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Abstract
We study structural limitations of a class of geometric approaches to

the Yang–Mills mass gap problem, based on the Fundamental Modular
Region (FMR)with the Gribov–Zwanzigermeasure dµGZ = det(M [A]) e−SYM DA.
This work constitutes a rigorous theory of limitations for the class under
consideration, and does not claim to prove the mass gap.

Rigorous results. (1) No-Go Theorem 2: under polynomial vanish-
ing λ1(M [A]) ∼ sk, all exponential localization mechanisms based on a
scalar function h(− logλ1) with h = O(

√
u) are forbidden. (2) Dominance

Theorem 3: when multiple mode classes are present, convergence of
the functional D is governed by the class with the smallest exponent
βmin. (3) Explicit computation in the multiscaling regime (Section 4):
with logarithmic corrections, the convergence criterion depends on the
correction exponent and the spectral density.

Conditional results. Under six hypotheses (Section 3): classifica-
tion of spectral flow regimes and the universal survival condition 2β+p >
1; the mass gap problem reduces to three independent barriers.
Keywords: Yang–Mills theory, mass gap, Gribov horizon, fundamen-
tal modular region, spectral flow, pushforward measure, multiscaling
regime, dominance of βmin, reflection positivity, three independent bar-
riers.

1 Introduction
1.1 Problem and Context
The Yang–Mills mass gap problem [1] requires proving that the quantum
HamiltonianHYM of pure non-Abelian gauge theory in four spacetime dimen-
sions possesses a strictly positive spectral gap ∆ = λ1(HYM)− λ0(HYM) > 0.

The present work studies a class of approaches defined by:
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(C1) The FMR Ω ⊂ A = Ω1(M4, g), where M4 is a compact oriented Rieman-
nian four-manifold [2].

(C2) Physical Hilbert space Hphys = L2(Ω, dµGZ), dµGZ = det(M [A]) e−SYM[A]DA,
where M [A] = −Dµ[A]D

µ[A] is the Faddeev–Popov operator on M4.

(C3) Connection to HYM via Osterwalder–Schrader reconstruction [3] (Hy-
pothesis 1).

1.2 Central Object
The central functional is:

D :=

∫ ε0

0

∫
R

v2

λ2
dρ̄(λ, v), (1)

where ρ̄ is the pushforward measure of the spectral flow (Definition 1).

1.3 Three Independent Barriers

Barrier Object Hypotheses

Geometry of flow Asymptotics of E[v2|λ] 3, 4
Mode statistics Factorization of ρ̄ 5
Quantum reconstruction OS-axioms for dµGZ |Ω 1

The barriers are logically independent.

2 Rigorous Results
2.1 Geometry of the FMR
Theorem 1 (Dell’Antonio–Zwanziger [2]). (i) Every G-orbit intersects Ω.
(ii) Ω is convex and bounded: ∥A∥L2 ≤ C1/2Λ−1

YM, D := diam(Ω) <∞.

The measure dµGZ is strictly positive on int(Ω) and degenerates on ∂Ω:
det(M [A]) → 0 as λ1(M [A]) → 0.

2.2 No-Go Theorem

Theorem 2 (No-Go). Let γ : [0, 1] → Ω be a geodesic with γ(1) ∈ ∂Ω,
s = 1 − t, and λ1(M [γ(t)]) ∼ C0 s

k, C0, k > 0. For any non-decreasing h ≥ 0
with h(u) ≤ Ch

√
u:∫ 1

0

h(− logλ1(M [γ(t)])) dt ≤ Ch ·
√
kπ

2
< +∞. (2)
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Proof. As s→ 0: − logλ1 ∼ k| log s|. Substituting u = − log s:∫ ε

0

h dt ≤ Ch

√
k

∫ ∞

0

u1/2e−u du = Ch

√
k Γ

(
3
2

)
= Ch

√
kπ

2
.

Remark. Theorem 2 forbids all exponential localization mechanisms based
on h(− logλ1). It does not forbid mechanisms depending on non-local func-
tionals, the full spectrum {λj}, or inter-mode correlations.

2.3 Pushforward Measure of the Spectral Flow
Definition 1. ForA ∈ Ω, ∥δA∥L2 = 1, define spectral velocities via the Feynman–
Hellmann formula:

vj(A, δA) := ⟨ψj[A], (DδAM [A])ψj[A]⟩L2(M4),

where {λj(M [A]), ψj[A]} are the eigenpairs of M [A].
Pushforward measure: ρA,δA :=

∑
j δλj

⊗ δvj ∈ M(R+ × R).
Averaged measure: ρ̄ :=

∫
Ω
ρA,δA dµGZ(A).

Functional:
D =

∫ ε0

0

E[v2|λ]
λ2

ρ0(λ) dλ, (3)

where ρ0(λ) =
∫
dρ̄(λ, v).

2.4 Dominance of βmin

Theorem 3 (Dominance). Suppose small modes decompose into K
classes with β1 < · · · < βK: for class k, E[v2|λ, j ∈ k] ∼ Ckλ

2βk, Ck > 0,
and ρ

(k)
0 (λ) ≥ ckλ

p. Then:

D ≥ C1c1

∫ ε0

0

λ2β1+p−2 dλ.

Consequently: (i) 2β1 + p ≤ 1 ⇒ D = +∞ regardless of other classes;
(ii) 2βk + p > 1 for all k ⇒ D <∞ possible (subject to Hypothesis 5).

Proof. D ≥
∫
class 1 v

2λ−2dρ̄ ≥ C1c1
∫ ε0
0
λ2β1+p−2dλ, diverging when 2β1 + p ≤

1.

Remark. Theorem 3 requires neither Hypothesis 4 nor 5.

3 Hypotheses
All six hypotheses are independent and open.
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Hypothesis 1 (Osterwalder–Schrader). The reflection positivity axioms [3]
hold for dµGZ |Ω; HYM is recovered via OS reconstruction. Consequence:
λ1(L) > 0 ⇒ ∆ > 0.

Remark. Hypothesis 1 is the central barrier. In the classical GZ formalism,
reflection positivity is violated [7].

Hypothesis 2 (Malliavin analysis). TheDirichlet form E(u, v) :=
∫
Ω
⟨∇u,∇v⟩dµGZ

is well-defined; its generator L is self-adjoint in L2(Ω, dµGZ) [19].

Hypothesis 3 (Asymptotic homogeneity). As λ → 0, all modes ψj with
λj ≈ λ belong to one asymptotic class:

|⟨ψj, (DδAM)ψj⟩L2(M4)|
λβj

λj→0−−−→ C ∈ (0,+∞)

uniformly in j, dµGZ-almost surely. If violated: Theorem 3 applies with
βmin.

Hypothesis 4 (Power law with uniformity). Under Hypothesis 3: ∃ β ∈
R, C > 0 such that

E[v2j |λj = λ]

λ2β
λ→0−−→ C, (4)

uniformly over unit δA and dµGZ-typical A. Without uniformity, β is not
a geometric invariant.

Hypothesis 5 (Factorization). The pairs {(λj, vj)}j≥1 are stochastically
independent dµGZ-almost surely.

Hypothesis 6 (Entropic coercivity). ∃ ρ > 0: EntdµGZ
(f 2) ≤ (2ρ)−1E(f, f)

for all f ∈ L2(Ω, dµGZ). Necessary condition: D < ∞. Consequence (un-
der Hypothesis 2): λ1(L) ≥ 2ρ > 0 [15].
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4 Multiscaling Regimes
Definition 2. The spectral flow ismultiscaling if no β ∈ Rmakes the limit (4)
finite and positive.

Consider the logarithmic correction:
E[v2|λ] ∼ λ2(logλ−1)−α, α > 0. (5)

Formally β = 1, so 2β + p > 1 for p ≥ 0. Substituting into (3) and setting
u = logλ−1:

D ∼
∫ ∞

| log ε0|
u−αe−pu du. (6)

• p > 0: exponential decay gives D <∞ for all α > 0.
• p = 0: D <∞ ⇔ α > 1. The criterion 2β + p > 1 is insufficient.

Remark. The parameter β is useful but non-universal. In borderline cases
(p = 0, logarithmic corrections), convergence of D depends on correction
terms beyond β.

5 Classification of Regimes

Theorem 4 (Classification). UnderHypotheses 3, 4, 5, and ρ0(λ) ∼ Cpλ
p,

p ≥ 0:

(I) Decorrelated (β < 0): D = +∞.

(II) Rigid (β = 0): D <∞ ⇔ p > 1.

(III) Soft (β > 0): D <∞ ⇔ 2β + p > 1. For β > 1: holds for any p ≥ 0.

Universal survival condition: 2β + p > 1. At p = 0 with correction (5):
additionally α > 1.

6 Reduction Theorem

Theorem 5 (Reduction of the mass gap problem). Under Hypothe-
ses 1–6:

∆ > 0 ⇐⇒ 2β + p > 1.

In the multiscaling case (Hypothesis 4 violated):

∆ > 0 ⇐⇒ D <∞ ∧ Hypothesis 1.

Corollary 1 (Collapse of the class). If 2β1 + p ≤ 1: no mechanism within
class (C1)–(C3) can prove ∆ > 0. A rigorous proof of this fact is an in-
dependent mathematical result establishing fundamental limitations of this
class of methods.
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7 Open Problems
Problems P1–P3 are independent of Hypothesis 1.

P1 (Geometry of spectral flow). Describe the asymptotics of E[v2|λ]
as λ → 0 for M [A] on M4: power-law, logarithmic, multiscaling. Verify
Hypothesis 4 with uniformity. Tools: Kato’s perturbation theory [20];
spectral flow [21].

P2 (Classification ofmodes). Decompose small modes into asymp-
totic classes; determine βmin; verify 2βmin + p > 1.

P3 (Mode statistics). Investigate Hypothesis 5; estimate collec-
tive contributions of correlated clusters to D. Tools: Random matrix
theory (GUE level repulsion).

P4 (Quantum reconstruction). Reflection positivity of dµGZ |Ω (Hy-
pothesis 1).

8 Perspectives
Should P1–P3 yield D = +∞ (Corollary 1), three directions remain.

I. Geometry of the Gribov horizon. Zero modes of M [A] on ∂Ω are
topological defects (monopoles, center vortices [23]). The soft regime (β >
1) physically corresponds to topological zero modes separating from the
bulk spectrum. Hypothesis: ∆ is governed by the spectral gap of H∂Ω, the
restriction of −∆A/G to topological strata of the horizon.

II. Stochastic quantization. The Langevin equation (Parisi–Wu [24])
on M4 × R+: ∂τAµ = −δSYM/δAµ|Ω + ηµ. ∆ > 0 is equivalent to exponential
ergodicity. Hairer’s SPDE theory [25] provides regularization without hard
barriers.

III. Noncommutative geometry. The spectral triple (C∞(Ω),Hphys,L)
in the sense of Connes [26]. Finite spectral dimension ds = 4 restores
∥e−tL∥L2→L∞ ∼ t−1 without Rellich–Kondrachov.

Remark. Zero modes at the horizon (I) are fixed points of the Langevin flow
(II); finite ds = 4 explains ultracontractivity (III). All three are projections of
one phenomenon: the mass gap as a topological property of the Gribov
horizon on M4.

9 Conclusion
9.1 Rigorous Results
1. No-Go Theorem 2: no hypotheses.
2. Dominance Theorem 3: without Hypotheses 4, 5.
3. Computation (6): at p = 0, additionally α > 1.
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9.2 Conditional Results
Theorem 4 under Hypotheses 3, 4, 5. Theorem 5 under all six hypotheses.

9.3 Summary
Within class (C1)–(C3), the Yang–Mills mass gap problem re-
duces to three independent questions:

1. Geometry of flow: Is 2βmin + p > 1?
2. Mode statistics: Is ρ̄ factorized?
3. Quantum reconstruction: Do OS-axioms hold?

Any rigorous result on any question — positive or negative —
is an independent contribution to the mathematical theory of
gauge fields.
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