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On certwin Qeneral Limitations affecting Hyper-magic Squares.
DBy Samuru Roperrs. Received and read Novewber 10th,
1892.

1. This paper does not aim ut making auny addition to the known
wuys of constructing magic squares.* '

ILyper-magic squares, as I regard them, include those called by the
late M. 1. Lincast “ carrés dinboliques,” and also treated of by Rev.
A. H. Tvost, under the designation **nasik squares.”f The spceial
form ig of ancient origin.  The second method given in the fragment
by Moschopulus (probably of the fourteenth century) is a general
onc for forming such squares, and they have been discussed by
varions modern nuthors. My objeet is to show some limitations to
which they are subject when the clements are positive or negative
integers.  Incidentally it will appear that hyper-magic squares of
oddly even ordoers cannob be formed of scries of consecutive natnral
numbers.§ 'There is some reason to belicve that much ingenuity has

# Notwithatanding this remark, it has been imagined that I contemplated tho
actual constrnction of hyperanagic squares having conscentive natural numbers as
clements,  So fnris this from boing tho cage, 1 havo not, unless inadvertontly,
shown that such squares oxist, 1t was not nccessary, sinco my conclusions are of a
ncgativo kind.

t "The subjoct has heen bronght into connexion with tho ¢ Geomotry of “Liasnes,”
by M. Lmeus, and others (Drincipii fondamentali delle Gevmetria dei Tessuti, per
Edonvdo Lucas, Torino, 1880 ; weo nlso Récrcations Mathématiques, par M. 18, Lucas,
Introduction, t. 1., p. xvite).

T I do not say that hyper-magic squares includo nasik squarcs, but that thoy
include ¢ carrés dinboliques,”” which, T tako it, aro hyper-magic squares mado up
of natural numbers from | to 12 (v. §2).

The fivst definition of nasik squares (Quarterly Jowrnal of Mathematics, vir.,
pPp- 93, 91) apparcutly makes ¢ earrés dinboliques * cooxtensive with them.

A later definition (Quar, Jowr., xv., p. 34) is in the following terms: *¢ A square
containing » cclls on each side, in which are placed the natural numbers from 1 to
22, in anch an order that tho constant sum {a (24 1) is obtained by adding the
numbers on 2 of tho colls, those 2 cells Iying in a varicty of different diroctions, and
thuir relative position in each direction heing defined by simple Jnws."

I ghonld not presumo to limit tho comprehensivencss of thig definition.

§ With regard to thig, I havo been referred to the following passage in Rev.
AL Frost's puper (Quarterly Jowrnal of Mathematics, xv., p. 49) :—

“ Nasik Squares of the form 2 (20 + 1) eannot be filled with conseentive natural
numbers fromn 1 40 4 (21 + 1) cither by this or the process adopted in the previous
papor; for it will ho found that, as in the squares of the form 45, we have to give
(e.g., tho case of 6%) g, py, ... pg ruch values that the sum of 3 equaly the sum of the
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been fruitlessly employed in trying to form such squares. It may be
woll to mention here that a very intercsting historical essay on the
snbject- of magic squarcs has been published by Dr. Siegmnund
Giinthor, in his work cntitled Vermischte Untersuchungen xur
Geschichte der Mathematischen Wissenschaften, Leipsic, 1876, 'T'his
work contning the fragment of Moschopulus, The short historical
notices found in ordinary books of refcrence aro nccessarily very
inadequate.

2. Consider the square array

ay (LIY) a]s Mg seeess Ay
Mgy (ag Moy Qgg .eones @y

gy Mag gy gy eevnns y, ...(1\)

Byt Az Qpy Gy aivees Ay,

Thore nro # rows, n columns, and two principal diagonals. Wo may,
however, reckon 2 (n—1) secondary or hroken diagonals, ench heing
made up of a scries of literal clements parallel to a principal dingonal
together with a complementary series prrallel to the same dingonal,
but on tho other side of it, the two scrics being composed of 2
elements.  The claim of theso pairs of sories to bo regavded as
diagonals is apparent if we suppose the arrangement to be appliod
by deformation to the sarface of an anchor ring. The broken
dingonals then become complete. ’

Further, let the numerical values of the litoral clemsnts be such
that the aum of each row, of each column, and of each dingonal, is
tho snme. Tho square i3 then hyper-magic. The number n is the
order, and the common snm-value of tho rows, columuas, and diagonals
is the weight of the squaro (A).*

3. It is mnecessary to tako the cascs of odd and even ordors
separately, ‘

other 3; but, s the sum of G = } 6-7, an odd number, they cannot bo thus divided ;
but if wo pass over one of the p's and 7's, making the s, 1, 2, 3, 4, 6, 7, and tho
p's = 0,1, 2, 3, 4, 6, and multiply tho p's by 6, we got a Nasik Square, but not in
consecubive numbers.”’

1f any onn ia antisfied that the foregoing is o proof or oven an enunciation of the
absolute negation in the text, Tinust leave tho matter so, und can only say thnt I am
unablo to read tho passago in that way.

#* Sco additional note at tho end of this paper.
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When » = 3, tho hyper-magic form is impossible except for equal
elements,

The simply magic form is

(O Qg Q3
dayy—2ay, + ayy ay+a,tay, 4”111_2%3"'”‘"
: 3 3
2ay+20,—0y  2ay+200—ay 20+ 20,0y

: 3 3 '

Here the sum-values of tho two principal dingonals, the rows and
columns are the same. JFor the elemeonts 1,2, 3 ... 9, the form is
one of the aspects of

4 9 2
3 5 7
8 1 6

Wo can make a complete set of paratlel di@gonn.ls fulfil the weight
condition by making

ayta,=2a0, or a,+a,=~=2aq,

When » = 5, the dircet hyper-magic conditions are 20 in nnmber,
but not all independent. It is convenient to write (p, q,7...) for
@+ gy + ta.+ ooy or simply (p),, when p=q=1r=.., und m is the
number of clements involved. The order of the left-hand suflixes is
supposed to remain nnchanged. ’

The conditions are expressed dircetly by

peh peb pwb pel peh

. ] Y d

2ay, = Zny, = 3a, = Za,, = Za,, = W,
et pel el el wel

aytay+a, = W—(1), Ay + gt agg = W—(45),
Myt gty = W—(2), Ayt g = W—(51),
gy + gyt gy = W—(3),, g+ @y +ag = W—(12),
Ayt ayt+ay = W—(4), Ayt gyt o = W—(23),
gty +ag = W—(5H),, g+ gy +ag = W—(34),

""al+"'4r,+ary; = W—(32),

Ay +ag+ay = W—(43),

A+ ap+ay, = W—(54),

Ayt ay+ oy = W—(15),

Qg+ + oy = W—(21).
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Writing G, for ay,—a,,, we get

(544 (34) = (1)s = (2); = Cpy—Cyy = K,
(15) + (45) = (2)y= (3)y = Oy—Cyy = K,,
(21) +(51) = (3);—(4); = Oy —Cy = K,,
(32) + (12) — (4)s— (5)s = Cp—Cy = K,
(43)+(23) = (5)s~ (1) = Cu— 0y = K,

Bub —Say+ W = —duy +ag+ ay+ag + ay, = 40y + 30, +2045+ Cyy
= 2K,+ K,+2K,

(because Oy + Ciy+ Cyu+ Cpy+ Gy = 0), and finally
Qg == (g gy — 0y

A hyper-magic squarc can always be varied, without losing its
charvacteristic propertics, by putting the last row first, or the last
columu first, or vice versdé.* This is sclf-evident when the squave is
represented on an anchor ring, or is rolled round a cylinder. Wo
can therveforo ohtain ay, ay, Gy, ay, by incrensing the right-hand
suflixes by unity suceessively, and rejecting multiples of 5 when the
rule gives a suffix exceeding 5.

The clements of the last two rows are found by using the two
next preceding rows in each case.  Thus

g = (ag+ay—ety) + (ay +ay—ay)—ay = W—a—ax—a,;—ay,

The general solution is sufficiently indicated by sctting down the
first and last columng, as follows :—

ay . . . s
ag . . . Qg
gy + 1y — Ay . . . Ogg+ Gy = Qyg
W—ay—ay—a,—a, . . . W—ay—a,—au—dy
s+ Ty —ay . . . g+ dyy—0gy,
. pet ned
with Say, = 3a,, = W.
sel sl

#* Tho definition of ¢* carrés diabolignes’ given by M. Lucas (Réeréations Math.,
Introduction, t. 1., p. xvi1.) is founded on this property.
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4, If » = 7, these are the conditions :—

nel p=l °  pe? pal wel »-7
2(1,]” = 201 = Ell;‘. = E(lqp = Eab‘, = Eaa‘, = atla,‘, I‘V
pel -l -l sl pet p=l p=

and threo other sets of conditions, the leading ‘equations of which,
expressed in the present notation, arve

ap +ag+ 0y = W (M Qg+ 0y + g = W~ (4567),
gy gy -+ g = W (5432).

The remaining conditions are formed by adding successively unity to
each right-hand suflix, and rejecting multiples of 7 when a suffix
-exceeds 7.

Writing B, for'a,,—as, we get, from the conditions,
(7654) + (3456) — (1),—(2), = Iy~ 1, = K,,
(1765) + (4567) — (2)s— (3), = Ty~ 1,y = IS,
(2176) + (5671) = (3)s— (4)s = By~ 10y = I,

(6543) 4 (2345) — (7),— (1), = By~ liy = K.

Also —Tag+ W = — Gy + ag+ g+ agy + g+ g +ayy

= OBy + 5T+ 4105+ Blig + 210, + Ty,

= 3K+ 2K+ 41, + 2K + 3K,
by means of the identity

Yy + B+ Ey+...+ B, =0.
Substituting the values of K ... K in terms of ¢lements, we get
—7ay+ W = Zay,— W+T7 (a5 + g+ ag) =3 W +7 (1 —agy—ay) + W
+7 (a4 + 0y +ay)—3W,

or ag'= Wty —ay—ay—ay,—ag + g+ oty — @y — Gg—ay,.
The values of ay, ay; follow by symmetry.

Making use now of the sccound, third, fourth, and fifth rows of
elements, we get

gy = @y + Qg+ dy+ g gy gy — gy — gy + g + g+ gy —ay —agy

+a,Fapytag— W
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The full solution is sufliciently shown by setting down the first
and lngt columns, thus :—

an . . . . . Y]
ag . . . . . Qqy
ay, . . . . . agy
() . . . . . ayy

W=y — g — Ggg =gy =gy + O3y + 35— Oy = Qg — gy .. Wm0 — Qgp~ gy = oy — gy + U3y + gy = G g = By —yy

Oy + Qyg b Oy + Qg + Aoy + Qg = Aoy Ay } { Ay + @y + a5+ Ay + Agy + Agg— A —Qyy
+ Oyt Qg gy~ By = Oy b A F Gk ag— 117 F Qg+ gy Ogy = Ay Wy ok Qg o gy o+ g = T

W=y — agg= gy gy + gy 4 g — 0y ~ Mgy = g .. W e g e 13— 1,0 = Ay A+ A= 7 — gy =y,

. pn u-:7 pe] pel
with E(Lh. = 3a,, = 2“3,. = E"q,, = W,
pel pel py pel

5. Weo can now sce the form of the general solution for n = 2m+1.

Using tho same notation, and writing Pab for ay.1,4—0zm-1, WO
got, from tho hyper-magic conditions,

@m+1, 2m, 2m—1 .. 4)+ (345 ... 2m)— (D)gpa— (2)sm-z
= Py—Pips,e = K,

Q, 2m+1, 2m ... 5)+ (456 ... 2m+1) —(2)an.2—(3)am2
= P,—P,=K,,

eve XY eee

(2m, 2m—1,2m—2...3)+ (234 ... 2n—1) —(2m+1)sa— (L )2usus

= szn,z"Pm,) = I(2m¢h
and also

—(2m+1) g+ W = 2m Py + (2m— 1) Py + (2m—2) Pr+ ...
v F (1) Lo, o1 + Py 2y + (m=—=1) Py
+ (m—2) I+ oo+ P2z
= mI,+ (m—1)K;+2(m—1) K,+2(m—2) K,
+3 (m—2) K+8 (m—3) I+ ...
v +2 (m—=1) Kppp o+ (m = 1) Iy + KK

The tast right-hand cquivalent is verified by adding the zero valuo
m(Py+ P+ .o + Dy 1), and replacing K, ... Ky, by their P-valuos.

The values of Ay, 1.5 ... Mooy 2wy 80 oblained by symmetry, and
the remaining rows also by repetition of same process applied to the
2m—2 next preceding rows in cach case.
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6. In order, however, to reach definite conclusions, we must go into
a little further detail.

Tt will bo shown that the numerical coeflicients of the literal cle-
ments of any one of the first 2m—2 rows iu tho value of a,-,,, have
the same residues relative to 2m+1 as modulus. To this end, the
result of the last article is written more fully, as follows :—

— (2‘"1 + 1) a‘)m—l,l + ]V
= m{Q, 2m+]1,2m..5) +(4,5,6..2m+1) = (2)a-s— ()2} )

+(m-1) { 2,1,2m+1...6) +(5,6,7...2m 4+ 1,1) — (3)2sa— (44),,,,_2}

+2(m—1){8,2,1.,.7)+(6,7,8 ... 1, 2) — (4)pses— (B)am-2}

+ oo eve oo .oe ere .es vae

+(m-1) {(2m-2, 2m—3,2m—4 ... D+ (Zm+1,1,2... 2m—3)

’—(2'rn -— 1)2"1 g™ (27":)2,,,_3}
+m {(2m-—1, 2m—2,2m—3...2)+(1,2,3 ... 2m—2)
- (277‘)2"»—3— (2m+ 1)2."—2} J

ey .es

For uniformity of law, we may consider unity in the first row as
equivalent to 2m + 2.

Let p be a suffix of the series (2m+2,2m+1 ,., §), and let 7 be the
741" suffix in the column of which the leading term is p. Then

P+7’ = 'r+p (2'm.+1) ....,..............u.n...(ﬂ),

whero p is zero or unity, Similarly, let ¢ be a suffix of the series
(4,5,6...2m41) of the same rank (say ¢) as p, and lot 7 be the
s+ 1* suffix of the column whose leading term is g. Then

gtre=r4+p (Em+1) .iiviiiniiriiinn, R,
when p’ is zoro or unity, Also we have

PHq=2m+6 ,.ciriiniiiiiiininininnnn (7).

If v is .odd, the numerical coofficient, outside the brackots of the

7+ 1® row, ia
+1 +1
t;)-—-(m— 7—2—') ....................-......(3);

&

if r is even, the coefficient is

Z.‘fq;? (m__;_) rveeenresreesenonanesneens(€)s
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The same rules apply to 8. For » = 2m—1 or 2m, the value of ()
or (€) is zero,
Thero are several cages to consider,

1., » and s both odd : the coeflicient of @, in the right-hand member
of (B), is, by (a), (8), (), and (8),

r—p+14pCm+1) (1—p)2m+1)+p—r~2
2 ' 1

4 Ttp—d= (=)@ t]) (2—g)emt1)=p=r+3
2 ) 2

_(r=1)(@m-7+2)
NTLAS I Y
the last term being due to terms (7)4.2-

Since p, p’ arv in this case both zero or both unity, we write p for
g, and the expanded coefficient is

${-2=p) @m+1y+p (4—4r)(2m+1)+(2r +2p—8)(2m +1)
—2 (p—2)(p—3)}.
The residuoe, relative to 2m 41 us modulus, is independent of r, since
the exphmt multiplier of 2m 41 is integer.
IL, » and ¢ are both cven: the coefficient of a,, is by (a), (B),
(7) and (e),

r—p+2+4p (Cm+1) (1—p)(2m+1)4p—r—1
2 ' 2

r+p—8—(1—p)(2m+1) (2—p)Bm+1)—r—p-+4
g . 2

+

_(r=1)(2m—r4Y)
L2 ’

Wo may write p for p/, since they have the same values, and the
expanded expression is

H-2Q-pr @mt1) e (4—4r)(Bm-+ 1) + (2r +2p—6) (2m+1).
-2 (p-2)(p-D}

The residue, relativo to 2m 41 as modunlus, is independont of r, and
the same as before.
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In the cases TII., 7 odd and s even, IV, r evon, s odd, we may put,
1—p for p.  The coeflicient of a,, is, in both cases,

1 {—2" 2m+1)+p (4p—10)(2m+1)—2 (p—2)(p-3)}.

The residue is the same, relative to 2m+1 as modulus,

7. It appeays theu that
"‘(07’)'&+1) @ m-l l = ( m + l‘) L+FW

where L is a linear and integral function of the elements of the first
2m—2 rows, and

y-é?moﬁp_g 'P—S — 2'"1,-— 2')1L _211 1

p=—l- 3 2 53 T

Hence, if all the eloments are to be integers, and 2m+1 is a multiple
of 3, W must alsa be a.multiple of 3.. This condition ia.satisfied
when the elements are in arithmetical progression, and in fact hyper-
magic squares can be formed in this case. Yot there is a well-known
fundamental distinction between the cases of orders prime und not
prime to 3, as to manner of construction,

This difference 18 due to the circumstance that if we have 2m+1
digtinct literal elements. repeated 2m-1. times, we cannot form a
hyper-magic square with them when the order IS a multnp]e of 8,
The conditions

p=2n4) p=2m 4} p-2mﬂ

3a, = 3a, =,.= Zwm_'a“_.-. w
pel pal [l

are to be satisfied,

8. I pass now to the case of an even onder For the order 4 the
general form is

ay Gy Ay Q4
i
—;K - +s —-a,ma, }‘Z ay+8, —;Ig-.—a, 8,
W |i4 w V
5 o W o "% !2 @y
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of course, with tho condition
atagtayta,= W.

For integral elements, therefore, W must be even. This condition is
fulfilled by numbers in arithmetical progression. A number s is
introduced, for which there is no equivalont when the order is odd.
"The next even order, 6, shows the same peculiarity, Wo have

Gy Gy Gy Gy G Gy
Gy G Ggy Qo oy Copr
The sums of these rows mnst satisfy the weight condition, and then

g tag+ay = W—(1), g+ ay+ay = W—(456),
agtantag = W—(2), agtag+ay = W—(561),

ayptagtay = W—(6), Qg+ gy +ag = W—(345),
B+ Oyt g = W—(432),
Qg+ ay +uy = W—(543),

Cp+ g+ tg, = W—(321),
whence we get

by — gy + gy — tyy = (664) ~ (1), A~y +ay—ay, = (234) —(1),,
gyt —agy = (165) — (2)s Go—0y+dy—uy = (345) —(2),,
U= gt Ay —ay = (543) — (6)y G0yt tg—ayy = (123) —(6),;
and theu, writing P, for a,,—ay,
g —ag+y—ay = (654) + (345) —(1),— (8)y = Py+ Py = K,,
GG+ —ty = (165) +(456) — (2)g— (3)y = Loyt Py = K,

g —tgt oy — e = (543) +(234) — (6),~ (1), = Pyu+ Py = X,

n=t =8 peb
and 2a), = 2, =...= 4, = W.

pel p=l sl
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Also we have
Py, = Py,
Py = Py + Py,
P, = Py + Py+ Pyy+ Py,
P, = Py+Py+Py+Py+ P,
Py, = Py+ Py+ Pyt P+ Py + Py,

whence ~6a,+ W = 5Py 4 4P+ 31+ 2P+ Py + 3P, ;
similarly —6ag+ W = 5P+ 4P+ 3P+ 2P+ P+ 3P,
and  —6(ay+ag) +2W = 81, + 6Py +3Py + 7P, + 5P, + 4P,
which can be expressed in terms of the K's.
For, taking
pK +qK,+rKy+ s K+ tKy + uKy+k (P + P+ Py) + (P + Py + Py,),

and identifying the expression with the value of —6 (a, +ay) +2W,
wo muy make p =u = 0 (becanse K,+K;+K; = K+ K,+ K, = 0),
so that

k+q=8, kts—r=06, k—t=4, l+r—q=17, 1=3,
l+t—s=5,
the solution of which is
q=0, k=8, t=4, s=2, r=4;
and therefore  —3 (untay) + W = 2K,+ K +2K,;
similarly =3 (agtay) + W =2+ K +2K,,

"These equatiouns show that ono -of the eloments of the fourth row
remdins undetermined.

Substituting the values of the K's, wo got

—(ag+ay) = “11+“xs+a51+aa‘x—ast"‘azu+ Uyt gy — gy =Gy — 232_1’
Put - = (0ta,) = “11+“gl‘“u+“sx—aa;‘ 14

3 3
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and then we have

Ay T = Ay =y F Gy —ty g+ J;-/—a’

114
Uy = = Qg = Oy + Ay —ay +ay+ g +9,

w

gy = — G~y + ay—ag+ay+ T +0.

This shows that for integral elements the weight must be a multiple
of 3.

But W must also be even; for, if we take as given the elements of
tho first four rows, we get

—0Ba,+ W = 5 (agg—ay) +4 (ay—ay) +3 (a5~ ag)
i + 2 (ag—dg) +ag— g
= 5[ (B156)~(2)¢]+4 [ (4561) - (8),]
+3 [(5612) = (4), ] + [ (6123) — (5), ] +(1234) — (6),
= W Guyy+2W—6ay—Gay+3 W~ bay, —Bagy— By
+4W—06ay—06a,—6a,—06ay,

4
or @y = @yt ity tantaygt+aytoy— ey —a,— Y

Substituting for ey + ay, .
ag, = Gy + s+t ity + @y g+ ay + ay+ ay— LW,
The first column of the genoral form of solution is thorefore
s
aﬂll
"ty

14
—ay Qg+ Gy Ay +ay+ W —34,

ay+ gt gyt + gt ay—ay +ay +ay+ay—~FW,
=y Qg g — Uy — Qyy— llyy— Uy~ Gy — 4y — by + ALV 46,

The othor columns ure obtuined by suceessively adding unity to the
right-hand suflixes and changiug the sigus of a.
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9. Let # = 2m, and donote ay,_, ,~as.-s,, by P,,.
Then, analogously to previous cases,
Pyt Pygn = @, 2m = L..d) = (Dt (3,420 — 1) = (2)sng = K,
Py+Py, = (1,2m ...5) —(u-st+ (45 ...2m) —(Bluw =K,
Pyt+Py = (21 .. 6) —@Blauzat (5,60 2m, 1) = (). = Ky

172::1,2+Pl,‘.!m-l = (2”‘—'11 27)’5—2 e 3) - (27"')2".-3+ (2, 3 e 2m hd 2)
_(1)2"1-3 - If‘.‘m;
also, sinco Py = Py,

Py = Py + Py,
1‘.“ = 1’3[ +I)(,a+ .o +P‘.'.‘tus+ P2m, 2m=1y

Pons = Pyt Pyt oo Ponan s+ Pon s
weo have
Bty g 1+ W = (2m—1) Pyt (8m—2) P+ ...+ (m+1) Pouey 2ues
' +ml’y pu+ (m—1) Pg+ ...+ Papy sz +mPy, gy,

and the values of as,_y,4... Guy.y2s follow by symmetry; so that we
have

—2m (@pn_s+ Bo-g,2) +2W
= (3in—1) P, +(3m—3) P+ (3m—5) Pp+...
+(m+3) Popcr gy (4 1) Py o+ Py,
+(Bm—2) Pt (Bm—4) Pyt oo 4 (m+2) Py s
Identifying the right-hand member with |
G+ 0, K+ py K+ oo 4 pon K
Fh (Pt Lo+ oo + P ciyzunzet Piy ) F (P 2+ PgF voe + Pongyguaza)s
we got
k+p,—p, = 31n;l, ktpy—py = 3m—3, ... 4 pon—puny = m+1,
l+py—py=8m—2, l4+p,—p, = 3m—4, ... 4Py 1—Poer = m+9,

L+ p—pa, = m.
VOL, XXI1V.—NO0. 4563, B
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The solution is (when, by mcans of the two zero periods of the K's,
we make p, = p,, = 0), k=3m—1, l=m,
P =0, py=2m—2, p,=4m—8, p, =06m—18, .., py,., = 2m—2,
Pe=2m—4, py=4m—12, py=6m—24, .. pou_y = 2m—4;
whence
—m (a’.‘m-'.’,l +“:.'m-2,‘3) + w
= (m=1){(2,1,2m ... 6) —(8)au-s+ (5,6 ... 2m, 1) = (4)g-3}
+(1TL"’2) {(3, 2! 1 e 7)—(4!)‘.'111-3'*-(6) 7 o ]' 0)—(5)"111—:l}
+2(m—-2) {(4,3,2 ... 8) = (5)uu-y+(7,8 ... 2,8)— (0)1.,.-s}
+(m—1) {(Qm—‘l, 2m—3...1,2) - (2m— 1) -3
+(1,2,3...2m—3)—(2 m)g,,.-n} .
For uniformity of law we may write 2m+9, 2m+1 for 2,1 in the
first row of the right-hnnd momber.
Liet p be the o™ saflix in the series (2we+2 .., 6), and let g be the
o™ suffix in the sevies (5, 6... 2m —1). Then, for the suffix r, in the
- 41" place of the colnmn to which p belongs, and in the s+ 1" place
in tho columm to which ¢ belongs, we have
pHr=r+4pEn), qts=r+p (2m), p+q=2m+7,

when p, p’ are zevo or nnity. Obsorve also that the cocilicient ount-

side tho brackets of the r+1" row is ".‘tl m— r+d if » is odd,
and 7_!;2 (m I)—+ ) if 7 is evon. 'T'he coefficient of (T)am-s i8

_(r=2)(2m—r+1)
A
Now 7 and s ave not of the same parity, becwuse p and g are not.

If » is even and s odd, tho coeflicient of «,, on right-hand side of tho
eqnation is :

r=p+2+p(2m) (A—p)Em)—r4p—2
2 ) 9
$ TR0 G -1 (2 (2—p)(2m) —r—ptd
] N 2

(r——‘))( m—r+ l)
2
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Expanding this, we find, after taking away the multiple of m, as it
appears explicitly, o vesidue '—P:—:i‘fj-j, which is independent of
73 tho result is the same if r is odd and s even. Hence

= (Bypyaz, 1 Bga g, 2) = ML+ puW,

where L is a linear and integral function of the elements, and

=1 p=8.p—4_ _ 2m—2.2m—1.2m
- n=t 2 - 2 . 3 *

Ience, if the elements nre all integral and m is a multiple of 3, W
must also be n multiple of 3. The conditions

pem pe2m

E]ah‘ = ... = Eam“_g.p = 1V
- pul
must be satisfied.
10. To show that W must also be even, recourse must be had

to the value of ay,_1,1, when the elements of the first 2m—2 rows are
assumed to be given. We may take the form for » gencrally, viz.,

Ly @y e Ay -

an,h “n,'z coe an,n
Then Wyt =ty = (2,3,4 . n—=1)—(1).a = K,
Ay_y, 20— Q1,1 = (3, ‘.l‘, 5 see 71«) "(2)11-1 = I('h

Qpagyn ™ Ay, n1 = (1) 2~ 3. 10—2)_(70)"—2 = Icn-
Becauso Auore = Kty @y = Kyt Ky,
Qyor,0 = ]L-q+1c.1+](a"'”'u—l.h &e.,
ﬂ.rl](l "’n—l,l+"’n-l,‘.‘+---+a’u—|,n = 1w,
we get —na,_;,+ W= (n—1) I+ (n—2) K;+ (n—3) K,+... + K..
This may be written more conveniently
=Ny + W= (1L—1){(3, 4, hoon)— (2),,_2}
+ (=) {(4, 5, 6 ... 1) —(3)..0}
+ =3 {5, 6,7 .. 2) = (1)}
+ 5(1,2,5 .. 1:1—2)-(11-),,_-_,}.
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Tiet p be the o' sullix of tho set (3, 4, 5 ... n), and let r ho the
snflix in tho »+ 1" row on the right-hand side of the equation, and in
the colnmn nnder p. Then

ptr=r+pn,

whore p is zcro or unity.  The corresponding multiplier ontside the
brackets is n—»—1, and the whole coeflicient of «,, on the right-hand
gido of the cquation is (n—r—pun+p—1)—(n—7r+1), and this is
congruent with p—2 as to tho mod =,

Hence —at, gy = nli+pl,

where T is an integral linear function of the elements of the first
n—2 rows of (C), and :

_n—2.,2-1 1=" (n—3)
== T =0T

"< 2y -1
# _,:3(17—-“)-' 2

1t follows that for integer elements W must be cven, if # is even.

Heuce a hyper-magic square of aven ovder cannot he formed with
integer clements unless the weight is even, nor if tho order is a
multiple of 3, unless the weight is also a multiple of 3.

The elements 1, 2, 3 ... 4 (2m +1)* give the weight

= (2m+1) [4« (2m+ l)*+1].

whieh is odd.  Comsequently, o hyper-magic square with theso
clements is impossible in every case.

Moreover, it is not possible to form an oddly even hyper-magic
squave with integer clements in avithmetical progression, as a.+4d,
a+2d, & For anch o square is the sum of two squares, one of
them having equal clements, and the other having the clements
1,2,3 ... 4(2mn+1), ench multiplied by the common difference, and
this iz tho case though we make the weight even by appropriate valnes
of @ nnd d.

Additionnl Note.

I did not think it nccessary to justify my uso of the names * magic
square”’ and “hyper-magic square ” for squares filled np with any
numbers fulfilling the usnal magical conditions as to swmmation,
But some mathematicians still insist on a narrow meaning, and,
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therefore, I now add several extracts which bear me out in a more
liberal application of the terms.

It in quite trne that the earlier (and, as I think, unfortunately,
some later) definitions require n magic square to have for elements
the natural numbers from 1 to 2%, where 2 is the root or order.
But it was fonnd unnecessary and mathematically nndesirable so
to vestrict the meaning. 'I'hus, Schottus (1664, Curtvsa T'echnica,
Lib. xt, Cap. xiv., quoted by Giinther) formnlates the problem as
follows: * Numeros quoscunque quadratos ita in quadrata disponere,
ut quwevis series additre, sive transversim sumantur sive o summo
deorsum sive decussatim seu dingonaliter semper eandem summam
conficiant.” The historical notice connceted with M. Sauveur’s paper
(1710, Mém. de I dcaddmic Royale des Sciences) contains the following
passage: “De tout cela il suit qu’au leu qu'on prenoit pour la con-
struction des Quarrés Magiques que des nombres en progression
arithmétique et mnéme nnturelle, la choix est benucoup plus libro
qu'on ne pensoit. Cest telle liberté, reconnue par M. Sauveur dans
toute son dtenduo et avec les senles restrictions absolument neccs-
saires, qui lni a fait naitve ln pensée do construire les Quarrés
Magiques par lettres, c'est-i-dire d'une maniére beamcoup plus
générale que 'on n'n jamais fait et aunssi générale qu'il soit possible.
Car dds gue les nombres ont quelque chose en général et d’'indétermind,
les lettres sont propres A exprimer toute lenr géndéralité ct lenr
indétermination,”

Then, in Hutton’s edition of Ozanans Recreations (1803) we find
that “the nnane *magic sqnare’ is given to n square divided into several
other small cqual squaves or cells, Gled up with the terms of any pro-
gression of numbers, hut gencrally an arithmetical one, in snch a manner
that those in cach band, whether horizontal or vertical or diagonal,
shall always form the same sum.”  In the Penny Cyclopandia, it is, I
sappose, Professor de Morgan who writes:  Magie squave. — This
term ig applied to a set of nnmbers wrranged in o square, in sueh
manner that the vertical, hovizontal, and diagoual columus shall give
the same sums.” There are intermediate definitions. In fact, two
things strike nnyoue who looks into thoe history of the subject: (1) the
vacillation and ambiguity of definition, (2) the frequent reproduction
and development of old methods of formation without due recognition
of previous resulta.]
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Thursday, December 8th, 1892.
A. B. KEMPE, Bsq., I.R.S., President, in the Chair.

Messrs. IL. G. Dawson, M.A., Fellow of Chriat’s College, Cambridgeo,
W. J. Greonstreet, M.A., formerly of St. John's College, Cambridge,
and W. Welsh, M.A, FFellow and Mathematical Tuator of Jesus
College, Cambridge, were elected members.

The Auditor, Mv. Heppel, having read his report, upon the motion
of Professor Greenhill, scconded by Tieut.-Col. Cunningham, the
Treusurer’s report was adopted, and Mr. Heppel thanked for the
troublo he had taken.

Tho following communications were made :—

On a Theorem in Difterentiation, and its Application to Spherical
Harmonies: Dr. Hobson.

. On Gauchy’s Condensation Test for the Convergency of Series :
De. M. J. M. IHIL

Additionnl Note on Secondary T'ncker Civeles: Mr. J. Griffiths.

Notes on Determinants : Mr. J. 1. Campbell.

A Geometrical Note : Mr, R. Tucker.

Tho President (Major MacMahon in the chair) made animpromptu
communication upon a problem which he thought to be sub-
sidiary to that of the ¢ Stamp-folding ”* P’roblem.

Tho following presents were received :—

“ Voctor Algebra and Trigonometry,’” by R. Baldwin Hayward; 8vo, 1892,
From the Author.

¢¢ Ycittafeln zur Geschichte der Mathematik, Physik, und Astronomioe, bis zum
Jahre 1500,” von Dr. Felix Miiller; 8vo, Loipzig, 1892,

¢ eiblitter zu don Annalen der Physik und Chemie,” Band xvi., Stiick 10.

“ Proceedings of the Royal Society,’” Vol. nir., No. 316.

¢ Berichte iiber dic Verhandlungen dor Koniglich-Siichsischon Gesollschaft der
Wissenschaften zu Leipzig,” 1892, m.

“ Bulletin of the Now York Mathematical Socioty,” Vol. 1., No., 2.

* Bulletin do In Société Mathémntique do France,’’ Tome xx., No. 6.

¢ Archives Néerlandniscs des Sciences Exactes et Nuturclles,”’ Tomne xxvi,, 3me
Livraison ; Haurlem.

s Entwurf ciner nenen Integralvechnung anf Chiund der Potenzial-, Logarithmal-,
und Numeralvechnung,” von Dr. Juling Berghohm ; Pumphlet, 8vo, Leipaig, 1892,

¢ Kansas University Quarterly,”” Vol, 1., No. 2; October, 1892,

¢ Bulletin des Sciences Mathématiques,'” Tome xvi.; October, 1892,

¢ Rendiconti del Circolo Matematico di Palermo,’® T'omo vi., Fasc. 5.
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¢ Bestimmung der Triigheitsmomente des menschlichen Kirpers und sciner
Glieder,” von W. Brauno und O. Fischer, No. viir. des xvir. Bandes dor Abhand-
* lungen dor mathomatisch-physischen Classe der K.-8. Gesells. dor Wissenchaften
zu Leipzig.

““Atti della Reale Accademia dei Lincoi—Rendiconti,” Vol. 1., Fasc. 8-9,
2° Bemestre ; Roma, 1892.

¢ Educational Times,'’ Docomber, 1892,

¢¢ Annales de 1a Faculté des Scionces do Toulouse,” ‘L'ome vi,, Fasc. 3; 1892,

¢ Indian Engineering,’" Vol. x11., Nos. 18, 19, 20.

¢¢ Invention,” Vol, x1v., No. 706, N.S,

On a Theorem in Differentiation, and its application to Spherical
Harmonics. By B. W. Hosson. Reccived and read
December 8th, 1892.

It has been shown by Clebsch,* in a paper entitled * Ucber eine
Eigenschaft der Kugelfunctionen,” that, if f, (v, #, z) denote any
rational homogeneous function of =, ¥, z of degrec », the expression

2V, Vi
fi= 2. 2n—1 + 2.4 2n—1.2n—
is & spherical harmonic, where ' = a*+4*+27% and V? is Laplace's
operator. 'The consideration of this theorem has led me to a thecorem

in differentiation which it is the object of the present communication
to investigate and to n.pply to the theory of spherical harmonics,

2
L Bets (5 By 0

degree n of the three operators, and suppose it required to find an

2,2 a) -y v denoting (2'+y’+2"). It is
O’ a,/ 0z/ 7

clear that the requived expression is of the form

) denote n rational homogencous function of

expression for f, (

(=1 1.3.5 0 @) [LE 2B Fus g Sy,

2ne ) 20 =)

* Crelle’s Journal, Vol. 1x., 1862.




