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Abstract

Koide’s mass formula and Brannen’s phase-parametrized extension provide a compact empirical
description of the charged-lepton spectrum. In this paper we examine whether a structurally similar
ansatz can organize the down-type quark sector. The construction is presented as an empirical benchmark
parametrization rather than a derived common-scale mass law: the down-type pattern is read as
a Brannen-type geometric skeleton—a phase-parametrized square-root pattern—together with QCD
renormalization-group dressing. Adopting ¢4 = % and cos(dq) = %COS(%W) yields percent-level consistency
with the PDG 2024 central values, comparable to the current input uncertainties.

With mg, ms quoted at u = 2GeV and my at its own reference scale p = my, the benchmark is a
mixed-scale skeleton; light-quark entries acquire a multiplicative dressing under transport to a common
scale, with four-loop MS running giving a nearly common factor ~ 0.9191 for \/mg and /ms between these
scales. At a common scale, the same three-mass tuple can be recast in a Brannen-type form with negligible
numerical residual; we treat this as a diagnostic parametrization rather than as an independent prediction,
and the residual fit parameters T5* and ¢fi* are kept approximately scale-independent. In this form, the
inverse-Koide quantity Ki,v—the Koide combination with each mass replaced by its reciprocal-—remains
close to %; since QCD running is flavour-universal for these masses in the approximation used here, the
shape parameters of the inverse square-root tuple are kinematically preserved, and the empirical content
is the proximity of the corresponding ratio parameter to % Following correspondence with Rivero, we
further parametrize the inverse square-root tuple in the same Brannen-type form and observe that the
corresponding fit parameter T  is exactly scale-independent within the QCD-only, flavour-universal
running approximation adopted in this work and lies within ~ 8 x 107 of the symmetric value %
Whether full Standard-Model running further reduces this residual is left as an external open question
and is not assumed in the present analysis. The whole construction is presented as a compact empirical
organization of the down-type spectrum, not as a first-principles derivation, together with a structurally
compact statement of the dual Koide relation.

1 Introduction

1.1 Koide and Brannen relations

In 1982, Yoshio Koide proposed a mass relation for the three charged leptons, based on earlier work by Harari,
Haut, and Weyers [1-3]:
Me + My, + My 2

(Ve + i + i) 3 W

where me, m,, and m, denote the masses of e™, 1, and 77, respectively. This empirical relation reproduces
the charged-lepton hierarchy at the percent level and has motivated a long line of phenomenological studies
of flavour structure.

A convenient reformulation was later proposed by Carl A. Brannen [4,5]. If we relabel the charged-lepton
masses as Me1, Me2, and me3, their square roots may be parameterized as

2 2
Ven = 17.716 (1 V2 cos (9 1 3n7r)> MeVZ, n=1,2 3. (2)



An important detail is that the phase is %, not %w. Geometric interpretations of Koide-type relations have

also been discussed from other viewpoints, notably by Foot and, in a different mathematical setting, by
Kocik [8,12]. This parametrization motivates the broader question of whether quark masses may admit a
related phase-based description.

1.2 Aim of the present work

A direct transplantation of Koide-type formulas from charged leptons to quarks is nontrivial because
quark masses are renormalization-scale dependent and experimentally less precise. In the quark sector,
one must therefore distinguish between a numerical pattern observed at quoted reference scales and a
relation that remains meaningful under renormalization-group evolution. Earlier extensions and related
quark-sector discussions include the empirical analyses of Rodejohann and Zhang, Kartavtsev, and Koide—
Nishiura [10,11,13]. The issue of radiative stability has also motivated model-building work such as Sumino’s
family-gauge approach [9].

The present paper focuses on the down-type quarks. The aim is not to derive a mass formula from an
underlying symmetry, but to determine whether a Brannen-type ansatz can provide a coherent phenomenolog-
ical organization of the d-, s-, and b-quark masses. The viewpoint adopted here is that the observed pattern
is most naturally read as

a Brannen-type geometric skeleton together with QCD renormalization-group dressing.

In this language, the benchmark phase structure organizes the three-generation hierarchy, while QCD running
describes how the quoted light-quark inputs move coherently when they are transported to a common scale.
Throughout this paper, the expression “Brannen-type geometric skeleton” refers precisely to such a phase-
parametrized square-root mass pattern with a prescribed benchmark pair (¢, ), considered independently of
the scales at which the individual masses are quoted. “QCD renormalization-group dressing” then refers to
the additional multiplicative factor acquired by each square-root mass when the quoted inputs are transported
from their reference scales to a common renormalization scale u. The benchmark values introduced below are
compact phenomenological choices near the fitted region, not theoretically derived constants.

The present paper contributes the following four points. First, it proposes a specific benchmark ansatz
for the down-type spectrum, with ¢4 = 1 and cos(d4) = % cos(27). Second, it separates the mixed-scale
benchmark pattern from the QCD running that dresses it, including the near-common square-root reduction
factor ~ 0.9191 shared by the d- and s-quark branches between p = 2 GeV and p = my. Third, it verifies
numerically that the inverse Koide quantity Kj,, remains close to % and is transport-stable between the
mixed PDG reference scales and the common-scale reconstruction. Fourth, it rewrites the inverse square-root
tuple in a Brannen-type form, clarifying that its QCD-only shape stability is algebraic while its proximity to
the symmetric value % is empirical.

The strategy has three parts. First, we identify a benchmark functional form at the standard PDG
reference scales. Second, we allow the overall normalization to depend on the running bottom scale p43. Third,
we reconstruct the spectrum at a common renormalization scale p. This progression makes it possible to
separate the mixed-scale benchmark from the genuinely scale-stable part of the construction and to see more
clearly why the inverse-Koide quantity Kj,, is numerically more robust than the direct Koide combination.

To summarize the scope of this work: (i) it offers a phenomenological organization of the down-type quark
masses, not a derivation from a more fundamental theory; (ii) the benchmark phase pair is a fit-motivated
benchmark rather than a first-principles prediction; and (iii) the main technical contribution is the separation
of a mixed-scale benchmark from a common-scale RG reconstruction, together with the transport stability of
the inverse-Koide quantity documented in the latter. The low-energy extrapolation shown in Figure S.1 is
included for reference only and has no standalone physical status.



2 Numerical Inputs and Conventions

2.1 Experimental inputs and renormalization conventions

We adopt the following PDG 2024 central values as numerical inputs [14]:

mg1(2GeV) = 4.70MeV,
mag2(2GeV) = 93.50 MeV, (3)
Mgs(4.183 GeV) = 4183.00 MeV,

together with
as(m%) = 0.1180, (4)

where mg1, mg2, and mg3 denote the d-, s-, and b-quark masses, respectively. Throughout the paper we use
both notations interchangeably: the generational indices mg1, mgo2, mg3 are preferred in contexts involving
the Brannen-type phase-indexed parametrization and the ordered structure of the spectrum, while the flavour
names mg, Mg, My are used in contexts involving renormalization scales and standard PDG conventions such
as my(mp). Quark masses are understood as MS running masses. For the threshold parameters entering the
numerical running, we use

me(me.) = 1.273GeV,

mp(mp) = 4.183GeV, (5)

m¢(myg) = 162.500 GeV,
again following the PDG 2024 central values.

2.2 Computational procedure

Most algebraic and tabulated numerical evaluations were carried out in Microsoft Excel 2021 using default
double-precision arithmetic. Python was used for the renormalization-group running, root finding, and the
production of the two-dimensional plots shown below.

The running masses were evaluated in the MS scheme with four-loop QCD running. Heavy-flavour
thresholds were implemented through continuous matching at g = mg(mg). In the present work this
continuous-matching prescription is a numerical convention, not a substitute for a full effective-field-theory
decoupling analysis. The explicit numerical assumptions are collected in the Supplemental Material, and the
Python scripts used to generate the figures are reproduced in Appendices A-D (with the auxiliary script for
Section S.3 in Appendix E).

Numerical values are displayed according to their role: PDG input masses are quoted with a precision
commensurate with the input uncertainties; exact benchmark constants are shown with extra digits (or the
ellipsis . ..) at their defining occurrence and rounded to four digits in subsequent appearances; renormalization-
group running masses are quoted to three decimals in MeV; dimensionless ratios such as Kj,y, the QCD
square-root dressing factor, and the fitted Brannen parameters are shown to three or four significant figures in
the body text; and the additional digits retained in diagnostic tables (e.g., Table 2) serve only to exhibit the
numerical stability of the central-value calculation. These display conventions do not affect the underlying
numerical calculations.

3 Phenomenological Construction: Brannen-Type Skeleton and
QCD RG Dressing

3.1 General three-generation form

Following Brannen’s parametrization of the charged-lepton spectrum, we describe a three-generation mass
pattern in terms of an amplitude, a geometric parameter, and a phase. To avoid confusion between the
amplitude and the renormalization scale, we denote the amplitude by A rather than u.



Define

Tz\/ilzcos‘s. (6)

Then the generalized Koide form and the corresponding Brannen-type parametrization may be written as

(i) Generalized Koide form.
m1+m2—|—m3 _1+2T2

(vmr+ yimg + yimg)® 3 "

(ii) Brannen-type form.

1 2
Vm, = A (1 + 2T cos <3¢) + 3n7r)> , n=1,2 3. (8)
For the charged-lepton realization, we use the reference values
2 53.148
e = 3 cos (0.) =0, A, = 3 MeV?, (9)

with

VMel + /Mea + /me3 = 53.148 MeVz, (10)
Further remarks on the charged-lepton reference parameters are collected in Section S.1 of the Supplemental
Material. We note already at this stage that, for any positive three-mass tuple, the Brannen-type three-
parameter form admits a closed-form inversion in (A, T, ¢), so that any common-scale Brannen reconstruction
of three masses is, on its own, a parametrization rather than an independent fit-based prediction.

3.2 Benchmark ansatz at the quoted reference scales

Using the PDG 2024 central values listed in Section 2.1, we ask whether the down-type quark spectrum admits
a Brannen-type description of the same structural form. At this stage the proposal is purely phenomenological:
the goal is to identify a compact benchmark ansatz that is in agreement with the observed hierarchy within
the present accuracy of the quark-mass inputs before addressing the renormalization-scale problem more
carefully.
As an exploratory first step, we keep the quoted reference scales jig1, fta2, and g3 separate. One then
finds
Va4 /az + /g ~ T6.224 - 76.879 MeV? ~ 53.148 x 35 MeV2. (11)

The interval in Eq. (11) is obtained by inserting the quoted PDG 2024 1o input ranges for m4(2 GeV),
ms(2GeV), and my(myp) into the mixed-scale sum /mg; + \/Maz + \/Ma3; the numerical analysis below
otherwise uses the corresponding central values. This motivates the benchmark ansatz

.14 1 2 1
VMan = 533738 <1 + 2T cos <3¢d + 3n7r>) MeVZ, n=1,2, 3, (12)

T, = \/H#S(éd). (13)

A simple and suggestive benchmark choice is

with

1 1

7¢e = §

ba =5

(14)

If one inserts the trial value 2Ty = 1.543 into Eq. (12), the resulting masses are already close to the PDG

central values:
ma1 =~ 4.727 MeV,

Mg ~ 94.981 MeV,
mgs ~ 4190.336 MeV.



3.2.1 Benchmark choice of cos(d4)

The empirical value 2Ty & 1.543 implies cos(dq) =~ 0.190. We therefore adopt the nearby exact benchmark
value
1 3 2—42
cos (6q4) = 5 cos (87r> = % ~0.191342. .. (= 64 = 1.378267. .. [rad]). (15)
The rationale for this choice is discussed in Section S.2 of the Supplemental Material. We emphasize that the
present paper treats Eq. (15) as a compact benchmark ansatz, not as a rigorous geometric derivation.
With

¢Pd = %, cos (0q4) = %cos (:7‘[‘), (16)

the benchmark ansatz in Eq. (12) should be read carefully. Formally it contains three quantities (A, Ty, ¢q),

but in the present work ¢4 = % and cos(dq) = % COS(%TF) are not treated as fit parameters. They are prescribed

a priori as structural benchmark choices, in analogy with the charged-lepton reference values ¢. = % and

cos(d.) = 0. Only the overall normalization A = 53.148 x 373 is fixed from the mixed-scale square-root sum
in Eq. (11). The benchmark construction should therefore be regarded as a conditional one-parameter ansatz
for three masses, yielding two non-trivial constraints: the mass-ratio pattern and the associated benchmark
value of the direct Koide ratio. The benchmark is not claimed to be a parameter-free prediction; its role is to
test whether a compact fixed phase pair can organize the observed hierarchy once the overall scale is set.

One then obtains

1 2 -2
T, = 5 + 3 . (17)

The quoted interval is obtained by propagating the quoted PDG 2024 1o input ranges of the mixed-scale
masses through the square-root sum; unless stated otherwise, the numerical analysis below uses the central
values. The factor 33 is used here only as a numerical bridge between the charged-lepton square-root sum
53.148 MeV? and the down-type mixed-scale square-root sum. No group-theoretic meaning is claimed for
this factor by itself.

Accordingly, the direct Koide ratio becomes

2 V22
M1 ¥ Mz 1 s 2 V2-V2 G msoar (18)

(\/mdl + /Ma2 + \/md3)2 3 12

and the benchmark Brannen-type expression is

14 2—14/2 1 2
,/7mdn:5328 1+ 2+7\fcos 4+ Znm) | MeV2, n=1,2 3. (19)
33 2 9 3
At this benchmark point, the predicted masses are
ma1 =~ 4.687 MeV,
maz =  94.862 MeV, (20)

mas ~ 4192.291 MeV.

At this point the benchmark formula should be interpreted carefully. Because my and my are quoted
at u = 2GeV, whereas my, is quoted at p = my, Eq. (19) is not a common-scale mass law. It is better read
as a mixed-scale Brannen-type geometric skeleton. The common-scale description is obtained only after
renormalization-group transport.

Schematically, if the quoted inputs are evolved from a reference scale g to a common scale u, then

1
2

Mq(1) = Zm (1 o) Mg (to), mq () = Zi (s o) \/ mq(p0)- (21)



Using the same four-loop running conventions implemented in Scripts 1 and 3 (Appendices A and C), evolution
of the light branches from u = 2 GeV to u = my gives

ma(mp) =~ 3.970 MeV, ms(mp) = 78.984 MeV, (22)
and therefore
ma(mp) ms(mp)
———— = 0.9191, —— =~ 0.9191. 23
mq(2 GeV) ms(2 GeV) (23)

The near equality of these two factors is the numerical reason for the language adopted here: the benchmark
phase pattern supplies the geometric skeleton, while QCD running supplies an almost common multiplicative
dressing for the light-quark branches. The b branch, by contrast, remains nearly unchanged because it is
already anchored at its own reference scale.

3.3 Running extension in terms of 43

The constant prefactor 53.148 x 373 is adequate only at the benchmark point. To incorporate the running of

the bottom mass, we replace it by a scale-dependent amplitude A4(uq3) and thereby define a scale-dependent

predicted spectrum mgfd (pa3):

2—4/2 1 2
mP Y (paz) = Ag (pas) [ 1+14/2+ T\[cos (9 + 3n7r> MeV?, n=1,2, 3. (24)

The explicit numerical procedure is given in Appendix A.

Down-type quark mass formula: tg1(qg3) and gz (Uqg3)
(4-loop QCD running, continuous threshold matching, MS scheme)
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Figure 1. Reconstructed scales piq1(1a3) and pgo(pas) obtained from the running extension of the down-type
mass formula.

Figure 1 illustrates the resulting dependence of ji41 and pg2 on pig3. A more detailed inspection of the
low-energy region, in which the reconstructed scales appear to cluster together, is collected in Section S.3 of
the Supplemental Material, since the apparent infrared coincidence is an extrapolation artifact close to the
Landau-pole region rather than a physical claim.

At this stage, following a subsequent remark by Rivero [15], we examine the inverse Koide quantity Ky,
obtained from the Koide combination by replacing each mass with its reciprocal:

1 1 1
Fopred (has) = mP:° (paz) + mPe° (paz) + mPe (1uas)

mv

2
S~ 0.6662 ~ . (25)
( 1 4 1 + 1 3
VmE as) A/ miy as) /M (as)




After our initial mixed-scale down-type mass-formula observation, Rivero pointed out that this near equality
remains numerically stable, both in the quoted mixed-scale form (where Kfl’ifd ~ 0.6662 is computed from the
benchmark-predicted spectrum) and in the common-scale reconstruction (where the corresponding quantity
computed from the running masses is denoted Kiny (1) = 0.6674; see Section 4.2 and Table 2), and suggested
describing it as a phenomenological dual Koide relation. That observation helped motivate the common-scale
analysis developed below.

3.4 Common-scale reconstruction at p

We next reformulate the analysis at a common renormalization scale. The negligible residual obtained below

in the common-scale reconstruction is an internal numerical check of a three-parameter representation of

three masses, not an independent physical prediction; the non-trivial empirical content resides instead in

the restricted benchmark choice (Section 3.2) and, as developed in Section 4.3, in the proximity of the
1

inverse-tuple parameter Tt to 7 With this caveat, let

1 & 2 1
Van (1) = A8t (1) (1 + 278 cos (3 B+ 3n7r>) MeV?2. (26)

From the running masses may (1), maz(p), and mg3(p), we reconstruct the scale-dependent amplitude A(p)
while treating TH and ¢fi' as scale-independent fit constants. This separation holds within the QCD-only,
flavour-universal running approximation adopted in this work; we do not assume that it remains exact once
electroweak gauge and Yukawa contributions to the full Standard-Model running are included at p > M.
The explicit algorithm is given in Appendix B.

At pu = 4.183 GeV, the fitted parameters are approximately

Al (4.183GeV) ~ 25.19,  THt ~0.788, fit ~0.301. (27)

The fit values in Eq. (27) necessarily differ from the benchmark parameters (TP"°¢, gPre?) = (5 cos(2m), 3)
fixed in Egs. (15)—(16). This shift is not an independent phenomenological adjustment: it is the direct
algebraic consequence of QCD renormalization-group dressing of the two light branches. Since ,/mg4 and
/s acquire the common factor ~ 0.9191 between 1 = 2GeV and p = my (Eq. (23)) while \/m; is already
evaluated at p© = my, the trigonometric pattern that simultaneously reproduces the three masses at a single
common scale must absorb this scale-dependent reshaping of the ratios \/mg1/mgs and /mga/mgs. In this

sense (T1°, ¢fit) are not free parameters of a new model; they are the RG-dressed image of (TP, ¢P™%) at
the chosen common scale. The residuals quoted in the “with RG dressing” column of Table 1 are a logically
separate quantity: because flavour-universal QCD running multiplies both the benchmark prediction and the
PDG input by the same factor between p = 2 GeV and p = my, the ratio is preserved and the residuals simply
inherit the quality of the benchmark fit at the PDG input scales. The asymmetry between the mg; and mgs
residuals (—0.49% vs 4+1.23%) is therefore an intrinsic property of the Brannen-type fit at = 2 GeV, not a
flavour-dependent RG effect.



Down-type masses reconstructed from the fit in MS QCD (4-loop, continuous matching)
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Figure 2. Common-scale reconstruction of the down-type running masses, produced by Script 2 (Appendix B).
The top panel shows the Brannen-type form of Eq. (26) evaluated with the fit parameters (A (u), T, ¢fit),
denoted mft (11). The bottom panel shows the absolute relative residual |Am&t | /mgy,, Wher%mgz (1) =
mit (1) — man (1) and mg, (1) denotes the PDG 2024 running masses obtained by 4-loop MS evolution
from the quoted inputs of Eq. (3) under the continuous-matching convention of Section 2.2. The ~ 1072
residual reflects the numerical closure of the three-parameter reconstruction and should not be read as

phenomenological accuracy.



The reconstruction error stays at the 107! level over the plotted range. In this common-scale formulation
as well, the inverse Koide quantity Ki,y (1), computed from the running masses, remains close to % and is
effectively scale independent:

1 1 1
Kinv(,u) _ mq1 (1) + maz (1) + maz () 5 ~ 0.6674 ~

1 1 1
(\/mdl(u) + Vmaz (1) + Vmas(p)

This is the most persistent numerical feature of the construction and the main reason the dual Koide viewpoint
survives the transition from the benchmark skeleton to the common-scale, RG-dressed description.

[SVRN )

. (28)

4 Results and Interpretation

4.1 Benchmark reproduction of the down-type spectrum

At the benchmark point defined by Eq. (19), the Brannen-type ansatz is in agreement with the observed
hierarchy of the down-type sector within the present PDG accuracy. For a clean benchmark comparison at
a common renormalization scale, we fix pgs = my(mp) = 4.183 GeV and evaluate both the common-scale
formula of Eq. (26) and the PDG 2024 central inputs at the same scale. The common-scale predictions are

m7 Y (uas) = 4.677MeV,
mP e (g3) & 94.652 MeV, (29)
M (1as) = 4183.000 MeV,

which numerically coincide with the Brannen-type values associated with the PDG input scales (2 GeV for
d, s; my for b). Table 1 summarizes the comparison after the common-scale transport.

Table 1. Benchmark comparison with all entries evaluated at the common scale pg3 = my(my,) = 4.183 GeV.

“Mixed-scale benchmark”: Eq. (26) evaluated at jg3 using the benchmark parameters (T5"?, ¢b™%) =
(3 cos(2m), 1) of Egs. (15)—(16), not the fit values of Eq. (27). “with RG dressing”: the same benchmark
prediction transported from its PDG input scale (2 GeV for d, s; my(my) for b) to g3 via 4-loop MS running.
“Evolved PDG input”: the PDG 2024 central inputs transported to pg3 analogously (these are inputs, not fit
outputs). Relative deviation = (with RG dressing — Evolved PDG input)/Evolved PDG input. Algorithm:

Script 3 (Appendix C); visual summary: Figure 3.

Quantity Mixed-scale benchmark with RG dressing Evolved PDG input Relative deviation

mq1 4.677 MeV 3.951 MeV 3.970 MeV —0.49%
M2 94.652 MeV 79.957 MeV 78.984 MeV +1.23%
mas3 4183.000 MeV 4183.000 MeV 4183.000 MeV +0.00%




Table~1 benchmark: Prediction (Eq.~22) vs RG-dressed vs PDG 2024 evolved, common scale pg3 = mp(mp)

(a) Absolute values at ugs = mp(mp) = 4.183 GeV (b) Ratio normalized to PDG evolved
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Figure 3. Visual summary of Table 1: Brannen-type common-scale prediction (Eq. (26)) versus the same
prediction after RG dressing, compared with the PDG 2024 central inputs evolved to the common scale
tas = mp(my) = 4.183 GeV. Panel (a) shows the absolute values on a logarithmic axis with the residual
deviations A after RG dressing. Panel (b) shows the same comparison as a ratio normalized to the PDG 2024
evolved values (reference line at unity). The plot is produced by Script 3 (Appendix C).

Figure 4 provides a three-panel schematic accompanying Table 1. Panel (a) shows the mixed reference
scales of the down-type masses: /mgq and /m; at p = 2GeV and \/m; at = my. Panel (b) shows the
QCD transport to the common scale y = my: the d and s branches each pick up the multiplicative factor
VZ 2 0.9191 (with Z,, evaluated between y = 2GeV and p = my, in agreement with Eq. (23)), while
the b branch is anchored at its own reference scale and receives no transport. Panel (¢) compares, at the
common scale p = my, the RG-dressed benchmark prediction with the evolved PDG 2024 input, displaying
the residuals A = —0.49%, +1.23%, and +0.00% for the d, s, and b entries respectively. The figure is a
schematic illustration only; it is not generated by any of Scripts 1-4, and the corresponding quantitative
content is given by Table 1 and Figure 3.
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Mixed-scale benchmark and QCD transport to a common scale

(a) Mixed reference scales (b) QCD RG dressing (c) Common-scale comparisonat pz = my,

common scale: p = my,

d ] b d ] b
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Figure 4. Schematic scale-flow diagram accompanying Table 1. (a) Mixed reference scales: \/mq, \/m; at
p=2GeV and /my, at p = my. (b) QCD transport to the common scale = my: the d and s square-root
masses each acquire the multiplicative factor v/Z,, ~ 0.9191 under the QCD-only running adopted in
this work (Eq. (23)), while the b branch is anchored at its own reference scale and receives no transport.
(¢) Common-scale comparison between the RG-dressed benchmark and the evolved PDG 2024 input, with
residuals A = —0.49%, +1.23%, £0.00% for the d, s,b entries (cf. Table 1). The figure is schematic only and
is not produced by any of Scripts 1-4.
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For the benchmark comparison summarized in Table 1, only the overall normalization A is fixed from
Eq. (11); the quantities T; and ¢4 are not refit to the three down-type masses but are held fixed by the
structural benchmark choice in Eq. (16). The residual deviations quoted in Table 1 (—0.49% for mg4; and
+1.23% for mys) sit well within the PDG 2024 quoted uncertainties on mg(2 GeV) and m4(2 GeV), so the
benchmark agreement should not be over-interpreted as a precision test. The heaviest entry mgs is identical
across the three columns by construction, because the common scale is itself chosen at mp(m;) and the overall
amplitude is normalized so that the b branch reproduces my(my) exactly. The non-trivial benchmark check is
therefore the simultaneous percent-level placement of the d and s entries after the same QCD transport, not
the b entry on its own.

Using the same running conventions as in Scripts 1 and 3, the light-quark inputs transported from 2 GeV
to p = my, become my(myp) ~ 3.970 MeV and mg(my) ~ 78.984 MeV. The corresponding square-root dressing
factors are both approximately 0.9191, in agreement with Eq. (23). This explicit recalculation supports the
view that the benchmark relation should be read as a mixed-scale geometric skeleton, while the common
rescaling of the light branches is supplied by QCD running.

The agreement is not exact, nor should one expect exact agreement at the present phenomenological level.
What matters is that the ansatz captures both the strong hierarchy and the correct overall scale of the three
down-type masses within current PDG uncertainties, using only a small set of benchmark parameters.

4.2 Dual Koide behavior under running

The central numerical result is not the benchmark mass table itself but the transport stability of the inverse
Koide quantity under the reduction from mixed quoted scales to a common renormalization scale. In the
common-scale reconstruction, the more robust quantity is

1 n 1 + 1
Kine (1) mdl(M) maz (i) mdg(u) ' (30)

2
( S S )
Vma(p)  /maz(p)  v/mas(p)
Representative values are listed in Table 2.

Table 2. Illustrative values of the inverse Koide quantity Kj,y (1), computed numerically from the running
masses in Script 2 (Appendix B). Within numerical precision and within the QCD-only, flavour-universal
running convention adopted in this work, the quantity is effectively scale independent. The six-digit display
of Kiny (1) is retained only to exhibit the numerical stability across the listed scales; the body text quotes the
rounded value 0.6674.

Scale Kiny (1)
2 GeV 0.667416
my(=4.183GeV)  0.667416
Mz(=91.2GeV)  0.667416

Reference value % 0.666667

Numerically, Ki,y(pt), as computed from the running masses in Script 2 (Appendix B), stays very close to
% over the scale range examined here and is effectively scale independent within numerical precision. The
scale stability itself follows from the homogeneity of Kj,, under a common rescaling of the three masses
in the QCD-only approximation; the empirical observation is that the scale-stable value lies close to %
The same homogeneity protects the direct Koide ratio under a common-scale QCD-only rescaling, but the
mixed-to-common-scale transport treats the b branch and the light branches asymmetrically (my, is anchored
at u = my while my s are evolved from p = 2 GeV); this asymmetry distorts the direct benchmark relation,
but leaves the inverse-tuple shape (and hence Kj,y) intact under the same transport, which is the empirical
asymmetry between the two ratios documented here. It is also consistent with Rivero’s subsequent observation,
following our initial mixed-scale mass-formula construction, that the inverse relation is unusually stable under

renormalization-group evolution [15].
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4.3 Inverse-tuple Brannen parametrization

The empirical content of Section 4.2 can be recast in a structurally compact form by parametrizing the inverse
square-root tuple in the same Brannen-type form as Eq. (26). Define

1

2 1
_Adlnv( ) (1+2Td1nv( ) COS( ¢d1nv( )"‘]fﬂ')) MeV*g’ k:4_na n= 17 27 3.
mdn(ﬂ) 3

(31)

For three masses at any given u, Eq. (31) admits a closed-form solution in (A8t TH “@ft 3 by the same
inversion as in the direct case (Section S.4); the explicit algorithm is provided in Appendix D.

By the same algebra used to derive the direct identity K = %(1 + 2Td2), the inverse Koide quantity satisfies

the closed-form identity
1+ 2[Tf, (]

Kin(j1) = i )] (32)
so that Kj,, = % is equivalent to Tg‘fnv = % At the PDG 2024 input scales the Brannen extraction yields

At (2GeV) ~0.193MeV ™2,  TH ~0.7079, it~ +0.569 rad, (33)
the empirical proximity T = =~ % ~ 0.7071 being the same dual-Koide observation expressed in the

inverse-tuple language.
For comparison, applying the same closed-form inversion to the benchmark predicted masses of Eq. (19),
evaluated at the same mixed PDG reference scales, yields

AP (9 QeV) & 0.193MeV 2, T0 ~ 07066, ¢ & 4+0.556 rad, (34)

dinv dinv dinv

which differ from the PDG-input fit values of Eq. (33) at the percent level, mirroring the direct benchmark
residuals reported in Table 1. Notably, numerically the symmetric value \% ~ 0.7071 lies between TP™? ~

dinv

0.7066 and 7% =~
parametrizations.
The structural advantage of Eq. (31) is that the scale dependence of the three Brannen quantities is now
fully transparent. Because flavour-universal QCD running multiplies \/mg, (1) by a common factor n(u, to)

(Section S.4), the inverse tuple acquires the inverse common factor:

~ 0.7079, so that the residual gap to Ki,, = % closes from opposite sides under the two

1 _ 1 1 (35)
man () (s 10) \/mgn (10)

The amplitude Afit (1) absorbs this dressing factor exactly, while T8¢ ~and ¢fi  remain manifestly scale-
mdependent under QCD-only running. Figure 5 confirms this numerically across the full perturbative
window: T8 (1) ~ 0.7079 and ¢ft (1) ~ +0.569 rad are both flat to numerical precision. Compared with
the direct mass formula Eq. (26), the inverse-tuple form Eq. (31) keeps the cosine in the same Brannen
shape cos( o+ % 1dx ) but with the index reversed by k = 4 — n. This single discrete relabelling reflects

. . - . - s . . . . : 1 s
the inversion of the underlying mass ordering — /mg, is monotonically increasing in n whereas T 18

monotonically decreasing — so that the Brannen reference (the dominant branch at angle 0) is taken at index
3 in both cases: n = 3 (the bottom branch) for the direct form and & = 3 (i.e. n = 1, the down branch) for
the inverse form. In Brannen’s geometric reading, the inverse-tuple parametrization corresponds to the same
spherical triangle traversed in the opposite orientation, and the resulting qu ‘v ~ +0.569 rad lies in the same
sign range as the direct ¢4 = . Via Eq (32) the constancy of T l?fnv is equivalent to the constancy of Kjyy
recorded in Table 2; the constancy of (bd i further fixes the relative orientation of the three inverse-tuple

branches in Brannen space.
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Inverse-tuple Brannen parametrization under 4-loop MS QCD running

— 1/¥ma(p) (down)
== 1/ymga(u) (strange)
— 1/vma3(u) (bottom)
g
I
> —————
21 1 A S S PP R P
= | ===
= 10-! mm——T
2
S
S
~
—~
0.7085 1 — T
o70804 12 = 0.7071
>
=
£ 0.7075 1
07070 4R s
0.7065 -
fit ( )
0.572 A befinv(L
o
£ 05701
.2 0.568
E=~]
S
0.566 -
0.564 | | | |
10° 10! 102 103

p [GeV]

Figure 5. Inverse-tuple Brannen parametrization under 4-loop MS QCD running. Top: the three inverse
1 for n = 1,2,3 (down, strange, bottom) on a log-log axis; only the overall

V Mdn (1)
amplitude ARt () czlirries the QCD dressing. Middle: the Brannen ratio T8 (1) compared with the

symmetric reference 7~ 0.7071; within the QCD-only, flavour-universal running approximation adopted

square-root masses

in this work, 75 =~ 0.7079 is exactly scale-independent, with the residual gap ~ 8 x 10~ invisible to
QCD evolution. Bottom: the Brannen phase d)‘;ltmv(u), likewise constant at ~ +0.569rad over the entire
perturbative window, confirming that the full Brannen shape of the inverse tuple (both Tg‘fnv and d)gtinv) is
preserved under QCD running and only the amplitude runs. Since Eq. (31) is solved in closed form (three
equations for three unknowns), the reconstruction error stays at the 10712 level, identical to that exhibited in
the bottom panel of Figure 2; an analogous error panel is therefore omitted. The plot is produced by Script 4

(Appendix D).
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The residual deviation K, — % ~ 7x10~% is, in the language of Eq. (32), a residual Tg}nv — % ~8x 1074,
and is invisible to the QCD-only RG evolution implemented in this work. Whether the inclusion of the full
Standard-Model running, including the top-Yukawa contribution and the electroweak gauge contributions at
1> My, further reduces this residual is left as an external open question and is not assumed in the present
analysis. A specific proposal in this direction has been discussed in Ref. [15]; the present paper neither
verifies nor relies on it, and treats the proximity Tt =~ % strictly as an empirical observation at the scales
considered here.

4.4 Interpretation, scope, and limitations

The main conceptual gain of the present reconstruction is not a new algebraic identity but a cleaner separation
between two logically different ingredients (its value is to separate the fixed benchmark skeleton from the RG
dressing and to identify which inverse-tuple shape parameter is close to its symmetric value):

a Brannen-type geometric skeleton and QCD renormalization-group dressing.

The benchmark phase choice organizes the mixed-scale hierarchy, while the common-scale running describes
why the two light branches move coherently under transport from 2GeV to p = m;. In particular, the
recalculated factors in Eq. (23) show that the common reduction of the light square-root masses is a QCD
effect, not a second independent trigonometric coincidence.

This perspective also clarifies why a separate long Results section is unnecessary in the present manuscript.
Most of the substantive content consists of the construction itself: the benchmark ansatz, the running
extension, the common-scale reconstruction, and the associated numerical plots. The function of the present
section is therefore to isolate the final numerical messages from the derivation, not to repeat the derivation in
expanded form.

The principal theoretical gap remains unchanged. The benchmark choice ¢4 = % together with cos(dq) =
1 cos (2m) works well numerically, but its microscopic origin is unknown. The stability of Ki,, should
therefore be understood as an empirical consistency property, not as a first-principles explanation. Clarifying
whether this pattern is accidental, emergent, or symmetry-based remains the main open problem.

A second limitation is methodological. The running analysis is carried out with standard MS evolution and
continuous threshold matching, which is adequate for the present exploratory purpose but does not replace a
more systematic effective-field-theory treatment of threshold decoupling. Even so, the near constancy of Kjy.
appears sufficiently robust to justify further investigation.

5 Conclusions

We have presented a Brannen-type phenomenological parametrization of the down-type quark masses,
summarized in Eqgs. (12) and (19), with the benchmark phase choice ¢4 = % and cos(dg) = %cos (%w). The
empirical content of the present analysis can be summarized in three points:

1. the fixed benchmark phase pair organizes the mixed-scale down-type hierarchy at the percent level,
comparable to the current PDG 2024 input uncertainties;

2. QCD transport from the mixed PDG reference scales to a common scale gives a nearly common
multiplicative dressing factor v/Z,, ~ 0.9191 for the d and s square-root masses, while the b branch is
anchored at its own reference scale p = my;

3. the inverse-tuple shape parameter chlifnv is scale-stable within the QCD-only, flavour-universal running
approximation adopted here and lies empirically close to —=, equivalent to Kj,, close to % via the

ﬁ7
closed-form identity Kiny, = (14 2[T5% ]%).

The preferred reading of the construction is a mixed-scale Brannen-type benchmark together with QCD RG
dressing, and the common-scale reconstruction cleanly separates these two ingredients.

Formally the benchmark expression contains three quantities (A, Ty, ¢4), but in the present work two
of them are fixed to phenomenologically motivated benchmark values, while the overall normalization is
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fixed from the mixed-scale square-root sum. In that sense the benchmark construction is best regarded as a
three-parameter ansatz with two frozen benchmark inputs, and its non-trivial content lies in the resulting
mass hierarchy and the associated benchmark value of the direct Koide ratio.

The preferred reading of the present construction is that the benchmark formula provides a Brannen-type
geometric skeleton, while the common-scale evolution provides QCD RG dressing. With the same numerical
conventions used in the scripts, the evolution of the light branches from 2 GeV to u = my; gives

ma(mp) ~ 3.970 MeV, ms(mp) == 78.984 MeV,

so that both light square-root masses acquire an almost common multiplicative factor &~ 0.9191. In this sense,
the common-scale fit is not a replacement for the benchmark skeleton but its dressed version.

We then reformulated the construction at a common renormalization scale p. In that form, the running
masses are recovered with negligible numerical residual as a diagnostic reconstruction (i.e. a closed-form
three-parameter representation of three masses, not an independent prediction) when the amplitude is allowed
to run as Agt(u), while the fit parameters Tc?t and ¢2t, which differ from the mixed-scale benchmark values,
are kept approximately scale independent. The most robust a posteriori observation is not the benchmark
mass table itself, but the near constancy and transport stability of the inverse-Koide quantity K, between the
mixed-scale and common-scale descriptions, while the direct Koide combination is neither numerically close to
% at the quoted scales nor as well protected under that transport. As shown in Section 4.3 and Figure 5, the
same observation can be recast as a Brannen-type parametrization of the inverse tuple \/%(), in which the

Man (K
ratio parameter Tg‘fm ~ 0.7079 is exactly scale-independent within the QCD-only, flavour-universal running

approximation adopted in this work and lies within ~ 8 x 10™* of the symmetric value %; whether the

residual gap Tgitnv — % is further reduced once full Standard-Model running is included at p > M is left as
an external open question. A discussion in this direction is given in Ref. [15], but the present paper does not
assume any such UV-exact statement.

Several limitations should be kept in mind. No first-principles derivation of the benchmark values is given;
the phase pair (¢4, cosdq), the proximity Tg‘fnv R~ %, and the structural identity Kj,, = é (1 + Q[Tcl?itnvp)
are documented as numerical and algebraic observations rather than predictions of an underlying theory, and
their microscopic origin remains an open theoretical question. The work should not be read as evidence for a
fundamental common-scale mass law. The low-energy extrapolation of Figure S.1 is illustrative only, sits
close to the lower edge of the perturbative window, and has no standalone physical status. The construction
is therefore best regarded as a compact empirical organization rather than a completed theory; its value is to
make explicit which part of the down-type structure is captured by the Brannen-type phase skeleton, which
part is RG kinematics, and why the inverse-Koide viewpoint is more robust than the direct one for running
quark masses.

As one potential avenue for a first-principles understanding, we note in passing that Brannen’s three-
generation circulant matrix I'(i,n,d) can be read as the Gram matrix of three qutrit states in C3, with
7 playing the role of the overlap magnitude |{(a|b)| and ¢ being proportional to a three-vertex Bargmann
(geometric) phase ®p5 = arg(r|g)(g|b)(blr) via § = @5 [6,7]. In this reading, Koide’s condition n* = 1
corresponds to an equilateral configuration of the three generation states in CP?, whereas the down-type
benchmark cos(dq) = 5 cos(27) departs from that configuration in a specific way. Whether this qutrit / CP?
framework can accommodate the down-type benchmark values, and in particular the overall factor %, is an
interesting question which we leave for future work.

Specific items that deserve further investigation include: robustness of the pattern under alternative
threshold prescriptions and higher-order matching, a systematic comparison with neighbouring benchmark
choices and with unconstrained free fits, a possible relation to Brannen’s original circulant framework or to
qutrit / CP? interpretations, and, if any, an extension to quark mixing or to wider flavour-sector observables.
The construction should be judged as a compact empirical parametrization and scale-bookkeeping exercise,
not as a completed theory of flavour; the value of the present work lies in its empirical organization of the
down-type spectrum rather than in any theoretical claim beyond it.
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Supplemental Material

This Supplemental Material collects reference information that would interrupt the flow of the main text
if presented there in full. Sections S.1-S.4 clarify the parameter conventions and the interpretation of
the dual Koide quantity. The Python scripts used for the numerical figures are reproduced separately as
Appendices A-D, and the auxiliary script for the visualization remark in Section S.3 as Appendix E.

S.1 Reference charged-lepton parameters

Following Brannen, for the charged-lepton realization we denote the relevant parameters by d. and ¢.. The
quantity J. is associated with the angle formed by three mutually orthogonal generation vectors, so that

1
0e = 3™ [rad] = cos 0, = 0. (36)

The phase ¢, is taken to be half of the oriented area of the corresponding spherical triangle:

1 -
b, = §Area(A(f, g, b)) . (37)
Brannen [4] reported the numerical value
2
e = o 38
62 (39)

which we adopt throughout the present paper as the charged-lepton reference point.

3

<) and the origin of the 1 factor

S.2 Benchmark interpretation of cos( 5

In the main text, the down-type mass formula is written as

53.148 1 2
Man = —— (1 + 2Ty cos(d)d + m)) MeV?, n=123, (39)
33 3 3
with
1 é
7 = LE000), (40)

From the observed down-type quark masses, one finds phenomenologically that
2Ty ~ 1.543, (41)

which implies
cos(d4) =~ 0.190. (42)

We therefore adopt the nearby exact benchmark value

cos(6) = ;cos(zﬂ> - %@ ~0.191342. ... (43)

It is important to emphasize that, in the present work, this value is introduced as a phenomenological
benchmark motivated by the mass fit. The primary input is the fitted value cos(d4) ~ 0.190, while

;COS<3 ) V22

Z — I

is chosen as a compact nearby exact expression that lies well within the PDG 2024 input window.

We do not attempt to derive this benchmark from an underlying geometric or symmetry construction
in the present paper. For earlier geometric viewpoints on Koide-type relations that might inspire such a
derivation, see Refs. [8,12]. A possible reformulation in a qutrit / CP? language is mentioned briefly as a
future direction in Section 5.
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S.3 Low-energy behavior of the running extension: a visualization remark

This auxiliary section documents the low-energy behavior of the running extension introduced in Section 3.3.
The discussion is collected here, separately from the main argument, because the apparent infrared clustering
visible below is a visualization artifact of the chosen extrapolation procedure rather than evidence for a
physical unification scale.

Figure 1 shows that the two reconstructed low-energy scales move toward the same infrared region as pg3
decreases. Within the displayed perturbative window, one may visualize an apparent low-energy clustering
near the infrared singular region, around p, ~ 0.587 GeV, but this trend must be interpreted with great care.
The low-energy behavior is displayed more clearly in Figure S.1. The plotting routine used for Figure S.1 is
provided in the script reproduced below.

Down-type quark: low-energy window with local linear extrapolation
(4-loop QCD running, MS, continuous matching)

1094 = Ha (down)

= = Ug> (strange)

== Wg3 (diagonal y = x)

===+ local linear extrapolation of pg1
== local linear extrapolation of Lg;

9x10-1 extended diagonal to 0.587 GeV

scan lower edge = 0.590 GeV
----- Landau-pole guide = 0.587 GeV

8x107!

Md1, Ma2, Ma3 [GeV]

7x1071

Dashed segments: local linear extrapolation from left-edge points
fit points used at left edge: 6

linear root of 141 = gs: 0.5872 GeV

linear root of i, = fgy: 0.5872 GeV

linear root of 141 = oy 0.5873 GeV

6x10°1 Interpretation: visual aid only, not a perturbative result

6xra! 7x10° 8x10°! 9x10°! 100
Ha3 [GeV]

local-linear crossing estimate
H=0.5873 GeV

Figure S.1. For reference only: infrared behavior of the running-extension construction. The dashed
local-linear extension is only a visualization aid near the lower edge of the perturbative window; the indicated
low-energy crossing is an extrapolation artifact close to the Landau-pole region and should not be interpreted
as evidence for a physical unification scale.

The apparent convergence in Figure S.1 is not evidence for a dynamical infrared unification. As g3 — pip,
the running amplitude satisfies Aq4(pq3) — +00, so the reconstructed scales uq1 and pge are pushed toward
the same infrared region largely for kinematic reasons. Moreover, the plotted “crossing” comes from a local
linear extrapolation performed extremely close to the lower edge of the perturbative window, where a is
already large and perturbative control is poor. In that sense the crossing is a visualization artifact of the
chosen extrapolation procedure, not a robust prediction of the model. No physical unification scale is claimed
here.

The Python script that produced Figure S.1, including the local-linear extrapolation routine, is reproduced
as Appendix E.

S.4 Renormalization-scale dependence and the stability of K;,,

In the present work we quote down-type quark masses as MS running masses at a common renormalization
scale p [14]. At sufficiently low scales, strong-coupling effects grow and perturbation theory becomes less
reliable. Correspondingly, heavy-quark pole-mass intuition should be used with care because pole masses
suffer from infrared renormalon ambiguities of order O(Aqcp) [16].

The key point is that under flavour-universal one-loop QCD running, the square roots acquire a common
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multiplicative factor:
Mdn (/’L) = 77(/% MO) V Mdn (/”'O) (44)

Therefore,
1 1 1
= (45)

Man () 1t 10) \/man (o)

and all ratios of inverse square roots remain unchanged:

L/y/Man (1) _ 1/\/mdn(/10). (46)
U/ v/mam(p)  1/v/Mdm (ko)

Hence the normalized inverse pattern and Kj,, are scale independent at this level.

It should also be emphasized that, once all three masses are quoted at a common scale, the same
multiplicative cancellation holds for the direct Koide combination as well. The empirical content of the
present paper is therefore not that Kj,, obeys a fundamentally different renormalization-group law, but
rather that Kj,, is already numerically close to % at the mixed PDG reference scales and remains close to
that value after transport to a common scale, whereas the direct Koide ratio is neither close to % nor as
stable under the mixed-scale to common-scale comparison.

By contrast, the direct mass formula for \/mg, (1) can appear distorted when one moves far away from
the benchmark scale. Using standard four-loop running of oy and m, in the MS scheme [20,21] together with
the conventional treatment of heavy-flavour thresholds [17-19], one finds that evolving the masses changes
the fitted prefactor and the effective phase in the direct Brannen form. In this restricted but important sense,
the inverse Koide relation is the more robust object.
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45

A  Python Script 1: 4-loop MS running and /43 scan

#!/usr/bin/env python3

nun

Generateyaytwo-dimensional  log-logplot based onythe down-typeyquark mass
formula

uuHorizontal axis:ymu_d3,[GeV](evaluationyscale of the bottom quark)
uuVertical axis:yumu_d1,[GeV], mu_d2,[GeV]

uuTheyscript computes  the predicted massesyfrom_ the down-typeyquark mass
uuformulagand then determines the running-mass;scales that reproduce those
pumassesybyyroot finding.

Formula andalgorithm

uusqrt(m_dn) =gyA(mu_d3) ,*, (1,+ysqrt (2,+yusqrt (2,-4usqrt (2))/2)
LLULLULLULLULLULLLLULLULuuuuu*ucos (1/94+,2unupin/u3) Juu [MeV ™ (1/2) ]
uuny=yl:,down, n,=,2:ystrange, yn=y3: bottom

uuA(mu_d3),isydetermined from_ym_b~(MS-bar) (mu_d43):
uvuuusgrt (m_b(mu_d3)),=yA(mu_d3)  *x k_3

uutherefore

uuuulA(mu_d3) ,=ysqrt(m_b(mu_d3),[MeV]) /0 k_3

uupredictedymass: m_dn " predy=,(A(mu_d3) *,k_n) ~2,,[MeV]

uumu_dlgand mu_d2,are defined by
uuuum_d~ (MS-bar) (mu_d1),=_m_d1 pred(mu_d3)
uuuum_s~(MS-bar) (mu_d2) = m_d2 pred(mu_d43)

Running-mass_and matching_,assumptions

uu-uMS-baryscheme, ;4-1loopyQCDrunning
uu-ualpha_s(m_Z~2),=,0.1180,(PDG,2024)
Lu-um_Z,=,91.1876,GeV L uuuuun (PDGL2024)

uu-uQuark thresholds  (MS-bar_ masses):
vuuuuum_c(m_c)y=,1.273,GeV,, (PDG,2024, ,charm)
uuuuuwum_b(m_b),=,4.183,GeV,,(PDG,2024, ,bottom)
uvuuuoum_t(m_t),=,162.5,GeV,,(PDG,2024, ,top)
uu-uThresholdtreatment: n_f,,-> n_f -, 1,(or the reverse) at ymu,=,m_q(m_q)
uuuualpha_symatching:continuousyatymuy=ym_q(m_q)
uuuumassmatching:yucontinuousatymuy=ym_q(m_q)
vuuuFinitegyhigher-orderymatching correctionsfrom,decoupling ,constants are
uuupnotyimplementedyin thisscript.

uu-uwPDGL2024inputvalues:

vuuuuum_dy=p4.7 MeVyatymu,,=,2.0,GeV

vuuuuum_syu=pu93.5 MeVyatymu,=,2.0,GeV
Luuuuuum_b=,4183_ MeV  ,at mu,=,4.183,GeV,(=ym_b(m_b))

How,to,run

uu$upython down_quark_mass.py

Requiredylibraries

nun

import numpy as np
from scipy.integrate import solve_ivp
from scipy.optimize import brentq
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66 | import matplotlib.pyplot as plt
67 | import warnings
68

69 | # =========================================================s================
70 | # Constants

71 | # =S========================================================================
72 |MZ = 91.1876 # Z boson mass [GeV] (PDG 2024)

73 | ALPHA_S_MZ = 0.1180 # alpha_s(m_Z 2) (PDG 2024)
74
75 | # Quark thresholds: MS-bar masses m_q(m_q) [GeV] (PDG 2024)

76 | MC_MC = 1.273 # charm: m_c(m_c) = 1.273 GeV

77 |MB_MB = 4.183 # bottom: m_b(m_b) = 4.183 GeV

78 | MT_MT = 162.5 # top: m_t(m_t) = 162.5 GeV

79

s0 | # Input quark masses [MeV] at given scales [GeV] (PDG 2024 central values)
81 | MD_INPUT = 4.7 # m_d at mu=2 GeV [MeV]

g2 | MS_INPUT = 93.5 # m_s at mu=2 GeV [MeV]

83 | MB_INPUT = 4183.0 # m_b at mu=m_b [MeV]

84 | MU_D_INPUT = 2.0 # evaluation scale for m_d, m_s [GeV]

85

86 | # =========================================================================
87 | # QCD beta-function coefficients (MS-bar scheme)

88 | # beta(alpha_s) = -beta_0 * (alpha_s/pi) "2 - beta_1 * (alpha_s/pi) "3 - ...
80 | # Using standard normalization: d(alpha_s/pi)/d(ln mu~2) = - beta_i (alpha_s/pi) {i+2}
90 | # =========================================================================

91 | def beta_coeffs(nf):

nnn

93 | uuuué4-loopybeta-functioncoefficientsy foryn_f active flavours.

94 | yuuubeta_O0, beta_1, beta_2,_ beta_3_,in, ,the convention:

95 | buuuuwuwdua_sy/udylnymu~2,= - beta_Opa_s~2,-ybeta_1,a_s 3,-ybeta_2_,a_s 4,-ybeta_3,a_s"5
96 | uuuuwhereya_sy=yalpha_s,/upi.

nnn
97 | uuuu

98 b0 = (11.0 - 2.0 * nf / 3.0) / 4.0

99 b1 = (102.0 - 38.0 * nf / 3.0) / 16.0

100 b2 = (2857.0 / 2.0 - 5033.0 * nf / 18.0 + 325.0 * nf**x2 / 54.0) / 64.0
101 # 4-loop coefficient (van Ritbergen, Vermaseren, Larin)

102 b3 = ((149753.0 / 6.0 + 3564.0 * 1.2020569031595942)

103 - (1078361.0 / 162.0 + 6508.0 * 1.2020569031595942 / 27.0) * nf
104 + (50065.0 / 162.0 + 6472.0 * 1.2020569031595942 / 81.0) * nf*x2
105 + 1093.0 * nfxx3 / 729.0) / 256.0

106 return b0, bl, b2, b3

107

108

109 | # S=============S==S=SS=SSS==SS=SSS=SSSSSSSSSSSSSSSSsSSSSSSsSSSsSSSsSsSsSsSssSsssssss=s=
110 | # Quark mass anomalous dimension coefficients (MS-bar)

111 | # gamma_m(alpha_s) = gamma_0 a_s + gamma_1 a_s 2 + gamma_2 a_s 3 + gamma_3 a_s 4
112 |(# d lnm / d ln mu™2 = -gamma_m

113 | # S=S=========S==S==S=SS=SS==SSSS=SS=SSSSSSSSSSSSSSSSSSsSSSsSSSsSSSsSsSsSssSsss=ssss==

114 | def gamma_m_coeffs(nf):
115 nnn

116 | yuuu4-loopymass anomalous dimensioncoefficients.

117 | yuuugamma_O , ,gamma_1, ,gamma_2,,gamma_3,inythe convention:

118 | yuuuuudulnymy/,dylngmu~2,=,-gamma_Oya_s-ygamma_1,a_s~2,-,gamma_2,a_s 3,-ygamma_3,a_s "4
119 | yuuuwhereya_sy=galpha_s,/upi.

120 | yuuuReferences: Chetyrkin, Vermaseren, Larin; (1997) ;,Baikov etyal.

nnn
121 [NIEE]N]

122 zeta3 = 1.2020569031595942

123 zeta4 = np.pi**4 / 90.0

124 zetab = 1.0369277551433699

125

126 gd = 1.0

127 gl = (202.0 / 3.0 - 20.0 * nf / 9.0) / 16.0

128 g2 = (1249.0 - (2216.0 / 27.0 + 160.0 * zeta3 / 3.0) * nf
129 - 140.0 * nfx*x2 / 81.0) / 64.0

130 g3 = ((4603055.0 / 162.0 + 135680.0 * zeta3d / 27.0

131 - 8800.0 * zetab)

132 - (91723.0 / 27.0 + 34192.0 * zetald / 9.0

133 - 880.0 * zetad4 - 18400.0 * zetab5 / 9.0) * nf
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134 + (5242.0 / 243.0 + 800.0 * zeta3 / 9.0

135 - 160.0 * zetad4d / 3.0) * nfxx2

136 + (-332.0 / 243.0 + 64.0 * zetal3 / 27.0) * nf*x3

137 ) / 256.0

138 return g0, gl, g2, g3

139

140

141 | # =S===================S=S==S===S=SS=S=S=S=SS=S=SS=SSsSSsSsSSsSSsSSsSSsSssSssssss=ss=s===
142 | # alpha_s threshold matching at mu = m_gq(m_q)

143 # =========================================================================

144 | def alpha_s_matching_up(a_s_low, nf_low):
146 | yuuuMatchyalpha_sfromyn_f=ynf_lowytoyn_fy=ynf_low,+,1lyatyayquark,,threshold.
147 | yuuua_sy=yalpha_s/pi.

149 | yuuuInythisgscriptyfiniteydecoupling, ,constants are notincluded;
150 | yuuualpha_syis matched continuously_ atymu,= m_q(m_q) .
151 |_||_|\_H_[" nn

152 return a_s_low # continuous matching at mu = m_q(m_q)

154
155 | def alpha_s_matching_down(a_s_high, nf_high):

156 """Matchyalpha_s fromyn_f_ =ynf_high toyn_fy=ynf_high,-,1.
157
158 | yuuuIngythisyscriptfinite decouplingconstants areynotincluded;
159 | yuuualpha_syis matched continuouslyatymu,= m_q(m_q) .

160 oot

161 return a_s_high # continuous matching at mu = m_q(m_q)

162

163

164 | # =S===================S=S=S==S==S=S=S=S=S=S=S==S=S=S=S=SS=S==S=S=S=S=S=S=S==SS==S====S=S===========
165 | # RGE for a_s = alpha_s/pi as function of t = ln(mu~2/mu_0"2)

166 # =========================================================================
167 | def das_dt(t, a_s, nf):

168 e

169 | yuuud(a_s)/dtywhereyt, =yln(mu~2/mu_072),,a_s,=,alpha_s/pi.

170 | yuuu4-loopybeta-function.

171 oo

172 b0, bl, b2, b3 = beta_coeffs(nf)
173 return -(b0 * a_s**2 + bl * a_s**3 + b2 * a_s**x4 + b3 * a_s**5)
174

176 | def run_alpha_s_segment(a_s_start, mu_start, mu_end, nf, rtol=le-12):
178 | uuuuRunyalpha_s/piyfromymu_startytoymu_endywith n_f_ fixed, flavours, (4-1loop).

179 | yuuuReturns  ja_satymu_end.

180 Luuu"""

181 if abs(mu_end - mu_start) / mu_start < le-14:

182 return a_s_start

183 t_start = 0.0

184 t_end = np.log(mu_end**2 / mu_start**2)

185 sol = solve_ivp(lambda t, y: das_dt(t, y[0], nf),

186 [t_start, t_end], [a_s_start],

187 method=’RK45’, rtol=rtol, atol=1le-15,

188 max_step=abs(t_end - t_start) / 10)

189 if not sol.success:

190 raise RuntimeError (f"0DE_solverfailed forjalpha_syrunning: {sol.messagel}")
191 return sol.y[0, -1]

192

193

194 | # =========================================================================

195 | # Complete alpha_s running from m_Z to arbitrary mu, with threshold matching

197 | def alpha_s_at_mu(mu, a_s_mz=ALPHA_S_MZ / np.pi, muO=MZ):

nnn

199 | yuuuComputea_s,=,alpha_s/pigat,scale mu,[GeV], starting, fromyalpha_s(m_Z)/pi.

200 |pyuuuIncludes 4-loopyrunning withythreshold,crossingsgyatym_c,ym_b, m_t.

201 | yuuuFinitedecoupling constantsyareynotyincluded;yalpha_syisymatched continuously.
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uuuuThresholdystructure:

LuuuuuuL<ym_c yuuuuuuuouon =03
vuuuoulm_cy<=gmuy<gm_b:,uuun_£f,=,4
vuuuuul_by<=gmug<gm_t:yuuoun_ =05

vuuuuubuy>=gn_t: uuououooon_fu=06

uuuuMatchingatymuy=¢ym_q(m_q) is,continuousyin,this, implementation.
Luuu nnn
a_s_current = a_s_mz

mu_current = muO

if mu >= muO:
# Run wupward from m_Z
# First check if we cross m_t
if mu < MT_MT:
return run_alpha_s_segment(a_s_current, mu_current, mu, nf=5)
else:
# Run to m_t, match, then run to mu
a_s_current = run_alpha_s_segment(a_s_current, mu_current, MT_MT, nf=5)
a_s_current = alpha_s_matching_up(a_s_current, 5)
return run_alpha_s_segment (a_s_current, MT_MT, mu, nf=6)
else:
# Run downward from m_Z
if mu >= MB_MB:
return run_alpha_s_segment(a_s_current, mu_current, mu, nf=5)

else:
# Rum to m_b
a_s_current = run_alpha_s_segment(a_s_current, mu_current, MB_MB, nf=5)
a_s_current = alpha_s_matching_down(a_s_current, 5)

if mu >= MC_MC:
return run_alpha_s_segment(a_s_current, MB_MB, mu, nf=4)

else:
# Run to m_c
a_s_current = run_alpha_s_segment(a_s_current, MB_MB, MC_MC, nf=4)
a_s_current = alpha_s_matching_down(a_s_current, 4)

return run_alpha_s_segment(a_s_current, MC_MC, mu, nf=3)

def run_mass_segment(m_start, a_s_start, mu_start, mu_end, nf, rtol=1le-12):

uuuuRungquark massfrom mu_start, to mu_end with, ,n_f fixed flavours,(4-1loop).

uuuuTheycoupled  system:
vuuuuudCa_s)/dt=,-beta_O_a_s~2,-ubeta_1,a_s"3,-ybeta_2_,a_s"4,-ubeta_3,,a_s"5
uuuuuwd (Ingm) /dt =, -gamma_O a_s-,gamma_1,a_s~2,-,gamma_2,a_s ~3,-ygamma_3,a_s "4
uuuuwhereyt=yln(mu~2/mu_0"2).

vuuuReturns  (m_end, a_s_end)_ at_ mu_end.
uuuu" nn
if abs(mu_end - mu_start) / max(mu_start, 1e-30) < le-14:

return m_start, a_s_start

t_start = 0.0
t_end = np.log(mu_end**2 / mu_start**2)

b0, bl, b2, b3 beta_coeffs (nf)
g0, gl, g2, g3 = gamma_m_coeffs (nf)

def rhs(t, y):

a_s = y[0]
In_m = yl[1]
da = -(b0 * a_s**2 + bl * a_s**3 + b2 * a_s**x4 + b3 * a_s**xb5)
dlnm = -(g0 * a_s + gl * a_s**2 + g2 * a_s**3 + g3 * a_s*x%*4)

return [da, dlnm]
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sol = solve_ivp(rhs, [t_start, t_end],
[a_s_start, np.log(m_start)],
method=’RK45°’, rtol=rtol, atol=1le-15,
max_step=abs(t_end - t_start) / 10)
if not sol.success:
raise RuntimeError (£"ODE_solverfailed, for massyrunning: {sol.messagel}")

a_s_end = sol.y[0, -1]
m_end = np.exp(sol.y[1l, -11)
return m_end, a_s_end

def running _mass(m_ref, mu_ref, mu_target):
nnn

uuuuCompute MS-bar,running mass m(mu_target) given m(mu_ref).

uvuuuMassymatching ,at sheavy-quark, ,thresholdsis treatedyas continuous
uuuuingthisgimplementation.

uuuuStrategy:yrunalpha_syand_ mass together through thresholds.

vuuuParameters

vuuum_ref:float

LuuuuuuuQuark massatymu_ref [MeV]
vuuumu_ref  :float
uuuuuuuuReference  scale [GeV]
puuumu_target: ufloat
vuuuwuuuuTargetscale [GeV]

uuuuReturns

uuuufloaty,:ym(mu_target)[MeV]
R
# Get a_s at mu_ref

a_s_ref = alpha_s_at_mu(mu_ref)

# Thresholds
thresholds = sorted ([MC_MC, MB_MB, MT_MT])

def get_nf (mu):
"""Number of jactive,flavours_ atyscaleymu."""
nf = 3

if mu >= MC_MC: nf = 4
if mu >= MB_MB: nf =5
if mu >= MT_MT: nf = 6
return nf
mu_current = mu_ref
m_current = m_ref
a_s_current = a_s_ref
if mu_target > mu_ref:
# Run upward: build waypoints [mu_ref, thrl, thr2, ..., mu_target]

waypoints = [mu_ref]
for thr in thresholds:
if mu_ref < thr < mu_target:
waypoints.append (thr)
waypoints.append(mu_target)

for i in range(len(waypoints) - 1):
mu_from = waypoints[i]
mu_to = waypoints[i + 1]
# Determine n_f using midpoint (avoids boundary ambiguity)
nf = get_nf((mu_from + mu_to) / 2.0)
m_current, a_s_current = run_mass_segment(
m_current, a_s_current, mu_from, mu_to, nf)
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395

mu_current = mu_to
else:

# Run downward: build waypoints [mu_ref, thr_high, ..., thr_low,
waypoints = [mu_ref]
for thr in reversed(thresholds):

if mu_target < thr < mu_ref:

waypoints.append (thr)

waypoints.append(mu_target)

for i in range(len(waypoints) - 1):
mu_from = waypoints([i]
mu_to = waypoints[i + 1]
# Determine n_f using midpoint (avoids boundary ambiguity)
nf = get_nf((mu_from + mu_to) / 2.0)

m_current, a_s_current = run_mass_segment (
m_current, a_s_current, mu_from, mu_to, nf)
mu_current = mu_to

return m_current

def mass_formula_k(n):
nnn
uuuuBracket  coefficient k_n_of the mass_ formula:
Luuuuuk_ny=gly+ysart (2+ysqre (2,-sqrt (2)) /2) y*ycos (1/9,+u2unupin/u3)
uuuwunyu=uly(down) , 2, (strange) , 3, (bottom)
uuuuAngleyingyradians.
Luuu nnn
prefactor = np.sqrt(2.0 + np.sqrt(2.0 - np.sqrt(2.0)) / 2.0)
angle = 1.0 / 9.0 + 2.0 * n * np.pi / 3.0 # [radians]
return 1.0 + prefactor * np.cos(angle)

# Precompute the coefficients

K1 = mass_formula_k (1) # down

K2 mass_formula_k(2) # strange
K3 = mass_formula_k(3) # bottom

def compute_A(mu_d3):

uuuuComputethe amplitude A(mu_d3) .
uuuuhA (mu_d3) ,=ysqrt (m_b(mu_d3),[MeV]),/ k_3

uuuum_b(mu_d3),isthe bottom-quark MS-bar running massgevaluated,atthe
uuuuscaleymu_d3. Reference: ym_b(m_b)_ ,=,4183_ MeV.

nnn
uuuy

# Obtain m_b(mu_d3) via RG running [MeV]
mb_at_mud3 = running_mass (MB_INPUT, MB_MB, mu_d3)
A = np.sqrt(mb_at_mud3) / K3

return A

def predicted_mass(A, n):

nnn
uuuuComputethe predicted massfrom the mass formula,[MeV].
puuum_dn”predy=, (Au*puk_n)~2
Luuu nnn

kn = mass_formula_k(n)

return (A *x kn) *x 2

# Numerical determination of mu_dl, mu_d2 wvia rToot finding
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465

def find_mu_scale(m_pred, m_ref, mu_ref, mu_low=0.65, mu_high=1000.0):

uuuuFindthescaleymu,that satisfies m_q~ (MS-bar) (mu),=ym_predyusing brentq.

uuuuTherunning mass_is a,decreasing, function of mu,(asymptotic,freedom),
uuuusoyweysolveyf (mu) y=yrunning_mass (m_ref , mu_ref , mu),-ym_pred =.,0.

vuuuNearthe lower boundalpha_s becomes large and perturbation theory, is
uuuuunreliable; the codeytherefore searches dynamically forgyangeffective
uuuulowerbound. Following,the user’sspecification, tentativeysolutions
uuuubelow1,GeVyare jalsoyallowed  for ymu_d1l ,and mu_d2.

uvuuuParameters

uuuum_predy:yfloat
vuuuuuuuTarget mass, [MeV]
vuuum_ref:float
uuuuuuuuReference mass [MeV] yat mu_ref
vuuumu_ref  :float
uuuuuuuuReference  scale [GeV]
uuuumu_low, mu_high,:yfloat
LuuuuuuuSearch  bounds  [GeV]

uuuuReturns

vuuufloaty:ymuy, [GeV] yor NaN_,if no,solution
X
def func(mu):

return running mass(m_ref, mu_ref, mu) - m_pred

try:
# Dynamically determine an effective lower bound in case the ODE
# diverges at the mominal lower bound.
f_low = None
effective_mu_low = mu_low

# Try the nominal lower bound first; ratise it step by step on failure.

test_points = [mu_low, mu_low * 1.1, mu_low * 1.3, mu_low * 1.5,
mu_low * 2.0]
if 1.0 < mu_high:
test_points.append (1.0)
for test_mu in test_points:
if test_mu >= mu_high:

break

try:
f_low = func(test_mu)
effective_mu_low = test_mu
break

except (RuntimeError, ValueError):
continue

if f_low is None:
return np.nan

f_high = func(mu_high)
if f_low * f_high > O:

# No sign change: no solution in range
return np.nan

mu_sol = brentq(func, effective_mu_low, mu_high, xtol=1e-8, rtol=1e-10)

return mu_sol
except (ValueError, RuntimeError):
return np.nan

# Main calculation
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474 | # =========================================================================
475 | def main():

476 print ("=" * 70)

477 print ("Down-type, quark mass, formula: generation,of ,a,2D,log-1log,,plot")
478 print ("=" x 70)

479

480 B oo oo o e
481 # 1. Print the mass-formula coefficients

482 A e e e it
483 print (£"\n*_ Mass-formula ,coefficients k_n:")

484 print (f",,k_1,(down) yuuu=u{K1:.10£}")

485 print (£" uk_2,(strange) =,{K2:.10£f}")

486 print (£", k_3,(bottom),=,{K3:.10£f}")

487

488 A e e
489 # 2. Consistency check for A(4.183 GeV)

490 A e e kbl
491 A_check = compute_A (MB_MB)

492 print (£"\n*_ A (4.183_,GeV) consistency check:")

493 print (f",um_b(m_b),,=u{MB_INPUT:.1f} ,MeV")

494 print (£" uk_3uuuuuuu=u{K3:.10£f}")

495 print (£",,A(4.183) y,u=usqrt ({MB_INPUT:.1£f}),/,{K3:.10£f}")

196 print (f"LLuuuuuwuuuwu=u{A_check:.6f}")

497 print (f", Expected,,~=,25.522566")

498 print (f", ,Difference,=,{abs(A_check -,25.522566) :.6e}")

499 assert abs(A_check - 25.522566) < 0.01, \

500 f"A(4.183,GeV) = {A_check}, expected,~=_,25.522566"

501 print (", ->u0K: consistencycheck passed")

502

503 # -
504 # 3. Predicted masses at the reference point

505 B oo o oo -
506 print (f"\n*_ Predicted_ massesat the reference point,(mu_d3,=,4.183,GeV):")
507 A_ref = A_check

508 m_d_pred_ref = predicted_mass(A_ref, 1)

509 m_s_pred_ref = predicted_mass(A_ref, 2)

510 m_b_pred_ref = predicted_mass(A_ref, 3)

511 print (f"ym_d " predy,=y{m_d_pred_ref:.4f} MeV,,(input: {MD_INPUT} MeV,at_ 2,GeV)")
512 print (f", m_s " pred,=y{m_s_pred_ref:.4f} MeV,,(input: ,{MS_INPUT} MeV, at_ 2,GeV)")
513 print (f" ,um_b pred, =, {m_b_pred_ref:.4f} MeV,,(input: {MB_INPUT} MeV,at m_b)")
514

515 # m_d at 2 GeV from running

516 m_d_at_2 = running_mass (MD_INPUT, MU_D_INPUT, 2.0)

517 m_s_at_2 = running_mass (MS_INPUT, MU_D_INPUT, 2.0)

518 print (£"\n*_ Running-mass check:")

519 print (£", m_d(2,GeV) = {m_d_at_2:.4f} ,MeV,(should be, ,{MD_INPUT})")
520 print (£",um_s (2,GeV) =y{m_s_at_2:.4f} MeV,,(should be, {MS_INPUT})")

521

522 # Additional internal consistency check: rTun to a scale and come back.
523 mu_test = 10.0

524 mb_at_10 = running_mass (MB_INPUT, MB_MB, mu_test)

525 mb_back = running_mass(mb_at_10, mu_test, MB_MB)

526 print (£"\n*_ Running-mass,round-trip check:")

527 print (£",um_b (10,GeV) Luuuuuuuu=u{mb_at_10:.4f} MeV")

528 print (£",um_b(10,GeV,-> m_b) = ,{mb_back:.4f} MeV")

520 print (" yround-tripyerror, uu=u{abs (mb_back, - MB_INPUT):.6e} MeV")

530

531 e e e it
532 # 4. Scan mu_d3 and generate plot data

533 e e
534 print (£"\n*_ mu_d3,scan,range:1.0,-,1000.0,GeV,(log-spaced)")

535 N_POINTS = 100 # number of grid points

536 mu_d3_array = np.logspace(np.logl0(1.0), np.logl0(1000.0), N_POINTS)
537

538 mu_dil_array = np.full(N_POINTS, np.nan)

539 mu_d2_array = np.full(N_POINTS, np.nan)

540

541 print (", Computing...")
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542 for i, mu_d3 in enumerate (mu_d3_array):

543 try:

544 # Step 1: Obtain the running bottom mass m_b(mu_d3).

545 # Step 2: Determine A(mu_d3).

546 A_val = compute_A(mu_d3)

547

548 # Step 3: Compute the predicted mass [MeV].

549 m_dl_pred = predicted_mass(A_val, 1) # down

550 m_d2_pred = predicted_mass(A_val, 2) # strange

551

552 # Step 4: Determine mu_dl, mu_d2 wvia root finding.

553 # m_d " (MS-bar) (mu_d1) = m_d1i_pred

554 # -> running_mass (MD_INPUT, 2.0 GeV, mu_d1) = m_dl_pred
555 if m_dl_pred > O:

556 mu_dl_array[i] = find_mu_scale(

557 m_dl_pred, MD_INPUT, MU_D_INPUT, mu_low=0.65, mu_high=1000.0)
558

559 # m_s “(MS-bar) (mu_d2) = m_d2_pred

560 if m_d2_pred > 0:

561 mu_d2_array[i] = find_mu_scale(

562 m_d2_pred, MS_INPUT, MU_D_INPUT, mu_low=0.65, mu_high=1000.0)
563

564 except Exception as e:

565 # Leave as NalN if no solution exists.

566 warnings.warn(f"mu_d3, = {mu_d3:.3f},GeV: {e}")

567 continue

568

569 if (i + 1) % 20 == 0:

570 print (f"yuuu. . . u{iu+u1}/{N_POINTS},points, ,completed")

571

572 print (£", ,A11,{N_POINTS} points,computed")

573

574 # Count walid data points.

575 n_valid_dl = np.sum(~np.isnan(mu_dl_array))

576 n_valid_d2 = np.sum(~np.isnan(mu_d2_array))

577 print (f",,Valid,dataypoints:ymu_d1l,=,{n_valid_d1}, mu_d2,=,{n_valid_d23}")
578

579 A e e e bl
580 # 5. Produce the plot

581 A e ikl
582 print ("\n*_ Generating plot...")

583 fig, ax = plt.subplots(l, 1, figsize=(10, 7))

584

585 # Color-blind-safe palette (Okabe-Ito family) chosen to avoid the
586 # red/green confusion common in deuteranopia/protanopia.

587 # We also separate the series by line style so the curves remain
588 # distinguishable in grayscale printouts.

589 color_d1 = "#0072B2" # blue

590 color_d2 = "#D5B5E00" # vermillion

591 color_ref = "#999999" # neutral gray for the reference marker
592 ls_d1 = "-"

593 ls_d2 = "--"

594 ls_ref = "-."

595

596 # mu_dl curve (down quark)

597 maskl = ~np.isnan(mu_dl_array)

598 ax.plot(mu_d3_array[maskl], mu_dl_array[maskl],

599 color=color_dl, linestyle=1ls_dl, linewidth=2.2,

600 label=r’$\mu_{d1}$,(down) )

601

602 # mu_d2 curve (strange quark)

603 mask2 = ~np.isnan(mu_d2_array)

604 ax.plot(mu_d3_array[mask2], mu_d2_array[mask2],

605 color=color_d2, linestyle=1ls_d2, linewidth=2.2,

606 label=r’$\mu_{d2}$,(strange)’)

607

608 # Reference-point marker

609 ax.axvline (x=MB_MB, color=color_ref, linestyle=1ls_ref, alpha=0.7,
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645

linewidth=1.5,
label=r’$\mu_{d3},=,m_b(m_b) ,=,4.183$,GeV’)

ax.set_xscale(’log’)

ax.set_yscale(’log’)

ax.set_xlabel (r’$\mu_{d3}$,[GeV]’, fontsize=14)

ax.set_ylabel (r’$\mu_{d1},\, \mu_{d2}$,[GeV]’, fontsize=14)

ax.set_title(
r’Down-typeyquark mass,formula: $\mu_{d1}(\mu_{d3})$,and $\mu_{d2} (\mu_{d3})$’
’\n(4-loop,QCD running, continuous_ threshold matching,_ $\\overline{\\mathrm{MS}}$,

scheme) ’,

fontsize=13)

ax.legend(fontsize=12, loc=’best’)

ax.grid (True, which=’both’, alpha=0.3)

ax.tick_params(labelsize=12)

plt.tight_layout ()

# Save figure

output_path = ’down_quark_mass_plot_fixed.png’
fig.savefig(output_path, dpi=150, bbox_inches=’tight’)
print (f",,Plotysaved: {output_pathl}")

plt.close(fig)

print ("\n" + "=" % 70)

print ("*_ Numerical notes")

print ("=" * 70)

print ( nnn
uul.yUsesythe 4-loopybeta-function and 4-loopymass anomalousdimension.
uu2.yAtyeachthresholdyn_fisswitchedyandthe RG,is solvedpiecewise.
vuuuuFinite higher-orderdecoupling, ,corrections are notyincluded;
vuuuualpha_sgandtheylight ~quark masses areymatched continuouslyg at
uuuuumuu=um_q(m_q).
uu3.uRoot finding uses brentq,(bracketing, method, numerically, stable).
vuuuuFollowing ,the yuser’syspecification, theysearch range,is
uuuuw [0.65,GeV, ,1000,GeV] , and  tentative solutions below,1,GeV
vuuwuuforymu_{d1}, mu_{d2} ,are accepted.
Lu4. 0DE_solver: RK45, ,(relative_ tolerance le-12).
uub.yuUnits: masses in MeV, scales in GeV. Conversions jareexplicit.
uu6.uPDG 2024 ,values jused:
uuuuuuualpha_s(m_Z),=,0.1180
Luuuuuu?_Zupuuuououu=u91.1876,GeV
vuuuuuum_c(m_c) yuuuw=ul.273,GeV
Luuuuuul_b(m_b) uuuuu=ud.183,GeV
vuuupoum_t (m_t) uuuuu=u162.5,GeV
vuuuopoum_d (2,GeV) uu=u4.7uMeV
Luuuuuul_s (2,GeV) LLuu=,93.5,MeV

oy

if __name_ == ’__main__"’:

main ()

B Python Script 2: common-scale reconstruction and Kj,,

The following script reconstructs the down-type running masses at a common scale from the 4-loop MS
running machinery, extracts the scale-dependent amplitude Agt(u), the ratio T;t and the phase ¢2t of
Eq. (26), and produces Figure 2 together with the numerical data underlying Table 2. The running machinery
and threshold conventions are the same as in Script 1.

30




N

© o N o w

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

26
27
28
29
30
31
32
33
34

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

52
53
54

56
57

59
60
61
62
63
64

66
67
68

#1/usr/bin/env python3

# -*- coding: utf-8 -*-

nmon
Log-xyu/ulog-yuplotof  the, down-type, running masses reconstructed, from the
mass formula

vuuusqrt (m_dn)y=yA_d (mu) u* [1u+420T_d (mu) ycos (phi_d/3yu+u2upiuny/u3)]
withyny,=41,42,043,

wherey A_d(mu),, T_d(mu),,phi_d(mu)_ are extracted, from,the, running masses
m_d1(mu), ym_d2(mu), m_d3(mu),in MSbar QCD.

What isyplotted

Topupanel:
uu-umassesyreconstructedyfrom the Brannen-type_ formula evaluated with, the fit
uuuuparameters (A_d"fit(mu),,T_d"fit,,yphi_d~fit),
vuuupum_dl~fit (mu) ,ym_d2°fit (mu) , m_d3"fit (mu),

uuuuwithylogarithmicyy-axis.

Bottom panel:
uu—uabsoluterelative difference between_ the fit-reconstructed masses and the
uuuuPDG-2024 running masses m_{dn}(mu) obtained by, 4-loop MS-bar evolution,
Luuuuu I Deltaym™fit |, /umyu*, 100, [%],
vuuuuuDeltaym™fit (mu) =y m_{dn}"fit (mu) -ym_{dn}(mu),
uuuualsoywithylogarithmicyy-axis.

Why percentage differenceyis recommended

Theythree_ down-typeymassesyspangorders of magnitude fromya, few MeV, to several GeV.
Thereforejayraw, Delta[MeV] plot,is,dominated by, the heaviest,stategand is less_ useful
for ,comparingreconstructionquality_acrossyall three curves. Forythat_ reason, the
bottomypanel shows

vuuulDeltaym|y/umy*,100, [%]
onja logarithmicscale.

What isysavedyinternally

The ,CSV/NPZ ,files contain:
uu-umu,yalpha_s, running masses m_dl, m_d2, m_d3
uu-usqrt(m_dn) ,,1/sqrt(m_dn)

vu—uK,uK_inv

uu-uA_d(mu),,T_d(mu),,phi_d4(mu)
uu-umassesreconstructed from,the mass_ formula
uu-usigned differencesDeltaym,[MeV]

uu-usigned relativeydifferences[%]
Lu-uabsolute relative differences  [%]

Inputreferencevalues,(given by, the user)

Luum_d1(2.000,GeV) Luu=u4d.7uuuMeV

uum_d2(2.000,GeV) Luu=u93.5,uMeV

Lum_d3(4.183,GeV) L,uu=1,4183,,MeV

sum_u2(1.273,GeV) Lu=11273,uMeV,,Lu->used here as_ the ,charm_ threshold, scale
uum_u3(162.500,GeV) ,=,162500,MeV,,-> used hereas the top,thresholdscale
uualpha_s(M_Z72) ,,,u=u0.1180

Physics_assumptions_ implemented here

1) yMSbarscheme for quark massesgand alpha_s.

2) 44-loop,QCDyrunningfor both alpha_s,and, the ,quark-mass anomalous dimension.
3)yPiecewiseyrunning withyflavour_ thresholdsat
Luuuuuulu_cy=gym_c(m_c),=,41.273,GeV,

Luuuuuubu_by= m_b(m_b),=,4.183,GeV,

Lsuuuuuumu_ty=ym_t(m_t),=,162.5,GeV.

4),"Continuous matching" baseline, as requested:
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vuuuuuualpha_s”(nf) (mu_th) =galpha_s~(nf+1) (mu_th)

vuuuuuul_q~ (nf) (mu_th) yuuuu=um_q~ (nf+1) (mu_th)

uuui.e.yfinite MSbar decoupling ,constantsyatythe thresholdsyare NOT applied.
uuuThisyisythe simplestcontinuous prescription.

Importantynote on matching

Inystrict ,EFTymatching_ inside MSbar, finite,thresholdcorrectionsstartybeyond, leading order

So,the  presentyscript isyintentionally_a,continuous-matching approximation, notya,full
4-loopydecoupling, implementation. If youywant the, strict EFT treatment , replaceythe two
functions

Luuuucontinuous_match_alpha(...)

Luuucontinuous_match_mass (...)

byutheappropriate decoupling factors.

Importantynote on the bottom contribution below mu_b
Thed3,inputis,interpreted as,the bottom quark mass m_b(mu)., ,To,compute single continuous
curvesover_ the,full range;1--1000,GeV, this,script,continues m_b(mu)_ below mu_b,using,the
samecontinuous-matching, ,convention. Forpa,stricter EFT-oriented, treatment, set
INCLUDE_HEAVY_BELOW_OWN_THRESHOLD_,=_,False.yIngthat caseyall three-mass derived quantities

are_ set_ to NaN_ for_ mu, < mu_b because_ m_d3(mu)_ is_ then_ excluded from_ the_ three-mass_ formula.
nmnn

from __future__ import annotations

import csv

import math

from dataclasses import dataclass

from typing import Callable, List, Tuple

import matplotlib.pyplot as plt
import numpy as np
from scipy.integrate import solve_ivp

INCLUDE_HEAVY_BELOW_OWN_THRESHOLD = True
SAVEFIG = True
SAVE_INTERNAL_DATA = True

OUTPUT_FIG = "Figure2.png"
OUTPUT_CSV = "quark_running_mass_formula_compare_v5_colorblind_data.csv"
OUTPUT_NPZ = "quark_running_mass_formula_compare_v5_colorblind_data.npz"

N_GRID = 800

# _____________________________________________________________________________
# Input parameters

# _____________________________________________________________________________
MZ_GEV = 91.1876 # Z-boson pole mass [GeV]

ALPHA_S_MZ = 0.1180 # alpha_s(M_Z"2)

MU_MIN = 1.0

MU_MAX = 1000.0

# Quark thresholds used for piecewise running.
# These are the assumptions requested to be stated ezxzplicitly in the code.

MU_C = 1.273 # charm threshold scale mu_c = m_c(m_c) [GeV]
MU_B = 4.183 # bottom threshold scale mu_b = m_b(m_b) [GeV]
MU_T = 162.5 # top threshold scale mu_t = m_t(m_t) [GeV]
M_D1_REF = 4.7 # MeV at mu = 2 GeV

MU_D1_REF = 2.0 # Gel

M_D2_REF = 93.5 # MeV at mu = 2 GelV

MU_D2_REF = 2.0 # GeV

M_D3_REF = 4183.0 # MeV at mu = 4.183 GeV (interpreted as bottom)
MU_D3_REF = MU_B # GeV
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# Mathematical constants

PI = math.pi

ZETA3 = 1.2020569031595942854
ZETA4 PI**4 / 90.0

ZETAS5 = 1.0369277551433699263

# _____________________________________________________________________________
# 4-loop MSbar beta function and mass anomalous dimension

# Convention: a = alpha_s / (4*pi), and t = ln(mu~2)

# Then

# da/dt = - sum_{n=0}"3 beta_n a " (n+2)

# d ln m /dt = - sum_{n=0}"3 gamma_n a ~(n+1)

# _____________________________________________________________________________

def beta_coeffs(nf: int) -> Tuple[float, float, float, float]:
beta0 = 11.0 - 2.0 / 3.0 * nf
betal = 102.0 - 38.0 / 3.0 * nf
beta2 = 2857.0 / 2.0 - 5033.0 / 18.0 * nf + 325.0 / 54.0 * nf*x2
beta3d = (
149753.0 / 6.0
+ 3564.0 * ZETA3
- (1078361.0 / 162.0 + 6508.0 / 27.0 * ZETA3) * nf
+ (50065.0 / 162.0 + 6472.0 / 81.0 * ZETA3) * nfx*x*2
+ 1093.0 / 729.0 * nf*x3
)
return betaO, betal, beta2, beta3

def gamma_coeffs(nf: int) -> Tuple[float, float, float, float]:
gammaO0 = 4.0
gammal = 202.0 / 3.0 - 20.0 / 9.0 * nf
gamma2 = 1249.0 - (2216.0 / 27.0 + 160.0 / 3.0 * ZETA3) * nf - 140.0 / 81.0 * nf*x*2
gamma3 = (
4603055.0 / 162.0
+ 135680.0 / 27.0 * ZETA3
- 8800.0 * ZETAS

+ (-91723.0 / 27.0 - 34192.0 / 9.0 * ZETA3 + 880.0 * ZETA4 + 18400.0 / 9.0 * ZETAS5)

* nf
+ (5242.0 / 243.0 + 800.0 / 9.0 * ZETA3 - 160.0 / 3.0 * ZETA4) * nf*xx2
+ (-332.0 / 243.0 + 64.0 / 27.0 * ZETA3) * nfx*x3
)

return gammaO, gammal, gamma2, gamma3

def beta_a(a: float, nf: int) -> float:
betaO, betal, beta2, beta3 = beta_coeffs(nf)
return -(beta0 * a**2 + betal * a**3 + beta2 * a*x*x4 + betal3 * ax**5)

def gamma_m(a: float, nf: int) -> float:
gammaO, gammal, gamma2, gamma3 = gamma_coeffs (nf)
return gammaO * a + gammal * a**2 + gamma2 * a**3 + gamma3 * ax*4

def active_nf(mu: float) -> int:
"""Number of activeyflavours usedyfor ,the EFT running atythe scale mu.
if mu < MU_C:
return 3
if mu < MU_B:
return 4
if mu < MU_T:
return 5
return 6
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def continuous_match_alpha(alpha_in: float, nf_from: int, nf_to: int, mu_th: float) -> float

uuuuContinuous matching  baseline requested by the_ user.

vuuuThisgyenforces  continuityof alpha_s across_ the, thresholdyand_ omits the finite
uuuuMSbar decoupling ,corrections.

vuuuToyswitchytoystrict U EFTymatching ,yreplacethe return,value by, the appropriate
uuuudecouplingrelationgalpha_s~(nf_to) (mu_th),=,zeta_g 2, ,*yalpha_s (nf_from) (mu_th).
R

_ = (nf_from, nf_to, mu_th)

return alpha_in

def continuous_match_mass(m_in: float, nf_from: int, nf_to: int, mu_th: float, heavy_name:
str | None = None) -> float:

uuuuContinuous matching baseline requested by, the user.

vuuuForylight quarksthis keeps m_q,continuous across the threshold.

uuuuForythe bottomcontribution (heavy_name=’b’)_ we also keep continuity soythat
uuuutheythree-mass  formulagcan be evaluated continuously over the, full x-range
uvuuuwhen desired.

vuuuToyswitchytoystrict U EFTymatching , replacethe return,value by the appropriate
uuuuMSbar mass decoupling factor.
Luuu nnn

_ = (nf_from, nf_to, mu_th, heavy_name)

return m_in

@dataclass
class AlphaSegment:
mu_lo: float
mu_hi: float
nf: int
dense: Callable[[float], np.ndarray]

def solve_alpha_segment (mu_start: float, mu_end: float, alpha_start: float, nf: int) ->
Tuple [AlphaSegment , float]:
a0 = alpha_start / (4.0 * PI)
t_start = math.log(mu_start#**2)
t_end = math.log(mu_end**2)

sol = solve_ivp(
fun=lambda t, y: [beta_a(y[0], nf)],
t_span=(t_start, t_end),

yo=[a0],
method="DOP853",
rtol=1e-10,

atol=1e-12,
dense_output=True,
max_step=0.05,
)
if not sol.success:
raise RuntimeError (f"alpha_s, segment,solve, failed between {mu_start} and {mu_end},
GeV")

alpha_end = float(sol.y[0, -1]) * 4.0 * PI

seg = AlphaSegment (mu_lo=min(mu_start, mu_end), mu_hi=max(mu_start, mu_end), nf=nf,
dense=sol.sol)

return seg, alpha_end

34




266
267
268

269

271

272

273

274

275

276

278

279

280
281

295

313

325

def build_alpha_segments(mu_min: float, mu_max: float, mu_anchor: float, alpha_anchor:
) -> List[AlphaSegment]:
segments: List[AlphaSegment] = []

# Downward from MZ.
alpha_curr = alpha_anchor
mu_curr = mu_anchor
for mu_th, nf_from, nf_to in [(MU_B, 5, 4), (MU_C, 4, 3)]:
if mu_min < mu_th < mu_curr:
seg, alpha_at_th = solve_alpha_segment (mu_curr, mu_th, alpha_curr, nf_from)
segments .append (seg)

float

alpha_curr = continuous_match_alpha(alpha_at_th, nf_from=nf_from, nf_to=nf_to,
mu_th=mu_th)
mu_curr = mu_th
if mu_min < mu_curr:
seg, _ = solve_alpha_segment(mu_curr, mu_min, alpha_curr, active_nf (math.sqrt(

mu_curr * mu_min)))
segments .append (seg)

# Upward from MZ.
alpha_curr = alpha_anchor
mu_curr = mu_anchor
for mu_th, nf_from, nf_to in [(MU_T, 5, 6)]:
if mu_curr < mu_th < mu_max:
seg, alpha_at_th = solve_alpha_segment (mu_curr, mu_th, alpha_curr, nf_from)
segments.append (seg)

alpha_curr = continuous_match_alpha(alpha_at_th, nf_from=nf_from, nf_to=nf_to,
mu_th=mu_th)
mu_curr = mu_th
if mu_curr < mu_max:
seg, _ = solve_alpha_segment (mu_curr, mu_max, alpha_curr, active_nf (math.sqrt(

mu_curr * mu_max)))
segments .append(seg)

return segments

def alpha_of_mu(mu: float, segments: List[AlphaSegment]) -> float:
for seg in segments:
if seg.mu_lo - le-14 <= mu <= seg.mu_hi + le-14:
t = math.log(mux**2)
a = float(seg.dense(t) [0])
return 4.0 * PI * a
raise ValueError (f"mu={mu} GeV, is outside thesolved range")

Q@dataclass
class MassSegment:
mu_lo: float
mu_hi: float
nf: int
dense: Callable[[float], np.ndarray]

def solve_mass_segment (

mu_start: float,

mu_end: float,

m_start: float,

nf: int,

alpha_fun: Callable[[float], float],
) -> Tuple[MassSegment, float]:

t_start = math.log(mu_start**2)

t_end = math.log(mu_end**2)
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def rhs(t: float, y: np.ndarray) -> List[float]:
mu = math.exp(0.5 * t)
a = alpha_fun(mu) / (4.0 * PI)
return [-gamma_m(a, nf) * y[0]]

sol = solve_ivp(
fun=rhs,
t_span=(t_start, t_end),
yOo=[m_start],
method="D0OP853",
rtol=1e-10,
atol=1e-12,
dense_output=True,
max_step=0.05,

)

if not sol.success:
raise RuntimeError (f"mass_segment_solve failedybetween {mu_start} and {mu_endl}_ GeV")

m_end = float(sol.y[0, -11)

seg = MassSegment (mu_lo=min(mu_start, mu_end), mu_hi=max(mu_start, mu_end), nf=nf, dense
=so0l.sol)

return seg, m_end

def thresholds_between(mu_a: float, mu_b: float) -> List[float]:

lo, hi = sorted((mu_a, mu_b))
th = [mu for mu in (MU_C, MU_B, MU_T) if lo < mu < hi]
return th if mu_a < mu_b else th[::-1]

def build_mass_segments (

mu_ref: float,
m_ref: float,
mu_min: float,
mu_max: float,
alpha_fun: Callable[[float], float],

heavy_name: str | None = None,
-> List [MassSegment]:
segments: List[MassSegment] = []

# Downward from reference scale.

m_curr = m_ref

mu_curr = mu_ref

for mu_th in thresholds_between(mu_ref, mu_min):
nf_from = active_nf (math.sqrt(mu_curr * (mu_th * (1.0 + 1le-12))))
nf_to = active_nf(mu_th * (1.0 - 1le-12))

seg, m_at_th = solve_mass_segment (mu_curr, mu_th, m_curr, nf_from, alpha_fun)
segments.append(seg)
m_curr = continuous_match_mass(m_at_th, nf_from=nf_from, nf_to=nf_to, mu_th=mu_th,
heavy_name=heavy_name)
mu_curr = mu_th
if mu_min < mu_curr:
nf = active_nf (math.sqrt(mu_curr * mu_min))
seg, _ = solve_mass_segment(mu_curr, mu_min, m_curr, nf, alpha_fun)

segments.append (seg)

# Upward from reference scale.

m_curr = m_ref

mu_curr = mu_ref

for mu_th in thresholds_between(mu_ref, mu_max):
nf_from = active_nf (math.sqrt(mu_curr * (mu_th / (1.0 + 1le-12))))
nf_to = active_nf(mu_th * (1.0 + le-12))

seg, m_at_th = solve_mass_segment (mu_curr, mu_th, m_curr, nf_from, alpha_fun)

segments.append(seg)

m_curr = continuous_match_mass(m_at_th, nf_from=nf_from, nf_to=nf_to, mu_th=mu_th,
heavy_name=heavy_name)

mu_curr = mu_th
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394 if mu_curr < mu_max:

395 nf = active_nf (math.sqrt(mu_curr * mu_max))

396 seg, _ = solve_mass_segment(mu_curr, mu_max, m_curr, nf, alpha_fun)
397 segments .append (seg)

398

399 return segments

400

402 |def mass_of _mu(mu: float, segments: List[MassSegment]) -> float:

403 for seg in segments:

404 if seg.mu_lo - le-14 <= mu <= seg.mu_hi + le-14:

405 t = math.log(mu**2)

406 return float(seg.dense(t) [0])

407 raise ValueError (f"mu={mu} GeV is_ outsidethe mass,solution,range")

408

409

410 | # —m T T T T T T T T T T T T T -
411 | # Koide-type quantities and the A_d, T_d, phi_d parametrization

412 | # — - T T T T T T T oo oo o e ———— -

413 | def koide_k_from_x(xl1l: np.ndarray, x2: np.ndarray, x3: np.ndarray) -> np.ndarray:
414 denom = (x1 + x2 + x3) *x 2

415 return (x1#**2 + x2**2 + x3%%2) / denom

416

417

418 | def koide_k(ml: np.ndarray, m2: np.ndarray, m3: np.ndarray) -> np.ndarray:
419 sl = np.sqrt(ml)

420 s2 = np.sqrt(m2)

421 s3 = np.sqrt(m3)

422 return koide_k_from_x(sl, s2, s3)

423

424

425 |def koide_k_inv(ml: np.ndarray, m2: np.ndarray, m3: np.ndarray) -> np.ndarray:
426 invsl = 1.0 / np.sqrt(ml)

427 invs2 = 1.0 / np.sqrt(m2)

428 invs3 = 1.0 / np.sqrt(m3)

429 return koide_k_from_x(invsl, invs2, invs3)

430

431

432 | def koide_ad_t_phi_from_sqrt(xl: np.ndarray, x2: np.ndarray, x3: np.ndarray) -> Tuplel[np.
ndarray, np.ndarray, np.ndarrayl]:

434 | yuuuCompute A_d(mu), T_d(mu),,yphi_d(mu)_ from

436 | yuuuuuuuX_ny=usqrt (m_dn)y=yA_dy*, [1u+L20T _ducos (phi_d/3u+u2upiunu/u3) ],
438 | yuuuwithyny=,1,,2,43.

440 |yuuuWriting,theta,=,phi_d/,3,and

442 | puuuuoouu_ng=y(x_ny/gA_dy-u1) /(20T _d),

444 | yuuutheythreeyequations become

446 uuuuuuuuU_1u=uCOS(thetau+u2upiu/u3);
447 | yuuuuuuuu_2p=pcos (thetay+,4upin/u3),
448 | uuuuuoouu_3u=ycos(theta).

450 | yuuuHence

452 | yuuuuuuucos (theta)y=,u_3,

453 | uuuuuouuusin(theta) =y (u_2y-pu_1)/usqrt (3),
454
455 | yuuuandgagstable inversionyis
456
457 | wuuuuuuuthetay=jatan2 ((u_2,-yu_1)/sqrt(3),,u_3),
458 | yuuuuuuwuphi_dy=,3u*ytheta.

459 L

460 a_d = (x1 + x2 + x3) / 3.0
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461 k = koide_k_from_x(x1, x2, x3)

462 t_d = np.sqrt((3.0 * k - 1.0) / 2.0)

463

464 ul (x1 / a_d - 1.0) / (2.0 * t_d)

465 u2 = (x2 / a_d - 1.0) / (2.0 * t_d)

166 u3 = (x3 / a_d - 1.0) / (2.0 * t_d)

467

468 cos_theta = u3

469 sin_theta = (u2 - ul) / np.sqrt(3.0)

470

471 norm = np.hypot(cos_theta, sin_theta)

472 cos_theta = cos_theta / norm

473 sin_theta = sin_theta / norm

474

475 theta np.arctan2(sin_theta, cos_theta)

476 phi_d = 3.0 * theta

477 return a_d, t_d, phi_d

478

479

480 | def masses_from_formula(a_d: np.ndarray, t_d: np.ndarray, phi_d: np.ndarray) -> Tuplelnp.
ndarray, np.ndarray, np.ndarray]:

481 nnn

482 | yuuuReconstructy m_d1l, m_d2,, m_d3,from

483

484 | yuuuuwuuusqrt (m_dn)=gA_dy*, [1yu+u2uT_dycos (Phi_d/3u+u2upiunu/u3)]

485

486 | yuuuusingyny=y1,,2,,3,exactlyyasyrequested.

487 | uuou"""

488 theta = phi_d / 3.0

489 x1 = a_d *x (1.0 + 2.0 * t_d * np.cos(theta + 2.0 * PI / 3.0))

490 x2 = a_d * (1.0 + 2.0 * t_d * np.cos(theta + 4.0 * PI / 3.0))

491 x3 = a_d * (1.0 + 2.0 * t_d * np.cos(theta + 6.0 * PI / 3.0))

492 return x1**2, x2*%%2, x3*%*2

493

494

495 | # mm T o o o o e e e e mm——————————

196 | # Internal data ezport

497 | # —m T T T T oo o e e e e e  —m——— e ———————

498 | def save_internal_data(

499 mu_grid: np.ndarray,

500 alpha_values: np.ndarray,

501 m_dl: np.ndarray,

502 m_d2: np.ndarray,

503 m_d3: np.ndarray,

504 sqrt_dl: np.ndarray,

505 sqrt_d2: np.ndarray,

506 sqrt_d3: np.ndarray,

507 invsqrt_dl: np.ndarray,

508 invsqrt_d2: np.ndarray,

509 invsqrt_d3: np.ndarray,

510 k_values: np.ndarray,

511 k_inv_values: np.ndarray,

512 a_d_values: np.ndarray,

513 t_d_values: np.ndarray,

514 phi_d_values: np.ndarray,

515 m_dl_formula: np.ndarray,

516 m_d2_formula: np.ndarray,

517 m_d3_formula: np.ndarray,

518 delta_m_d1: np.ndarray,

519 delta_m_d2: np.ndarray,

520 delta_m_d3: np.ndarray,

521 rel_pct_dl: np.ndarray,

522 rel_pct_d2: np.ndarray,

523 rel_pct_d3: np.ndarray,

524 abs_rel_pct_d1l: np.ndarray,

525 abs_rel_pct_d2: np.ndarray,

526 abs_rel_pct_d3: np.ndarray,

527 | ) -> None:
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528 with open(OUTPUT_CSV, "w", newline="", encoding="utf-8") as
529 writer = csv.writer (f)

530 writer.writerow ([

531 "mu_GeV",

532 "alpha_s",

533 "m_d1_MeV",

534 "m_d2_MeV",

535 "m_d3_MeV",

536 "sqrt_m_d1_MeV_half",

537 "sqrt_m_d2_MeV_half",

538 "sqrt_m_d3_MeV_half",

539 "inv_sqrt_m_d1_MeV_minus_half",
540 "inv_sqrt_m_d2_MeV_minus_half",
541 "inv_sqrt_m_d3_MeV_minus_half",
542 ngn s

543 "K_inv",

544 "A_d_MeV_half",

545 "T_d",

546 "phi_d",

547 "m_dl_formula_MeV",

548 "m_d2_formula_MeV",

549 "m_d3_formula_MeV",

550 "delta_m_d1l_MeV",

551 "delta_m_d2_MeV",

552 "delta_m_d3_MeV",

553 "delta_m_d1_percent",

554 "delta_m_d2_percent",

555 "delta_m_d3_percent",

556 "abs_delta_m_d1l_percent",
557 "abs_delta_m_d2_percent",
558 "abs_delta_m_d3_percent",
559 iD)

560 for values in zip(

561 mu_grid,

562 alpha_values,

563 m_d1,

564 m_d2,

565 m_d3,

566 sqrt_d1,

567 sqrt_d2,

568 sqrt_d3,

569 invsqrt_dil,

570 invsqrt_d2,

571 invsqrt_d3,

572 k_values,

573 k_inv_values,

574 a_d_values,

575 t_d_values,

576 phi_d_values,

577 m_d1l_formula,

578 m_d2_formula,

579 m_d3_formula,

580 delta_m_d1,

581 delta_m_d2,

582 delta_m_d3,

583 rel_pct_d1l,

584 rel_pct_d2,

585 rel_pct_d3,

586 abs_rel_pct_d1l,

587 abs_rel_pct_d2,

588 abs_rel_pct_d3,

589 )

590 writer.writerow([f"{x:.16e}" for x in values])
591

592 np.savez(

593 OUTPUT_NPZ,

594 mu_GeV=mu_grid,

595 alpha_s=alpha_values,
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596 m_dl_MeV=m_d1,

597 m_d2_MeV=m_d2,

598 m_d3_MeV=m_d3,

599 sqrt_m_d1_MeV_half=sqrt_d1l,

600 sqrt_m_d2_MeV_half=sqrt_d2,

601 sqrt_m_d3_MeV_half=sqrt_d3,

602 inv_sqrt_m_d1_MeV_minus_half=invsqrt_d1,
603 inv_sqrt_m_d2_MeV_minus_half=invsqrt_d2,
604 inv_sqrt_m_d3_MeV_minus_half=invsqrt_d3,
605 K=k_values,

606 K_inv=k_inv_values,

607 A_d_MeV_half=a_d_values,

608 T_d=t_d_values,

609 phi_d=phi_d_values,

610 m_dl_formula_MeV=m_dil_formula,

611 m_d2_formula_MeV=m_d2_formula,

612 m_d3_formula_MeV=m_d3_formula,

613 delta_m_di1_MeV=delta_m_d1,

614 delta_m_d2_MeV=delta_m_d2,

615 delta_m_d3_MeV=delta_m_d3,

616 delta_m_dl_percent=rel_pct_d1,

617 delta_m_d2_percent=rel_pct_d2,

618 delta_m_d3_percent=rel_pct_d3,

619 abs_delta_m_dl1_percent=abs_rel_pct_d1l,
620 abs_delta_m_d2_percent=abs_rel_pct_d2,
621 abs_delta_m_d3_percent=abs_rel_pct_d3,
622 )

623

624

625 | # m T m oo o o -
626 | # mu-grid construction

627 | # —m T T T oo oo e — -
628 | def build_mu_grid() -> np.ndarray:

629 nnn

630 | uuuuBuildthe plotting/export,gridyand, force exact inclusion of important scales.

632 | yuuuIngparticular, thejuser requested that theyreferencescaleymu,=,4.183,GeV
633 | yuuubeypresentyexplicitlyyinythe CSVyoutput. A purelogspacegridydoesynot

634 | yuuugenerally hitthat_ value exactly, so_ we merge the logspace, gridywith the
635 | uuuuexactyreference/threshold; scalesand remove duplicates.

636 Luuu"t"

637 base_grid = np.logspace(math.loglO(MU_MIN), math.logl10(MU_MAX), N_GRID)

638 forced_points = np.array(sorted ({MU_D1_REF, MU_D2_REF, MU_D3_REF, MU_C, MU_B, MU_T}),
dtype=float)

639 mu_grid = np.unique(np.concatenate([base_grid, forced_points]))

640 mu_grid.sort ()

641 return mu_grid

642

643

644 | def finite_positive_floor (*xarrays: np.ndarray) -> float:

645 positive = np.concatenate([arr[np.isfinite(arr) & (arr > 0.0)] for arr in arraysl])

646 if positive.size == 0:

647 return 1e-30

648 return max(float(np.min(positive)) * 0.5, 1e-30)

649

650

651 | def add_threshold_lines(ax: plt.Axes) -> None:

652 ax.axvline(MU_C, 1ls="--", lw=1, color="gray", alpha=0.6)

653 ax.axvline (MU_B, 1ls="--", lw=1, color="gray", alpha=0.6)

654 ax.axvline(MU_T, 1ls="--", lw=1, color="gray", alpha=0.6)

655

656

657 | # —mm T T T T T oo oo o e — e —— -

658 | # Main ezecution

659 | # —mm T T T T T o T oo o — -

660 | def main() -> None:

661 mu_grid = build_mu_grid()

662
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663
664
665
666
667

669

670

671

672

685

705

alpha_segments = build_alpha_segments(
mu_min=MU_MIN,
mu_max=MU_MAX,
mu_anchor=MZ_GEV,
alpha_anchor=ALPHA_S_MZ,

)

alpha_fun = lambda mu: alpha_of_mu(mu, alpha_segments)

dl_segments = build_mass_segments (MU_D1_REF, M_D1_REF, MU_MIN, MU_MAX, alpha_fun,

heavy_name=None)

d2_segments = build_mass_segments (MU_D2_REF, M_D2_REF, MU_MIN, MU_MAX, alpha_fun,

heavy_name=None)

d3_segments = build_mass_segments (MU_D3_REF, M_D3_REF, MU_MIN, MU_MAX, alpha_fun,

heavy_name="b")

alpha_values = np.array([alpha_fun(mu) for mu in mu_grid])

m_dl = np.array([mass_of_mu(mu, dl_segments) for mu in mu_gridl)
m_d2 = np.array([mass_of_mu(mu, d2_segments) for mu in mu_gridl)
m_d3 = np.array([mass_of_mu(mu, d3_segments) for mu in mu_gridl)

if not INCLUDE_HEAVY_BELOW_OWN_THRESHOLD:
mask = mu_grid < MU_B
m_d3 = np.where(mask, np.nan, m_d3)

sqrt_dl = np.sqrt(m_d1l)
sqrt_d2 = np.sqrt(m_d2)
sqrt_d3 = np.sqrt(m_d43)
invsqrt_dl = 1.0 / sqrt_d1
invsqrt_d2 = 1.0 / sqrt_d42
invsqrt_d3 = 1.0 / sqrt_d3

k_values = koide_k(m_d1, m_d2, m_d3)
k_inv_values = koide_k_inv(m_d1l, m_d2, m_d3)

a_d_values, t_d_values, phi_d_values = koide_ad_t_phi_from_sqrt(sqrt_dl, sqrt_d2,

sqrt_d3)

m_dl_formula, m_d2_formula, m_d3_formula = masses_from_formula(a_d_values,
phi_d_values)

delta_m_dl = m_dl_formula - m_dil
delta_m_d2 = m_d2_formula - m_d2
delta_m_d3 = m_d3_formula - m_d3

rel_pct_dl = 100.0 * delta_m_dl / m_d1
rel_pct_d2 100.0 * delta_m_d2 / m_d2
rel_pct_d3 = 100.0 * delta_m_d3 / m_d3

abs_rel_pct_dl = np.abs(rel_pct_d1l)
abs_rel_pct_d2 = np.abs(rel_pct_d2)
abs_rel_pct_d3 = np.abs(rel_pct_d43)

if SAVE_INTERNAL_DATA:
save_internal_data(

mu_grid,
alpha_values,
m_d1,
m_d2,
m_d3,
sqrt_d1,
sqrt_d2,
sqrt_d3,
invsqrt_d1,
invsqrt_d2,
invsqrt_d3,
k_values,
k_inv_values,
a_d_values,
t_d_values,
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735

764

765

766

767

768

769

771

779

781
782

783

phi_d_values,

m_dil_formula,

m_d2_formula,

m_d3_formula,

delta_m_d1,

delta_m_d2,

delta_m_d3,

rel_pct_d1,

rel_pct_d2,

rel_pct_d3,

abs_rel_pct_d1l,

abs_rel_pct_d2,

abs_rel_pct_d3,
)
print (f"Saved,internal datagto: {0UTPUT_CSV}")
print (f"Saved_ internal datayto: ,{0UTPUT_NPZ}")

fig, (axl, ax2) = plt.subplots(
2,
1,
figsize=(9, 8),
sharex=True,
gridspec_kw={"height_ratios": [3.0, 1.8], "hspace": 0.08},

~

# Color-blind-safe palette (Okabe-Ito family) chosen to avoid the
# red/green confusion common in deuteranopia/protanopia.
# We also separate the series by line style so the curves remain

# distinguishable in grayscale printouts.
color_d1l = "#0072B2" # blue

color_d2 = "#D55E00" # wvermillion
color_d3 = "#CC79A7" # reddish purple
ls_d1 = "-"

ls_d2 = "--"

1s_d3 = "-."

# Top panel: formula-reconstructed masses (evaluated with the fit parameters).

axl.plot(mu_grid, m_dl_formula, lw=2.2, color=color_dl, 1ls=1s_dl, label=r"$m_{d1}"\
mathrm{fit}(\mu)$")

axl.plot(mu_grid, m_d2_formula, lw=2.2, color=color_d2, ls=1s_d2, label=r"$m_{d2}"\
mathrm{fit}(\mu)$")

axl.plot(mu_grid, m_d3_formula, lw=2.2, color=color_d3, ls=1s_d3, label=r"$m_{d3}"\
mathrm{fit}(\mu)$")

add_threshold_lines (ax1)

axl.set_xscale("log")

axl.set_yscale("log")

axl.set_x1im (MU_MIN, MU_MAX)

axl.set_ylabel (r"Fitymass $m_{dn} \mathrm{fit}(\mu)$, [MeVI")

axl.set_title(r"Down-typeymasses reconstructed, from the fit in $\overline{\mathrm{MS}}$,
QCD,(4-1loop,continuous matching)")

axl.grid(True, which="both", 1ls=":", alpha=0.5)

axl.legend(loc="best")

# Bottom panel: recommended comparison metric = absolute relative difference [/].

# Delta m~fit_{dn}(mu) = m~fit_{dn}(mu) - m_{dn}t(mu), where m_{dn}(mu) is the

# PDG-2024 running mass obtained by 4-loop MS-bar evolution from the quoted inputs.

plot_abs_rel_dl = np.maximum(abs_rel_pct_dl, finite_positive_floor (abs_rel_pct_d41l,
abs_rel_pct_d2, abs_rel_pct_d3))

plot_abs_rel_d2 = np.maximum(abs_rel_pct_d2, finite_positive_floor (abs_rel_pct_d41,
abs_rel_pct_d2, abs_rel_pct_d3))

plot_abs_rel_d3 = np.maximum(abs_rel_pct_d3, finite_positive_floor(abs_rel_pct_d41,
abs_rel_pct_d2, abs_rel_pct_d3))

ax2.plot (mu_grid, plot_abs_rel_dl, lw=2.2, color=color_dl, 1ls=1s_dl, label=r"$|\Deltaym_
{d1} " \mathrm{fit}|/m_{d1}$")

ax2.plot(mu_grid, plot_abs_rel_d2, lw=2.2, color=color_d2, 1ls=1s_d2, label=r"$|\Delta, m_
{d2} " \mathrm{fit}|/m_{d2}$")

ax2.plot(mu_grid, plot_abs_rel_d3, lw=2.2, color=color_d3, 1ls=1s_d3, label=r"$|\Delta m_
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785

795

{d3} " \mathrm{fit}|/m_{d3}$")
add_threshold_lines (ax2)
ax2.set_xscale("log")
ax2.set_yscale("log")
ax2.set_x1im (MU_MIN, MU_MAX)
ax2.set_xlabel (r"Energy,scale $\mu$,[GeVI")
ax2.set_ylabel (r"$|\Deltaym™\mathrm{fit}|/m$,[%]1")
ax2.grid(True, which="both", 1ls=":", alpha=0.5)
ax2.legend (loc="best")

# Threshold labels on the upper panel only.

y_top = np.nanmax(m_d3_formula[np.isfinite(m_d3_formula)l])
axl.text(MU_C * 1.02, y_top / 1.6, r"$\mu_c$", va="top")
axl.text(MU_B * 1.02, y_top / 1.6, r"$\mu_b$", va="top")
axl.text(MU_T * 1.02, y_top / 1.6, r"$\mu_t3$", va="top")

fig.tight_layout ()

if SAVEFIG:
fig.savefig (OUTPUT_FIG, dpi=180, bbox_inches="tight")
print (f"Savedyfigure to: {0UTPUT_FIG}")

# Diagnostics.

print ("\nDiagnosticalpha_s_ values:")

for mu in [1.0, MU_C, 2.0, MU_B, MZ_GEV, MU_T, 1000.0]:
print (£",,alpha_s ({mu:8.3f},GeV) = {alpha_fun(mu):.6£}")

print ("\nReference-point,check:")

print (f", m_d1 ({MU_D1_REF:.3f}_,GeV) = {mass_of_mu(MU_D1_REF,, dl_segments):.6f}_ MeV")
print (£",um_d2 ({MU_D2_REF:.3f},GeV) = {mass_of_mu(MU_D2_REF,_ d2_segments):.6f} MeV")
print (£", m_d3 ({MU_D3_REF:.3f},GeV)_ = {mass_of_mu(MU_D3_REF,_d3_segments):.6f} MeV")

print ("\nSample A_d(mu),,T_d(mu),,phi_d(mu), values:")
for mu in [1.0, 2.0, MU_B, 10.0, MZ_GEV, MU_T, 1000.0]:
i = int(np.argmin(np.abs(mu_grid - mu)))
print (
" uA_d({mu_grid[i]:8.3f},GeV)=y{a_d_values[i]:.10f}, "
f"T_d({mu_grid[i]:8.3f},GeV)=py{t_d_values([i]:.10f},. "
f'"phi_d({mu_grid[i]:8.3f},GeV)=y{phi_d_values[i]:.10f}"
)

print ("\nMaximum  absolute_relative,reconstruction differences[%]:")
print (£",,d1:,{np.nanmax (abs_rel_pct_d1l):.16e}")
print (£",,d2: {np.nanmax(abs_rel_pct_d2):.16e}")
print (£",,d3:,{np.nanmax (abs_rel_pct_d3):.16e}")

plt.show ()

if name == "__main__":

main ()

C Python Script 3: benchmark Table 1 verification and Figure 3

The following script verifies the benchmark comparison of Table 1 and produces Figure 3. At the common
scale gz = mp(mp) = 4.183 GeV it computes (A) the Brannen-type prediction of Eq. (26), (B) the same
prediction after 4-loop MS transport from its associated PDG input scale to pg3, and (C) the PDG 2024
central inputs evolved to pg3. The running machinery and constants are imported directly from Script 1.

#!/usr/bin/env python3

nun

Tabley1,(Benchmark)verification + ,comparisonfigure
(2-panellayout; 0kabe-Ito,color-blind-safe palette)
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50

At the commonscale mu_d3,= m_b(m_b),=,4.183,GeV, ,compare:

uu(A)Predictiony [Eq.,(26) ,at ymu_d3,= m_b(m_b)]

Lvuuuuuuusqrt (m_dn) y=gA_d(mu_d3) *, (1,+,betay*,cos (1/9,+,2,un,pi/3))
vuuuuuValuesnumericallyycoincidewith the Brannen, ,formyandgare
uuuuuuhaturally associatedywith,the PDGinputscales

vuuuuw (2,GeVyfor,d,us;um_byforb).

uu(B)yuWith RGudressing
uuuuuuTake ;Columny, (A) and transport each,value from,its PDG,inputscale
uuuuuutoythe common;scaleymu_d3,=,4.183,GeVyvia 4-1loopyMS-bar,running.

uu(C)yuFityvaluefrom ,PDG,2024,input
uvuuuuwuTake ;PDG,2024  inputsyand transportthem toymu_d3,=,4.183,GeV,
Lvuuuuuagaingviagj4-loopyMS-barrunning.

Relativegdeviation =4, (BL-uC)u/uCuuuuuuuuuu [percent , shownyin leftpanell].
Ratioy(rightypanel) =y (A, B, C)u/uCuuuuuuuuldimensionless ,ynormalized].

Outputs:
uu-uhyu5-columntable, (stdout) mirroring, the revised, Table, 1,0f the paper.
uu-uFigure3.png,:,2-panel comparison figure.

nun

from __future__ import annotations

import sys
from pathlib import Path
sys.path.insert (0, str(Path(__file__) .resolve().parent))

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt

from Scriptl_en import (
compute_A,
predicted_mass,
running_mass,
mass_formula_k,

MD_INPUT,
MS_INPUT,
MU_D_INPUT,
MB_INPUT,
MB_MB,
)
# --- Okabe-Ito color-blind-safe palette -——-—-———-—-—--—-—---—--—-——————————————————
COLOR_PRED = "#999999" # neutral gray - Prediction (4)
COLOR_RG = "#0072B2" # blue - with RG dressing (B)
COLOR_PDG = "#D55E00" # vermillion - PDG 2024 ewvolved (C)

def prediction_mev(mu_d3: float, n: int) -> float:
"""Brannen-phasepredictionjat mu_d3,(Column A)."""
A = compute_A(mu_d3)
return float (predicted_mass (A, n))

def rg_dressed_mev(m_pred: float, mu_from: float, mu_to: float) -> float:
"""Transport mass_value m_pred,from mu_from, toymu_toyvia 4-loop MS-bar ,(ColumnB).
return float (running _mass (m_pred, mu_from, mu_to))

def pdg_evolved_mev(mu_target: float):
"""PDG,2024,inputs evolved toymu_target(Column,C) .
m_d = float(running_mass (MD_INPUT, MU_D_INPUT, mu_target))

nnn

44




75 m_s = float(running_mass (MS_INPUT, MU_D_INPUT, mu_target))

76 m_b = float(running_mass (MB_INPUT, MB_MB, mu_target))

7 return m_d, m_s, m_b

78

79

80 | def _panel_absolute(ax, labels, pred, rg, pdg, devs):

81 """Left,panel: grouped-bar,comparison, logyy."""

82 x = np.arange(len(labels), dtype=float)

83 width = 0.26

84

85 bl = ax.bar(x - width, pred, width,

86 color=COLOR_PRED, edgecolor="black", linewidth=0.6,
87 label=r"Prediction(Eq.~26) ,,associated to ,PDG input scales")
88 b2 = ax.bar(x, rg, width,

89 color=COLOR_RG, edgecolor="black", linewidth=0.6,
90 hatch="//",

91 label=r"with RG,dressing, transported, to,$\mu_{d3}$")
92 b3 = ax.bar(x + width, pdg, width,

93 color=COLOR_PDG, edgecolor="black", linewidth=0.6,
94 hatch="xx",

95 label=r"PDG_2024,inputevolved to $\mu_{d3}$")

96

97 ax.set_yscale("log")

98 ax.set_xticks (x)

99 ax.set_xticklabels (labels, fontsize=13)

100 ax.set_ylabel(r"mass [MeV]", fontsize=12)

101 ax.set_title(

102 r"(a)yAbsolute valuesyat $\mu_{d3}=m_b(m_b)=4.183%_,GeV",
103 fontsize=12)

104 ax.legend(fontsize=8.8, loc="upperyleft")

105 ax.grid(True, which="both", axis="y", alpha=0.3)

106 ax.tick_params(labelsize=11)

107

108 # walue labels on each bar

109 for bars, values in [(bl, pred), (b2, rg), (b3, pdg)l:

110 for rect, v in zip(bars, values):

111 ax.text(rect.get_x() + rect.get_width() / 2.0,

112 v * 1.08, f"{v:.3f}",

113 ha="center", va="bottom", fontsize=8.2)

114

115 # Fiz y-axzis so labels fit inside the plot on log scale

116 ymin_data = min(min(pred), min(rg), min(pdg))

117 ymax_data = max(max(pred), max(rg), max(pdg))

118 ax.set_ylim(ymin_data * 0.2, ymax_data * 3.0)

119

120 # deviation labels placed just below each RG bar (log-scale safe)
121 for xi, v_rg, dev in zip(x, rg, devs):

122 color_box = COLOR_RG if abs(dev) > 1le-6 else "#555555"

123 ax.annotate (rf"$\Delta={dev:+.3f}\%$",

124 xy=(xi, v_rg * 0.55),

125 xytext=(xi, v_rg * 0.55),

126 ha="center", va="center",

127 fontsize=9.5, color=color_box,

128 bbox=dict (boxstyle="round,pad=0.3",

129 facecolor="white", alpha=0.95,

130 edgecolor=color_box, linewidth=0.7))
131

132

133 | def _panel_ratio(ax, labels, pred, rg, pdg):

134 """Right panel: ratioy (A, B),/uCuon,linearscale with,Cyas reference = 1."""
135 x = np.arange(len(labels), dtype=float)

136 width = 0.32

137

138 r_pred = np.array(pred) / np.array(pdg)

139 r_rg = np.array(rg) / np.array(pdg)

140

141 bl = ax.bar(x - width / 2.0, r_pred, width,

142 color=COLOR_PRED, edgecolor="black", linewidth=0.6,
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145

159

175

def

def

label=r"Prediction,/_ PDG_evolved")
b2 = ax.bar(x + width / 2.0, r_rg, width,
color=COLOR_RG, edgecolor="black", linewidth=0.6,
hatch="//",
label=r"with RG_dressing/ PDG evolved")

# Reference line at 1.0 (PDG evolwved)
ax.axhline (1.0, color=COLOR_PDG, linestyle="--", linewidth=1.3,
label=r"PDG_,2024 ,evolved (reference_ $=1$)")

ax.set_xticks (x)

ax.set_xticklabels (labels, fontsize=13)
ax.set_ylabel(r"ratio, to, ,PDG,2024 ,evolved", fontsize=12)
ax.set_title(r"(b),Ratio normalized to PDG ,evolved", fontsize=12)
ax.legend(fontsize=8.8, loc="upper left")

ax.grid(True, which="major", axis="y", alpha=0.3)

ax.tick_params (labelsize=11)

# Value labels on each bar (with four decimals for wvisibility of small diffs)
for bars, values in [(bl, r_pred), (b2, r_rg)l:
for rect, v in zip(bars, values):
ax.text(rect.get_x() + rect.get_width() / 2.0,
v + 0.008, f"{v:.4f}",
ha="center", va="bottom", fontsize=8.6)

# Choose y-limits that always include 1.0 and the walue Tange
all_vals = np.concatenate([r_pred, r_rg, np.array([1.0])1])

lo = min(all_vals.min(), 0.97)

hi = max(all_vals.max(), 1.03)

span = hi - 1lo

ax.set_ylim(lo - 0.05 * span, hi + 0.12 * span)

make_figure(mu_d3, pred, rg, pdg, devs, output_path):
labels = [r"$m_{d1}$", r"$m_{d2}$", r"$m_{d3}$"]

fig, axes = plt.subplots(l, 2, figsize=(13.6, 6.0),
gridspec_kw={"width_ratios": [1.15, 1.0]1})

_panel_absolute (axes[0], labels, pred, rg, pdg, devs)

_panel_ratio (axes[1], labels, pred, rg, pdg)

fig.suptitle(
r"Table~1,benchmark: Prediction,(Eq.~26),vs RG-dressed ,vs ,PDG,2024"
r" evolved,_ common_ scale $\mu_{d3}=m_b(m_b)$",
fontsize=13, y=1.01)

fig.tight_layout ()
fig.savefig(output_path, dpi=150, bbox_inches="tight")
plt.close(fig)

main () :
mu_d3 = MB_MB # 4.183 GeV

# (A) Prediction at mu_d3 (from Eq. 26 with A_d(mu_d3))
m_dl_pred = prediction_mev(mu_d3, 1)
m_d2_pred = prediction_mev(mu_d3, 2)
m_d3_pred = prediction_mev(mu_d3, 3)

# (B) with RG dressing: transport from PDG input scale to mu_d3

m_dl_rg = rg_dressed_mev(m_dl_pred, MU_D_INPUT, mu_d3) # 2 GeV -> 4.183 GeV

m_d2_rg = rg_dressed_mev(m_d2_pred, MU_D_INPUT, mu_d3) # 2 GelV -> 4.183 GeV

m_d3_rg = rg_dressed_mev(m_d3_pred, MB_MB, mu_d3) # m_b -> 4.183 GeV (identity)

# (C) PDG 2024 ewolved
md_pdg, ms_pdg, mb_pdg = pdg_evolved_mev (mu_d3)

# Relative deviation = (B - C) / C
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if

__name ==

dev_dl = (m_dl_rg - md_pdg) / md_pdg * 100.0
dev_d2 = (m_d2_rg - ms_pdg) / ms_pdg * 100.0
dev_d3 = (m_d3_rg - mb_pdg) / mb_pdg * 100.0

sep = "=" * 100
hbar = "-" x 100
print (sep)
print (f"Table1,(Benchmark) : ,Down-type,quark massesat mu_d3,=,{mu_d3:.3f},GeV, = m_b(m_b
")
print (sep)
print (£"{’Quantity’:<22},{’Prediction,[MeV]’:>18}"
f",{’with RG dressing[MeV]’:>243}"
f" {’Fit_ from_ PDG_ 2024 ,[MeV]’:>26}"
f" {’Rel. dev.’:>12}")
print (hbar)
rows = [
("m_d1,(4.183,GeV)", m_dl_pred, m_dl_rg, md_pdg, dev_dl),
("m_d2,(4.183,GeV)", m_d2_pred, m_d2_rg, ms_pdg, dev_d2),
("m_d3,(4.183,GeV)", m_d3_pred, m_d3_rg, mb_pdg, dev_d3),
1
for name, a, b, ¢, d in rows:
print (f"{name:<22},{a:18.3f} ,{b:24.3f} ,{c:26.3f} {d:+11.3£2}%")
print (sep)
print ("Rel._ dev.,=,(RG-dressed - ,PDG evolved) /,PDG evolved, at mu_d3,= m_b(m_b)")
print (sep)

output_path = "Figure3.png"
make_figure (
mu_d3,
[m_di_pred, m_d2_pred, m_d3_pred],
[m_dil_rg, m_d2_rg, m_d3_rgl,
[md_pdg, ms_pdg, mb_pdgl,
[dev_d1, dev_d2, dev_d3],

output_path,
)
print (f"Figureysaved to: {output_pathl}")

" __main__":

main ()
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D Python Script 4: inverse-tuple Brannen parametrization and
Figure 5

The following script imports the running-mass machinery from Script 1 (Appendix A), evaluates the 4-loop
MS running masses mq (), ms(p), mp(p) on a logarithmic grid in u, forms the inverse square-root tuple, fits
Eq. (31) for (Aflt T fit ) at each point, and produces Figure 5.

dinv’ “dinv’ ¥Ydinv

#!/usr/bin/env python3
# -*- coding: utf-8 -*-

nwun

Inverse-tupleBrannen parametrization:_ scale dependenceunder ;4-1loop
MS-bar_ QCDyrunning.

Generates Figure_ 5 ,0f the ymanuscript.

What isycomputed

For,eachyscale muyinthe range[1,,1000] ,GeV, we evaluate the 4-1loop
MS-bar,running masses m_d (mu) , m_s (mu), ym_b(mu) using, the same machinery
as,Script 1,(Appendix A), then,form,the inverse square-root tuple
1,/usqrt (m_dn(mu))yand,fit it to,the Brannen-typeform

vuuul/sqrt (m_dn(mu))=gA_inv (mu)  *, (1,+,2,T_inv (mu) ycos (phi_inv(mu) /3,+,2,k,pi/3)),

vuuuku=udy-un, uuunu=ul, u2,43.

Comparedwith,the direct mass formulacos(phi_d/3,+,2,n,pi/3),uthis inverse
form keeps,the, cosine in the  ;same Brannen ; shape but reverses theindex by
ky=p4,-un. Thisysingle discreteyrelabelling reflectsy theyinversionof  the
underlying_mass ordering:_ sqrt(m_dn)_ isymonotonically increasing,ingn,
whereas1/sqrt(m_dn) _ isymonotonically decreasing, soythat the Brannen
reference, (the, dominant branchat angle 0)  is,takenat index3,in both
cases: n,=,3,(bottom)_ for the direct, form_ and k, ,=,3,(i.e. n,=4,1,,,down)
for,theyinverseyform. In Brannen’s geometricyreading, the inverse-tuple
parametrizationg corresponds toythe same spherical triangle traversedgin

the  oppositeyorientation.

Theyfityis,closed-form, (3 unknowns , 3 ,dataypoints) . Under,flavour -universal
QCDyrunning  the parametersT_invyand,phi_invyareyscale-independent by
construction;only,thejoverall jamplitude A_inv (mu)_ carries the
multiplicative,dressing.

uuuuFigure5.pnguuuuu:utopupanel =,1/sqrt (m_dn(mu) ) vs mu,(log-log);
LULLLULULLUULLLULLLULLULLuubottompanel =, T_inv (mu)  with,the_ reference

uuuuuuuuuuuuuuuuuuuuuu1ineu1/Sqrt(2)u”=u0~7071umarked~

Importsythe running-massymachinery from,Scriptl_en.py,(Appendix A).

nun

from __future__ import annotations

import math

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt

from Scriptl_en import (
running_mass,
MD_INPUT,
MS_INPUT,
MB_INPUT,
MU_D_INPUT,
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MB_MB,
PI = math.pi

def inverse_brannen_fit(ml: float, m2: float, m3: float):
nnn

uuuuSolve

uuuuuuuul/sqrt(m_n)u=uA_inVu*u(1u+u2uT_inVuCOS(Phi_inv/3u+u2ukupiu/u3)))

vuuuuouuku=u4u-un, uuuwnu=ul, u2,u3,
vuuufory(A_inv, T_inv,,phi_inv)_ given, the three masses (ml, m2,m3).

uuuuTheinversionisclosed-form._ With,theta,=,phi_inv/3,and
vuupu_ny=y(1/sqrt(m_n),/uA_inv,-41) /L2 we have

vuuuuuuuny=uly (down) : Luuuku=u3,uuuuu_1y=yT_invcos (theta +,2,pi)
LULLLULULLLULULLLULULLLULULLLUULLLLUULLuuuu=LT_invcos (theta),
vuuuuuuuny=g2y(strange) : uky=42, yuuuu_2,=yT_inv,cos (thetay+,4,pi/3),
vuuuuuuunu=u3u(bottom) : k=41, uuuuu_3,=uT_invycos (theta,+,2,pi/3),

uuuusoptheclosed-formyinversionyis

vuuuuuuuT_invycos (theta)y=pu_1,
uuuuuuuuT_inVuSin(theta)u=u(U_Qu‘uU_3)u/uSqrt(3)s

uuuuwhichisidentical,;(modulo,the period-2,piyequivalence
uuuucos (thetay+,4,pi/3) y=ucos (theta,-,2,pi/3))yto,the relationsof any
LuuuuBrannen-typethree-massginversion.
Luuu nnn
invl 1.0 / np.sqrt(ml)
inv2 = 1.0 / np.sqrt(m2)
inv3 = 1.0 / np.sqrt(m3)
A = (invl + inv2 + inv3) / 3.0

ul = (invl / A - 1.0) / 2.0
u2 = (inv2 / A - 1.0) / 2.0
u3 = (inv3 / A - 1.0) / 2.0

cos_theta_T = ul
sin_theta_T = (u2 - u3) / np.sqrt(3.0)
T = np.hypot(cos_theta_T, sin_theta_T)

cos_theta = cos_theta T / T

sin_theta = sin_theta_T / T

theta = np.arctan2(sin_theta, cos_theta)
phi = 3.0 * theta

return A, T, phi

def main():

mu_grid = np.logspace(0.0, 3.0, 200) # 1 GeV ... 1000 GeV
inv_dl = np.zeros_like(mu_grid)

inv_d2 = np.zeros_like(mu_grid)

inv_d3 = np.zeros_like(mu_grid)

A_inv = np.zeros_like(mu_grid)

T_inv = np.zeros_like(mu_grid)

phi_inv = np.zeros_like(mu_grid)

print ("Computing_ 4-loop MS-bar running, massesgandyinverse Brannen fit,...

for i, mu in enumerate(mu_grid):
md = running_mass (MD_INPUT, MU_D_INPUT, float(mu))
ms = running_mass (MS_INPUT, MU_D_INPUT, float(mu))
mb = running_mass (MB_INPUT, MB_MB, float(mu))
inv_d1[i] = 1.0 / np.sqrt(md)
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128 inv_d2[i] = 1.0 / np.sqrt(ms)

129 inv_d3[i] = 1.0 / np.sqrt(mb)

130 A, T, phi = inverse_brannen_fit(md, ms, mb)

131 A_invI[i] = A

132 T_inv[i] =T

133 phi_inv[i] = phi

134 if (i + 1) % 50 == 0:

135 print (£",y...u{iu*+u1}/{1len(mu_grid)} points")

136

137 # Diagnostic at a few representative scales

138 for mu_target in [2.0, MB_MB, 91.1876]:

139 i_t = int(np.argmin(np.abs(mu_grid - mu_target)))

140 print (

141 ' umu = {mu_grid[i_t]:8.3f},GeV,:"

142 f"A_invy=_{A_inv[i_t]:.6e} MeV~(-1/2),,"

143 f'"T_invy,= {T_inv[i_t]l:.6£f},,"

144 f"phi_inv,=_{phi_inv[i_t]:.6f},rad"

145 )

146

147 #o—mmmmmm e plot (3 panels) ---—--—--—---—----

148 fig, (axl, ax2, ax3) = plt.subplots(

149 3, 1, figsize=(9, 9.5), sharex=True,

150 gridspec_kw={"height_ratios": [2.4, 1.2, 1.2], "hspace": 0.06},
151 )

152

153 color_d = "#0072B2"

154 color_s = "#D55E00"

155 color_b = "#CC79AT7"

156 color_T = "#009E73"

157 color_phi = "#EG69F00"

158

159 # Top panel: 1/sqrt(m_dn) vs mu

160 axl.plot(mu_grid, inv_dl, 1lw=2.0, color=color_d, ls="-",

161 label=r"$1/\sqrt{m_{d1}(\mu)}$,(down) ")

162 axl.plot(mu_grid, inv_d2, 1lw=2.0, color=color_s, ls="--",

163 label=r"$1/\sqrt{m_{d2}(\mu) }$,(strange)")

164 axl.plot(mu_grid, inv_d3, 1lw=2.0, color=color_b, 1ls="-.",

165 label=r"$1/\sqrt{m_{d3}(\mu)}$,(bottom)")

166 axl.set_yscale("log")

167 axl.set_xscale("log")

168 axl.set_ylabel(r"$1/\sqrt{m_{dn}(\mu)}\;\; [\mathrm{MeV}~{-1/2}1¢%",
169 fontsize=12)

170 axl.legend (loc="best", fontsize=10)

171 axl.grid(True, which="both", alpha=0.3)

172 axl.set_title(

173 r"Inverse-tuple Brannen parametrization under 4-loopy"

174 r"$\overline{\mathrm{MS}}$,QCD, running",

175 fontsize=12,

176 )

177

178 # Middle panel: T_inv(mu) and reference 1/sqrt (2)

179 ax2.plot(mu_grid, T_inv, 1lw=2.0, color=color_T, ls="-",

180 label=r"$T_{d\,\mathrm{inv}} " {\mathrm{fit}}(\mu)$")
181 ax2.axhline (1.0 / np.sqrt(2.0), color="black", 1ls=":", 1lw=1.5,
182 label=r"$1/\sqrt{2}\,\approx\,0.70718%")

183 ax2.set_ylabel(r"$T_{d\,\mathrm{inv}} " {\mathrm{fit}}$", fontsize=12)
184 ax2.set_xscale("log")

185 band_T = max(0.001, 4 * (T_inv.max() - T_inv.min()))

186 centre_T = 0.5 * (T_inv.max() + T_inv.min())

187 ax2.set_ylim(min(centre_T - band_T, 1.0 / np.sqrt(2.0) - 0.0008),
188 max (centre_T + band_T, 1.0 / np.sqrt(2.0) + 0.0015))
189 ax2.legend(loc="best", fontsize=10)

190 ax2.grid(True, which="both", alpha=0.3)

191

192 # Bottom panel: phi_inv(mu)

193 ax3.plot(mu_grid, phi_inv, 1lw=2.0, color=color_phi, 1ls="-",
194 label=r"$\phi_{d\,\mathrm{inv}} " {\mathrm{fit}} (\mu)$")
195 ax3.set_xlabel (r"$\mu\;\; [\mathrm{GeV}]$", fontsize=12)
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196 ax3.set_ylabel(r"$\phi_{d\,\mathrm{inv}} " {\mathrm{fit}}\;\; [\mathrm{rad}]$",
197 fontsize=12)

198 ax3.set_xscale("log")

199 band_phi = max(0.005, 4 * (phi_inv.max() - phi_inv.min()))
200 centre_phi = 0.5 * (phi_inv.max() + phi_inv.min())

201 ax3.set_ylim(centre_phi - band_phi, centre_phi + band_phi)
202 ax3.legend(loc="best", fontsize=10)

203 ax3.grid(True, which="both", alpha=0.3)

204

205 fig.tight_layout ()

206 fig.savefig("Figureb.png", dpi=150, bbox_inches="tight")
207 plt.close(fig)

208 print ("Saved Figure5.png")

209

210

211 | if __name__ == "__main__":

212 main ()

o1
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E Python Script S.1: low-energy window with local linear extrap-
olation

#!/usr/bin/env python3

nun

Down-typeyquark mass, formula: low-energy window_with locallinear
extrapolationyneartheleft edge

Purpose:

uuStarting, from,the_ low-energy,plot, generated by,Scriptil_en.py,(Appendix~A),
uuapproximatethe finiteypointsnear theleft edge by localstraight lines,
puandyextendythemyvisuallyydown,toymu_d3,=,0.587,GeV.

Important:
uu-uThisyisgynotayphysicalyprediction. Ity isgyonlyayvisualizationgyof alocal
uuuulinearextrapolationgnear theyleft edgeyof the scanned window.
uu-uwBelowyabout;0.59,GeVthe calculationyisyalready close toythe Landau-pole
uuuuregionyandyperturbationtheoryisynotyreliable.

uu-uwTheyfigureis thereforeonlya visualgyaid for,the apparent crossing, trend
uvuuuatylowyenergy ,ynotyevidencefor an actualjunificationyscale.

Model  assumptions:

uu-usame 4-loopyMS-bar,runningasin, Scripti_en.py,(AppendixA)
uu-ucontinuousymatchingatyflavour thresholds
uu-ufiniteydecoupling ,constantsareynot included

nun

from __future__ import annotations

import numpy as np

import matplotlib
matplotlib.use("Agg")

import matplotlib.pyplot as plt
import warnings

from Scriptl_en import (

alpha_s_at_mu,
compute_A,
predicted_mass,
find_mu_scale,
MD_INPUT,

MS_INPUT,
MU_D_INPUT,

LANDAU_POLE_APPROX = 0.5870
MU_D3_MIN = 0.5900
MU_D3_MAX = 1.0000
MU_EXTRAP_MIN = 0.5870
N_POINTS = 80

N_FIT = 6 # number of left-edge points used for local linear fit

[GeV], visual marker only
scanned lower edge [GeV]
scanned upper edge [GeV]
ectrapolation stop [GeV]

def compute_scan(mu_min: float MU_D3_MIN,
mu_max: float MU_D3_MAX,
n_points: int = N_POINTS):
"""Scanymu_d3,andcompute mu_di(mu_d3), mu_d2(mu_d43)."""
mu_d3_array = np.logspace(np.loglO(mu_min), np.loglO(mu_max), n_points)
mu_dil_array = np.full(n_points, np.nan)
mu_d2_array = np.full(n_points, np.nan)

for i, mu_d3 in enumerate(mu_d3_array):
if (4 + 1) % 20 == 0:
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64 print (£",y...u{iu+u1}/{n_points} points")

65 try:

66 A_val = compute_A(mu_d3)

67 m_dl_pred = predicted_mass(A_val, 1)

68 m_d2_pred = predicted_mass(A_val, 2)

69

70 if m_dil_pred > 0.0:

71 mu_dl_array[i] = find_mu_scale(

72 m_d1l_pred,

73 MD_INPUT,

74 MU_D_INPUT,

75 mu_low=mu_min,

76 mu_high=1000.0,

77 )

78

79 if m_d2_pred > 0.0:

80 mu_d2_array[i] = find_mu_scale(

81 m_d2_pred,

82 MS_INPUT,

83 MU_D_INPUT,

84 mu_low=mu_min,

85 mu_high=1000.0,

86 )

87 except Exception as exc:

88 warnings.warn(f"mu_d3, = {mu_d3:.6£f}_,GeV: {exc}")
89

90 return mu_d3_array, mu_dl_array, mu_d2_array

91

92

93 |def fit_local_line(x: np.ndarray, y: np.ndarray, n_fit: int = N_FIT):
94 """Fityyu~=pauxutubyusingtheyfirstyn_fit finite pointsyatytheyleft edge. """
95 mask = np.isfinite(x) & np.isfinite(y)

96 xv = x[mask]

o7 yv = ylmask]

98 if len(xv) < max(2, n_fit):

99 raise ValueError ("Not,enough, finite points for locallinear extrapolation")
100

101 xf = xv[:n_fit]

102 yf = yvl:n_fit]

103 a, b = np.polyfit(xf, yf, deg=1)

104 return float(a), float(b), xf, yf

105

106

107 |def line_crossing_with_diagonal(a: float, b: float):

108 """Return,xywhereya xy+ by=yx,yif well defined."""

109 if abs(a - 1.0) < le-14:

110 return np.nan

111 return -b / (a - 1.0)

112

113

114 | def line_crossing(al: float, bl: float, a2: float, b2: float):
115 """Returnyxywhereyalyxy+ybly=pa2xy+ub2,ifywell defined. """
116 if abs(al - a2) < le-14:

117 return np.nan

118 return -(bl - b2) / (al - a2)

119

120

121 | def local_extrapolation(mu_d3: np.ndarray, mu_dl: np.ndarray, mu_d2: np.ndarray):
122 """Buildylocallinear extrapolations from theyleft edge down toy,MU_EXTRAP_MIN."""
123 al, bl, xf1l, yfl = fit_local_line(mu_d3, mu_dil, N_FIT)

124 a2, b2, xf2, yf2 = fit_local_line(mu_d3, mu_d2, N_FIT)

125

126 x_ext = np.linspace (MU_EXTRAP_MIN, MU_D3_MIN, 60)

127 yl_ext = al * x_ext + bl

128 y2_ext = a2 * x_ext + b2

129 y3_ext = x_ext # diagonal

130

131 cross_dl = line_crossing_with_diagonal(al, bl)
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150

152

165

175

195

cross_d2 = line_crossing_with_diagonal (a2, b2)
cross_12 = line_crossing(al, bl, a2, b2)

return {
"x_ext": x_ext,
"yl_ext": yl_ext,
"y2_ext": y2_ext,
"y3_ext": y3_ext,

"al": at,
"bi": bl,
"a2": a2,
"h2": b2,

"fit_x1": xfi1,
"fit_yi": yfi,
"fit_x2": xf2,
"fit_y2": yf2,

"cross_d1": float(cross_d1l),
"cross_d2": float(cross_d2),
"cross_12": float(cross_12),

def closest_approach(mu_d3:

if not np.any(mask):
return None

x = mu_d3[mask]
y1 = mu_d1 [mask]
y2 = mu_d2[mask]

np.ndarray, mu_dl: np.ndarray, mu_d2: np.ndarray):
"""Findytheyclosest approachytoymu_d1,=ymu_d2,=gmu_d3,inythe scanned window."""
mask = np.isfinite(mu_d3) & np.isfinite(mu_dl) & np.isfinite(mu_d2)

spread = np.maximum.reduce ([

np.abs(yl - x),
np.abs(y2 - x),
np.abs(yl - y2),

n

idx = np.argmin(spread)

return {

"mu_d3": float(x[idx]),
"mu_d1": float(yl[idx]),
"mu_d2": float(y2[idx]),
"spread": float(spread[idx]),

def make_plot(mu_d3_array:
mu_dl_array:
mu_d2_array:
closest: dict
extrap: dict,
output_path:

np.
np.

ndarray,
ndarray,

np.ndarray,

None,

str):
fig, ax = plt.subplots(figsize=(10, 8))

# Color-blind-safe palette (Okabe-Ito family) chosen to avoid the
# red/green confusion common in deuteranopia/protanopia.
# We also separate the series by line style so the curves remain

# distinguishable in grayscale printouts.

color_d1l = "#0072B2" # blue

color_d2 = "#D55EQ00" # wvermillion

color_d3 = "#CC79A7" # reddish purple

color_aux = "#999999" # neutral gray for scan-edge / Landau guide
1S d1 = n_n

1S d2 = n__n

1S d3 = n_ n

ml = np.isfinite(mu_d1l_array)

m2 = np.isfinite(mu_d2_array)
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# Main curves in the scanned window
ax.plot(mu_d3_array[mil], mu_dl_array[ml], linewidth=2.5,
color=color_dl, linestyle=1ls_d1,
label=r’$\mu_{d1}$,(down)’, zorder=3)
ax.plot(mu_d3_array[m2], mu_d2_array[m2], linewidth=2.5,
color=color_d2, linestyle=1ls_d2,
label=r’$\mu_{d2}$,(strange)’, zorder=3)
ax.plot(mu_d3_array, mu_d3_array, linewidth=2.5,
color=color_d3, linestyle=1s_d3,
label=r’$\mu_{d3}$,(diagonal $y=x$)’, zorder=2)

# Exztrapolation helper lines -- dotted to distinguish from scanned curves
ax.plot (extrap["x_ext"], extrap["yl_ext"], linestyle=’:’, linewidth=2.0,
color=color_dl, alpha=0.85,
label=r’local linearextrapolationof, $\mu_{d1}$’, zorder=2)
ax.plot(extrap["x_ext"], extrap["y2_ext"], linestyle=’:’, linewidth=2.0,
color=color_d2, alpha=0.85,
label=r’local,linear ,extrapolationgof $\mu_{d2}$’, zorder=2)
ax.plot(extrap["x_ext"], extrap["y3_ext"], linestyle=’:’, linewidth=2.0,
color=color_d3, alpha=0.85,
label=r’extended diagonal to,0.587,GeV’, zorder=1)

# Mark the scan lower edge and the Landau-pole guide

ax.axvline (MU_D3_MIN, linestyle=(0, (1, 1)), alpha=0.75, linewidth=1.5,
color=color_aux,
label=rf’scan,loweredge = {MU_D3_MIN:.3f} ,GeV’)

ax.axvline (LANDAU_POLE_APPROX, linestyle=(0, (3, 1, 1, 1)),
alpha=0.9, linewidth=1.5, color=’black’,
label=rf’Landau-pole,guide, =, {LANDAU_POLE_APPROX:.3f} ,GeV’)

ax.axhline (LANDAU_POLE_APPROX, limnestyle=(0, (3, 1, 1, 1)),
alpha=0.6, linewidth=1.2, color=’black’)

# Show the points used for the left-edge fit
ax.scatter (extrap["fit_x1"], extrap["fit_y1"],

color=color_d1, marker=’o’, s=20, alpha=0.9, zorder=4)
ax.scatter (extrap["fit_x2"], extrap["fit_y2"],

color=color_d2, marker=’s’, s=20, alpha=0.9, zorder=4)

# Closest approach within the scanned window
if closest is not None:
x0 = closest["mu_d3"]
yl1 = closest["mu_d1"]
y2 = closest["mu_d2"]
ax.plot ([x0], [x0], marker=’D’, color=color_d3,
markersize=7, zorder=5, markeredgecolor=’black’)
ax.plot ([x0], [y1l], marker=’0’, color=color_d1l,
markersize=7, zorder=5, markeredgecolor=’black’)
ax.plot ([x0], [y2], marker=’s’, color=color_d2,
markersize=7, zorder=5, markeredgecolor=’black’)

# Estimated extrapolated crossing tf the three lines cluster in the exztension window

crosses = np.array([extrap["cross_d1"], extrap["cross_d2"], extrap["cross_12"]],
float)
finite_crosses = crosses[np.isfinite(crosses)]
if len(finite_crosses) > O:
x_cross = float(np.mean(finite_crosses))
if MU_EXTRAP_MIN * 0.995 <= x_cross <= MU_D3_MIN * 1.01:
ax.plot ([x_cross], [x_cross], marker=’%’, color=’black’,
markersize=18, markeredgecolor=’white’, zorder=6)
ax.annotate (
’local-linearcrossing estimate\n’
rf’$\mu,\approx, {x_cross:.4£}$,GeV’,
xy=(x_cross, x_cross),
xytext=(x_cross * 1.045, x_cross * 0.90),
fontsize=11,
arrowprops=dict (arrowstyle=’->’, 1lw=1.4, color=’black’),
bbox=dict (boxstyle=’round,pad=0.3’, facecolor=’white’, alpha=0.9),
color=’black’,

55

dtype=




267 zorder=7,

268 )

269

270 info_lines = [

271 ’Dashed_ segments: locallinear extrapolation from ,left-edgeypoints’,

272 rf’fit_ points,used at left edge: {N_FIT}’,

273 rf’linearyroot of $\mu_{{d1}}=\mu_{{d3}}$: {extrap["cross_d1"]:.4f},GeV’,

274 rf’linear root of $\mu_{{d2}}=\mu_{{d3}}$: {extrap["cross_d2"]:.4f},GeV’,

275 rf’linear rootyof $\mu_{{d1}}=\mu_{{d2}}$: {extrap["cross_12"]:.4f},GeV’,

276 ’Interpretation: visualgyaidgonly, notyagyperturbativeyresult’,

277 ]

278 ax.text (0.98, 0.03, ’\n’.join(info_lines), transform=ax.transAxes,

279 fontsize=9, ha=’right’, va=’bottom’,

280 bbox=dict (boxstyle=’round,pad=0.4’, facecolor=’white’, alpha=0.92))

281

282 ax.set_xscale(’log’)

283 ax.set_yscale(’log’)

284 ax.set_x1im (MU_EXTRAP_MIN, MU_D3_MAX * 1.005)

285 aX.Set_ylim(MU_EXTRAP_MIN * 0.995, MU_D3_MAX * 1.02)

286 ax.set_xlabel(r’$\mu_{d3}$,[GeV]’, fontsize=14)

287 ax.set_ylabel(r’$\mu_{d1},\,\mu_{d2},\,\mu_{d3}$,[GeV]’, fontsize=14)

288 ax.set_title(

289 r’Down-typeyquark: low-energy windowywith local, linear  extrapolation’

290 ’\n(4-loop,QCDyrunning, $\\overline{\\mathrm{MS}}$, continuous_ matching)’,

291 fontsize=13,

292 )

293 ax.legend(fontsize=10, loc=’upper left’)

294 ax.grid(True, which=’both’, alpha=0.3)

295 ax.tick_params(labelsize=12)

296

297 fig.tight_layout ()

208 fig.savefig(output_path, dpi=150, bbox_inches=’tight’)

299 plt.close(fig)

300

301

302 | def main():

303 print (’=’ * 78)

304 print (’Low-energywindow,with,local linear_ extrapolation near the left edge’)

305 print (f’,,scannedwindow: mu_d3,=,{MU_D3_MIN:.3f} ,--,{MU_D3_MAX:.3f}_ ,GeV’)

306 print (£’ helper extrapolation down to: {MU_EXTRAP_MIN:.3f}_ ,GeV’)

307 print (£’ left-edgeyfitypointsused: ,{N_FIT}’)

308 print (’ynote: below,0.59,GeV this is onlya,ysimple extrapolationinto the
nonperturbative region’)

309 print(’=’ * 78)

310

311 mu_d3_array, mu_dl_array, mu_d2_array = compute_scan ()

312 closest = closest_approach(mu_d3_array, mu_dl_array, mu_d2_array)

313 extrap = local_extrapolation(mu_d3_array, mu_dl_array, mu_d2_array)

314

315 print (’local,linear fit, results near_ the left edge:’)

316 print (£" ymu_d1i,~=,({extrap[’al1’]:.6£f}) mu_d3,+,({extrap[’b1°]:.6£})")

317 print (f",  mu_d2,~=,({extrap[’a2’]:.6f})ymu_d3,+,({extrap[’b2°]:.6£})")

318 print (£",ylinearrootymu_di,=_mu_d3:,{extrap[’cross_d1’]:.6£f},GeV")

319 print (f",,linear rootymu_d2,=_mu_d3:,{extrap[’cross_d2’]:.6f},GeV")

320 print (f",,linear_ rootymu_dl,=_ mu_d2: {extrap[’cross_12’]:.6f}_,GeV")

321

322 probe_mu = MU_EXTRAP_MIN

323 y1l_probe = extrap[’al’] * probe_mu + extrap[’bil’]

324 y2_probe = extrap[’a2’] * probe_mu + extrap[’b2’]

325 print (" extrapolated values atymu_d3={probe_mu:.3f},GeV:")

326 print (f",,uumu_d1l,~=y{yl_probe:.6f} ,GeV")

327 print (£",yuumu_d2,~=,{y2_probe:.6£f} ,GeV")

328 print (£",,,udiagonal, = {probe_mu:.6f},GeV")

329 try:

330 alpha_s_value = alpha_s_at_mu(probe_mu) * np.pi

331 print (£",,alpha_s ({probe_mu:.3f} ,GeV) ,~=,{alpha_s_value:.3f}")

332 if alpha_s_value > 1.0:

333 print (’,ywarning:this probeypointis, deep,in the nonperturbative regime’)

56




334
335
337
338

340
341
342
343

except Exception as exc:
print (f’,,alpha_syevaluation, failedynear the extrapolationgedge: {excl}’)

output_path = ’unification_scale_with_extrapolation.png’
make_plot (mu_d3_array, mu_dl_array, mu_d2_array, closest, extrap, output_path)
print (f’plot,saved to: {output_pathl}’)

if __name__ == ’__main__"’:
main ()
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