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VIBRATION EQUATIONS OF A RECTANGULAR ORTHOTROPIC VISCOELASTIC
PLATE WITH ATTACHED MASSES BASED ON THE TIMOSHENKO HYPOTHESIS
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"General Technical Sciences" Department Teacher

Abstract: This paper investigates the derivation of governing equations for both free and
forced vibrations of a rectangular orthotropic viscoelastic plate carrying attached masses. The
formulation is based on the Timoshenko plate theory. The equations are obtained using an
energy-based approach, specifically the Hamilton—Ostrogradsky principle. As a result, a system
of integro-differential equations describing the coupled dynamics of the plate and the attached
masses is derived.
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Introduction. The study of vibrations in linear dissipative mechanical systems remains a
challenging problem. Modern research often incorporates the Boltzmann—Volterra hereditary
theory to describe the rheological behavior of materials. This approach leads to integro-
differential equations, which are widely applied in vibration protection problems. Reducing
system mass or dimensions typically increases the complexity of vibration analysis. In
engineering applications such as electronic equipment, resonance effects depend strongly on
structural parameters. To reduce vibration amplitudes, multilayer coatings are frequently used,
although they increase the overall mass of the system.

Methods. We consider a rectangular orthotropic plate with several attached point masses
connected via elastic elements. The plate edges are assumed to be fixed. The motion of each
attached mass is described using Newton’s second law, accounting for the stiffness of the
connecting springs. The plate thickness is assumed to be small compared to its other dimensions,
allowing the use of the Timoshenko hypothesis.

The deformation field is described in terms of displacements and rotations of the mid-
surface. Stress-strain relations are defined using generalized Hooke’s law, while viscoelastic
effects are incorporated through relaxation kernels. The governing equations are obtained using
the Hamilton—Ostrogradsky variational principle.[11-12]:
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Here £ =—, &= i, g =2.x, y,z- coordinates, E, ,G. - elasticity and shear moduli of the
1 R R R 5 c c

longitudinal ribs material, k — number of longitudinal ribs, o, - axial compressive stresses,
u,v,w - components of the shell displacement vector,2 and R — the thickness and radius of the
shell, respectively,E, v - Young's modulus and Poisson's ratio of the shell material, F, / ves Lipe
- respectively, the areas and moments of inertia of the cross-section of the longitudinal rod

relative to the axis OX and OZ, and also the moment of inertia during torsion.
The kinetic energy of the shell is:
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Here ;c: Pe | were Py, P. - the densities of the shell and longitudinal rod materials,
0
. Y
respectively, 6, = k—z.
1
The interaction of the filler with the shell is represented as a surface load applied to the
shell, which performs work on the displacements of the contact surface when transferring the
system from a deformed state to the initial undeformed state.
f] 2z 51 2z
Ay=— (qu+q,y+q.wddd0+  fq.(u+v)dsdo A3)
00 00
were ¢,,q,, 4, - pressure from the filler on the shell, f — coefficient of friction.

The total energy of the system is:

II=0+K+4, 4
The equation of motion of the medium in vector form has the form
[2,3]:a’qrad divS —alrotrot S+ @’S=0 ,02X=[, 05T =R ®))

Were a’i =(A+2u)/p, a’e=ulp,aa, a,- the propagation speeds of longitudinal
and transverse waves in the filler, respectively; S=S(S_,S,,S.) - displacement vector; A, u -

Lame coefficients. Contact conditions are added to the systems of equations of motion of the
medium (5). It is assumed that the contact between the shell and the filler is rigid, i.e. when

r=R:
u=S;v=_S, w=S§, (6)
qx = _O-rx’ qy = _0-1‘9’ qz = _Grr7 w= Sr (7)
Components o, ,0,,, O, -stress tensors are defined as follows [13-15]:
= A o ox s or r’ rof’ ®)
O-rr = j./S aSr +r£(i)+l% +2ﬂ5 aSr
ox or r  rof r
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] https://www.ijmrd.in/index.php/imjrd/ "-1" :




INTERNATIONAL MULTI DISCIPLINARY JOURNAL FOR RESEARCH &

DEVELOPMENT
eISSN 2394-6334 Volume 13, issue 04 (2026)

A, #, - Lame coefficients for the environment.

Supplementing the equations of motion of the filler (5) with contact conditions (6) and
(7), we arrive at a contact problem of vibrations of a cylindrical shell reinforced with cross-rib
systems filled with a medium. In other words, the problem of vibrations of a cylindrical shell
with a filler reinforced with cross-rib systems under axial compression is reduced to the joint
integration of the equations of shell theory and the equations of motion of the filler when the
specified conditions are met on the surface of their contact.

Further, we will consider shells whose edges are hinged. We seek the components of the
displacement vector of such shells in the form:

u = Acoskxcosnpexp(iot,),

9 = Bsin kxsin npexp(iojt,), )
w=Csinkxcosnpexp(iot,)

Where.A., B, C — unknown constants: k :% (m=12,...), m,n - wave numbers in the

longitudinal and circumferential directions, respectively, L - length of the shell,

2 2 2
a)l :2’ tl = a)ot’ a)o = %’ a)l — \/(1 |4 )pOR (0]
@, (1-vI)p,R E

For equal weights of the reinforced shell and the shell without reinforcement, their natural

frequencies are denoted by @ and o, .

The solutions of system (5) have the form [4, 15]:
a) with small inertial effects from the filler on the process of system oscillations:

S = - kr% —4(l-v )kl (kr) A + kI (kr)B, cosng coskx exp(impt,)
r
S = —ﬁln (kr)B, —%}q)CS singcoskxexp(iot,)
r r

S

r

—k’rl (kr)A, + %B + 2]n (kr)C, cosng sinkx exp(ioft,)
r r

S

(10)

b) the inertial effects of the filler on the process of system oscillations are significant:

X

2
S. = Askln(yer)—%ln(ylr) cos ngcos kx exp(iwt,)

Sy = =0 G = S 1y - BT G sin ke expliaog,)
r rH n or

S = A o,.r) _ €k L) +ﬂln (y,r) cosne sinkx exp(imjt,)
S or u,  or r

(11)
Here I, - modified Bessel function of the nth order of the first kind, 4, B,C, -

permanent.
Using contact conditions (6), displacements of shells (9), solution of the equation of

motion of the medium (10) and (11), we express the constants A4, B,,C, through 4, B,C. Asa

result, for ¢, g,,q, we find:
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q, = ('éxl A+ zeB + 5x3C)cosng0 coskx exp(imt,)
q, = (591 A+ 5928 + @SC) sinng sinkx exp(ioyt,)
q, = (éxl A+ asz + 5x3C) cosng sinkx exp(iwt,) (12)
[ocne moacranoeku (12) B (3) u uarerpuposanus no & u 0 momyuaem s paGoTel
pacrpeielIeHHbIX Harpy30K CO CTOPOHBI 3aITOJTHUTEIIS, TPUIIOKESHHBIX K 000JI0YKe:
A= —RZ;T[SZEMA2 +(S,C., +8,C,)AB +(S,C, +8,C,)AC +
+8,(Cpy+C )BC+5,C,,B*+8,C.C (13)
~ in 2
Here C,, - constant, S, = 1_sindke, .
2 4k

Using (1), (2), (13) for the total energy of the system we obtain a second-order
polynomial with respect to the constant parameters A,B,C:

IT=(p, - Széxl —y,01) A" + (P, _Sléaz — Y507 ) B + (P, — Slér3 ~y0 +1,0,)C° +

((544 - Szcxz + SICm )AB + +(¢55 - SZCx3 + Slcrl )AC + Sl (¢66 + C93 + Cr2 )BC

Note that the quantities ¢, (i =1,2,........ 0, w,.(i=L2,.... ,6), I,(i=12) have a bulky
appearance, so we do not include them here.

The conditions of the extremum P for the parameters A, B, C reduce the solution of the
problem of vibrations of a shell reinforced by longitudinal systems of ribs filled with a medium
and subjected to longitudinal compression, taking into account friction in contact, to
homogeneous systems of linear algebraic equations of the third order, non-trivial solutions of

which are possible only if the determinant of this system is equal to zero. Equating the
determinants of the indicated systems to zero, we obtain the following frequency equation:

2, - Széxl - '//110)12)‘4 + (@ + Széxz + Sléel)B +(@ss — Széxz. + Slén)c =0
(@4 +5,C, +8,Cy) A+ 2(@,, = S,Cy, — ‘//22‘012)3 (@ + Cp3 +C,,)C=0

(@ss + 526x3 + Slérl)A + (P + éea + érZ)B +2(py; — Slér3 - ‘//33(012 +1,0,)C=0 (14)
It is easy to see that in case a) the system of equations (14) is reduced to a cubic equation
with respect to ® w?, otherwise it is transcendental. Since in what follows we will be interested

only in low frequencies of bending vibrations, this equation in case a) can be simplified by
discarding the terms with (D;¥ and 60]6 . B As aresult we get (o’ =2 ):

s [ K+ S

2w Vs = AL S =05 ([ + )
fi=0,-8C; fr=0,+S,C,+S5.Coi [y =pss+85,C +S,C..;
fs =P + 593 + 5‘,2; fo =0 —Slcv‘,3 +1,0,

(15)

It is defined in a similar way A, for the occasion b).

Results and analysis. Let us present the results of the study of the influence of the
number of ribs and the rigidity of the fillers on the critical stress of axial compression. The
calculations were performed for the shell, medium and ribs with the following parameters:
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E=E =E, =6,67 10°H/m’; v=03; x=1; n=8 h,=139mm; R=160mm;

L, =800mm; =0,1591 107'; yCSh 0,8289;  h=0,45mm;

27Rh 27R

_ -1 p. Ihw —6
=0,1375 107 R; 5 h—05305 10

F.=575mm?; 1, =19,9mm?*;
: R’

hC

I, =0,48mm®*; f =0,25

The calculation results are presented in Fig. 1. The dependence of the axial compression
stress is shown here. From Fig. 1 it is evident that with increasing stress the frequency of the
system decreases. In addition, taking into account friction leads to a decrease in the value of the
natural frequency of the structure under study. As noted, the method for determining the optimal
reinforcement parameters is based on a comparison of the minimum vibration frequencies of a
ribbed and smooth cylindrical shell, reinforced by longitudinal rib systems filled with a medium.

The following parameters are considered as variable: relative thickness of the shell
h' =h/R, distances between longitudinal and transverse ribs, related to the thickness of the shell
ratio of the weight of all ribs to the weight of the shell ¢, and the ratio of the weight of the

longitudinal ribs to the weight of the transverse ribs ¢, . It is assumed that the radius and length

of the shell, as well as the characteristics of the shape of the sections of the longitudinal and
transverse ribs are predetermined. Note that for rectangular sections it is necessary to specify the
relations y, and y, heights of longitudinal and annular ribs to their thicknesses, respectively.
The dimensionless characteristics of the ribs included in (1), (2) are expressed through the

specified parameters:
U 1¢1 ;L‘(l) )’

L0 _ 9P oo _ 9
1-va h h 1 ——o
Heo = —= (h ) ( (2)) —=-— 1+ 1+— qaq, 75(1) >

. 1+¢’2’ ’ 1+¢72,

6 R 2 k,
@ _ — @ a,(h')’ @) _ — @ ay,(h)’
nsl ysl }/s 12 ° 7731 }/sl ys 12 H
h ° a
M _ SOy e My 4
775 }/C 12 ‘//170 ( ) R > /u ( )Z (//1

With this formulation, the result of the study is practically independent of the
characteristics of the shell material, since (@.,,) , as is known, weakly depend on Poisson's ratio
v, and their attitude x do not depend on the modulus of elasticity E'. It should be noted that in
order to improve the bearing capacity of the shell, it is necessary to find such a combination of

parameters 4, a,, a,, ¢, and @, under which g takes on the greatest value.

As an example to illustrate the changes x Depending on the relative weights of the ribs,

the results of calculations of cylindrical shells filled with a medium reinforced by longitudinally
supported rib systems are presented.
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Fig. 1. System frequency dependencies ® = m,®, from compressive stresses

4. Conclusions

In conclusion, a mathematical model for the vibration of a rectangular orthotropic
viscoelastic plate with attached masses has been developed. The governing equations
were derived using an energy-based approach and are expressed in the form of integro-
differential equations. This model can be used for further analytical and numerical studies
of complex mechanical systems.
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