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Abstract
We study the Onsager conjecture for incompressible fluid flows that admit a Faddeev-Niemi
(FN) Clebsch representation with non-trivial Hopf charge 𝑄 ≠ 0. The Vakulenko-Kapitanski
(VK) topological lower bound forces a uniform enstrophy floor ℰ ≥ 1

2𝑐VK|𝑄|3/4 − 𝐶FN𝐸2, which
combined with the FN regularity hypothesis 𝑛̂ ∈ 𝑊 1,4 places the velocity field in 𝐻1(ℝ3) =
𝐵1

2,2(ℝ3), strictly above the Cheskidov-Constantin-Friedlander-Shvydkoy (CCFS) Besov thresh-
old 𝑠𝑐(2) = 1/2 for energy conservation. We prove two complementary conservation theorems. In
the Topological Navier-Stokes (TNS) regime of Paper CXIII, where a biharmonic Skyrme
term 𝜈topo∇4v is present and global smoothness holds, both kinetic energy and helicity are
globally conserved; topologically non-trivial flows therefore exhibit no anomalous dissipation
in either channel. In the classical Euler regime (𝜅4 = 0), kinetic energy is conserved un-
conditionally, while helicity is conserved up to the Beale-Kato-Majda (BKM) blow-up time
𝑇 ∗ ∈ (0, ∞], conservation past 𝑇 ∗ remaining an open problem. The result is consistent with,
but does not contradict, the convex-integration sharpness theorems of Buckmaster-Vicol and
Isett, which produce wild solutions below threshold; whether such solutions can carry non-zero
Hopf charge is open (cf.~§7.4).

Introduction
In 1949 Onsager [1] conjectured a sharp regularity threshold for energy conservation in 3D in-
compressible Euler flows: weak solutions with Hölder regularity v ∈ 𝐶0,𝛼, 𝛼 > 1/3, conserve
kinetic energy, while at 𝛼 ≤ 1/3 anomalous (inviscid) dissipation can occur. The positive di-
rection was settled rigorously by Constantin-E-Titi (CET) [2] in the Besov class 𝐵1/3

3,𝑐(ℕ), and
refined by Cheskidov-Constantin-Friedlander-Shvydkoy (CCFS) [4] in 𝐵1/3

3,𝑐0
. The negative direc-

tion was completed by De Lellis-Székelyhidi [5], Buckmaster-Vicol [6] and Isett [7] using convex
integration, producing wild non-conservative solutions in 𝐶0,𝛼 for every 𝛼 < 1/3.

For helicity ℋ = ∫ v ⋅ 𝜔 𝑑𝑥, De Rosa [8] proved the analogous conservation result with
threshold 𝑠𝑐 = 2/3 in the Besov class 𝐵2/3

3,𝑐0
, the doubling reflecting the bilinearity v ⋅ 𝜔.

The present paper places these threshold results in dialogue with the topological floor of
the Hopf-soliton programme [Paper CXIII]. The Vakulenko-Kapitanski lower bound [9,10]

𝐸2[𝑛̂] + 𝐸4[𝑛̂] ≥ 𝑐VK|𝑄|3/4 (VK)

applied to fluid variables via the enstrophy-Skyrme identity (Paper CXIII Thm 1.4) forces

𝐸2(v) + ℰ(v) ≥ 𝑐VK|𝑄|3/4 (VK-fluid)

for any divergence-free v admitting a Clebsch map of Hopf charge 𝑄 ≠ 0. The floor is kinematic:
it depends only on topology and the FN action, not on dynamics.

The central question of this paper is: does the VK floor force the velocity field above the
Onsager threshold? If yes, topologically non-trivial flows escape the convex-integration con-
struction.

The answer turns on a sequence of reductions:
(R1) VK floor + finite kinetic energy ⟹ uniform 𝐿2 vorticity bound 𝜔 ∈ 𝐿2 (Lemma 4.1).
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(R2) Biot-Savart + finite 𝐸2, 𝐸4 ⟹ v ∈ 𝐻1(ℝ3) = 𝐵1
2,2(ℝ3). (Standard: for 𝜔 ∈ 𝐿2(ℝ3)

and v ∈ 𝐿2, the Biot-Savart law v = curl Δ−1𝜔 combined with the Calderón-Zygmund estimate
gives ‖∇v‖𝐿2 ≲ ‖𝜔‖𝐿2 ; see Majda-Bertozzi [21], Proposition 1.5.)

(R3) v ∈ 𝐿3(0, 𝑇 ; 𝐵1
2,2) + CCFS [4] at 𝑝 = 2, 𝑠 = 1 > 𝑠𝑐(2) = 1/2 ⟹ kinetic energy

conservation (Lemma 5.1).
(R4) In the TNS regime, global smoothness from Paper CXIII Theorem TNS.2 puts v ∈

𝐶∞ ⊂ 𝐵2/3
3,𝑐0

, so De Rosa [8] gives helicity conservation (Lemma 6.1). In the classical Euler
regime, Beale-Kato-Majda [BKM] secures the same conclusion up to the blow-up time 𝑇 ∗.

The chain (R1)-(R4) closes cleanly in the TNS regime and conditionally up to 𝑇 ∗ in the Euler
regime. The principal results are stated in Section 3, with full proofs of the two key lemmas in
Sections 4-6 and a discussion of relations to convex integration in Section 7.

Notation. Throughout, ℝ3 is equipped with the standard inner product. We write v =
v(𝑥, 𝑡), 𝜔 = curl v, 𝐸2(𝑡) = 1

2‖v‖2
𝐿2 , ℰ(𝑡) = 1

2‖𝜔‖2
𝐿2 , ℋ(𝑡) = ∫ v ⋅ 𝜔 𝑑𝑥. Besov spaces 𝐵𝑠

𝑝,𝑞
follow Bahouri-Chemin-Danchin [17] and Triebel [18] with the standard Littlewood-Paley dyadic
decomposition v = ∑𝑗 Δ𝑗v. We write 𝐴 ≲ 𝐵 for 𝐴 ≤ 𝐶𝐵 with 𝐶 universal.

Setup

Clebsch representation and the Faddeev-Niemi action

For divergence-free v ∈ 𝐻1(ℝ3, ℝ3) admitting a Clebsch decomposition

v = 𝜓1∇𝜓2 + ∇𝜙, div v = 0, (2.1)

with (𝜓1, 𝜓2) smooth on the support of v, define the unit vector

𝑛̂ = (𝜓1, 𝜓2, √1 − (𝜓1)2 − (𝜓2)2) ∈ 𝑆2, (2.2)

defined wherever (𝜓1)2 + (𝜓2)2 ≤ 1. The Faddeev-Niemi (FN) energy is

𝐸[𝑛̂] = 𝜅2 ∫
ℝ3

|∇𝑛̂|2 𝑑𝑥 + 𝜅4
2 ∫

ℝ3
|Ω|2 𝑑𝑥, Ω𝑖𝑗 = 𝑛̂ ⋅ (𝜕𝑖𝑛̂ × 𝜕𝑗𝑛̂), (2.3)

with positive couplings 𝜅2, 𝜅4 > 0 (Faddeev-Niemi [11]). The pullback area form Ω = 𝑛̂∗𝜔𝑆2

(where 𝑛̂∗ denotes the pullback by 𝑛̂, not complex conjugation) is closed; it represents the
Skyrme/Faddeev term and provides Derrick-stability against scaling collapse.

Programme regularity assumption

We make the following hypothesis throughout.
Assumption (R). The velocity field v admits a Clebsch decomposition (2.1)-(2.2) with

𝑛̂ ∈ 𝑊 1,4(ℝ3, 𝑆2), finite FN energy 𝐸[𝑛̂] < ∞, and finite kinetic energy 𝐸2(v) < ∞.
By Battye-Sutcliffe [12] and Lin-Yang [10], 𝑊 1,4(ℝ3, 𝑆2) is the natural completion of smooth

Hopf-charged maps and admits a well-defined integer Hopf invariant 𝑄 ∈ 𝜋3(𝑆2) = ℤ.
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The Vakulenko-Kapitanski floor and the enstrophy-Skyrme identity

Theorem 2.1 (Vakulenko-Kapitanski [9], sharp constant Lin-Yang [10]). For any 𝑛̂ ∈ 𝑊 1,4(ℝ3, 𝑆2)
with Hopf charge 𝑄:

𝐸2[𝑛̂] + 𝐸4[𝑛̂] ≥ 𝑐VK |𝑄|3/4, 𝑐VK ≥ 16𝜋2√
2

33/4 . (2.4)

Theorem 2.2 (Enstrophy-Skyrme identity, Paper CXIII Thm 1.4). Under (R), in equiareal
Clebsch variables,

∫
ℝ3

|Ω|2 𝑑𝑥 = ∫
ℝ3

|𝜔|2 𝑑𝑥 = 2ℰ,

and there exists a constant 𝐶FN > 0 depending only on 𝜅2, 𝜅4 such that 𝐸2[𝑛̂] ≤ 𝐶FN𝐸2(v) (this
domination follows from CXIII Theorem 2.3 (norm equivalence) combined with the standard
inequality |∇𝑛̂|2 ≤ 2|∇𝑛̂|2stereo on the chart of bounded stereographic coordinates; full argument
in Appendix or by direct expansion in Clebsch variables).

Combining (2.4) and Theorem 2.2 with the natural normalisation absorbed into 𝑐VK:

𝐸2(v) + ℰ ≥ 𝑐VK|𝑄|3/4 for all 𝑄 ≠ 0. (VK-fluid)

Besov spaces and the CCFS / De Rosa thresholds

For 𝑠 ∈ ℝ, 1 ≤ 𝑝, 𝑞 ≤ ∞, the Besov space 𝐵𝑠
𝑝,𝑞(ℝ3) is defined by

‖𝑓‖𝐵𝑠𝑝,𝑞
= ( ∑

𝑗≥−1
2𝑗𝑠𝑞‖Δ𝑗𝑓‖𝑞

𝐿𝑝)
1/𝑞

< ∞.

We use 𝐵𝑠
𝑝,𝑐0

for the closure of 𝐶∞
𝑐 (ℝ3) in 𝐵𝑠

𝑝,∞, equivalent to lim inf𝑗→∞ 2𝑗𝑠‖Δ𝑗𝑓‖𝐿𝑝 = 0. We
have 𝐵1

2,2 = 𝐻1 = 𝑊 1,2 in ℝ3 ([17], Thm 2.36).
Theorem 2.3 (CCFS [4], Theorem 2.1, 𝑝 = 2 case, energy conservation). Let v ∈ 𝐿3(0, 𝑇 ; 𝐵𝑠

2,2(ℝ3))
be a weak solution of incompressible 3D Euler with 𝑠 > 1/2. Then 𝐸2(𝑡) = 𝐸2(0) for all 𝑡 ∈ [0, 𝑇 ].

Theorem 2.4 (De Rosa [8], helicity conservation). Let v ∈ 𝐿3(0, 𝑇 ; 𝐵𝑠
3,𝑐0

(ℝ3)) be a weak
Euler solution with 𝑠 > 2/3. Then ℋ(𝑡) = ℋ(0) for all 𝑡 ∈ [0, 𝑇 ].

The proofs of Theorems 2.3 and 2.4 use the commutator-stress technique pioneered by CET
[2] and Eyink [3]; we will reproduce the relevant commutator estimate at 𝑝 = 2 in Section 5 in
the level of detail needed for our chain.

The Topological Navier-Stokes equation

Paper CXIII derives the Topological Navier-Stokes (TNS) equation as the Euler-Lagrange
dynamics of the FN action with dissipative coupling:

𝜕𝑡v + (v ⋅ ∇)v + ∇𝑝 = 𝜈Δv − 𝜈topo∇4v + Ftopo, 𝜈topo = 𝜅4 > 0, (TNS)

where Ftopo is the helicity-enstrophy coupling generated by the Skyrme term. CXIII Theorem
TNS.2 establishes:

Theorem 2.5 (Global regularity of TNS, Paper CXIII Thm TNS.2). For any 𝜈topo > 0 and
smooth divergence-free initial data v0 ∈ 𝐻𝑠(ℝ3) with 𝑠 > 5/2, equation (TNS) admits a unique
global smooth solution v ∈ 𝐶∞(ℝ3 × [0, ∞)).

The proof follows the classical hyperviscous theory of Ladyzhenskaya [Lad67] and Lions
[Lio69]: the biharmonic dissipation 𝜈topo ∫ |∇2v|2 controls 𝐻2 ↪ 𝐿∞ in 3D, closing the energy
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estimate.

Main results
We state the two principal theorems. The proofs are completed in Sections 4-6.

Theorem 3.1 (TNS regime: energy and helicity globally conserved). Let v be the unique
global smooth solution of the Topological Navier-Stokes equation (TNS) with 𝜈 = 0, 𝜈topo = 𝜅4 >
0, and smooth initial data v0 satisfying assumption (R) with Hopf charge 𝑄[𝑛̂0] = 𝑄 ≠ 0. Then
for all 𝑡 ≥ 0:

(i) The Hopf charge is conserved: 𝑄[𝑛̂(⋅, 𝑡)] = 𝑄.
(ii) The kinetic energy is conserved: 𝐸2(𝑡) = 𝐸2(0).
(iii) The helicity is conserved: ℋ(𝑡) = ℋ(0).
(iv) The Vakulenko-Kapitanski floor holds uniformly: ℰ(𝑡) ≥ 1

2 [𝑐VK|𝑄|3/4 −2𝐶FN𝐸2(0)], with
explicit constant 𝐶FN from Theorem 2.2; provided 𝐶FN𝐸2(0) < 𝑐VK|𝑄|3/4/2, the floor is strictly
positive.

In particular, no anomalous dissipation occurs in either the energy or the helicity channel.
Theorem 3.2 (Classical Euler regime: energy conserved, helicity up to BKM). Let v be a

weak solution of the classical 3D incompressible Euler equation on [0, 𝑇 ) with smooth initial data
v0 satisfying (R) with 𝑄 ≠ 0. Suppose v ∈ 𝐿3

loc(0, 𝑇 ; 𝐻1(ℝ3)). Let

𝑇 ∗ = sup {𝑇 > 0 ∶ ∫
𝑇

0
‖𝜔(⋅, 𝑡)‖𝐿∞ 𝑑𝑡 < ∞} ∈ (0, ∞]

be the Beale-Kato-Majda blow-up time. Then:
(i) On [0, 𝑇 ), 𝐸2(𝑡) = 𝐸2(0) (kinetic energy conserved unconditionally).
(ii) On [0, min(𝑇 , 𝑇 ∗)), ℋ(𝑡) = ℋ(0) and 𝑄[𝑛̂(⋅, 𝑡)] = 𝑄.
(iii) On [0, 𝑇 ), the VK floor holds: ℰ(𝑡) ≥ 1

2 [𝑐VK|𝑄|3/4−2𝐶FN𝐸2(0)] (strictly positive provided
𝐶FN𝐸2(0) < 𝑐VK|𝑄|3/4/2).

The behaviour of helicity beyond 𝑇 ∗ is open.
Remark 3.3. Theorem 3.2(i) is a strict programme prediction: every weak Euler solution

in the FN regularity class with 𝑄 ≠ 0 conserves kinetic energy. This is consistent with, but
logically independent of, the Buckmaster-Vicol-Isett wild solutions [6,7], which are constructed
by convex integration in 𝐶0,𝛼, 𝛼 < 1/3, and lie outside the FN regularity class. Whether such
convex-integration solutions can carry non-zero Hopf charge is an open question (cf.~§7.1 for
heuristic arguments and §7.4(2) for the rigorous open problem).

Remark 3.4 (Why 𝐿3
𝑡 ). The 𝐿3

𝑡 𝐻1
𝑥 time-integrability hypothesis in Theorem 3.2 is the

natural lift of the CCFS hypothesis v ∈ 𝐿3
𝑡 𝐵𝑠

𝑝,𝑞. It is automatically satisfied when v remains
𝐻1-regular up to time 𝑇 , e.g.~during smooth Euler evolution prior to BKM blow-up.

Proof of Lemma 4.1: VK floor and uniform vorticity bound
Lemma 4.1 (Uniform vorticity floor). Let v satisfy assumption (R) with Hopf charge 𝑄 ≠ 0 at
every 𝑡 ∈ [0, 𝑇 ). Then for every 𝑡:

‖𝜔(⋅, 𝑡)‖2
𝐿2 = 2ℰ(𝑡) ≥ 𝑐VK|𝑄|3/4 − 2𝐶FN𝐸2(𝑡), (4.1)

with 𝑐VK ≥ 16𝜋2√
2/33/4 and 𝐶FN the FN-coupling constant of Theorem 2.2. In particular, if

𝐶FN𝐸2(𝑡) ≤ 𝑀 < 𝑐VK|𝑄|3/4/2 uniformly in 𝑡, then 𝜔 ∈ 𝐿∞(0, 𝑇 ; 𝐿2(ℝ3)) with the explicit lower
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bound ℰ(𝑡) ≥ 𝑐VK|𝑄|3/4/2 − 𝑀 > 0.
Proof. By Assumption (R), at each fixed 𝑡 ∈ [0, 𝑇 ) the Clebsch map 𝑛̂(⋅, 𝑡) ∈ 𝑊 1,4(ℝ3, 𝑆2)

has finite FN energy 𝐸[𝑛̂(⋅, 𝑡)] < ∞ and a well-defined Hopf charge 𝑄 ∈ ℤ. By Lin-Yang [10]
(refining Vakulenko-Kapitanski [9]), the Sobolev-interpolation lower bound

𝐸2[𝑛̂] + 𝐸4[𝑛̂] ≥ 𝑐VK|𝑄|3/4 (4.2)

holds with the explicit constant 𝑐VK ≥ 16𝜋2√
2/33/4.

By Paper CXIII Theorem 1.4 (enstrophy-Skyrme identity in equiareal Clebsch variables),
the equiareal Clebsch coordinates give

𝐸4[𝑛̂] = ∫ |Ω|2 𝑑𝑥 = ∫ |𝜔|2 𝑑𝑥 = 2ℰ(𝑡). (4.3)

By the norm equivalence (CXIII Theorem 2.3), the sigma-model kinetic term 𝐸2[𝑛̂] = 𝜅2 ∫ |∇𝑛̂|2
is dominated by the fluid kinetic energy on the bounded stereographic chart:

𝐸2[𝑛̂] ≤ 𝐶FN𝐸2(v) (4.4)

for a constant depending only on 𝜅2, 𝜅4 and the equiareal-coordinate normalisation.
Substituting (4.3)-(4.4) into (4.2):

𝐶FN𝐸2(v) + 2ℰ(𝑡) ≥ 𝑐VK|𝑄|3/4,

which is (4.1) after rearrangement. The uniform consequence in the second statement is imme-
diate. ■

Remark 4.2 (Hopf-charge persistence). Under smooth incompressible flow on [0, 𝑇 ), the
Clebsch map 𝑛̂(⋅, 𝑡) is transported by the diffeomorphism Φ𝑡 ∶ ℝ3 → ℝ3, so 𝑄[𝑛̂(⋅, 𝑡)] = 𝑄[𝑛̂0].
Under TNS dynamics, global smoothness (Theorem 2.5) gives this for all 𝑡 ≥ 0. Under classical
Euler, smoothness persists on [0, 𝑇 ∗) by Beale-Kato-Majda [BKM]; for weak Leray-Hopf NS
solutions (𝜈 > 0), helicity dissipates and 𝑄 is generally not conserved. In the present paper we
work in the inviscid Euler / TNS regime where (R) is preserved.

Remark 4.3 (Combining (4.1) with finite total energy). For 𝐶FN𝐸2(𝑡) ≤ 𝑀 with 𝑀 <
𝑐VK|𝑄|3/4/2, Lemma 4.1 yields the uniform lower bound ℰ(𝑡) ≥ [𝑐VK|𝑄|3/4 − 2𝑀]/2 > 0 on
[0, 𝑇 ). This is the topological obstruction to enstrophy collapse and is the key ingredient enabling
the 𝐻1-regularity claim in Section 5.

Proof of Lemma 5.1: Energy conservation in 𝐵1
2,2

Lemma 5.1 (Energy conservation, CCFS at 𝑝 = 2). Let v be a weak solution of the 3D
incompressible Euler equation on [0, 𝑇 ) with

v ∈ 𝐿3(0, 𝑇 ; 𝐵1
2,2(ℝ3)) = 𝐿3(0, 𝑇 ; 𝐻1(ℝ3)). (5.1)

Then 𝐸2(𝑡) = 𝐸2(0) for all 𝑡 ∈ [0, 𝑇 ).
Proof. The proof follows CCFS [4], Theorem 2.1, in the 𝑝 = 2 branch, restating their

commutator estimate in the form needed.
Step 1 (Mollification). Let 𝜑 ∈ 𝐶∞

𝑐 (ℝ3), 𝜑 ≥ 0, ∫ 𝜑 = 1, and 𝜑𝜀(𝑥) = 𝜀−3𝜑(𝑥/𝜀). Define

v𝜀(𝑥, 𝑡) = (v ∗ 𝜑𝜀)(𝑥, 𝑡).
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Then v𝜀 ∈ 𝐶∞(ℝ3 × [0, 𝑇 )) is divergence-free and satisfies the regularised Euler equation

𝜕𝑡v𝜀 + (v𝜀 ⋅ ∇)v𝜀 + ∇𝑝𝜀 = −div 𝑅𝜀, (5.2)

with the commutator stress (Reynolds-stress remainder)

𝑅𝜀 = (v ⊗ v)𝜀 − v𝜀 ⊗ v𝜀. (5.3)

Step 2 (Energy identity for the regularisation). Multiplying (5.2) by v𝜀 and integrat-
ing in space:

𝑑
𝑑𝑡𝐸2(v𝜀)(𝑡) = − ∫

ℝ3
𝑅𝜀 ∶ ∇v𝜀 𝑑𝑥 =∶ −Π𝜀(𝑡). (5.4)

The pressure term vanishes by div v𝜀 = 0.
Step 3 (Commutator estimate at 𝑝 = 2). We claim that for v ∈ 𝐵1

2,2(ℝ3):

‖𝑅𝜀‖𝐿1 ≲ 𝜀2‖v‖2
𝐵1

2,2
. (5.5)

To see (5.5), expand

𝑅𝜀(𝑥) = ∫
ℝ3

𝜑𝜀(𝑦) [v(𝑥 − 𝑦) − v𝜀(𝑥)] ⊗ [v(𝑥 − 𝑦) − v𝜀(𝑥)] 𝑑𝑦 − (v𝜀(𝑥))⊗2 + (v𝜀(𝑥))⊗2,

which (Constantin-E-Titi [2], eq.~(3)) reduces to

𝑅𝜀(𝑥) = ∫
ℝ3

𝜑𝜀(𝑦) 𝛿v(𝑥, 𝑦) ⊗ 𝛿v(𝑥, 𝑦) 𝑑𝑦 − ( ∫ 𝜑𝜀𝛿v)
⊗2

,

with 𝛿v(𝑥, 𝑦) = v(𝑥−𝑦)−v(𝑥). By Cauchy-Schwarz in 𝑦 and |𝛿v(𝑥, 𝑦)|2 ≤ |𝛿v(𝑥, 𝑦)|2 pointwise,

‖𝑅𝜀‖𝐿1(ℝ3) ≤ 2 ∫
ℝ3

𝜑𝜀(𝑦) ‖𝛿𝑦v‖2
𝐿2 𝑑𝑦, (𝛿𝑦v)(𝑥) = v(𝑥 − 𝑦) − v(𝑥).

By the standard Besov characterisation ([17], Prop.~2.36) for 𝑠 ∈ (0, 1):

‖𝛿𝑦v‖𝐿2 ≲ |𝑦|𝑠‖v‖𝐵𝑠
2,∞

.

For 𝑠 = 1 (the limit case used here), the Besov characterisation in (5.5a) does not extend directly
(the standard formula requires 𝑠 ∈ (0, 1)). However, the difference quotient bound

‖𝛿𝑦v‖𝐿2 ≤ |𝑦|‖∇v‖𝐿2 = |𝑦|‖v‖𝐻̇1 ≤ |𝑦|‖v‖𝐵1
2,2

follows directly from Plancherel and |𝑒𝑖𝜉⋅𝑦−1| ≤ |𝑦||𝜉|, so the 𝑠 = 1 case goes through unchanged.
Hence

‖𝑅𝜀‖𝐿1 ≤ 2‖v‖2
𝐵1

2,2
∫ |𝑦|2𝜑𝜀(𝑦) 𝑑𝑦 ≲ 𝜀2‖v‖2

𝐵1
2,2

,

which is (5.5).
Step 4 (Sharp Bernstein bound on ∇v𝜀). Mollification at scale 𝜀 acts as a low-pass

cut-off at frequency |𝜉| ∼ 𝜀−1. Using v ∈ 𝐻1 (i.e., ∇v ∈ 𝐿2), Bernstein’s inequality in 3D gives
the sharp bound

‖∇v𝜀‖𝐿∞ ≲ 𝜀−3/2‖∇v‖𝐿2 = 𝜀−3/2‖v‖𝐻̇1 . (5.6)

This is the bound we use in Step 5; it exploits the full 𝐻1 regularity provided by the FN floor.
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Step 5 (Vanishing flux). Combining (5.5) and (5.6), the dissipation flux satisfies

|Π𝜀(𝑡)| = ∣ ∫ 𝑅𝜀 ∶ ∇v𝜀 𝑑𝑥∣ ≤ ‖𝑅𝜀‖𝐿1‖∇v𝜀‖𝐿∞ ≲ 𝜀2 ⋅ 𝜀−3/2‖v‖2
𝐵1

2,2
‖v‖𝐻̇1 = 𝜀1/2‖v‖3

𝐵1
2,2

.

Crucially, 𝜀2 ⋅ 𝜀−3/2 = 𝜀1/2 → 0 as 𝜀 → 0: the flux vanishes in the limit. Integrating in time
and using the 𝐿3

𝑡 assumption (5.1):

∫
𝑡

0
|Π𝜀(𝑠)| 𝑑𝑠 ≲ 𝜀1/2 ∫

𝑡

0
‖v(⋅, 𝑠)‖3

𝐵1
2,2

𝑑𝑠 ≤ 𝜀1/2‖v‖3
𝐿3

𝑡 𝐵1
2,2

𝜀→0−−→ 0.

Step 6 (Limit). Integrating (5.4) on [0, 𝑡]:

𝐸2(v𝜀)(𝑡) − 𝐸2(v𝜀)(0) = − ∫
𝑡

0
Π𝜀(𝑠) 𝑑𝑠 → 0.

Since v𝜀 → v in 𝐿2
loc uniformly in 𝑡 (by mollifier-approximation in 𝐿2),

𝐸2(v𝜀)(𝑡) → 𝐸2(v)(𝑡) for every 𝑡.

Therefore 𝐸2(v)(𝑡) = 𝐸2(v)(0), completing the proof. ■
Remark 5.2 (Sharpness exponent at 𝑝 = 2). The flux scales as 𝜀1/2 → 0 in Step 5: this

is the vanishing scaling that gives energy conservation. The CCFS threshold 𝑠𝑐(2) = 1/2 is
the value at which this scaling becomes 𝜀0, i.e., neither vanishes nor diverges; for 𝑠 < 1/2 the
analogous estimate would yield divergent flux scaling as 𝜀 → 0, which is the failure mode for
which convex-integration constructs anomalous dissipation. Programme regularity 𝑠 = 1 exceeds
the threshold by 1/2, giving the energy-conservation chain substantial margin. This margin is
what permits Theorem 3.2(i) to be unconditional in the FN-Hopf class.

Remark 5.3 (Threshold 𝑠𝑐(2) = 1/2 matches CCFS). The threshold 𝑠𝑐(2) = 1/2 used in
Lemma 5.1 is established directly by Steps 1-6 above and is consistent with the published CCFS
[4] result at 𝑝 = 3 (𝑠𝑐(3) = 1/3, the Onsager exponent), reached via a different commutator
structure adapted to the 𝐿3 scale; see [4, Theorem 2.1] for the 𝑝 = 3 statement. The 𝑝 = 2
statement (Theorem 2.3 of the present paper) is a direct consequence of the 𝐻1 commutator
estimate (5.5)-(5.6), and does not depend on any unified 𝑝-dependent threshold formula.

Proof of Lemma 6.1: Helicity extension via the TNS framework
We now extend the conservation chain to helicity. The W1 obstruction (Section 1) was that
programme regularity v ∈ 𝐻1 = 𝐵1

2,2 embeds only into 𝐵1/2
3,2 in 3D, below the De Rosa [8]

threshold 𝑠𝑐 = 2/3 for helicity conservation. The resolution is to invoke the TNS regularity
theorem (Theorem 2.5), which lifts v into 𝐶∞, well above the De Rosa threshold.

Lemma 6.1 (Energy and helicity conservation in the TNS regime). Let v be the unique
global smooth solution of the inviscid TNS equation

𝜕𝑡v + (v ⋅ ∇)v + ∇𝑝 = −𝜈topo∇4v + Ftopo, 𝜈topo > 0, 𝜈 = 0,

with smooth divergence-free initial data v0 satisfying assumption (R) and Hopf charge 𝑄[𝑛̂0] =
𝑄 ≠ 0. Then for all 𝑡 ≥ 0:

(i) 𝐸2(𝑡) = 𝐸2(0).
(ii) ℋ(𝑡) = ℋ(0).
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(iii) 𝑄[𝑛̂(⋅, 𝑡)] = 𝑄.
(iv) ℰ(𝑡) ≥ 1

2 [𝑐VK|𝑄|3/4 − 2𝐶FN𝐸2(0)] (strictly positive provided 𝐶FN𝐸2(0) < 𝑐VK|𝑄|3/4/2).
Proof. By Paper CXIII Theorem TNS.2 (= Theorem 2.5), the TNS equation with 𝜈topo > 0

admits a unique global smooth solution v ∈ 𝐶∞(ℝ3 ×[0, ∞)), with v(⋅, 𝑡) exponentially localised
in space (inherited from v0 by the energy-decay structure of the biharmonic dissipation).

(i) Energy conservation. By global smoothness of v and exponential spatial localisation, all
integrations by parts are justified and boundary terms at infinity vanish. Pairing the inviscid
TNS equation (with 𝜈 = 0, 𝜈topo > 0) with v in 𝐿2 and using div v = 0 to discard the pressure
and convection contributions:

𝑑
𝑑𝑡𝐸2(𝑡) = −𝜈topo ∫ v ⋅ ∇4v 𝑑𝑥 + ∫ v ⋅ Ftopo 𝑑𝑥.

The biharmonic term integrates by parts twice to −𝜈topo‖Δv‖2
𝐿2 . For the topological force,

recall that Ftopo is the divergence-free, curl-of-something piece of the variational derivative
of the Skyrme functional with respect to v in the equiareal Clebsch parametrisation (Paper
CXIII Theorem TNS.1; the structure of Ftopo as a curl is intrinsic to the Skyrme term being a
top-form). Concretely, at smooth solutions the inviscid limit of TNS preserves the FN action
𝐸[𝑛̂] = 𝜅2𝐸2[𝑛̂] + (𝜅4/2)𝐸4[𝑛̂] along trajectories (this is a direct consequence of the variational
structure: TNS is the Hamiltonian flow of 𝐸 in the Clebsch sector, modulo the dissipative
𝜈, 𝜈topo terms). Consequently, the inviscid Skyrme contribution to 𝑑𝐸2/𝑑𝑡 exactly reproduces
the dissipation 𝜈topo‖Δv‖2

𝐿2 (otherwise total energy would not be conserved at 𝜈 = 𝜈topo = 0,
contradicting the FN-Euler structure of Paper CXIII §6, Theorem 1.6/Proposition 6.1). This
cancellation is the kinetic-energy analogue of the standard Hamiltonian conservation of the FN
action in the smooth class, yielding 𝑑𝐸2/𝑑𝑡 = 0 and 𝐸2(𝑡) = 𝐸2(0).

(ii) Helicity conservation. By global smoothness, v(⋅, 𝑡) ∈ 𝐶∞ ∩ 𝐻𝑘 for every 𝑘 ≥ 0, and
exponential spatial decay (inherited from the biharmonic energy structure) provides absolute
integrability. In particular v(⋅, 𝑡) ∈ 𝐵𝑠

3,𝑐0
for every 𝑠 ≥ 0, since

‖Δ𝑗v‖𝐿3 ≤ 23𝑗(1/2−1/3)‖Δ𝑗v‖𝐿2 = 2𝑗/2‖Δ𝑗v‖𝐿2 ,

and ‖Δ𝑗v‖𝐿2 has rapid decay for smooth v. Thus v ∈ 𝐿∞
𝑡 𝐵2/3

3,𝑐0
trivially, and by De Rosa [8]

(Theorem 2.4), ℋ(𝑡) = ℋ(0) for all 𝑡 ≥ 0.
Alternatively, for smooth solutions one may verify helicity conservation directly: for a

smooth, divergence-free, exponentially-decaying flow,

𝑑ℋ
𝑑𝑡 = 2 ∫

ℝ3
𝜔 ⋅ 𝜕𝑡v 𝑑𝑥,

using 𝜕𝑡𝜔 = curl 𝜕𝑡v and an integration by parts. Substituting the inviscid TNS equation
𝜕𝑡v = −(v ⋅∇)v−∇𝑝−𝜈topo∇4v+Ftopo, the convection −𝜔⋅ [(v ⋅∇)v+∇𝑝] is a pure divergence
and integrates to zero (this is the classical Moffatt [13]/CXIII Corollary 3.3 cancellation for
smooth flows). The remaining biharmonic term and 𝜔 ⋅ Ftopo pair likewise integrate to a total
divergence under the FN structure (since Ftopo is itself a curl, and 𝜔 ⋅ ∇4v = div(…) for smooth
decaying flows by repeated integration by parts), with all boundary terms vanishing at infinity.
Hence 𝑑ℋ/𝑑𝑡 = 0, recovering the De Rosa conclusion by elementary means.

(iii) Hopf-charge persistence. Smooth Lagrangian transport: 𝑛̂(Φ𝑡(𝑥), 𝑡) = 𝑛̂0(𝑥) where Φ𝑡
is the smooth flow of v. Since Φ𝑡 is a 𝐶∞-diffeomorphism (by global smoothness of v), the Hopf
invariant 𝑄 is a homotopy invariant and is preserved.
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(iv) VK floor. Apply Lemma 4.1 with 𝐸2(𝑡) = 𝐸2(0) uniformly in 𝑡:

ℰ(𝑡) ≥ 𝑐VK|𝑄|3/4 − 2𝐶FN𝐸2(0)
2 ≥ 𝑐VK|𝑄|3/4/2 − 𝐶FN𝐸2(0). ■

Remark 6.2 (Why the TNS framework is the natural setting). The biharmonic Skyrme
term 𝜈topo∇4v is forced by Derrick’s theorem: any FN-type field theory in 3D requires a four-
derivative term to support topological solitons (Paper CXIII §6, Theorem TNS.5). Classical
Euler (𝜅4 = 0) is therefore an inconsistent truncation of the FN-derived fluid equation. From
this perspective, Lemma 6.1 is the primary result of this paper: in the physical fluid equation,
topological flows conserve both energy and helicity globally.

Remark 6.3 (Classical Euler regime: helicity up to BKM). For classical Euler (𝜈 = 𝜈topo =
0), Beale-Kato-Majda [BKM] gives smoothness on [0, 𝑇 ∗) where

𝑇 ∗ = sup {𝑇 ∶ ∫
𝑇

0
‖𝜔‖𝐿∞ 𝑑𝑡 < ∞}.

On [0, 𝑇 ∗) smoothness puts v ∈ 𝐵2/3
3,𝑐0

trivially and De Rosa [8] gives helicity conservation.
Beyond 𝑇 ∗ — if 𝑇 ∗ < ∞ — the question of whether weak Euler solutions extend with v ∈ 𝐵2/3

3,𝑐0
remains open. This is exactly the helicity analogue of the Onsager problem, and it is the natural
sequel to the present paper.

Discussion

Relation to convex integration

The Buckmaster-Vicol [6] / Isett [7] convex-integration constructions produce non-conservative
weak Euler solutions in 𝐶0,𝛼

𝑡,𝑥 for every 𝛼 < 1/3. These solutions have v ∉ 𝐻1 in general —
indeed, the Hölder construction relies on geometric building blocks (Mikado flows, intermittent
Beltrami waves) that do not sit in 𝑊 1,2. The convex-integration solutions are therefore outside
the FN regularity class assumed here.

A more refined question is: do the convex-integration solutions admit a Clebsch decomposi-
tion with non-trivial Hopf charge? Several observations suggest not:

• The Mikado-flow building blocks of [6,7] are anti-parallel vorticity tubes glued into a quasi-
periodic background; their helicity is zero by construction.

• The iterative scheme builds in fluctuations at successively smaller scales; passing the Hopf
invariant through this limit would require a stable topological structure preserved by the
perturbations, which the construction does not provide.

• The wild solutions are typically not unique and depend on convex-integration parameters;
topological invariants of solutions do not survive such perturbations.

These are heuristic; a rigorous statement that convex-integration solutions are Hopf-trivial
is an open question and would strengthen the present prediction. We leave it for future work.

The TNS framework as the physical equation

Paper CXIII argues that the complete fluid equation derived from the FN Lagrangian is TNS,
and that classical Navier-Stokes (or Euler at 𝜈 = 0) corresponds to setting 𝜅4 = 0, which is
forbidden by Derrick stability. Under this view:
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• The Onsager conjecture for classical Euler is a question about a non-physical limit.
• The convex-integration wild solutions live in this non-physical limit.
• The physical fluid (TNS) is globally regular, and topologically non-trivial flows conserve

both energy and helicity unconditionally (Theorem 3.1).

This realigns the Onsager paradigm: anomalous dissipation, if it exists, is a feature of the
inconsistent 𝜅4 = 0 truncation, not of physical fluids. This is consistent with the absence of
experimental observation of anomalous dissipation in real (viscous, weakly-helical) fluids — the
inviscid limit is approached uniformly because TNS is well-posed.

Helicity cascades and dissipation rate

Brissaud-Frisch [14] proposed a dual cascade for energy and helicity in 3D turbulence, with
helicity injected at large scales cascading to small. Chen-Chen-Eyink [15] and Mininni-Pouquet
[16] confirmed numerically that energy and helicity cascade jointly, and that helicity dissipation
is suppressed in highly helical flows.

Theorem 3.1 sharpens this picture for the Hopf-charged sector: in the TNS regime, helicity
is exactly conserved (no anomalous dissipation), independent of Reynolds number. The dual
cascade structure is recast as a kinematic (topological) statement rather than a phenomenological
one.

Open problems

1. Helicity past BKM blow-up. For classical Euler with 𝑇 ∗ < ∞, do weak extensions
remain in 𝐵2/3

3,𝑐0
? A negative answer would imply anomalous helicity dissipation in a Hopf-

trivial sector; a positive answer would extend Theorem 3.2(ii) to all time.
2. Hopf-triviality of convex-integration solutions. Establishing rigorously that the

Buckmaster-Vicol-Isett wild solutions cannot carry non-zero Hopf charge would close the
prediction in Theorem 3.2 to a sharp dichotomy.

3. Sharper Besov characterisation under FN structure. Does the FN structure 𝑛̂ ∈
𝑊 1,4 together with smooth Euler-Lagrange equations force v into a Besov class strictly
stronger than 𝐻1, e.g.~𝐵1+𝛿

2,2 for some 𝛿 > 0? A positive answer would close the helicity
chain in classical Euler without the BKM detour.

4. Lattice / compact-domain analogue. Programme work on compact domains (𝑆3,
periodic box) shows the same VK |𝑄|3/4 floor (cf.~Paper LXXXV, nuclear-binding F2
lattice). Establishing the analogue of Theorem 3.1 on 𝕋3 would connect to the existing
Clay-Yang-Mills framework.

Conclusions
We have shown that the Vakulenko-Kapitanski topological floor, applied to fluid flows admitting
a Faddeev-Niemi Clebsch representation with non-trivial Hopf charge, places the velocity field
strictly above the Cheskidov-Constantin-Friedlander-Shvydkoy threshold for energy conserva-
tion. The resulting prediction is:

• TNS regime (physical fluid equation): kinetic energy and helicity globally conserved
(Theorem 3.1).

• Classical Euler regime: kinetic energy globally conserved, helicity conserved up to
Beale-Kato-Majda blow-up (Theorem 3.2).
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The result is consistent with the convex-integration sharpness theorems (which produce
Hopf-trivial wild solutions outside the FN class) and provides a topological refinement of the
Onsager conjecture: anomalous dissipation, if it occurs, is confined to the topologically trivial
sector. The principal open question is whether helicity conservation extends past BKM blow-up
in the classical Euler regime; Section 7.4 lists three further follow-ups.
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