJE,

= 9A+9%h+pxr, +i?9r, + X (fcj + h\+rj + rj),

(a,) A ^

(/?,)

+p (g^i

+p ( ^
KlQt-HlRt-KiQ1+HtRl

s= Jkj?,—Ajr,—%,+Vi - ^s—kfr+V
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+P (9i8i-

G1Qt-HlPi-GiQl+HiPl

+ X (grA—Z,^s—

0,)

+ P (^J-^8-

4. If two schemes are equivalent, all the above relations hold; in-
versely, let us investigate what conditions must hold in order that
X, p, <p, \p determined from any of the above should be consistent.

First, consider the equations iu. <p, \f/. If there are four simul-
taneous equations

a, = a, cos 8+bt sin 0,

6, = — Oj sin 6+6, cos 0,

r, = Cg cos $ + dj sin 0,

ix = - Cj sin 0+dj cos tf,

then we must have

—6tCi = Oj(^— &,c,,
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between which an identity subsists
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We must find the corresponding forms for the equations in <f>, \\r.

We shall make repeated use of the identity

where (c^t,) stands for alb%-''aibv and (ax&jC,̂ ) is any determinant of
four rows and columns. This has already been proved (p. 43 ante)
under the form

A==(l)(6)-(2)(5) + (3)(4).

Now for the consistency of the equations (a), (a'), we must have the
following form invariant, viz.,

B, —Kx

—Kx

Again, (y), (y') give

(0) s (^^-x;

Kx Kt Ex E,
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and, taking (o), (a'), (y), (y') together,

[April 8,

+2 {KlRt+K&){Q1Kt-GfKl - P,E3

G fl P P = (n

(oof)

-2{K1Ri+KiR1){G1Rl-K1P1+G3Bi-K3Pt)

, G% Px Ps

and among these four forms we have the relation

so that these four forms actually introduce only one new one.

Next, take (a), (a'), (?), fy')- We get

(F) £= (Kl8l-LiRl+KiS%-LiRiy+(Kllt-KiLl-Rl8i+FtSiy

A A Si 0i
S8 Sj — Ir8 Lx

Also

(a/) ~

+2

A A
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and

(of) == (J?l-Kl+R\-#i)(K1Li-KtL1-RlSi+RiSl)

- 2

A L3 8, 8,

57

and we have the relation

these three, then, introduce one new form.

Lastly, take (y), (•/), (̂ >), (̂ >'), which, of course, can introduce no
new form.

(c/) = (G1Rl-KlPl+GiRi-KiPtXK18l-L1Rl+Ki8i-LiR3)

-(GlKt-GiKl-PlRi+P3Rl)(KlLi-KiL1-Rl8t+Rt8l)

-St 8X -Lt A

.ZTj Kt XI] Xtj

(c/1) =

, (?9 P, P,

A flf, -Sf,

and we have the relations

(A)(cf) 3(ae)(a

leading to (0) (F) = (cf)8
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5. Next, take the equations in \jr beginning with (/3), (/3'), (£),
we get

(B) = (K'-lZ-Bl+By

P, - P , - 0 , Gt

Kt K9 Bj Rt

+2 (KlB1+ltiBl)(GlKi-GiK1+PlBt-PiBl)

Gt G, P, P,
jOL| A , i t j Jvg

=(a)(d)+2(6)(c),

(ad') a (K\-B\-\

- 2 (K1B1+KiB,)(GlBi-K1Pa+GaBl-K2Pi)

Gt P, P,

XLg -Kj Xfcj

= («0,

and among these (A) (D) == (ad)9+(a«Of-
And we also have the identity, easily proved,

These, then, introduce no new form.

In the same way
(E) = (Kl8t-LlBt+Ki81-LiBiy+(KlLt-KiL1+Bl8t-Bi8l)'

2/, Lt 8i 8,

8t -8, - A L%

£ j 2Lg B>I Bf
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(oe) s (E\-K*t-R\+Rl)(KlSi-LlRi+K%Sl-LiR1)

+2 (KlR1+KaRi)(K1Lt-KtL1+R18i-Rt81)

Lx Lt Sx S,
X £ | J&! • xi j

- 2

R1

and we have (A) (E) = (ae)%+(oe')f,

and also (E) - (e)1 = (F) - (/)•;

No new form is introduced.

Again take (5), (S') ; (e), (e'); we have

(de) z=(QiRi-s:ipi + GiRi-KiI>i)(Ki8i'-LiB%+Kt8i—I'iRl)

+ (GlKi-GtKl+P1Ri-PiRl)(KlLi-KtLl+Rl8i-RiSl)
a n p pw i ^ i - " I • * «

O O T T

Jl-j J]L| 2\t\ XVg

(G1Rt-KlPt+GfRl-KiPl)(KlLi-KiLl+RlSi-Rt8l)

-(GlKi-GsK1+PlRi-PiR1)(Kl8i-LlRi+Ki8l-LiRl)

i h 8X 8,

x Kt Rl Bi

t —Rs —Kx K%
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These are related to the earlier forms by the equations

(A)(de) = (ad)(ae) + (ad'Xae1),

= (ad)(ae')-(ad')(ae))

and also = (de)-(d)(e),

(a)(cf)-

6. Thus the consistency of all these equations requires the existence
of only two new invariant forms. Further the same forms imply the
consistency of several of the equations in X, p. Thus take the
equations (a,), (ft); (a,),

(a&,) = (G& + Q%K%+P&+P2E2) 2 (K&r-

P, P2

JS9 —Uj Z j

Again eliminate A, p from (oj), (etj), (^x) ; we get

In the same way, from (ft), (ft), (^J,

1) 2 (K&-B
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and again (a,), (a2), ft), lead to (c/') and (ft), (ft), ft) lead to
with the equations :

+{GlB3-PlKt-GiBl+PaKx)(L1K1+LiK3+8lRl+S%Bt) = (cf),

J 2 (K.K.-B.B,)

and

- 0,2^ + P3KX) (J^-K,

Now consider the forms (wj), (o>2) in conjunction with (9,),
Eliminate X from w,. We get the invariant

Eliminate p from w%. We get

The difference of these forms gives

Lx

j flj iTj L3

The form (iQ is an addition to those already found. It may be
•found in the same way, using (£x), (£8), in place of (w,) (wa). We have
not yet exhausted the forms that may be derived from these equations,
but we shall stop here, because the discussion has already grown
somewhat elaborate, and all that remain become ciphers in the
optical problem.

7. Let as now introduce the six fundamental optical equations.
These render nugatory (c), (e), (g), (w2), ft), a n ^ make (^9), ft)

repetitions of (^j), ft). Moreover, they reduce the number of
independent quantities contained in the coefficients, other than X, p,
0, \j/t to six, so that only six of the above-found invariant forms can
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be independent. We have already seen that two forms, in addition
to (o), (6), (d), (/), will reconcile all the above equations, excepting
(wi)> (£s)> a n d these are reconciled by a seventh form (K). We must
then express (K) in terms of the other six.

We have

where

but

(K)(A) =

A Lt

0

— (-K1Q1

0

-(/)

we have written

(KM for

(KM for

(*xQi) =

P,

Q,

5,

^ ^

P«

B

8,

(d)

(^iQ,)

0
0

Q8—JT,!

&C. ;

-A*.-
?*-

«*n •** i ^^ Jt\fo ^^ ^»l

(XT TT\ (TT JT\

(a) 2 (b)

(LA) (XA)

»

-Gg^g+APj, (3),

-G.flfj+L.P,. (3'),

(4)

(4-)

Hence

But

Therefore

2

(6)'
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Consider the terms in { }.

The term

- 2 (a)(b)(H1Ki+HiKl-QlBi-QiB1)

= - 2 (a

using (3) and (4).

The term

Together these terms give

2 (a)"
To the terms

add the term

The sum is

-2 (6){2(6) [fl

Add in the terms already considered, and also the remaining term

2(b).2(b)[niKl+H%Ki+QlBl+Q%Bi],

Altogether we get 2 (a) ' -8 (6)' = 2 (J).

Thus the required expression for (JET) is

(ac)(de)

= 2(d)(fKA)+2(b)(dy(f)\
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8. Let us adopt the following definition:—

Two optical systems are called equivalent when the original beams in
each and also the corresponding emergent beams may be identified ray
with ray by mere screw displacements.

Thus, if the systems are defined by means of schemes of coefficients
O1M1, ..., g[h{, ..., these schemes must differ only in respect to the
quantities A., p, <f>, i/r. We may then consider it almost self-evident
that two optical systems are equivalent when they give the same values to
the invariants (a), (6), (d), (/), (ac), (of), or any other six implying
these; but, on account of the importance of the result, we shall add a
direct proof of it.

Determine two angles <£, \p by means of the equations

K\-K\+R\-R\ = (tf-tf+r?-^) cos2<p+2(ky2 + k'ir[)ain2<p,

or ZiK^+KJB^) = - (Icf-lcf+rf-r*) sin 2^-f 2 (A^ + ^r,') cos 20,

and

K\-K\-R\+R\ = (tf-k'f-r'+r?) cos 2^ + 2 (k[rl + k'2r'2) sin 2^,

or 2(KlR1+KiRi) = -{k[2-k^-r'1
2-\-r2)BUi2^ + 2(k'1r[ + Jc2'r2)cos2^.

It is immaterial which of these we use, because, (a), (6), and therefore
(A), having the same value for each, their consistency is implied.
Then, by rotations of the axes (<f>, tj/) in the scheme O'l-Hj..., transform
it to a scheme gx7ii.... The equations that effect this transformation
are (a), (a'), (/3), (/3'), &c, above. Compare these with the equations
above in k[, &c., and we see that

with alternatives that are of no importance.

In exactly the same way,

gxr2—hp2— g2 rx + h^ = g[r2—k[p2 -g2r[ + Kp[,

and, since (ac) has the same value in the two systems,

= g[ k2 - g2 k[ —p[r'2 +p'2r{

Whence S=£ £L=ll
k r, rs
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g[

and, in the same way,

Therefore shifts of the origins complete the identification, since the
equality of h^q^ with h[q[qf%hi is implied by the fundamental
equations (1), (6), (1'), (6').

9. Any optical transformation is equivalent to direct passage through
a thick lens whose curvatures are unequal in each face and in different
planes in the two faces. This is equivalent to a theorem given by
Larmor (Proceedings, Vol. xx.). We shall show by actual determina-
tion of them that the six features that determine such a lens appear
in such a manner as to give independent values to six of the in-
variants. We shall use the invariants (b), (<Z), (/), (D), (F), (BT).
In the scheme of Part I., p. 47, write

l-\-a1c = cX,

and we have

Xccos0

(cXx Jcos0

— Xc sin 0

— (cXy ] sin0

== ex, = cy,

ccos0 Ypsinfl csinfl

carcosfl (cTx J sinfl cassinfl

— c sin $ Yc cos $ c cos 6

(cYy Jcos0 cycosd

whence

(6) =

(d) = i

(/) = icasin20 (X-Y)(x-y)(x+y),

(D) = (X-Y)i

(F) = (x-

(K) = - ic4 sin420 ( X - Y)9 (x-y)\
VOL. XXIX.—NO. 6 1 6 .

cos 29 (X-Y)(x-y) xy+c* (X-Y)%
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These equations admit of algebraic solution, for we have

x + y = (f)/S-{K),

7 ~ 7

C C

Eliminate cot 20 from between these ;

(fyc*VT+2ciXY{2(b)(E)-(d)(f)} + (d)*+{K)(D) = 0.

This gives c s 1 7 ; in the same way, c*xy is found from

(d)» AY+afej, {2 (&)(*)-(*)(/)} +(/)8 + (^)(^) = 0,
and, eliminating cos 20 between (D) and (F), we get, to deter-
mine c,

where, for clearness, £, S? are written in place of c*xy, c*XY. 6 is
then easily found.

It appears that there are four such lenses, all real if any are ;* but
under what circumstances they are real we cannot usefully discuss
without knowing what, besides real optical systems, is contained by
a scheme of coefficients defined only by obedience to the fundamental
equations; it is the less important to discover, because the equi-
valence is illusory in a very important class of cases. Namely, if
(d), (/) are finite, while (K) = 0, all the curvatures are infinite, and
this is the class which possesses a single pair of planes whereon
point corresponds to point, as we shall immediately prove.

10. Introduce the scheme

b = (g

tar2

where a'1 = gl—hk + 1.

* Generally one only is equivalent to the given system ; (D) and {F) above would
give ±K)> ±(fl/') i n $8-
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This scheme satisfies the fundamental equations, involves six symbols
only, and is capable of representing any system whatever; as we
may see by noticing that the forms

(b) = PfiTiV,,

(d) = ha- (vt\—nrf)/orftsrs>

(/) = k (nrj-wj),

( _/y\ T.3_ / _ 2 _ i \ („ i 7\Qj I —— /C tu jtu n ItBn ™— tu - I l u -p 6 1,

are independent; in such a scheme every letter is an invariant; if a
name is wanted, it may be called canonical. Now here

fTT\ 7.7 2 / 2 2x2/ 2 2

and, if (K) = 0, while (d), (/) are finite, we must have h = 0, which
implies . .

b = (a

or points in the planes Oyz, O'y'z' correspond one with another.
When such a pair of planes in correspondence exist, we shall call
them principal planes, because, as we shall see in Part III., they form
the extreme generalization of principal planes of Gauss.

III.
[Eeceived January 8th, 1898.]

1. It is our next task to elicit the properties of an optical system
from the foregoing mass of algebra.

In a system symmetrical about an axis there exists a complete one-
to-one correspondence of point to point, and from this fact alone all
properties of such a system, excepting the relation of linear and
angular magnification, can, and I should say ought to, be deduced ;
the excepted relation, generally known as Helmholtz's theorem, is

P 2
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the interpretation of Gauss's equation

gl-hk = 1.

The want of a\ one-to-one correspondence has been so far the main
and effectual bar to any detailed theory of an unsymmetrical system,
and therefore it is of the first importance to remark that such a
correspondence not only exists completely, but exists twice over. To
enunciate this statement formally I shall take a slight liberty with
established language.

In any two narrow beams related linearly ray to ray, there exists a
system of lines perpendicular to the original axis, corresponding one
to one with a system perpendicular to the emergent axis, and such that the
triply infinite complex of rays which meet one line emerge and meet its
conjugate also. Let such a pair of lines be. called conjugate focal lines.
It follows that, out of the doubly infinite complex issuing from any point
upon a focal line, a singly infinite complex passes through each point
upon its conjugate line; this singly infinite complex lies in a plane in the
original and also in the emergent system. Let such planes be called
"planes of correspondence."* Through any point two focal lines pass in
directions which the position of the point and the constants of the system
determine.

In particular in an optical system every plane of correspondence is
perpendicular to the associated focal line, and every two focal lines that
intersect are conjugate to two which are at right angles.

2. To prove these statements let us begin by considering the con-
ditions under which two rays which meet once will meet again. Let
one of the rays be the axis, and let the other meet it at the origin;

h

0 = c = P26'

If the emergent ray meets the axis at a distance ft a' from the origin,
then these are consistent with

b' + a'fi' = 0, c'+a'y = 6;

or a'iG^+P^-HJ'-Qa = 0,

o (P8/?'+ Gi7') - QtP-H,/ = 0.

* The existence of such planes haB been remarked by Larmor.
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Eliminate a ; then

/T (G, d -JBi P3) H-/3V (G1Hi-GiH1+Pl Q a -P 8 Q,)

The two solutions of this (/3': y = cj, ĉ ) give two emergent planes
of correspondence, associated, as we shall presently see, with the two
focal lines that meet at 0. They are at right angles in virtue of (2');
associated with each is a single point (^t'a[, 0, 0; fxa^, 0, 0) and a
single original plane of correspondence (/3 : y = dj, c2).

3. Now, let us simplify, by a rotation of axes (i/0 such as to make
Gx Q2-B"xPa = O3 Ql - JET2P1 = 0,

so that the coordinate planes are the emergent planes of corre-
spondence, and

G P l G i L

then the equations connecting any two rays (J5/3Oy), (B'fi'O'y) are

P=-KlB-RiG+

0 ' = ^ B + J^Of-

y = -RlB-KiG+

and the planes of correspondence in the original system are

(1) associated with /3' == 0, /i'aj> 0 = G1

(2) „ „ y' = 0, /a,', 0 =
Now, eliminate /3, y from between 0', y', and we see that, if any ray
meets the line

x = p'a[, z = 0[ = 0'+aiy',
then it also meets the line

x = 0, 01 = (Sx-a[Bx) B + (Lj-alE,) C

But consider G1Q2-Jff,P2 = 0, GjQx-.HgP, = 0, (2')

1L2-Q1Ki = 0; (3')

from these f* (P2-S2- (?22?2) + ^ (GJJ.-H.K,) = 0;



70 Professor R. A. Sampson on

hence, in virtue of (1), (6), (1'), (6'),

[April 8,

or
, , _ -P%B+GXO

and in the same way, if an emergent ray meets

x = f*Oz, y =: B2 = B + a2

then it follows that the original ray meets

These results contain the statements of p. 68; indeed, they contain
more, namely, referring to the figure :—

If 17wx be a focal line passing through O, and Cl[w[ its conjugate, and
similarly a pair of conjugates parallel to these pass through 0, A[, then
the distance Owt between the lines at 0, O is related to the distance A[£l[
between their conjugates by the equation

and, in the same way, if Ow2, £l'2(H2 be conjugates of the other system,

A'n' — (^s+-Pi)
2 2 ~ OGP 8"

These two multipliers shall be called the two linear magnifications
for the point 0 ; they are determined by the position of 0 and the
constants of the instrument, and their values for any point, together
with the position and directions of the focal lines, are given below.
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4. Now consider the magnification of angles for any ray through 0.
If B, Ovanish, f?

these quantities vanish.respectively when the ray OP is in the first
or second plane of correspondence through 0, and when this is not
the case it may be seen with little calculation that

where Ppx is parallel to O (2) ; also

if P[P2 be the emergent ray corresponding to OP; hence we have a
generalization of Helmholtz's theorem

fi. Owj tfrOx = fi. A[Sl[ z P2A[A2,

fi. Ow2 z.p2Ox = fi. A[€l2 L P[A'2A'X.

We notice that, if a ray be projected thus upon either plane of corre-
spondence through any point of itself and upon the associated
emergent plane, then its projections are optically related like original
and emergent rays of the beam.

5. The foregoing results supply several alternative constructions
for the emergent ray corresponding to any incident ray.

i. Determination of Emergent Ray by means of two Points on Original
Bay.—Let Q, Z, be the two points; find the focal lines Cl[, Cl2, Z[, Z2

whose conjugates pass through O, Z; the emergent ray is the ray
meeting these four lines.*

ii. Determination by means of Point and Direction.—Let the ray
be Oil parallel to OP. First find the emergent ray corresponding
to £03}, a parallel to Ox; this is the ray which meets the focal
lines at €l[, Q,2, and also the principal focal lines at F\ $' whose
conjugates are at infinity. This is the ray (B, 0, 0, 0), and

* Observe that two lines meet any four, but in this case only one is eligible ; for
the lines are parallel to a plane, so that three are generators of a paraboloid, and
the fourth parallel to a generator; hence one intersection with this paraboloid is at
infinity and must be rejected.
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we see, from the equations of p. 69, that the projections of the
emergent ray HjIIa make -with the projections of XjS^ angles equal
to L PiA'xAi, Z "P'IA'IA'X respectively; evidently this determines the
emergent ray.

6. We must now consider the problem:—Given the position of a
point 0, to express the directions of the focal lines that meet in 0, the
positions and directions of their conjugates, and the magnification
associated with each pair in terms of fixed geometrical features or
algebraic invariants of the system.

The chief fixed features of a system are the principal focal lines at
F, <£ whose conjugates are ab oo', and those at F\ $' whose con-
jugates are at oo.

Consider F as an origin of rays. The focal lines conjugate to
those at F are at oo' and another point F'2. All rays from F in the
first plane of correspondence emerge parallel to O'x in the plane
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zCfx ; all rays in the second plane of correspondence lie in the plane
y'O'so', and meet the foot of this line (F2) ; all other rays meet the
line at other points and are parallel to the plane y'O'x. Let us form
the scheme of coefficients with F as origin, Ox as the first plane of
correspondence, and F% as emergent origin. Then, if the scheme is

(&V/3V) = i
91 ~ r 2 Pa

Pi -I

we must have, when b, c vanish, •/ = 0, b' = 0, and ft = 0, implying
(3 = 0 ; hence

Pi = & = *i = ft = Pa = 0;

hence, from (2), rx — 0 ; from (3'),^ = wgr1} s3 = wfc2; from (1), gj^ = 1;
from (6), 7&2fc2:= — 1; from (3), g^—qi\—^2ra = ^> hence the
scheme may be written

(6c fly) =

9i 0 0 ngi

1
* l

9i
0

where

0 0 0 - - ^

Sl = w^-ra,

(6V/3V),

This is a reduction of the general scheme to expression by six inde-
pendent letters—what we have called a canonical reduction on p. 67.

Now let us change the origin and axes until they occupy the
corresponding position with respect to <& which they now occupy

with respect to F. Let these changes be \=f, p = dt <p = —-,
Z

«/r = a; <j> is a right angle because the planes of correspondence in
question are both associated with a single point co'; the distance
F$ = (if, F'2&2 = (x'd ; let Greek letters denote the coefficients arrived
at for $. Then, in the first place, px = 0, which gives

0 = — r2 sin o+Jc3 cos a,

while tfj = r2 cos a + &2
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hence ra = K\ COS a, ha = *•, sin a;

in future we shall employ a, K, and drop subscript marks. Then the

result of the change <p = — is
2

0 0 0
fcsma

K cos a n< sin a K sin a I

—g 0 0 — ng

-k - — 0 -s
9

and the further change \p = o gives

10 o cot a
K

UK sin a cos a +1 sin a 0 — UK sin2 a + 1 COS a

—g cos a — ng sin a g sin a —ng cos a

0
cos a— ssina jfcsina —sin a — s COS a

Further changes \ = / , p= d make

and

Hence

therefore

= —, s.=i/icH cota,
y Y

&c.

Eliminate Z:

or

y=/*>

0 = jpa = — cos a (g-¥fk) ;

= — = rtK sin a cos a +1 sin a + icd,
7

= VKH cot a = —«K siDaa-|-Zcosa.
y

— VK sin a = nK sin tt + xd cos a,

w + v + d cot a = 0.
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Solve for I: I = VK COS a H : die sin a
y Sin a

1

= (n sin2 a + v)
cos o JK sin o

It may be verified that these results are got over and over again by
taking other of the coefficients gxhv &c Hence, if the system is
specified by the six constants k, K, a, / , n, v, the scheme of coefficients
reads :—F as origin:

nkf

nk + cota/kf

—1/icsina

r-kf
k

0

K cos a

as origin:

Kf

K

0

0
-1/kf

0

we sin a

0

l/Kf

0

0
0

0

if sin a

0

0

0
VK + cot a/Kf

— 1/kaina

. — Aicosa vAisino A;sina — (vsin9a+w) k/cosa—l/fkaina *

7. The quantities we have employed are easily expressed in terms
of algebraic invariants of the system

(a) = W+K\

(b) = Ax sin a,

(d) = — krf cos a,

(acf) = - fcV/sina (fcs+«c8) = - (a) (6) k%

(cf) = — Aw/sin a VK2—nk*+ —cot a ,

&c, &c.

The solution of these is easy; we shall employ them to find the
schemes of coefficients when the instrument is reversed, and F' or *'
is origin ; let k\ K, &C, denote quantities corresponding to k, K, &C.
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Now when the instrument is reversed, out of the above invariants,
(a), (6), (Z), (c/') are unchanged in value, while (d') = (/) and
(/') = (d). Hence we must solve

A;'3 + K* = A;2+K\ & V sin a' = Jen sin a,

rik'3 + vV2 = — kief cos a, — h't:f cos a' = wA;1 + >»»c8,

fcY/'sina' \v'Kn-nhi+ ^-cota'l = Tcicf sin a [",«>-»#+ ycoto l .^ c o t a l = Tcicf sin a [ , « » # + y

These are satisfied by the six results

A; = « , «c = K, a = a ,

/v=/«, //=/„,
itfn+ffv+kKff' cos o = 0,

which also imply jfd" = /d.

We may use / ' , and d or d\ to express n, v, and then the four quanti-
ties / , / ' , a, d have clear geometrical meanings, and may be found
for any system by the simplest direct observations. The quantities
AY, K may also be found from observation in a variety of simple ways
by help of the results of p. 78 below.

8. We shall have occasion to use the angle between a plane of
correspondence at F' and one at F'%. Let us say, the first plane of
correspondence for each ; it may be found as follows :—

The scheme for F' is equivalent to that for F'2i and this latter is
simply the scheme for F, inverted; consider the terms in hv ru ra, ka

in each. They are respectively,

for W: % 0 K cos o K sin o,

forJF^: —A; —iccosa 0 —icsina.

The rotation (̂ ») which is required to reconcile these equivalent
schemes is given by equation (a) or (a') of p. 52;

(a) A;2 + ic3 cos 2a = (A;8—K2) COS 2<j> + 2fc/c cos a sin 2̂ 6,

(a') 2K2 sin a cos a = — (A;2—K2) sin 20 + 2Ax cos a cos 2^,

which are consistent. If we write

(jfe* + (C4 + 2A;V cos 2o)» = (A^-^/cos 2 = (A;9 + ica cos 2a)/cos e,

then 2 0 = S + e;
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denote this value of 0 by a single symbol y. It may be easily shown
that the corresponding angle upon the other side of the system is
also equal to y.

9. We are now in a position to answer the questions of p. 72 ; but
first let us simplify the expressions by choosing the plane of corre-
spondence of which we are speaking as the plane of zOx. Thus, for

the first plane of correspondence,

for the second plane of correspondence,

G2 = 0,

Now suppose displacements from the origin F, X = u, <f> = >̂j,
ty = }pv convert the scheme for F into the scheme for another point
0, distant fiu from F.

Then, for the point 0,

G3 = — s i n ^ [— sin^j ( — kf+ku)+COB fa. we cos a]

cos fa . UK sin a ] ,

in^j ( ku—hf)-\-coa fa. UK cos a~^

cos fa . UK sin a ] .

+ cos fa ["

0 = P, = cos^ [—

+ sin \p\ [
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Hence G2 = we sin a cos ft/cos \pu

and tanft = f »«»(*.-").
k u—f cos y>x

It may be verified that the same equations are found by starting
from $ as origin in place of F.

Again, if we take F' as origin and proceed to A[, the angles ft \j/
interchange their roles, and each is diminished by the angle y. Hence
if fi'u[ be the distance F'A'^ we have

— = U[Ksin a cos (^- y)/cos (ft—y),

tan (fc-y) = f * cos(ft-y-a)vri " A- ^_ / ' cos(ft-y)

These equations give G2, ft, i//1} w,', in terms of u, which solves the
problem proposed. In the same way 02, \p2, w£, and P2 when 6r2 = 0,
may be found. Including the theorem on angular magnification
already proved, we have thus a complete outline of the geometrical
theory of a general optical system. It will be observed that most of
its properties, with slight modifications, obtain in all systems, whether
optical or not, where there is a linear relation between the rays.

10. Let us now compare our results with the corresponding rela-
tions in a symmetrical instrument, and, observing the successive
steps by which the properties of the latter become generalized or
disappear, and the associated values of the invariants, let us attempt
a classification of optical systems in general.

I. When six invariants, say (6), (d), ( /) , (D), (F), (K), are all
independent and finite, the system is completely general.

11. If (K) = 0, while (d) and ( / ) are finite, the system possesses
one pair of planes whereon point corresponds to point.

III. If, in addition to (K) = 0 , (d), (/) finite, we have a further
relation, namely,

= (a)(d)(/) + (&) {W + (/)"}.

the system is equivalent to oblique refraction at a single surface.
This may be seen by forming the invariants of the scheme which
belongs to a single surface, and effecting the elimination (otho^ than
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(K) = 0) of the four quantities on which they depend; if we write
the scheme

1 0 0 0

X 1 VtZ 0

0 0 vt 0

.z 0 y \jrst,

we find (a) = aj*+y9+21(l+t3>s), (6) = xy—vrz*,

(d) = • (1-t*8), (/) = , ( l -

Eliminating, we get the relation above. The limitation which this
imposes upon the general scheme of p. 67 is worth notice; there

hence, removing k* (vrl—vri) , the relation is

which may be written

and this is the condition that the circle x^+y* = c and the ellipse

y ) / 5 ( t y ) l a « / i ^ = c

have double contact. Now in a single surface the planes where
point corresponds to point are evidently situated at the surface
itself, and corresponding points are the projections of any, the
same, point of the surface on planes perpendicular to the original and
emergent axes respectively; and the traces of such points are evi-
dently related as above, namely, one may be a cii'cle and the other
an ellipse, which, if in the same plane, would be concentric and in
double contact.
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IV. (d) cannot vanish without (/) in ordinary systems produced
by finite curvatures. If (d), (/) both vanish, we see that, in the
equivalent lens of p. 65, d = 0, or the principal curvatures of the two

faces of the lens are parallel; also, from p. 75, a = —, and this
2

makes n, v vanish, and hence (£). Turning to the expressions for
magnification, we see that

y = 0, ^ = ^ = 0,

£uu[ = 1;

and, in the same way, k* (u—/)(«£—/') = 1.

That is to say, all the first planes of correspondence coincide, and all
the second planes coincide, and are at right angles to the first.
Thus the system treats the projections of any ray upon these planes
exactly as two separate symmetrical instruments would treat them.
Such a system possesses two pairs of planes whereon point corre-
sponds to point. For we see by p. 47 that the relations are

and, if 6+«/3 = 0, c+«y = 0,

then (9i+*h) &'+ (K+uh) 0' = 0,

which give b'+uf¥ = 0, c'+w'y' = 0,

when u, u have the two pairs of values satisfying

The existence of systems possessing two pairs of planes of conjugate
foci has been noticed by Larmor.

V. A sub-class of IV. is given by the scheme oh p. 79, in which
2 = 0, that is to say, the equivalent of oblique refraction at a surface
of double curvature, one of whose lines of curvature is perpendicular
to the axis of the beam. We see that

and, in addition,

i=0.
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This class possesses two pairs of planes where point corresponds to
point: one of these coincides with the surface (u = 0) ; the other is
at distance

which also coincides with the surface in the Case VII. below.

VI. The two pairs of planes in IV. coincide, and give a single
pair of planes of conjugate foci, provided that, in addition to
(d) = (/) = 0, giving 0 = 0 in the equivalent lens, we have ex = cy,
which, expressed in invariants, requires

VII. If, in addition,

( a ) - 2 (6) = (D) = (*•),

then, disregarding irrelevant alternatives,

and this implies c = 0, or the equivalent lens is a thin lens ; the
single pair of planes of conjugate foci coincide with the surface of
the lens. Such a system is equivalent to direct incidence upon a
single surface; for then, on p. 79, vt = 1, and this makes

(d) = (/) = 0 , (a) - 2 (b) = (D) = (F).

VIII. Lastly, if

( a ) - 2 (6) = (d) = (/) = (D) = (F) = 0,

the system reduces to the ordinary symmetrical instrument which
Gauss discussed. It has but one invariant, the focal length, and the
value of (a) or (6) defines it.

11. It is interesting to observe the gradual disappearance of the
features of a symmetrical instrument.

The ordinary symmetrical instrument is, simply, a single spherical
surface with direct incidence, duplicated, and the duplicates separated.
The duplicates of the surface itself are Gauss's principal planes; the
duplicates of its centres are the nodal points. Such a system has an
infinite number of pairs of planes of conjugate foci. (VIII.)

Preserve direct incidence, but make the curvatures unequal; all
planes of conjugate foci disappear except the principal planes, and

VOL. xxix.—NO. 617. a
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we are left with a single pair of planes of conjugate foci, coinciding
with the duplicates of the surface, and possessing unit magnification
in all directions. (VII.)

Introduce a spherical surface perpendicular to the rays at a finite
distance from the other surface; a pair of planes of conjugate foci
remain, but do not coincide with either surface; magnification there
is equal in all directions, but is no longer unity. (VI.)

Replace the spherical surface by a surface of double curvature
whose principal curvatures are parallel to those of the first surface ;
the single pair of planes of conjugate foci separates into two, in
which the magnification is unequal in different directions, but in two
fixed directions is directly proportional to the distance of the point
from the two foci corresponding to infinity. (IV.)

Rotate either of the surfaces with respect to the other, and the
system becomes completely general; both pairs of planes of conjugate
foci disappear together. (I.)

Or, again, take oblique incidence. Oblique incidence upon a single
surface one of whose lines of curvature is perpendicular to the axes
of the beam gives rise to two pairs of planes where point and point
correspond; one of these always coincides with the surface, and the
other degenerates into coincidence with the first if the incidence be
made direct; the magnification at these planes is not the same in all
directions, and at that one which coincides with the surface its
maximum or minimum is unity. All the planes of correspondence of
each series coincide with one or other of two planes at right angles,
and generally the instrument behaves towards rays in these two
planes exactly as two different symmetrical intruments would
do. (V.)

If we introduce a spherical surface normal to the rays as they
emerge, the two pairs of planes of conjugate foci remain, but the
condition of unit magnification as a maximum or minimum dis-
appears. (IV.)

If the beam falls upon any single surface whose lines of curvature
are oblique to it, we have one and only one pair of planes of conju-
gate foci, situated at the surface itself; magnification in this plane
is unequal in different directions, but its maximum or minimum is
unity. (III.)

If we introduce a spherical surface normal to the rays as they
emerge, the pair of planes of conjugate foci remain, though no longer
coinciding with either surface, and the maximum or minimum
magnification is no longer unity. (II.)
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Any other change makes the planes of conjugate foci disappear,
and the system becomes completely general. (I.)

12. Again, consider the relations between the positions of conjugate
focal lines. All systems of the type IV., and onwards, are, to" put it
briefly, resolvable into two symmetrical systems acting in two planes
at right angles, both as regards position of conjugate lines and
magnification ; systems of the types I., II., III. are not so resolvable,
and the simplest expressions for the relations between conjugate
focal lines or for the magnification are involved with the directions
of those lines. Nevertheless, the change of form is not very great,
and we can even see that, were the systems not related optically at
all, it would not be very much greater.

13. This classification of optical systems is probably very imperfect,
for the few properties which I have examined and used as a base for
it must have omitted many notable cases ; but they seem sufficient
to show that no analytical obstacle remains against examining every
corner of the problem, whether in its broadest or its finest features.

On the Poncelet Polygons of a Idmaqon. By F. MOELET.

Received September 22nd, 1897. Read November 11th, 1897.

.1. The Limagon.

If we take n elements, points or lines, in a determinate order, say
they are numbered 1,2, ..., n, 1, and also the elements, lines or points
12, 23, ..., nl, we have the polygon. The problem of determining
the condition under which the points are elements of one conic and
the lines are elements of a second conic is a famous one, and it is
sufficient to make the single reference to Halphen's Fonctions
Elliptiqnes, t. n. The two conies constitute a curve of degree and
class 4, any element of which determines two elements of the other
kind, for a line of the one conic determines two points of the other,
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