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Abstract

Let

Wa(t) =
at2

(a2 + t2)2
, pγ,a(t) =

1

a+ i(t− γ)
, a > 0,

and define the one-packet transform

La,R(γ) =

∫
|t|≤R

Wa(t)pγ,a(t) dt.

This transform occurs in the partial-fraction representation of the weighted low-strip Gram
kernel

Ga,R(γ, γ
′) =

∫
|t|≤R

Wa(t)pγ,a(t)pγ′,a(t) dt.

Indeed,

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)
.

Thus any cancellation in the off-diagonal Gram sum is tied to the complex phase of La,R(γ).
The main purpose of this paper is to compute the full-line transform

La,∞(γ) =

∫ ∞

−∞

at2

(a2 + t2)2
dt

a+ i(t− γ)

explicitly. By a residue computation we prove the exact formula

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
.

Consequently,

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
,

and

ImLa,∞(γ) =
πγ3

2(4a2 + γ2)2
.

In particular,

da(γ;∞) =

∫ ∞

−∞
Wa(t)|pγ,a(t)|2 dt =

π(4a2 + 3γ2)

2(4a2 + γ2)2
.

Thus the diagonal weighted packet mass has an exact rational form.
The phase satisfies

tanArgLa,∞(γ) =
γ3

a(4a2 + 3γ2)
.
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Hence La,∞(γ) is almost real when |γ| ≪ a, while for |γ| ≫ a,

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
.

This is a Hilbert-type phase at the one-packet level.
After insertion into the Gram identity, however, the leading far-far two-packet kernel is

not a bare Hilbert kernel. In the regime

|γ|, |γ′| ≫ a, |γ − γ′| ≫ a,

one obtains the product-type leading term

Gmodel
a,∞ (γ, γ′) =

π

2γγ′ + lower order terms.

This distinction is important: the one-packet transform carries a Hilbert-type phase, while the
two-packet Gram kernel exhibits an additional numerator cancellation before the separation
denominator is applied.

Finally, we compare La,R with La,∞. If R ≥ 2a and |γ| ≤ R, then

La,R(γ) = La,∞(γ) +O

(
a

R2
log

(
2 +

R

a

))
.

No proof of the Riemann Hypothesis is claimed. The paper computes the one-packet
transform governing the weighted Gram kernel and identifies the phase structure that must
be exploited in future off-diagonal operator estimates.
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1 Introduction

Let

Wa(t) =
at2

(a2 + t2)2
, a > 0.

For a real ordinate γ, define the Cauchy packet

pγ,a(t) =
1

a+ i(t− γ)
.

The weighted low-strip Gram kernel is

Ga,R(γ, γ
′) =

∫
|t|≤R

Wa(t)pγ,a(t)pγ′,a(t) dt.

This kernel appears when zero packets attached to critical-line zeros of the Riemann zeta-function
are studied on the vertical line

Re s =
1

2
+ a.

The elementary identity

pγ,a(t)pγ′,a(t) =
pγ,a(t) + pγ′,a(t)

2a− i(γ − γ′)

reduces the two-packet Gram kernel to a one-packet transform. Define

La,R(γ) =

∫
|t|≤R

Wa(t)pγ,a(t) dt.

Then

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)
.

Thus the structure of Ga,R depends strongly on the complex quantity La,R(γ).
Absolute-value estimates give

|La,R(γ)| ≪ (a2 + γ2)−1/2.

Such estimates are useful but discard phase information. If the off-diagonal Gram sum has
cancellation, that cancellation must come from the complex phases of the terms

La,R(γ).

Therefore the next step is to compute La,R itself, or at least an accurate approximation.
This paper carries out that computation for the full-line transform

La,∞(γ) =

∫ ∞

−∞

at2

(a2 + t2)2
dt

a+ i(t− γ)
.

The main formula is

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
.
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This formula has several consequences.
First, the real and imaginary parts are explicit:

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
,

and

ImLa,∞(γ) =
πγ3

2(4a2 + γ2)2
.

Second, the diagonal mass

da(γ;∞) =

∫ ∞

−∞
Wa(t)|pγ,a(t)|2 dt

is obtained exactly from the identity

ReLa,∞(γ) = a da(γ;∞).

Hence

da(γ;∞) =
π(4a2 + 3γ2)

2(4a2 + γ2)2
.

Third, the phase is explicit:

tanArgLa,∞(γ) =
γ3

a(4a2 + 3γ2)
.

In the far-ordinate regime
|γ| ≫ a,

one has

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
.

This is a Hilbert-type phase at the level of the one-packet transform.
However, it is important not to overstate this observation. The Gram kernel contains the

combination
La,∞(γ) + La,∞(γ′).

Since

La,∞(γ′) = − iπ

2γ′
+O

(
a

γ′2

)
in the far-ordinate regime, the numerator has the leading form

iπ

2

(
1

γ
− 1

γ′

)
.

After division by
2a− i(γ − γ′),

this leading numerator cancels the difference

γ − γ′

in the far-far separated regime. The resulting leading kernel is product-type:

π

2γγ′
.
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Thus the one-packet transform has Hilbert-type phase, but the full two-packet Gram kernel has
a more subtle rational structure.

The finite low strip is handled by writing

La,R(γ) = La,∞(γ)− Ta,R(γ),

where

Ta,R(γ) =

∫
|t|>R

Wa(t)pγ,a(t) dt.

We prove that if R ≥ 2a and |γ| ≤ R, then

|Ta,R(γ)| ≪
a

R2
log

(
2 +

R

a

)
.

Therefore

La,R(γ) =
π(a− iγ)

2(2a− iγ)2
+O

(
a

R2
log

(
2 +

R

a

))
.

This paper is deliberately limited. It does not prove any zero-spacing estimate, any Bessel
bound, or any mean-square estimate for the logarithmic derivative of ζ(s). Its contribution is
the exact calculation of the one-packet transform and the extraction of its phase structure.

2 The one-packet transform

We begin with the basic definitions.

Definition 2.1 (Spectral weight). For a > 0, define

Wa(t) =
at2

(a2 + t2)2
.

Definition 2.2 (Cauchy packet). For γ ∈ R, define

pγ,a(t) =
1

a+ i(t− γ)
.

For real t, the conjugate packet is

pγ,a(t) =
1

a− i(t− γ)
.

We shall consistently distinguish pγ,a from its conjugate.

Definition 2.3 (One-packet transform). For R ∈ (0,∞], define

La,R(γ) =

∫
|t|≤R

Wa(t)pγ,a(t) dt.

When R = ∞, this means

La,∞(γ) =

∫ ∞

−∞
Wa(t)pγ,a(t) dt.

Explicitly,

La,R(γ) =

∫
|t|≤R

at2

(a2 + t2)2
dt

a+ i(t− γ)
.

The integrand is absolutely integrable over R. Indeed, as |t| → ∞,

Wa(t) = Oa(t
−2), pγ,a(t) = O(t−1),

so the product is Oa(t
−3). Near t = γ, the packet is bounded by 1/a, so no singularity occurs

on the real line.
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3 Connection with the Gram kernel

The weighted Gram kernel is

Ga,R(γ, γ
′) =

∫
|t|≤R

Wa(t)pγ,a(t)pγ′,a(t) dt.

The following identity explains why La,R is the correct object.

Lemma 3.1 (Partial fractions for Cauchy packets). For all real t, γ, γ′ and all a > 0,

pγ,a(t)pγ′,a(t) =
pγ,a(t) + pγ′,a(t)

2a− i(γ − γ′)
.

Proof. We have

pγ,a(t) =
1

a+ i(t− γ)

and

pγ′,a(t) =
1

a− i(t− γ′)
.

Thus

pγ,a(t) + pγ′,a(t) =
1

a+ i(t− γ)
+

1

a− i(t− γ′)

=
a− i(t− γ′) + a+ i(t− γ)

(a+ i(t− γ))(a− i(t− γ′))

=
2a− i(γ − γ′)

(a+ i(t− γ))(a− i(t− γ′))
.

Dividing by 2a− i(γ − γ′) gives the claim.

Corollary 3.2 (Gram kernel reduction). For all a > 0, R > 0, and real γ, γ′,

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)
.

Proof. Multiply the partial-fraction identity by Wa(t), integrate over |t| ≤ R, and use that Wa(t)
is real-valued: ∫

|t|≤R
Wa(t)pγ′,a(t) dt =

∫
|t|≤R

Wa(t)pγ′,a(t) dt = La,R(γ′).

Thus the two-packet interaction is governed by the one-packet transform and by the separation
denominator

2a− i(γ − γ′).

4 Residue computation of La,∞

We now compute the full-line transform exactly.

Theorem 4.1 (Exact full-line one-packet transform). For every a > 0 and every real γ,

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
.
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Proof. Consider the meromorphic function

Fa,γ(z) =
az2

(a2 + z2)2
1

a+ i(z − γ)
.

For real t,

Fa,γ(t) =
at2

(a2 + t2)2
1

a+ i(t− γ)
.

Moreover,
Fa,γ(z) = O(|z|−3)

as |z| → ∞ away from the poles.
Assume first that γ ≠ 0. Close the contour in the upper half-plane. The poles of Fa,γ in the

upper half-plane are at
z = ia

and
z = γ + ia.

The pole at z = ia is a double pole, while z = γ + ia is a simple pole. Since Fa,γ(z) = O(|z|−3),
the contribution of the upper semicircle tends to zero. Hence

La,∞(γ) = 2πi

(
Res
z=ia

Fa,γ(z) + Res
z=γ+ia

Fa,γ(z)

)
.

A direct residue computation gives

Res
z=ia

Fa,γ(z) =
i(a− iγ)

4γ2
,

and

Res
z=γ+ia

Fa,γ(z) = − ia(a− iγ)2

γ2(2a− iγ)2
.

Therefore

Res
z=ia

Fa,γ + Res
z=γ+ia

Fa,γ =
i(a− iγ)

4γ2
− ia(a− iγ)2

γ2(2a− iγ)2

= − i(a− iγ)

4(2a− iγ)2
.

Thus

La,∞(γ) = 2πi

(
− i(a− iγ)

4(2a− iγ)2

)
=

π(a− iγ)

2(2a− iγ)2
.

The formula extends to γ = 0 by continuity. Alternatively, direct substitution gives

La,∞(0) =
π

8a
,

which agrees with
πa

2(2a)2
=

π

8a
.

This proves the theorem.

Remark 4.2. The apparent singularities in the intermediate residue expressions at γ = 0 cancel
in the sum of residues. The final formula is regular at γ = 0.
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5 Real and imaginary parts

We now extract the real and imaginary parts.

Theorem 5.1 (Real and imaginary parts). For every a > 0 and every real γ,

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
,

and

ImLa,∞(γ) =
πγ3

2(4a2 + γ2)2
.

Proof. From the exact formula,

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
.

Multiplying numerator and denominator by

(2a+ iγ)2

gives

La,∞(γ) =
π

2

(a− iγ)(2a+ iγ)2

(4a2 + γ2)2
.

Since
(2a+ iγ)2 = 4a2 − γ2 + 4iaγ,

we compute

(a− iγ)(2a+ iγ)2 = (a− iγ)(4a2 − γ2 + 4iaγ)

= a(4a2 − γ2) + 4ia2γ − iγ(4a2 − γ2) + 4aγ2

= a(4a2 + 3γ2) + iγ3.

Therefore

La,∞(γ) =
π

2

a(4a2 + 3γ2) + iγ3

(4a2 + γ2)2
.

The real and imaginary parts follow.

Corollary 5.2 (Parity). The function

ReLa,∞(γ)

is even in γ, while
ImLa,∞(γ)

is odd in γ.

Proof. The real part depends on γ2, while the imaginary part contains γ3 divided by a function
of γ2.
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6 The exact diagonal mass

The real part of La,R is related to the diagonal packet mass.

Definition 6.1 (Weighted diagonal packet mass). Define

da(γ;R) =

∫
|t|≤R

Wa(t)|pγ,a(t)|2 dt.

Lemma 6.2 (Diagonal consistency). For every R ∈ (0,∞],

ReLa,R(γ) = a da(γ;R).

Proof. Since

pγ,a(t) =
1

a+ i(t− γ)
,

we have
Re pγ,a(t) =

a

a2 + (t− γ)2
.

Therefore

ReLa,R(γ) =

∫
|t|≤R

Wa(t)Re pγ,a(t) dt

=

∫
|t|≤R

Wa(t)
a

a2 + (t− γ)2
dt

= a da(γ;R).

Corollary 6.3 (Exact full-line diagonal mass). For every a > 0 and every real γ,

da(γ;∞) =
π(4a2 + 3γ2)

2(4a2 + γ2)2
.

Proof. By diagonal consistency,

da(γ;∞) =
1

a
ReLa,∞(γ).

Substituting the formula for the real part gives the claim.

Remark 6.4. This exact identity refines the elementary estimate

da(γ;∞) ≪ 1

a2 + γ2
.

7 Magnitude and phase

The exact formula also gives the magnitude and phase.

Proposition 7.1 (Magnitude). For every a > 0 and every real γ,

|La,∞(γ)| = π
√
a2 + γ2

2(4a2 + γ2)
.
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Proof. From

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
,

we have
|a− iγ| =

√
a2 + γ2

and
|(2a− iγ)2| = |2a− iγ|2 = 4a2 + γ2.

The formula follows.

Corollary 7.2 (Sharp absolute bound). For every a > 0 and every real γ,

|La,∞(γ)| ≪ (a2 + γ2)−1/2.

Proof. Since
4a2 + γ2 ≥ a2 + γ2,

we have √
a2 + γ2

4a2 + γ2
≤ 1√

a2 + γ2
.

Proposition 7.3 (Phase). For γ ̸= 0,

tanArgLa,∞(γ) =
γ3

a(4a2 + 3γ2)
.

Here the argument is taken in the interval (−π/2, π/2), since

ReLa,∞(γ) > 0.

Proof. The real part is positive:

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
> 0.

Thus

tanArgLa,∞(γ) =
ImLa,∞(γ)

ReLa,∞(γ)
.

Using the real and imaginary part formulas gives

πγ3/[2(4a2 + γ2)2]

πa(4a2 + 3γ2)/[2(4a2 + γ2)2]
=

γ3

a(4a2 + 3γ2)
.

Remark 7.4. For γ > 0, the imaginary part is positive. For γ < 0, the imaginary part is
negative. Thus La,∞(γ) lies in the right half-plane, above or below the real axis according to the
sign of γ.
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8 Asymptotic regimes

We record the two basic regimes.

Theorem 8.1 (Near-origin regime). If |γ| ≤ a, then

La,∞(γ) =
π

8a
+O

(
|γ|
a2

)
.

In particular, La,∞(γ) is predominantly real in this range.

Proof. At γ = 0,

La,∞(0) =
π

8a
.

From the exact formula

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
,

the derivative with respect to γ is O(a−2) for |γ| ≤ a. Hence

La,∞(γ) = La,∞(0) +O

(
|γ|
a2

)
.

Theorem 8.2 (Far-ordinate regime). If |γ| ≥ 2a, then

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
.

More precisely,

ReLa,∞(γ) =
3πa

2γ2
+O

(
a3

γ4

)
,

and

ImLa,∞(γ) =
π

2γ
+O

(
a2

γ3

)
.

Proof. Using the exact real part,

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
.

For |γ| ≥ 2a,

4a2 + γ2 = γ2
(
1 +O

(
a2

γ2

))
,

and hence

ReLa,∞(γ) =
3πa

2γ2
+O

(
a3

γ4

)
.

Similarly,

ImLa,∞(γ) =
πγ3

2(4a2 + γ2)2
=

π

2γ
+O

(
a2

γ3

)
.

Combining the estimates gives

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
.
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Remark 8.3 (One-packet Hilbert-type phase). The leading term

iπ

2γ

is purely imaginary and has a Hilbert-type phase at the level of the one-packet transform. This
should not be confused with a direct Hilbert-transform bound for the full Gram matrix. The Gram
kernel contains the combination

La,∞(γ) + La,∞(γ′),

and that combination changes the leading two-packet structure.

9 Finite-strip tail estimates

The actual low-strip transform is finite:

La,R(γ) =

∫
|t|≤R

Wa(t)pγ,a(t) dt.

Write
La,R(γ) = La,∞(γ)− Ta,R(γ),

where

Ta,R(γ) =

∫
|t|>R

Wa(t)pγ,a(t) dt.

Theorem 9.1 (Finite-strip tail estimate). Assume

R ≥ 2a and |γ| ≤ R.

Then

|Ta,R(γ)| ≪
a

R2
log

(
2 +

R

a

)
.

The implied constant is absolute.

Proof. We estimate

|Ta,R(γ)| ≤
∫
|t|>R

Wa(t)
dt

|a+ i(t− γ)|
.

Since
|a+ i(t− γ)| =

√
a2 + (t− γ)2,

and since |t| > R ≥ 2a, we have

Wa(t) ≪
a

t2
.

Thus

|Ta,R(γ)| ≪ a

∫
|t|>R

dt

t2
√

a2 + (t− γ)2
.

We split into positive and negative tails.
For the positive tail, first take R < t < 2R. Since t−2 ≤ R−2,

a

∫ 2R

R

dt

t2
√
a2 + (t− γ)2

≤ a

R2

∫ 2R

R

dt√
a2 + (t− γ)2

.

Because γ ≤ R, the change of variables u = t−γ gives an interval contained in [0, 3R]. Therefore∫ 2R

R

dt√
a2 + (t− γ)2

≤
∫ 3R

0

du√
a2 + u2

≪ log

(
2 +

R

a

)
.
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Thus this part is

≪ a

R2
log

(
2 +

R

a

)
.

For t ≥ 2R, since |γ| ≤ R,

|t− γ| ≥ t−R ≥ t

2
.

Hence √
a2 + (t− γ)2 ≫ t,

and

a

∫ ∞

2R

dt

t2
√

a2 + (t− γ)2
≪ a

∫ ∞

2R

dt

t3
≪ a

R2
.

The negative tail is analogous. On −2R < t < −R, use t−2 ≤ R−2 and the change of
variables u = t− γ. Since γ ≥ −R, the relevant interval is again within distance O(R) from the
possible minimum of |u|, and the same logarithmic bound follows. On t ≤ −2R,

|t− γ| ≥ |t| − |γ| ≥ |t|/2,
so the contribution is O(a/R2).

Combining the pieces gives

|Ta,R(γ)| ≪
a

R2
log

(
2 +

R

a

)
.

Corollary 9.2 (Finite-strip approximation). If R ≥ 2a and |γ| ≤ R, then

La,R(γ) =
π(a− iγ)

2(2a− iγ)2
+O

(
a

R2
log

(
2 +

R

a

))
.

Proof. Use
La,R(γ) = La,∞(γ)− Ta,R(γ),

the exact formula for La,∞, and the tail estimate.

10 Application to logarithmic low strips

Let
RD(a) = logD(e+ a−1), D > 0.

For 0 < a < 1/2, this is the typical enlarged logarithmic low-strip scale.

Corollary 10.1 (Approximation in an enlarged logarithmic strip). Let

R = RD(a) = logD(e+ a−1).

For 0 < a < 1/2 and |γ| ≤ RD(a),

La,RD(a)(γ) =
π(a− iγ)

2(2a− iγ)2
+OD

(
a

log2D(e+ a−1)
log

(
2 +

logD(e+ a−1)

a

))
.

In particular, the error tends to 0 as a → 0+.

Proof. For 0 < a < 1/2, one has RD(a) ≥ 2a. Substitute

R = logD(e+ a−1)

into the finite-strip approximation. The error becomes

a

R2
log

(
2 +

R

a

)
=

a

log2D(e+ a−1)
log

(
2 +

logD(e+ a−1)

a

)
,

which tends to 0 as a → 0+.
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11 Consequences for the Gram kernel

The exact reduction formula gives

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)
.

Using the finite-strip approximation, one obtains a corresponding approximation for Ga,R.

Proposition 11.1 (Approximate finite-strip Gram kernel). Assume

R ≥ 2a, |γ| ≤ R, |γ′| ≤ R.

Then

Ga,R(γ, γ
′) =

La,∞(γ) + La,∞(γ′)

2a− i(γ − γ′)

+O

(
aR−2 log(2 +R/a)

a+ |γ − γ′|

)
.

Proof. By the finite-strip approximation,

La,R(γ) = La,∞(γ) +O

(
a

R2
log

(
2 +

R

a

))
,

and similarly for γ′. Taking conjugates preserves the same error size. Substituting into

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)

and using
|2a− i(γ − γ′)| ≍ a+ |γ − γ′|

gives the result.

The main term is the explicit rational kernel

Gmodel
a,∞ (γ, γ′) =

π(a− iγ)

2(2a− iγ)2
+

π(a+ iγ′)

2(2a+ iγ′)2

2a− i(γ − γ′)
.

Here the second term is the conjugate

La,∞(γ′) =
π(a+ iγ′)

2(2a+ iγ′)2
.

Remark 11.2. The formula above is the correct full-line two-packet rational kernel. Its sign,
real part, operator norm, and summation behavior are not settled in this paper. They form the
next natural problem.

12 One-packet phase and the far-far product kernel

We now clarify the far-ordinate structure.
From the far-ordinate asymptotic,

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
14



for |γ| ≥ 2a. Therefore

La,∞(γ′) = − iπ

2γ′
+O

(
a

γ′2

)
for |γ′| ≥ 2a. Hence

La,∞(γ) + La,∞(γ′) =
iπ

2

(
1

γ
− 1

γ′

)
+O

(
a

γ2
+

a

γ′2

)
.

Substituting into the Gram identity gives

Gmodel
a,∞ (γ, γ′) =

iπ

2

(
γ−1 − γ′−1

)
2a− i(γ − γ′)

+ error terms.

If also
|γ − γ′| ≫ a,

then

2a− i(γ − γ′) = −i(γ − γ′)

(
1 +O

(
a

|γ − γ′|

))
.

Thus the leading term becomes

−π

2

γ−1 − γ′−1

γ − γ′
.

Since

γ−1 − γ′−1 =
γ′ − γ

γγ′
= −γ − γ′

γγ′
,

we obtain

−π

2

γ−1 − γ′−1

γ − γ′
=

π

2γγ′
.

Therefore, in the far-far separated regime,

Gmodel
a,∞ (γ, γ′) =

π

2γγ′
+ lower order terms.

Remark 12.1 (Hilbert-type phase versus Hilbert kernel). The one-packet transform has the
Hilbert-type leading phase

La,∞(γ) ∼ iπ

2γ
.

However, after insertion into the two-packet Gram identity, the combination

La,∞(γ) + La,∞(γ′)

cancels the factor
γ − γ′

in the far-far numerator. The resulting leading two-packet kernel is therefore product-type,

π

2γγ′
,

rather than a bare Hilbert kernel. A separate operator analysis of the exact rational kernel is still
needed.

15



13 Limitations

The paper has several limitations.
First, it does not prove RH.
Second, it does not prove any high-frequency mean-square estimate for the logarithmic

derivative of ζ(s).
Third, it does not prove a Schur or Bessel bound for the low-strip Gram kernel.
Fourth, it does not solve the close-pair problem. When

|γ − γ′| ≲ a,

the denominator
2a− i(γ − γ′)

does not produce a large separation gain.
Fifth, the finite-strip approximation is proved here only under the condition

|γ| ≤ R.

This is the natural range for ordinates inside the low strip, but other ranges would require
separate estimates.

Sixth, although the full-line transform is computed exactly, the full rational two-variable
kernel

Gmodel
a,∞ (γ, γ′)

is not fully analyzed here. Its sign, operator behavior, and summation properties remain for
later work.

Seventh, the far-ordinate asymptotic of La,∞ should not be interpreted as an immediate
Hilbert-transform bound for the Gram matrix. The Gram kernel contains

La,∞(γ) + La,∞(γ′),

and this combination produces a product-type far-far leading kernel in the separated regime.
Eighth, the passage from finite packet systems to infinite zero-packet expansions for ζ ′/ζ

requires additional convergence and regularization arguments.

14 Conclusion

The weighted low-strip Gram kernel satisfies the exact identity

Ga,R(γ, γ
′) =

La,R(γ) + La,R(γ′)

2a− i(γ − γ′)
.

Thus the one-packet transform

La,R(γ) =

∫
|t|≤R

at2

(a2 + t2)2
dt

a+ i(t− γ)

is the fundamental object controlling the off-diagonal phase structure.
This paper computes the full-line transform exactly:

La,∞(γ) =
π(a− iγ)

2(2a− iγ)2
.

The real and imaginary parts are

ReLa,∞(γ) =
πa(4a2 + 3γ2)

2(4a2 + γ2)2
,

16



and

ImLa,∞(γ) =
πγ3

2(4a2 + γ2)2
.

In particular,

da(γ;∞) =
π(4a2 + 3γ2)

2(4a2 + γ2)2
.

The far-ordinate one-packet transform has the Hilbert-type phase

La,∞(γ) =
iπ

2γ
+O

(
a

γ2

)
.

However, after taking the conjugate in the second packet and inserting the result into the Gram
identity, the far-far separated leading kernel becomes

π

2γγ′
.

Thus the full two-packet problem is not merely a Hilbert-transform problem. It is an exact
rational-kernel problem.

For finite strips, if R ≥ 2a and |γ| ≤ R, then

La,R(γ) = La,∞(γ) +O

(
a

R2
log

(
2 +

R

a

))
.

Thus, in logarithmic low strips, the finite one-packet transform is approximated by an explicit
rational function.

The next natural step is to analyze the induced full-line rational Gram kernel

La,∞(γ) + La,∞(γ′)

2a− i(γ − γ′)
,

especially its real part, sign structure, and operator behavior. That analysis is required before one
can turn the phase information obtained here into a genuine off-diagonal cancellation estimate.
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[8] G. H. Hardy, Sur les zéros de la fonction ζ(s) de Riemann, C. R. Acad. Sci. Paris 158
(1914), 1012–1014.

17



[9] A. E. Ingham, The Distribution of Prime Numbers, Cambridge University Press, Cambridge,
1932.
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