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Abstract

We present a unified amplitude–phase framework in which mass, charge,
and interaction laws emerge from a single variational principle defined over
a prime-indexed manifold. A field-induced ϕ-metric generates a Laplace–
Beltrami operator whose Green’s function determines the interaction structure.
In this setting, inverse-square, Yukawa, and confinement regimes arise as
distinct limits of a common propagation operator, without the introduction of
external gauge fields.

We further demonstrate that the energy functional acts as a Lyapunov
functional under coarse-grained dynamics, yielding entropy production and an
emergent arrow of time. We show that Z5 symmetry and the golden ratio ϕ
are mathematically dual through cyclotomic structure: either can be derived
from the other. The framework provides a geometric origin for dynamics,
interactions, and irreversibility through curvature and phase structure, recov-
ering conformal scalar gravity (rather than full tensorial general relativity) as
a long-wavelength limit.

Keywords: variational methods; Green’s functions; Laplace–Beltrami oper-
ator; geometric field theory; amplitude–phase dynamics; inverse-square law;
Yukawa interaction; confinement; entropy production; arrow of time
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1. Introduction

The origin of forces and their apparent action across space remains one of the
central conceptual challenges in fundamental physics. In classical formulations
such as Coulomb’s law, interactions appear as direct influences between spatially
separated objects. Modern field theories, including Quantum Field Theory, replace
this picture with local fields that mediate interactions, while General Relativity
reinterprets gravity as curvature of spacetime itself. Despite these advances, a
structural separation typically remains between fields, sources, and the forces they
generate.

This work explores an alternative formulation in which that separation is elimi-
nated. The starting point is a single amplitude–phase field,

℘(x) = A(x) eiΘ(x), (1)

whose dynamics are governed by a single Lagrangian density LP(A,Θ). Unlike
conventional quantum formulations, ℘(x) is not interpreted as a probability amplitude.
The modulus A(x) represents local energy density or structural intensity, while the
phase Θ(x) encodes dynamical organization and transport. The framework is thus
classical in its formulation, with interactions emerging from field dynamics rather
than from probabilistic rules or externally imposed interaction sectors. A Primeon [1]
is understood as a localized curvature of the amplitude–phase vacuum: a region where
A and Θ deviate from their uniform vacuum values. Such localized curvature induces
a spatially extended, anisotropic field configuration. When additional excitations are
placed within this anisotropic background, their energy becomes position-dependent,
and effective potentials arise as gradients of this energy. Force-like behavior is
therefore a purely local response to a structured vacuum, not a transmitted interaction
between distinct objects.

A key structural ingredient is a minimal phase-locking potential acting on an
internal component ϑ of the phase field. Specifically, ϑ is governed by a fivefold
periodic potential,

U(A, ϑ) ∼ −ΛA2 cos(5ϑ), (2)

whose Z5 symmetry selects the golden ratio ϕ = (1 +
√
5)/2 through the cyclotomic

identities
2 cos

(π
5

)
= ϕ, 2 cos

(
2π

5

)
= ϕ−1. (3)

The golden ratio therefore enters the framework as a consequence of the internal
symmetry structure, not as an assumption. However, the physical origin of Z5

symmetry itself is not derived here and represents a structural input to the model.
This internal phase locking coexists with a residual global phase degree of freedom

Θg that remains approximately shift-symmetric. As shown below, this separation
leads naturally to three distinct physical sectors: a nearly massless global phase
mode producing Coulomb-like long-range behavior, amplitude fluctuations generating
universal attractive interactions under appropriate conditions, and coupled amplitude–
phase modes giving rise to massive confined excitations. All such behaviors emerge
from LP via the Euler–Lagrange equations, without separate interaction terms.

The logical structure of the derivation is

U(A, ϑ) −→ H −→ Ωϕ −→ Gϕ −→ effective interaction sectors, (4)
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where H is the Hessian of U at the locked vacuum, Ωϕ the golden eigenfrequency,
and Gϕ the scale-space Green’s function derived in Section 2.

In this formulation, the conventional notions of source, field, and force are unified.
A Primeon is simultaneously a localized field configuration, a source of vacuum
anisotropy, and the origin of effective interactions. The framework thus provides a
self-contained field-theoretic description in which curvature, energy, and interaction
emerge from a single amplitude–phase structure.

The paper is organized as follows. Section 2 derives the exact Green’s function
in logarithmic scale-space. Section 3 replaces compact periodicity with a physically
motivated image-sum kernel. Section 4 derives Ωϕ from the locking potential.
Section 5 works out the sector projections. Sections 6–8 state the master results and
derive conformal scalar gravity as a long-wavelength limit. Throughout, u = ln r is
the fundamental coordinate, so multiplicative scaling r → ϕr becomes the additive
translation u → u+ lnϕ.

Unlike conventional formulations in which interaction laws are introduced via
gauge symmetries or phenomenological potentials, the present framework derives
interaction laws directly from a variational principle. The ϕ-metric induces a geomet-
ric propagation operator whose Green’s function determines the interaction structure.
In this sense, forces emerge as responses of curvature rather than fundamental inputs.

2. The Golden-Scale Green’s Function

2.1 Log-radius space and the Primeon operator

Define
u = ln r, u ∈ (−∞,∞).

The Primeon radial anisotropy operator in scale-space is

Mϕ = − d2

du2
+ Ω2

ϕ. (5)

2.2 Non-compact Green’s function on the full line

On the full real line,
(
−d2/du2 + Ω2

ϕ

)
G0(u, u

′) = δ(u− u′) has the exact solution

G0(u, u
′) =

1

2Ωϕ

e−Ωϕ|u−u′| (6)

or, in ordinary radius,

G0(r, r
′) =

1

2Ωϕ


( r

r′

)−Ωϕ

, r > r′,( r

r′

)+Ωϕ

, r < r′.
(7)

The natural non-compact response is a power law, not automatic periodicity.
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Figure 1: Overview of the Primeon Framework. (A) A Primeon is a localized
deformation of the amplitude–phase vacuum: gradients in A and Θ define its intrinsic
curvature, visualized here as a central amplitude depression surrounded by spiraling
phase windings. (B) The vacuum Green’s function Gϕ is log-periodic: its peaks recur
at radii rn = r0ϕ

n, so golden-ratio self-similarity appears as translation in log-radius
space u = ln r. (C) A fivefold (Z5) locking potential U ∼ −ΛA2 cos(5ϑ) selects the
golden ratio through the cyclotomic identities 2 cos(π/5) = ϕ and 2 cos(2π/5) = ϕ−1;
ϕ enters as a consequence of symmetry, not an assumption. (D) The scale-space
Green’s function Gϕ(u, u

′), periodic in u with period lnϕ, is the vacuum-response
kernel from which all effective potentials are projected. (E) Three projections of
the single underlying field yield three distinct physical sectors: a Coulomb-like 1/r
potential from the global phase, a Yukawa/−1/r amplitude sector, and short-range
confined modes from the massive amplitude–locked-phase coupling. (F) Unified
picture: one field, one structure, three interaction sectors. Forces are not transmitted;
they are the vacuum’s local response to its own structured curvature.
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2.3 The compact (periodic) limit

Imposing u ∼ u+lnϕ, the Fourier modes are kn = 2πn/ lnϕ and the spectral Green’s
function is

Gcirc
ϕ (u, u′) =

1

lnϕ

∞∑
n=−∞

exp
[
i2πn
lnϕ

(u− u′)
](

2πn
lnϕ

)2
+ Ω2

ϕ

. (8)

Summing in closed form gives

Gcirc
ϕ (u, u′) =

cosh
[
Ωϕ

(
lnϕ
2

− |u− u′|ϕ
)]

2Ωϕ sinh
(Ωϕ lnϕ

2

) (9)

where |u − u′|ϕ = minm∈Z |u − u′ + m lnϕ| is the shortest distance on the golden
logarithmic circle.

In ordinary radius:

Gcirc
ϕ (r, r′) =

cosh
[
Ωϕ

(
lnϕ
2

−
∣∣ln r

r′

∣∣
ϕ

)]
2Ωϕ sinh

(Ωϕ lnϕ

2

) . (10)

Remark 1. The compact result (9) is the closed resonator limit, appropriate for
confined internal Primeon structure rather than macroscopic fields. It should not be
taken as the starting point of the framework.

2.4 Log-periodic expansion and an observable signature

The massive Green’s function can be written as

Gϕ(r, r
′) ∝

∞∑
n=−∞

cos
[
2πn
lnϕ

ln r
r′

](
2πn
lnϕ

)2
+ Ω2

ϕ

, (11)

so the curvature profile naturally contains

A(r) ∼ r−α cos

(
2π

lnϕ
ln r + δ

)
. (12)

The oscillation frequency 2π/ lnϕ ≈ 13.4 in ln r is a potentially falsifiable prediction.

2.5 Massless limit

For Ωϕ → 0 the zero-mode-subtracted Green’s function on the golden circle is

G(0)
ϕ (u, u′) = −1

2
|u− u′|ϕ +

(u− u′)2ϕ
2 lnϕ

+ const, (13)

the golden-scale analogue of a Coulomb potential in logarithmic space.

3. Image-Sum Kernel: Golden Periodicity as a Limit

3.1 Motivation

Imposing u ∼ u+lnϕ from the outset compactifies the radial domain. Physical fields
on R3 live on the full line, so compactification requires independent justification. We
instead derive periodicity as the η → 0 limit of a damped image sum.
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3.2 The image-sum construction

Under discrete golden scaling u → u+ lnϕ we superpose images of the non-compact
solution (6):

Gϕ(u, u
′) =

1

2Ωϕ

∑
m∈Z

e−η|m| e−Ωϕ|u−u′+m lnϕ| (14)

where η ≥ 0 controls the damping of distant golden shells.

3.3 Limiting cases

η → ∞ =⇒ Gϕ → G0 (open vacuum, power-law), (15)

η → 0 =⇒ Gϕ → Gcirc
ϕ (perfect golden resonator). (16)

3.4 Physical meaning of η

Define the coherence length in log-scale space as ξu:

η =
lnϕ

ξu
. (17)

So η → 0 means ξu → ∞, i.e. perfect golden coherence across many logarithmic shells.
The damping η is increased by imperfect phase locking, finite lifetime, environmental
disturbance, nonlinear mode leakage, or mismatch from exact golden closure.

Result 1. The three regimes of the framework are:

η → ∞︸ ︷︷ ︸
open vacuum

→ power-law, η → 0︸ ︷︷ ︸
golden cavity

→ log-periodic shells, 3D space︸ ︷︷ ︸
radial operator

→ 1/r.

4. The Locking Potential and Derivation of Ωϕ

4.1 The minimal Primeon potential

A minimal potential generating golden eigenvalues is

U(A,Θ) =
λA

4
(A2 − A2

0)
2 − ΛA2 cos(5Θ) + χA2 cos(2Θ). (18)

This is understood as an effective vacuum potential with the following structure:

Amplitude stabilization. The term λA

4
(A2 − A2

0)
2 with λA > 0 ensures a stable

nonzero vacuum amplitude A = A0. This Mexican-hat structure is the minimal
potential admitting SSB-like behavior in the amplitude sector.

Leading phase-locking term. The term −ΛA2 cos(5Θ) is the lowest-order Z5-
invariant operator coupling amplitude to phase. The A2 weighting ensures the
potential vanishes when A = 0 (no phase to lock when the field amplitude vanishes).
Higher harmonics −ΛmA

2m cos(5mΘ) for m ≥ 2 are allowed by symmetry but
suppressed at low field amplitudes.
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Figure 2: Emergent interaction regimes from the ϕ-metric Green’s function.
(a) Long-range behavior: in the massless limit, the Green’s function scales as
G(r) ∼ 1/r, yielding inverse-square forces. (b) Screened regime: a finite spectral
gap produces Yukawa-type decay G(r) ∼ e−µr/r. (c) Confinement regime: nonlinear
amplitude–phase coupling restricts propagation, leading to an effective linear potential
V (r) ∼ σr. These regimes arise from different limits of a single variational operator
Oϕ = ∆ϕ − M2

ϕ, illustrating how interaction laws follow from the propagation
properties of curvature in the ϕ-metric geometry.
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Interference correction. The term χA2 cos(2Θ) with χ � Λ represents a small
perturbation from two-mode interference. If the field admits a decomposition Ψ =
B+e

iΘ +B−e
−iΘ, the lowest even interference invariant is e2iΘ, giving cos(2Θ).

The full effective potential, including higher-order terms, is

Ueff(A,Θ) =
λA

4
(A2 − A2

0)
2 −

∞∑
m=1

ΛmA
2m cos(5mΘ) +O(χ), (19)

where |Λ1A
2| � |Λ2A

4| � |Λ3A
6| at low energy. Equation (18) retains the leading-

order (LO) terms in each sector.

4.2 Why Z5 gives ϕ

The cyclotomic identities

2 cos
π

5
= ϕ, 2 cos

2π

5
= ϕ−1 (20)

ensure the fivefold mode has sector eigenvalues ϕ and ϕ−1. The characteristic
polynomial is x2 − x − 1 = 0, so ϕ is selected by the Z5 lock, not assumed. The
derivation hierarchy is:

Z5 → 2 cos(π/5), 2 cos(2π/5) → ϕ, ϕ−1 → golden eigenmodes. (21)

4.3 On the selection of Z5 symmetry

The golden ratio and Z5 symmetry arise from the same cyclotomic structure. While
Z5 symmetry yields ϕ through standard eigenvalue analysis, the converse also holds:
if a system exhibits eigenvalues satisfying

λ2 − λ− 1 = 0, (22)

and these eigenvalues arise from harmonic phase modes λ = 2 cos(θ), then the allowed
angles are θ = π/5, implying a 2π/5 periodicity.

Z5 symmetry is therefore the minimal cyclic structure consistent with golden-ratio eigenvalues.
(23)

This dual relationship means that if golden-ratio scaling is observed empiri-
cally—such as in log-periodic phenomena or discrete scale invariance—then Z5

symmetry is not an assumption but a mathematical necessity derived from the
cyclotomic structure of ϕ.

4.4 Derivation of the golden phase-locking potential

Assume that the phase sector admits harmonic eigenvalues of the form

λ = 2 cos θ. (24)

If the observed or derived eigenvalue satisfies the golden polynomial

λ2 − λ− 1 = 0, (25)
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then the positive solution is λ = ϕ, and hence

2 cos θ = ϕ. (26)

Using the identity
2 cos

π

5
= ϕ, (27)

we obtain
θ =

π

5
. (28)

The associated phase closure is therefore fivefold:

Θ ∼ Θ+
2π

5
. (29)

Thus the phase potential must satisfy

V

(
Θ+

2π

5

)
= V (Θ). (30)

Expanding V in Fourier modes,

V (Θ) =
∞∑
n=0

[an cos(nΘ) + bn sin(nΘ)] , (31)

the invariance condition requires

n = 5m, m ∈ Z. (32)

The lowest nontrivial real invariant is therefore

Vgold(Θ) = −Λcos(5Θ). (33)

Including amplitude weighting gives the Primeon phase-locking potential

Vgold(A,Θ) = −ΛA2 cos(5Θ). (34)

Hence the golden potential is not an independent assumption: it is the minimal real
phase-locking potential compatible with golden-ratio eigenvalues in a harmonic phase
sector.

4.5 Vacuum stability and amplitude renormalization

The vacuum configuration (Avac,Θvac) minimizes the full potential (18). The station-
arity conditions are

∂U

∂Θ
= 0,

∂U

∂A
= 0. (35)

For the phase (neglecting the small χ term), the first condition gives

5ΛA2 sin(5Θ) = 0 ⇒ Θ` =
2π`

5
, ` = 0, 1, 2, 3, 4. (36)

These are the five Z5-symmetric phase vacua. Without loss of generality, take
Θvac = 0.
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For the amplitude, at Θ = 0 where cos(5Θ) = 1:
λAA(A

2 − A2
0)− 2ΛA = 0. (37)

Solving for A 6= 0:

A2
vac = A2

0 +
2Λ

λA

. (38)

Thus the phase-locking sector induces a small upward shift in the vacuum
amplitude. For weak locking (Λ/λA � A2

0), the shift is perturbative:

Avac ≈ A0

(
1 +

Λ

λAA2
0

)
. (39)

This is a self-consistency requirement: the presence of phase locking back-reacts on
the amplitude vacuum.

4.6 Stationary phase condition

∂U/∂Θ = 0 gives
5Λ sin(5Θ0) = 2χ sin(2Θ0). (40)

In the pure Z5 limit χ = 0, the exact solution is Θ0 = π/5. With χ � Λ, perturbation
theory gives the shift

δ ≈ − 2χ

25Λ
sin

2π

5
, (41)

so the twofold sector perturbs the golden lock rather than defining it.

4.7 Hessian and the mass matrix

Expand around the locked vacuum A = A0+ a, Θ = Θ0+ θ. The quadratic potential
is U (2) = 1

2
(a θ)H (a θ)T with

H =

(
HAA HAΘ

HΘA HΘΘ

) ∣∣∣∣
0

, K =

(
KA λA0/2

λA0/2 KΘA
2
0

)
.

The fluctuation eigenfrequencies satisfy

Ω2
i = eig

(
K−1H

)
(42)

and the golden eigenvectors are(
a

A0θ

)
∝

(
ϕ
1

)
or

(
−1/ϕ
1

)
. (43)

The stiffness ratios are consequences of requiring the golden eigenvector to be
stationary, not independent assumptions.

5. Sector Projections and Physical Interpretation

5.1 Phase decomposition

The phase field is split:
Θ = Θglobal + ϑlock. (44)

The potential U(A, ϑlock) breaks the Z5 symmetry of the locked sector, while Θglobal

retains the shift symmetry Θglobal → Θglobal + α. This residual symmetry protects
the masslessness of the global mode, without fine-tuning.
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5.2 Global phase sector: Coulomb-like 1/r

With A ≈ A0 and ϑlock integrated out:

Eglobal =
KΘA

2
0

2
|∇Θglobal|2 . (45)

The massless 3D Green’s function gives

GEM(r) =
1

4πKΘA2
0

1

r
, (46)

and for two phase charges q1, q2:

VEM(r) =
q1q2

4πKΘA2
0

1

r
. (47)

Modulation by the golden scale kernel. If the phase mode carries internal
shell structure, the full potential is

VΘ(r, u) ∼
q1q2

4πKΘA2
0

1

r

[
1 + εGϕ(u, u

′)
]
. (48)

The 1/r comes from 3D space; Gϕ provides internal log-periodic modulation. There
is no double-counting.

5.3 Amplitude sector: Yukawa or 1/r

With Θ ≈ Θ0, the amplitude fluctuation energy is

EA =
KA

2
|∇a|2 + HAA

2
a2. (49)

The operator MA = KA(−∇2 + m2
A) with m2

A = HAA/KA yields the 3D Green’s
function

GA(r) =
1

4πKA

e−mAr

r
. (50)

Two amplitude sources with coupling gA1, gA2 experience

VA(r) = −gA1gA2
1

4πKA

e−mAr

r
, (51)

which is attractive when both sources lower energy by aligning with the same
amplitude distortion.

Two limits.

mA > 0 =⇒ VA ∼ −e−mAr/r (Yukawa-like), (52)
mA ≈ 0 =⇒ VA ∼ −1/r (gravity-like if universally coupled). (53)
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5.4 Universality of amplitude coupling

The identification of the amplitude field with a gravity-like sector requires that all
energy sources couple universally to A. In the present formulation, this universality
is imposed as a structural principle analogous to the equivalence principle in general
relativity.

Universal amplitude coupling is an additional assumption required to reproduce gravitational behavior.
(54)

Specifically, we require that the amplitude source density JA be proportional to
the total energy density ρ of all field excitations:

JA ∝ ρ. (55)

This universality ensures that:

• All forms of energy couple to the amplitude field with the same strength

• Test particles follow geodesics of the effective metric induced by A

• The weak equivalence principle is satisfied in the long-wavelength limit

A derivation of this property from the Primeon Lagrangian LP remains an open
problem. Such a derivation would require demonstrating that the stress-energy tensor
T

(P )
µν couples to amplitude fluctuations in a manner independent of the specific field

configuration producing that stress-energy. This represents a key direction for future
theoretical development.

5.5 Amplitude–locked-phase coupling: confinement-like

The cross-term in K−1H mixes a and θ into a massive mode. This mode has no
massless limit and gives a short-range or confining potential analogous to the strong
interaction.

5.6 Summary

Sector Mode Behavior Physics analogy

Global phase massless 1/r Electromagnetic
Z5 locked phase massive internal ϕ-spectrum shells Internal structure
Amplitude (mA ≈ 0) nearly massless −1/r (universal) Gravity-like
Amplitude (mA > 0) massive −e−mAr/r Yukawa
Amplitude–lock coupling massive short-range/confined Strong-like
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6. Master Results

The master image-sum vacuum kernel:

Gϕ(u, u
′) =

1

2Ωϕ

∑
m∈Z

e−η|m| e−Ωϕ|u−u′+m lnϕ|, u = ln r. (56)

The combined 3D potential for a probe:

Vϕ(r) ∼
q2

4πKΘA2
0

1

r

[
1 + εGϕ(ln r, ln r

′)
]
− g2A

4πKA

e−mAr

r
. (57)

The full logical chain:

U(A,Θ)
Hessian−−−−→ H eigenvalues−−−−−−→ Ωϕ

resolvent−−−−−→ Gϕ
projection−−−−−→ sector potentials. (58)

The golden ratio ϕ enters through U via Z5 locking, propagates to Gϕ through the
Hessian eigenvalue, and appears in observable potentials only as a consequence.

7. Single-Field Formulation and Relationship to General Rel-
ativity

7.1 The single-field structure

The Primeon framework provides a single-field formulation in which geometry and
matter arise from the same amplitude–phase structure (A,Θ). This represents a
different organizational principle from theories that couple distinct geometric and
matter degrees of freedom.

7.2 What GR already achieves

In general relativity, the Einstein field equations

Gµν = 8πGTµν (59)

couple spacetime curvature (left) to stress-energy (right). Two features are already
notable. First, GR admits vacuum solutions (Tµν = 0), including gravitational
waves and black hole exteriors, demonstrating that geometry can exist and evolve
independently of matter sources. Second, matter and geometry inhabit the same
physical system and feed back into each other; GR already exhibits a high degree of
self-consistency.

The Primeon framework does not contradict any of this. The structural distinction
lies in the number of fundamental fields, not in the self-consistency of the dynamics.

7.3 The structural distinction

Despite its self-consistency, GR retains a formal separation: the left-hand side of (59)
describes geometry; the right-hand side describes matter and energy. Even when
both sides are dynamical, they are mathematically distinct objects in the theory—one
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is a geometric tensor derived from the metric, the other a matter tensor constructed
from field content.

In the Primeon framework there is only one object: the amplitude–phase field
(A,Θ) governed by LP(A,Θ). A localized excitation is not inserted into the field
from outside; it is a nonlinear solution of the same field equations that govern the
background vacuum. The “source” is simply a region where (A,Θ) deviate from
their vacuum values:

source ≡ region where A,Θ deviate from vacuum. (60)

Consequently,
source = solution of the field equations. (61)

No separate Tµν-like object is needed in the fundamental formulation.

7.4 A precise comparison

Framework Ontology Source structure

General Relativity Geometry + stress-energy (cou-
pled but formally distinct)

Tµν on the right-hand side
of (59); vacuum solutions al-
lowed

Quantum Field
Theory

Field + external sources (often
inserted perturbatively)

Current Jµ or coupling term
added to Lagrangian

Primeon Frame-
work

Field only: (A,Θ) No separate source term; ex-
citations are self-consistent
nonlinear solutions

7.5 Physical consequences

The single-field structure directly explains three features of the framework:

(i) Potentials without transmission. Effective potentials (46), (50) arise from
the Green’s function of the vacuum field, not from exchanged particles injected
externally.

(ii) Forces without carriers. The sector projections of Section 5 produce
interaction-like behaviors as mode projections of a single underlying field, not
as separate force-mediating objects.

(iii) No action at a distance. Because the field is everywhere, the “response” to
a localized excitation is a rearrangement of the local field configuration, not
propagation of an effect across empty space.

7.6 The distilled comparison

GR: curvature is sourced by stress-energy (two coupled objects). (62)
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Primeon: curvature-like effects emerge from amplitude–phase structure (one object).
(63)

or equivalently:
source = curvature = field configuration. (64)

8. Emergent Conformal Scalar Gravity from the Primeon
Field

Section 7 established the structural argument for single-field formulation. This
section supplies the mathematical content: a derivation of the Primeon stress-energy
tensor, an emergent conformal metric, and the recovery of the Newtonian limit.

8.1 The full Primeon Lagrangian

With the phase split Θ = Θg + ϑ (global plus locked), the Lagrangian density is

LP =
KA

2
∂µA∂µA+

Kg

2
A2∂µΘg∂

µΘg +
Kϑ

2
A2∂µϑ ∂

µϑ+ λA∂µA∂µϑ− U(A, ϑ),

(65)
where U(A, ϑ) is the locking potential (18). This is the covariant form of the energy
functional used in Section 4; no new ingredients are introduced.

8.2 Primeon stress-energy tensor

Promote the theory to a general background metric gµν . The Primeon stress-energy
tensor is defined by the standard variational rule,

T (P )
µν = − 2√

−g

δ(
√
−gLP)

δgµν
, (66)

giving explicitly

T (P )
µν = KA∂µA∂νA+KgA

2∂µΘg∂νΘg +KϑA
2∂µϑ ∂νϑ

+ λA
(
∂µA∂νϑ+ ∂νA∂µϑ

)
− gµνLP.

(67)

This is the central result of this section:

The Primeon field configuration itself generates stress-energy. (68)

No separate matter source is required.

8.3 Emergent conformal metric

Define an emergent metric as a functional of the amplitude field:

geffµν =

(
A

A0

)2β

ηµν , (69)

where β is a dimensionless coupling constant. Writing σ = β ln(A/A0), this is a
conformal metric geffµν = e2σηµν .
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8.4 Conformal flatness and limitations

The effective metric (69) is conformally flat. Consequently, the present framework
captures scalar curvature effects but does not yet reproduce the full tensorial structure
of general relativity, including:

• Shear modes and Weyl curvature

• Gravitational waves with transverse polarizations

• Rotating solutions (Kerr-type metrics)

• Tidal effects requiring non-conformal degrees of freedom

We recover a conformal scalar sector of gravitational dynamics rather than full tensorial GR.
(70)

The emergence of additional tensor degrees of freedom from the Primeon field
structure remains an open theoretical problem. Possible directions include:

(i) Coupling multiple Primeon fields with different internal phase structures

(ii) Allowing the ϕ-metric itself to carry tensorial degrees of freedom

(iii) Emergent non-conformal geometry from nonlinear amplitude dynamics

The Ricci tensor for the conformal metric (69) is

Reff
µν ∼ −2∂µ∂νσ − ηµν�σ + 2∂µσ ∂νσ − 2ηµν(∂σ)

2, (71)

so amplitude gradients directly source effective spacetime curvature within the
conformal sector. Spacetime geometry is therefore the coarse-grained elastic response
of the Primeon amplitude vacuum; curvature is not fundamental but induced by
A(x).

8.5 Emergent Einstein-like equation

Combining (67) and (69), the effective geometric equation is

Gµν [A] = κP T (P )
µν [A,Θg, ϑ]. (72)

This has the same form as the Einstein field equations (59), but its status is different:
it is not a fundamental postulate. It is a coarse-grained identity relating curvature
induced by A to stress-energy carried by A. Both sides arise from the same underlying
field.
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8.6 Newtonian limit

Let A = A0(1 + ε) with |ε| � 1. Then σ ≈ βε and the effective metric becomes

geff00 ≈ −1− 2βε. (73)

Comparing with the weak-field Newtonian metric g00 ≈ −1− 2ΦN/c
2 gives

ΦN = βc2
A− A0

A0

. (74)

The gravitational potential is an amplitude deformation of the vacuum.
In the static, nearly massless amplitude limit (∂Ueff/∂A ≈ 0), the amplitude

equation reduces to
−KA∇2A = JA,

where JA is the amplitude source density. Substituting (74),

∇2ΦN = − βc2

KAA0

JA. (75)

Recovery of Newton’s law ∇2ΦN = 4πGρ requires

JA = −4πGKAA0

βc2
ρ, (76)

i.e. the amplitude source is proportional to energy density. This is the Primeon
realization of the equivalence principle: universality of gravitational coupling follows
from the universality of the amplitude field (as discussed in Section 5).

8.7 The emergent-gravity chain

The complete derivation chain for the conformal gravity sector is

LP → T (P )
µν → A(x) → geffµν [A] → Geff

µν → ΦN . (77)

Compressed:

Conformal scalar gravity is the long-wavelength elastic description of Primeon amplitude vacuum.
(78)

The source is not external. The source is the field configuration:

source = stress-energy = localized Primeon curvature. (79)

9. From Variational Principle to Interaction Laws

9.1 Primeon Action and Euler–Lagrange Structure

We begin with the Primeon action

S =

∫
dt d3x

[χA

2
(∂tA)

2 +
χΘ

2
A2(∂tΘ)2 − EP (A,Θ)

]
, (80)
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where the energy density is

EP = KA|∇A|2 +KΘA
2|∇Θ|2 + γA2∇A · ∇Θ+ V (A,Θ). (81)

The Euler–Lagrange equations follow from the variational principle and define
the field dynamics [2, 3]:

χA∂
2
tA = −δEP

δA
+ χΘA(∂tΘ)2, (82)

∂t(χΘA
2∂tΘ) = −δEP

δΘ
. (83)

9.2 Metric-Induced Propagation Operator

The spatial gradient terms define a curved internal geometry through the ϕ-metric:

ds2ϕ = A−2du2 + ϕA2dΘ2. (84)

The associated propagation operator is the Laplace–Beltrami operator of this
metric [4, 5]:

∆ϕ = ∂u(A
2∂u) +

1

ϕA2
∂2
Θ. (85)

Thus the Euler–Lagrange equations define a geometric differential operator of
the form

Oϕ = ∆ϕ −M2
ϕ. (86)

9.3 Green’s Function as Inverse Operator

The Green’s function is defined as the inverse of this operator [6, 7]:

(∆ϕ −M2
ϕ)Gϕ(x, x

′) = −δ(x− x′). (87)

Equivalently,
Gϕ = O−1

ϕ . (88)

Key Point: The Green’s function is not postulated; it is uniquely determined
by the variational structure of the Primeon action.

9.4 Emergent Interaction Laws

A localized curvature source generates a field

Φ(x) =

∫
Gϕ(x, x

′) ρ(x′) dx′. (89)

The force follows from the energy gradient:

F = −∇Φ. (90)

Different interaction laws emerge from different regimes of the same operator:
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• Long-range regime (Mϕ → 0):

G(r) ∼ 1

r
⇒ F ∼ 1

r2
. (91)

• Screened regime (Mϕ > 0):

G(r) ∼ e−Mr

r
, (92)

corresponding to Yukawa-type interactions [8].

• Nonlinear regime (cross-term dominated):

V (r) ∼ σr, (93)

representing confinement.

Force laws arise as Green’s-function responses of the ϕ-metric operator. (94)

9.5 Lyapunov Structure and Entropy Production

Under coarse-grained dynamics

∂tA = −µA
δEP

δA
, ∂tΘ = −µΘ

δEP

δΘ
, (95)

the energy evolves as

dEP

dt
= −

∫
d3x

[
µA

(
δEP

δA

)2

+ µΘ

(
δEP

δΘ

)2
]
≤ 0. (96)

Thus EP is a Lyapunov functional.

9.6 On the origin of dissipation

The coarse-grained dynamics used in the Lyapunov analysis introduce effective
dissipation through parameters µA and µΘ. These terms are not present in the
fundamental action (65) and should be interpreted as emergent from coarse-graining
over unresolved degrees of freedom.

The underlying Primeon dynamics are time-reversal symmetric; irreversibility arises at the effective level.
(97)

This follows the standard framework of statistical physics, where microscopic
time-reversal symmetry is compatible with macroscopic irreversibility through coarse-
graining. The dissipation coefficients µA and µΘ encode the rate at which fine-grained
phase-space information is lost to unobserved degrees of freedom.

Possible microscopic origins of this effective dissipation include:
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• Coupling to environmental modes not included in the reduced description

• Nonlinear mode mixing transferring energy to high-frequency modes

• Phase decoherence from interactions with the Z5-locked internal structure

• Quantum measurement-like collapse of amplitude-phase correlations
A complete microscopic derivation of µA and µΘ from the full Primeon dynamics

remains an open problem.

9.7 Entropy Production and Arrow of Time

Define entropy production via

TP
dSP

dt
= −dEP

dt
. (98)

Therefore
dSP

dt
=

1

TP

∫
d3x

[
µAQ

2
A + µΘQ

2
Θ

]
≥ 0, (99)

consistent with the second law of thermodynamics [9, 10].

9.8 Interpretation

Time asymmetry arises from irreversible redistribution of curvature energy into phase degrees of freedom.
(100)

This formulation places interaction laws, dissipation, and entropy production
within a single geometric framework, where the ϕ-metric governs both propagation
and interaction.

10. On the Role of p = 5, Z5 Symmetry, and the Golden Ratio

10.1 Overview

The recurrent appearance of the prime p = 5, the cyclic symmetry group Z5, and
the golden ratio ϕ within the present framework reflects a structural convergence of
symmetry, algebra, and stability. This section clarifies the origin of this relationship
and places it on a precise mathematical footing.

10.2 Fivefold Symmetry and Phase Structure

Consider a phase variable Θ defined on a compact domain. A discrete rotational
symmetry

Θ ∼ Θ+
2π

5
(101)

defines a Z5 cyclic structure. Such symmetry arises naturally when the underlying
field admits five equivalent phase configurations, corresponding to the fifth roots of
unity:

ωk = e2πik/5, k = 0, 1, 2, 3, 4. (102)
This structure defines the minimal nontrivial cyclic symmetry beyond Z4 that

introduces nontrivial algebraic scaling behavior.
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10.3 Cyclotomic Structure and Emergence of ϕ

The fifth roots of unity satisfy
z5 − 1 = 0, (103)

with the primitive roots encoded by the fifth cyclotomic polynomial

Φ5(z) = z4 + z3 + z2 + z + 1. (104)

Projecting onto the real subspace via

x = z + z−1 = 2 cos θ, (105)

one obtains the reduced relation

x2 + x− 1 = 0, (106)

whose positive solution is
x = ϕ− 1 =

1

ϕ
. (107)

Equivalently,
2 cos

π

5
= ϕ, (108)

establishing that the golden ratio emerges as the real projection of the Z5 cyclotomic
structure.

10.4 Inverse Derivation: From ϕ to Z5

Conversely, suppose a system exhibits eigenvalues satisfying the golden polynomial

λ2 − λ− 1 = 0. (109)

If these eigenvalues arise from harmonic phase modes

λ = 2 cos θ, (110)

then
2 cos θ = ϕ ⇒ θ =

π

5
. (111)

This implies a fundamental angular periodicity

Θ ∼ Θ+
2π

5
, (112)

and therefore a Z5 symmetry.

Z5 is the minimal cyclic symmetry consistent with golden-ratio eigenvalues in a harmonic phase sector.
(113)
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10.5 Minimality and Uniqueness

Among small cyclic groups, Z5 is the smallest symmetry that produces a nontrivial
self-similar algebraic eigenvalue. For comparison:

Z3 : 2 cos(π/3) = 1, (114)
Z4 : 2 cos(π/4) =

√
2, (115)

Z5 : 2 cos(π/5) = ϕ. (116)

The golden ratio is distinguished by the recursive relation

ϕ = 1 +
1

ϕ
, (117)

which encodes a fixed-point scaling property not present in lower-order symmetries.

Z5 is the minimal cyclic symmetry supporting nontrivial self-similar scaling.
(118)

10.6 Interpretation within the Primeon Framework

Within the present framework, the appearance of ϕ reflects a closure condition on
coupled amplitude–phase modes, while the associated Z5 symmetry encodes the
underlying phase periodicity. The two structures are therefore dual:

Discrete symmetry (Z5) defines phase structure, while ϕ encodes the corresponding scaling behavior.
(119)

10.7 Remarks on Physical Interpretation

The prominence of p = 5, Z5, and ϕ should not be interpreted as arbitrary or mystical.
Rather, it reflects the first instance in which discrete symmetry, algebraic closure,
and scale invariance coincide in a minimal and self-consistent manner.

The (p = 5, Z5, ϕ) structure arises from minimality and consistency constraints, not from ad hoc assumptions.
(120)

At present, the selection of Z5 as a fundamental symmetry remains an assumption
of the model. However, the equivalence between golden-ratio eigenstructure and
fivefold symmetry provides a strong structural motivation for its inclusion.

11. Phenomenological Implications and Testable Predictions

11.1 Log-periodic oscillations

One observable prediction of the framework is the log-periodic modulation of the
amplitude field:

A(r) ∼ r−α cos

(
2π

lnϕ
ln r + δ

)
. (121)
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This structure may be compared to astrophysical density profiles exhibiting devi-
ations from simple power-law behavior. The dimensionless frequency in logarithmic
radial coordinate is

ωϕ =
2π

lnϕ
≈ 13.4 (per e-fold in radius). (122)

This provides a characteristic signature of the model: oscillations in physical
quantities (density, potential, curvature) should appear with this specific frequency
when plotted against ln r.

11.2 Potential observational targets

Several astrophysical and laboratory systems may exhibit log-periodic signatures:

Dark matter halo density profiles. Deviations from Navarro-Frenk-White
(NFW) profiles in galactic rotation curves could reveal log-periodic structure. The
prediction is specific: if primeon dynamics contribute to dark matter phenomenology,
density oscillations should appear at radii satisfying

rn = r0ϕ
n, n ∈ Z, (123)

with relative amplitude modulation frequency ωϕ ≈ 13.4 per e-fold.

Quasicrystal analogues. Materials exhibiting fivefold rotational symmetry (Pen-
rose tilings, icosahedral quasicrystals) may provide condensed-matter realizations of
Z5 locking. Diffraction patterns and phonon spectra in such systems could reveal
golden-ratio scaling.

Critical phenomena. Systems near phase transitions sometimes exhibit discrete
scale invariance with complex scaling exponents. Log-periodic corrections to scal-
ing have been observed in fracture mechanics, financial markets, and earthquake
sequences. The specific value ϕ as the scaling ratio would distinguish Primeon-type
dynamics from other mechanisms.

11.3 Falsification criteria

The framework makes quantitative predictions that could be falsified:

(i) Absence of ϕ-scaling: If log-periodic structure is observed but with a scaling
ratio λ 6= ϕ, the Z5 locking hypothesis is ruled out.

(ii) Wrong oscillation frequency: If log-periodic oscillations exist with ϕ-scaling
but frequency ω 6= 2π/ lnϕ, the Green’s function structure (56) is incorrect.

(iii) Universal non-detection: If no log-periodic structure with ϕ-scaling is found
in any physical system after systematic search, the framework’s phenomenolog-
ical relevance is questionable.
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11.4 Next steps for empirical validation

A detailed comparison with observational data remains a subject for future work.
Specific next steps include:

• Fourier analysis of dark matter halo density profiles in logarithmic radius

• Comparison of predicted oscillation amplitudes with rotation curve residuals

• Search for ϕ-ratio spacing in quasicrystal diffraction patterns

• Analysis of CMB temperature fluctuation spectra for log-periodic features

The framework’s viability depends on establishing empirical connections between
these predictions and measurable phenomena.

12. Open Questions and Future Directions

12.1 Theoretical development

1. Euler–Lagrange closure. The covariant Lagrangian density LP is stated
explicitly in (65). What remains is to derive the Euler–Lagrange equations
from LP and show that they reproduce, in the appropriate limits, the sector
Green’s functions derived from the energy functional in Sections 2–5. This
would close the loop between the covariant field theory and the scale-space
analysis, confirming that both approaches descend from the same variational
principle.

2. Derivation of universal amplitude coupling. The gravity-like sector
requires that A couples to total Primeon energy (Section 5). A structural argu-
ment parallel to the equivalence principle is needed. Deriving this universality
from LP would eliminate a major phenomenological assumption.

3. Empirical validation of ϕ-scaling. Section 4 establishes that Z5 symmetry
and golden-ratio eigenvalues are mathematically equivalent through cyclotomic
structure. The physical question is whether ϕ-scaling appears in observable
systems. Possible empirical signatures include:

• Log-periodic oscillations in dark matter halo density profiles
• Discrete scale invariance in critical phenomena
• Golden-ratio spacing in quasicrystalline diffraction patterns

4. Global phase symmetry breaking. The shift symmetry protecting Coulomb
masslessness must be broken at some scale. What mechanism breaks it, and at
what energy, is not yet specified.

5. Stability under χ/Λ perturbations. Showing explicitly that Θ0 = π/5 is
stable under perturbations of the χ parameter would close the remaining gap
between the potential and the golden eigenvalue structure.

6. Tensor modes and full GR. Section 8 recovers conformal scalar gravity.
Extension to full tensorial general relativity requires:
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• Additional field degrees of freedom or couplings
• Mechanism for generating shear and Weyl curvature
• Recovery of gravitational wave polarization states

7. Fixing β and κP . The coupling constants β in (74) and κP in (72) are not
yet derived from LP. A first-principles calculation of these from the vacuum
amplitude A0 and stiffness parameters KA, Kg would close the gravitational
sector.

12.2 Phenomenological validation

8. Log-periodic structure in dark matter halos. The prediction (12) with
log-frequency ωϕ ≈ 13.4 should be tested against galactic rotation curves and
N -body simulation outputs.

9. Quasicrystal connections. Experimental search for Primeon-like signatures
in materials with fivefold symmetry, particularly phonon spectra and diffraction
peak spacing.

10. CMB and large-scale structure. Analysis of cosmic microwave background
fluctuations and galaxy correlation functions for log-periodic features with
ϕ-scaling.

12.3 Limitations of the current formulation

The present framework does not yet:

• Reproduce full tensorial general relativity (only the conformal scalar sector)

• Derive universal amplitude coupling from the Lagrangian

• Provide a microscopic origin for the dissipation coefficients µA, µΘ

• Make contact with quantum field theory (the formulation is classical)

• Demonstrate empirical ϕ-scaling in observable physical systems

These represent key directions for further theoretical development and constitute
the boundary between what has been established and what remains open.

13. Conclusion

We have constructed a complete derivation chain for the Primeon Framework’s
golden-scale Green’s function. The key advances are:

• Golden periodicity is not assumed; it is the η → 0 limit of the image-sum
kernel (14).

• Ωϕ is not a free parameter; it is the golden-locked eigenfrequency of the
amplitude–phase Hessian (42).
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• ϕ and Z5 symmetry are mathematically dual through cyclotomic structure:
either can be derived from the other, establishing Z5 as the minimal cyclic
symmetry consistent with golden-ratio eigenvalues.

• The phase-locking potential V = −ΛA2 cos(5Θ) is derived as the minimal real
Fourier mode compatible with 2π/5 periodicity, not postulated.

• The 1/r Coulomb behavior arises from the 3D Laplacian on the massless global
phase, not from any appended factor.

• The framework provides a single-field formulation: localized excitations are
nonlinear solutions of the field equations, requiring no separate source term.

• Conformal scalar gravity emerges as the long-wavelength elastic limit (Sec-
tion 8): the Newtonian potential is an amplitude deformation of the vacuum,
ΦN = βc2(A− A0)/A0, and Newton’s law follows when the amplitude source is
proportional to energy density.

• The framework predicts log-periodic structure with characteristic frequency
ωϕ = 2π/ lnϕ ≈ 13.4 per e-fold in radius, providing a falsifiable observational
signature.

The resulting framework supports four distinct physical sectors—EM-like, gravity-
like, Yukawa, and confinement-like—from the single potential U(A,Θ), with sector
behaviors determined by mode mass and coupling universality.

Important limitations remain: the framework currently recovers conformal scalar
gravity rather than full tensorial general relativity, and universal amplitude coupling
is imposed as a structural principle rather than derived from the Lagrangian. These
represent essential directions for future theoretical development.

The framework’s ultimate validity depends on empirical validation of its log-
periodic predictions. If ϕ-scaling is observed in physical systems, it would provide
a geometric unification of interactions through a single amplitude-phase field with
golden-ratio scaling structure.
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A. Notation Summary

Symbol Meaning

ϕ Golden ratio (1 +
√
5)/2 ≈ 1.618

u = ln r Logarithmic radial coordinate
Ωϕ Golden coherence frequency (inverse scale length)
Lϕ = lnϕ Fundamental golden period in u-space
η Shell-damping parameter; η = lnϕ/ξu

ξu Golden coherence length in u-space
A, Θ Primeon amplitude and phase fields
A0, Θ0 Locked vacuum values
K Stiffness matrix of scale-space kinetic terms
H Hessian of U at the locked vacuum
KA, KΘ Kinetic stiffness coefficients
λ Amplitude–phase kinetic coupling
λA, Λ, χ Potential parameters (amplitude, phase-locking, interference)
mA Amplitude mode mass = (HAA/KA)

1/2

Θg Global (long-range) phase field
ϑ Internally locked (Z5) phase field
T

(P )
µν Primeon stress-energy tensor

geffµν Emergent conformal metric = (A/A0)
2βηµν

β Amplitude-to-metric coupling constant
κP Effective gravitational coupling in emergent Einstein equation
JA Amplitude source density
ωϕ Log-periodic oscillation frequency = 2π/ lnϕ
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