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Abstract

Let

H0(s) = −ζ ′

ζ
(s)− 1

s− 1
,

and put

Ha(t) = H0

(
1

2
+ a+ it

)
, 0 < a <

1

2
.

In a spectral formulation of the high-frequency barrier one is led to the weighted integral

Gspec(a) =
1

2π

∫ ∞

−∞

at2

(a2 + t2)2
|Ha(t)|2 dt,

with the convention that the integral is +∞ if a pole occurs on the line of integration.
Dyadic reductions compare the shell

T < |t| ≤ 2T

against the spectral threshold
T 2

a
.

A translated vertical mean-square input with loss exponent M < 1 is strong enough to
push the remaining obstruction into a shrinking low-frequency cone. However, the natural
diagonal packet scale for the unsmoothed vertical logarithmic derivative near the critical line
is M = 1. This paper analyzes what happens if one accepts the natural M = 1 loss∫

T<|t|≤2T

|Ha(t)|2 dt ≪ Ta−1 logB(2 + T + a−1).

The main result is that the M = 1 loss is still sufficient to clear all dyadic shells with

T ≥ logD(e+ a−1)

for every fixed D > B. Indeed, on such shells the spectral weight contributes a factor a/T 2,
so the shell contribution is bounded by

logB(2 + T + a−1)

T
,

and the dyadic tail is uniformly summable.
Thus accepting M = 1 does not destroy the dyadic high-frequency framework. It does,

however, enlarge the remaining low-frequency region from a shrinking cone to the strip

|t| ≤ logD(e+ a−1).
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This region grows as a → 0+, so local regularity near s = 1/2 does not automatically control
it. In the notation of a shrinking cone |t| ≤ aR(a), this enlarged region would correspond to
aR(a) = logD(e+ a−1) → ∞, not to aR(a) → 0.

The paper therefore identifies the tradeoff:

M = 1 is analytically natural but geometrically expensive.

No proof of the Riemann Hypothesis is claimed. The purpose is to rebalance the dyadic
framework at the natural M = 1 scale and to isolate the enlarged low-frequency obstruction.
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1 Introduction

Let

H0(s) = −ζ ′

ζ
(s)− 1

s− 1
.

The pole of −ζ ′/ζ at s = 1 has been removed. The remaining poles of H0 are precisely the zeros
of ζ(s), with residues given by their multiplicities up to sign.

For 0 < a < 1/2, define

Ha(t) = H0

(
1

2
+ a+ it

)
.
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The spectral high-frequency quantity studied in this paper is

Gspec(a) =
1

2π

∫ ∞

−∞
Wa(t)|Ha(t)|2 dt,

where

Wa(t) =
at2

(a2 + t2)2
.

We use the convention that this integral is +∞ if Ha has a pole on the line of integration.
The dyadic decomposition of this integral leads to shells

T < |t| ≤ 2T, T ≍ 2ka.

On a high-frequency shell T ≫ a, one has

Wa(t) ≍
a

T 2
.

Therefore the contribution of a shell is approximately

a

T 2

∫
T<|t|≤2T

|Ha(t)|2 dt.

The natural diagonal packet scale for the unsmoothed vertical logarithmic derivative near
the critical line is

Ta−1 log T.

Indeed, the model packet

pγ,a(t) =
1

a+ i(t− γ)

has ∫ ∞

−∞
|pγ,a(t)|2 dt =

π

a
.

Together with the Riemann–von Mangoldt density T log T , this gives a formal diagonal scale of
order

T log T

a
.

Thus it is natural to consider an M = 1-type mean-square input:∫
T<|t|≤2T

|Ha(t)|2 dt ≪ Ta−1 logB(2 + T + a−1).

Substituting this into the shell contribution gives

a

T 2
· Ta−1 logB(2 + T + a−1) =

logB(2 + T + a−1)

T
.

Thus high-frequency shells are harmless once

T ≫ logB(2 + T + a−1).

This observation is the main point of the paper.
Accepting the M = 1 loss does not destroy the dyadic high-frequency framework. It clears

the tail of the spectral integral. The cost is geometric: the low-frequency region that remains is
no longer a shrinking cone. Instead it has size

|t| ≲ logD(e+ a−1)
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for a fixed D > B. This region grows as a → 0+.
This paper treats Gspec(a) as a spectral target quantity. It does not, by itself, prove that

uniform boundedness of Gspec(a) is equivalent to the Riemann Hypothesis. Any implication from

sup
0<a<1/2

Gspec(a) < ∞

to RH must be supplied by an independent spectral criterion. The present paper only proves
the conditional reduction of the high-frequency part of Gspec(a) to the enlarged low-frequency
energy under the M = 1 mean-square input.

The paper is organized as follows.

(i) We define the spectral weight and the dyadic shells.

(ii) We recall the dyadic threshold T 2/a.

(iii) We formulate the natural M = 1 mean-square input.

(iv) We prove that M = 1 clears all shells T ≥ logD(e+ a−1), D > B.

(v) We isolate the enlarged low-frequency region.

(vi) We compare the M = 1 framework with a general M < 1 framework.

(vii) We explain why the enlarged low-frequency region is not a shrinking cone.

(viii) We record the zero-exclusion condition forced by finite enlarged low-frequency energy.

No proof of RH is claimed. The paper is a structural rebalancing of the dyadic spectral
framework at the natural M = 1 scale.

Remark 1.1 (On the phrase “natural M = 1 scale”). The phrase “natural M = 1 scale” refers
in this paper to the unsmoothed vertical logarithmic-derivative packet

(a+ i(t− γ))−1,

whose L2(R)-mass is π/a. It is not a statement about every X-dependent smoothed Perron
packet. Smoothed remainder packets may contain additional X-dependent factors. The present
M = 1 input is a vertical mean-square hypothesis for Ha(t) itself.

Remark 1.2 (On the role of external spectral criteria). The present paper is intentionally
formulated as a conditional spectral reduction. It does not invoke any external criterion connecting

sup
a

Gspec(a)

with RH. If such a criterion is combined with the present result, then the conclusions here may
be used as a high-frequency reduction step. In this paper, however, the object of study is only the
decomposition of Gspec under the M = 1 mean-square input.

2 The spectral weight

Define

Wa(t) =
at2

(a2 + t2)2
, 0 < a <

1

2
.

The associated spectral quantity is

Gspec(a) =
1

2π

∫ ∞

−∞
Wa(t)|Ha(t)|2 dt.

If Ha has a pole on the line Re s = 1/2 + a, then the integral is understood as +∞.
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Lemma 2.1 (Basic bounds for the spectral weight). For all t ∈ R,

0 ≤ Wa(t) ≤
1

4a
.

Moreover, if |t| ≥ 2a, then
16

25

a

t2
≤ Wa(t) ≤

a

t2
.

If |t| ≤ 2a, then

Wa(t) ≍
t2

a3
,

with absolute implied constants.

Proof. The function

Wa(t) =
at2

(a2 + t2)2

is nonnegative. Put u = t2. Then

Wa(t) = f(u), f(u) =
au

(a2 + u)2
.

A direct differentiation gives

f ′(u) = a
a2 − u

(a2 + u)3
.

Thus the maximum occurs at u = a2, i.e. at t = ±a. Therefore

Wa(±a) =
a · a2

(2a2)2
=

1

4a
.

Hence

Wa(t) ≤
1

4a
.

If |t| ≥ 2a, then

a2 ≤ t2

4
,

and therefore

t2 ≤ a2 + t2 ≤ 5

4
t2.

Hence
(a2 + t2)2 ≥ t4

and

(a2 + t2)2 ≤ 25

16
t4.

Consequently,

Wa(t) =
at2

(a2 + t2)2
≤ at2

t4
=

a

t2
,

while

Wa(t) =
at2

(a2 + t2)2
≥ at2

(25/16)t4
=

16

25

a

t2
.

If |t| ≤ 2a, then
a2 ≤ a2 + t2 ≤ 5a2.

Thus

Wa(t) =
at2

(a2 + t2)2
≍ at2

a4
=

t2

a3
.
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3 Dyadic shells and the threshold T 2/a

For k ≥ 0, define dyadic shells
I0(a) = {t : |t| ≤ 2a},

and for k ≥ 1,
Ik(a) = {t : 2ka < |t| ≤ 2k+1a}.

Let
Tk = 2ka.

Then
Ik(a) = {t : Tk < |t| ≤ 2Tk}, k ≥ 1.

For high-frequency shells k ≥ 1, the spectral weight satisfies

Wa(t) ≍
a

T 2
k

(t ∈ Ik(a)).

Thus the shell contribution is comparable to

a

T 2
k

∫
Ik(a)

|Ha(t)|2 dt.

This shows why the dyadic threshold for the unweighted mean square is∫
Ik(a)

|Ha(t)|2 dt ≲
T 2
k

a
.

Indeed, if the shell integral is O(T 2
k /a), then its weighted contribution is O(1).

Definition 3.1 (Dyadic shell contribution). For k ≥ 0, define

Sk(a) =

∫
Ik(a)

Wa(t)|Ha(t)|2 dt.

Thus
2πGspec(a) =

∑
k≥0

Sk(a),

with the convention that either side may be +∞.

Lemma 3.2 (High-shell comparison). For k ≥ 1,

Sk(a) ≪
a

T 2
k

∫
Ik(a)

|Ha(t)|2 dt.

Proof. For t ∈ Ik(a) with k ≥ 1, one has |t| > 2a, hence

Wa(t) ≪
a

t2
≪ a

T 2
k

.

Therefore

Sk(a) =

∫
Ik(a)

Wa(t)|Ha(t)|2 dt ≪
a

T 2
k

∫
Ik(a)

|Ha(t)|2 dt.
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4 The natural M = 1 mean-square input

Motivated by the diagonal packet scale for the unsmoothed vertical logarithmic derivative, we
consider the following M = 1 mean-square input.

Hypothesis 4.1 (M = 1 dyadic mean-square input). There exist constants C > 0 and B ≥ 0
such that, for every 0 < a < 1/2 and every T ≥ 1,∫

T<|t|≤2T
|Ha(t)|2 dt ≤ C Ta−1 logB(2 + T + a−1).

Remark 4.2. This is not proved in this paper. It is an analytic input. The point of the present
work is to determine what this natural M = 1 input would imply for the dyadic spectral barrier.

Remark 4.3. The power a−1 is the natural diagonal packet loss near the critical line for the
vertical packet (a+ i(t− γ))−1. It is weaker than an M < 1 input but more realistic from that
zero-packet viewpoint.

Under this hypothesis, each high shell satisfies a simple bound.

Proposition 4.4 (Single-shell bound under M = 1). Assume the M = 1 dyadic mean-square
input. Then for every k ≥ 1,

Sk(a) ≪
logB(2 + Tk + a−1)

Tk
.

Proof. By the high-shell comparison,

Sk(a) ≪
a

T 2
k

∫
Ik(a)

|Ha(t)|2 dt.

The M = 1 input gives ∫
Ik(a)

|Ha(t)|2 dt ≪ Tka
−1 logB(2 + Tk + a−1).

Therefore

Sk(a) ≪
a

T 2
k

· Tka
−1 logB(2 + Tk + a−1) =

logB(2 + Tk + a−1)

Tk
.

5 A dyadic logarithmic summation lemma

We need a dyadic summation estimate.

Lemma 5.1 (Dyadic comparison). Let F : [1,∞) → [0,∞) be nondecreasing, and let Tk = 2ka.
Then for every A ≥ 1, ∑

Tk>A

F (Tk)

Tk
≪

∫ ∞

A/2

F (2x)

x2
dx,

with an absolute implied constant.
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Proof. For x ∈ [Tk/2, Tk], one has Tk ≤ 2x. Since F is nondecreasing,

F (Tk) ≤ F (2x).

Also x ≍ Tk on this interval. Hence

F (Tk)

Tk
≪

∫ Tk

Tk/2

F (2x)

x2
dx.

Summing over all k with Tk > A gives∑
Tk>A

F (Tk)

Tk
≪

∫ ∞

A/2

F (2x)

x2
dx.

Lemma 5.2 (Dyadic logarithmic tail). Let B ≥ 0, D > B, and

RD(a) = logD(e+ a−1).

Then ∑
k≥1

Tk≥RD(a)

logB(2 + Tk + a−1)

Tk
≪B,D 1

uniformly for 0 < a < 1/2. More generally, the same conclusion holds with RD(a) replaced by
cRD(a) for any fixed c > 0. Moreover, the part of the sum with

RD(a) ≤ Tk ≤ e+ a−1

is
OB,D

(
logB−D(e+ a−1)

)
.

Proof. Put
A = e+ a−1, R = logD A.

We first prove the estimate with lower cutoff R. The case cR with fixed c > 0 is identical, since
c only changes absolute constants in the dyadic summation.

Split the dyadic indices into two ranges.
First suppose

R ≤ Tk ≤ A.

Then
log(2 + Tk + a−1) ≪ logA,

and hence ∑
k≥1

R≤Tk≤A

logB(2 + Tk + a−1)

Tk
≪ logB A

∑
k≥1
Tk≥R

1

Tk
.

Since Tk = 2ka is dyadic, ∑
Tk≥R

1

Tk
≪ 1

R
.

Thus this part is

≪ logB A

R
= logB−D A.
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Next suppose
Tk > A.

Then
log(2 + Tk + a−1) ≪ log(2 + Tk).

Apply the dyadic comparison lemma with

F (x) = logB(2 + x).

This gives ∑
Tk>A

logB(2 + Tk)

Tk
≪

∫ ∞

A/2

logB(2 + 2x)

x2
dx.

Since A = e+ a−1 ≥ e, the portion A/2 ≤ x ≤ A contributes

≪B
logB(2 +A)

A
.

The portion x ≥ A satisfies the same bound:∫ ∞

A

logB(2 + 2x)

x2
dx ≪B

logB(2 +A)

A
.

Hence ∫ ∞

A/2

logB(2 + 2x)

x2
dx ≪B

logB(2 +A)

A
≪B 1.

Combining the two ranges proves the lemma.

6 High-frequency clearance under M = 1

We now prove the main high-frequency clearance theorem.

Theorem 6.1 (M = 1 high-frequency clearance). Assume the M = 1 dyadic mean-square input
with logarithmic exponent B. Let D > B, and define

RD(a) = logD(e+ a−1).

Then ∑
k≥1

Tk≥RD(a)

Sk(a) ≪B,D 1

uniformly for 0 < a < 1/2. More generally, the same conclusion holds with RD(a) replaced by
cRD(a) for any fixed c > 0.

Proof. By the single-shell bound under M = 1,

Sk(a) ≪
logB(2 + Tk + a−1)

Tk
.

Therefore ∑
k≥1

Tk≥RD(a)

Sk(a) ≪
∑
k≥1

Tk≥RD(a)

logB(2 + Tk + a−1)

Tk
.

The dyadic logarithmic tail lemma gives the desired uniform bound. The case cRD(a) follows
from the corresponding general form of the same lemma.
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Corollary 6.2 (Tail decay with extra logarithmic room). Assume the M = 1 dyadic mean-square
input with exponent B. If D > B, then∑

k≥1
Tk≥RD(a)

Sk(a) = OB,D(1).

Moreover, the part of the tail with

RD(a) ≤ Tk ≤ e+ a−1

is
OB,D

(
logB−D(e+ a−1)

)
= o(1)

as a → 0+.

Proof. This is the quantitative statement already obtained in the proof of the dyadic logarithmic
tail lemma.

7 The enlarged low-frequency region

The high-frequency clearance theorem leaves the complementary region

|t| ≤ RD(a), RD(a) = logD(e+ a−1).

We define the corresponding low-frequency energy.

Definition 7.1 (Enlarged low-frequency energy). For D > 0, define

CD(a) =
1

2π

∫
|t|≤RD(a)

Wa(t)|Ha(t)|2 dt, RD(a) = logD(e+ a−1).

Theorem 7.2 (M = 1-conditional reduction to the enlarged low energy). Assume the M = 1
dyadic mean-square input with logarithmic exponent B. Let D > B. Then

sup
0<a<1/2

Gspec(a) < ∞ ⇐⇒ sup
0<a<1/2

CD(a) < ∞.

More precisely,
CD(a) ≤ Gspec(a)

for every a, and
Gspec(a) ≤ CD(a) +OB,D(1)

uniformly in 0 < a < 1/2, where the second estimate uses the M = 1 dyadic mean-square input.

Proof. By definition,

2πGspec(a) =

∫
|t|≤RD(a)

Wa(t)|Ha(t)|2 dt+
∫
|t|>RD(a)

Wa(t)|Ha(t)|2 dt.

The first term is 2πCD(a).
It remains to bound the tail. Since 0 < a < 1/2, the low shell

I0(a) = {|t| ≤ 2a}

is contained in {|t| ≤ 1}. Also

RD(a) = logD(e+ a−1) ≥ 1.
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Hence I0(a) is contained in the low-frequency region.
For the remaining shells,

{|t| > RD(a)} ⊂
⋃
k≥1

Tk>RD(a)/2

Ik(a).

Indeed, if t ∈ Ik(a) and Ik(a) meets the set {|t| > RD(a)}, then 2Tk > RD(a), hence Tk >
RD(a)/2. Therefore ∫

|t|>RD(a)
Wa(t)|Ha(t)|2 dt ≤

∑
k≥1

Tk>RD(a)/2

Sk(a).

By the M = 1 high-frequency clearance theorem, in its fixed-multiple form with c = 1/2, this
sum is OB,D(1). Thus

Gspec(a) ≤ CD(a) +OB,D(1).

The inequality
CD(a) ≤ Gspec(a)

is immediate from nonnegativity of the integrand. The equivalence of uniform boundedness
follows.

Remark 7.3. The equivalence in this theorem is conditional on the M = 1 dyadic mean-square
input. Without that input, boundedness of the enlarged low-frequency energy alone does not
control the high-frequency tail.

Remark 7.4. The M = 1 input clears the high-frequency tail, but it leaves a low-frequency
region whose height is logarithmic in a−1, not of order a or a logD(a−1).

8 Comparison with an M < 1 framework

It is useful to compare the M = 1 situation with a general mean-square input of the form∫
T<|t|≤2T

|Ha(t)|2 dt ≪ Ta−M logB(2 + T + a−1).

For a high shell T = Tk, this gives

Sk(a) ≪
a

T 2
· Ta−M logB(2 + T + a−1) =

a1−M

T
logB(2 + T + a−1).

Thus the transition scale is approximately

T ≳ a1−M logD(e+ a−1), D > B.

Proposition 8.1 (Transition scale for general M). Assume a dyadic mean-square input with
exponent M : ∫

T<|t|≤2T
|Ha(t)|2 dt ≪ Ta−M logB(2 + T + a−1).

Let D > B. Then all shells with

T ≥ a1−M logD(e+ a−1)

give a uniformly bounded dyadic tail.
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Proof. The shell contribution is

≪ a1−M

T
logB(2 + T + a−1).

Summing over dyadic T ≥ a1−M logD(e+ a−1) gives the same dyadic logarithmic summation as
before, with an additional prefactor a1−M and lower limit a1−M logD(e+ a−1). The ratio of the
prefactor to the lower limit is

a1−M

a1−M logD(e+ a−1)
= log−D(e+ a−1),

which absorbs the logarithmic loss when D > B.

Corollary 8.2 (The difference between M < 1 and M = 1). If M < 1, then

a1−M logD(e+ a−1) → 0 (a → 0+).

Thus the remaining low-frequency region shrinks toward t = 0.
If M = 1, then the transition scale becomes

logD(e+ a−1),

which grows as a → 0+.

Proof. If M < 1, then 1−M > 0, so the power a1−M dominates the logarithm and tends to 0.
If M = 1, the power factor disappears.

Remark 8.3. This is the main geometric distinction. The M < 1 input pushes the remaining
obstruction into a shrinking region near t = 0. The M = 1 input clears the high-frequency tail
but leaves a growing logarithmic strip.

9 The zero-exclusion condition forced by finite enlarged low
energy

Accepting the natural M = 1 loss is analytically reasonable, but it has a geometric cost.
The remaining low-frequency region is

|t| ≤ RD(a), RD(a) = logD(e+ a−1).

As a → 0+, this region expands:
RD(a) → ∞.

Therefore one cannot control CD(a) merely from local regularity of H0 near s = 1/2.

Definition 9.1 (Enlarged low strip). For D > 0, define

KD =

{
1

2
+ a+ it : 0 < a <

1

2
, |t| ≤ logD(e+ a−1)

}
.

Proposition 9.2 (Zero-exclusion forced by finite enlarged low energy). Let 0 < a < 1/2. If

CD(a) < ∞,

then

ζ

(
1

2
+ a+ it

)
̸= 0 (|t| ≤ RD(a)).
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Equivalently, if there exists a zero

ρ =
1

2
+ a+ iγ

with
|γ| ≤ RD(a),

then
CD(a) = +∞.

Proof. Suppose that

ρ =
1

2
+ a+ iγ

is a zero of ζ(s) with
|γ| ≤ RD(a).

Then

Ha(t) = H0

(
1

2
+ a+ it

)
has a simple pole at t = γ, with nonzero principal part. Hence, near t = γ,

|Ha(t)|2 ≍
1

(t− γ)2
.

If γ ̸= 0, then

Wa(γ) =
aγ2

(a2 + γ2)2
> 0.

Thus, for sufficiently small δ > 0,

Wa(t) ≫ Wa(γ) > 0 (|t− γ| < δ),

and so ∫
|t−γ|<δ

Wa(t)|Ha(t)|2 dt ≫
∫
|t−γ|<δ

dt

(t− γ)2
= +∞.

Therefore CD(a) = +∞.
If γ = 0, then the zero would lie at the real point

s =
1

2
+ a, 0 < s < 1.

It is classical that ζ(s) ̸= 0 for 0 < s < 1. Hence this case cannot occur.
Thus any zero of ζ(s) on the segment{

1

2
+ a+ it : |t| ≤ RD(a)

}
forces CD(a) = +∞. The contrapositive gives the zero-exclusion statement.

Remark 9.3. This proposition should be read as a necessary zero-exclusion condition for finite
enlarged low energy:

CD(a) < ∞ ⇒ no zeros on the corresponding vertical segment.

It is not a proof of any zero-free region. It identifies the obstruction.
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10 Why the enlarged region is not a shrinking cone

A shrinking low-frequency cone has the form

|t| ≤ aR(a), aR(a) → 0.

In that case the region
1

2
+ a+ it

approaches 1/2, and the known fact
ζ(1/2) ̸= 0

can imply local boundedness of H0 for sufficiently small a.
The enlarged M = 1 low region is different:

|t| ≤ RD(a), RD(a) = logD(e+ a−1).

This does not approach t = 0. Therefore local holomorphy of H0 near s = 1/2 gives no uniform
control of the entire region.

Proposition 10.1 (Failure of shrinking-cone localization). Let

RD(a) = logD(e+ a−1).

Then
RD(a) → ∞ (a → 0+).

In particular, the region {
1

2
+ a+ it : |t| ≤ RD(a)

}
does not shrink to s = 1/2.

Proof. This follows immediately from

log(e+ a−1) → ∞

as a → 0+.

Remark 10.2 (Comparison with shrinking-cone notation). A shrinking low-cone condition is
usually written in the form

|t| ≤ aR(a)

with
aR(a) → 0.

The enlarged low region in the present M = 1 framework is instead

|t| ≤ RD(a), RD(a) = logD(e+ a−1).

In shrinking-cone notation this would correspond to

aR(a) = RD(a), R(a) =
RD(a)

a
.

Hence
aR(a) = RD(a) → ∞,

not 0. Therefore shrinking-cone local regularity near s = 1/2 does not apply to the enlarged
M = 1 low region.

Remark 10.3. This is the geometric cost of accepting M = 1. The high-frequency tail is cleared,
but the remaining low-frequency region is no longer local.
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11 Rebalanced criterion at the M = 1 scale

Combining the preceding results gives a clean conditional criterion.

Theorem 11.1 (M = 1-admissible spectral reduction). Assume the M = 1 dyadic mean-square
input: ∫

T<|t|≤2T
|Ha(t)|2 dt ≪ Ta−1 logB(2 + T + a−1)

uniformly for 0 < a < 1/2 and T ≥ 1. Let D > B. Then

sup
0<a<1/2

Gspec(a) < ∞

if and only if
sup

0<a<1/2
CD(a) < ∞.

Moreover, finite enlarged low energy forces the zero-exclusion condition

ζ

(
1

2
+ a+ it

)
̸= 0 (|t| ≤ RD(a)).

Proof. The conditional equivalence of Gspec and CD follows from the M = 1-conditional reduction
to the enlarged low energy. The zero-exclusion condition follows from the preceding proposition.

Remark 11.2. The theorem should not be read as a proof of RH. It says that at the natural
M = 1 scale, the high-frequency tail is not the main obstacle. The obstacle is the enlarged
low-frequency energy, which includes a zero-exclusion requirement on a growing strip.

12 Interpretation

The M = 1 framework gives a balanced picture.

Mean-square input at M = 1 =⇒ high-frequency tail cleared.

But the remaining low-frequency region is

|t| ≤ logD(e+ a−1),

which grows as a → 0+. Thus

M = 1 is analytically natural

because it matches the unsmoothed vertical packet scale, but

M = 1 is geometrically expensive

because it leaves a large low-frequency region.
By contrast, an M < 1 input is analytically stronger but geometrically more favorable: the

remaining low-frequency region shrinks.

Input scale High-frequency effect Remaining region

M < 1 clears tail shrinking low region
M = 1 clears tail enlarged logarithmic strip
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13 Limitations

The paper has several limitations.
First, it does not prove the M = 1 dyadic mean-square input. That input remains a serious

zero-sensitive analytic estimate for ζ ′/ζ.
Second, it does not prove boundedness of the enlarged low-frequency energy

CD(a).

This low energy may contain poles from hypothetical zeros off the critical line.
Third, it does not prove RH. The paper only shows that the natural M = 1 scale is compatible

with high-frequency clearance and identifies the enlarged low-frequency obstruction.
Fourth, this paper treats Gspec(a) as a spectral target quantity. It does not, by itself, establish

that
sup

0<a<1/2
Gspec(a) < ∞

is equivalent to RH, or that it implies RH. Such a conclusion would require an independent
spectral criterion.

Fifth, the logarithmic exponent D > B is not optimized. The purpose is structural rather
than sharp.

Sixth, the analysis uses dyadic shell estimates. Passing from global translated mean-square
bounds to such dyadic estimates is standard but still an input.

14 Conclusion

The natural diagonal packet scale for the unsmoothed vertical logarithmic derivative

ζ ′

ζ

(
1

2
+ a+ it

)
near the critical line is

Ta−1 log T,

corresponding to M = 1. This paper examined the dyadic spectral framework at that natural
scale.

The key calculation is that on a high shell T < |t| ≤ 2T ,

Wa(t) ≍
a

T 2
.

Thus an M = 1 mean-square input gives shell contribution

a

T 2
· Ta−1 logB(2 + T + a−1) =

logB(2 + T + a−1)

T
.

The dyadic sum of these contributions is uniformly bounded once

T ≥ logD(e+ a−1)

with D > B.
Therefore accepting M = 1 does not destroy the high-frequency reduction. It clears the

dyadic tail. The price is that the remaining low-frequency region becomes

|t| ≤ logD(e+ a−1),

which grows as a → 0+. In shrinking-cone notation this region would correspond to aR(a) → ∞,
not aR(a) → 0. Local regularity near s = 1/2 therefore no longer suffices to control it.
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Thus the result is a conditional spectral reduction, not an RH criterion by itself.
The final message is:

M = 1 is analytically natural but geometrically expensive.

The high-frequency barrier moves into an enlarged low-frequency obstruction.
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