Additional Proofs for Modeling Parkinson’s Disease
Progression from Longitudinal Voice Biomarkers: A
Comparative Study of Statistical and Neural
Mixed-Effects Models

Ran Tong!, Lanruo Wang?, Tong Wang?®, Wei Yan*

!'Department of Mathematical Sciences, University of Texas at Dallas, Richardson, TX, USA
2Naveen Jindal School of Management, University of Texas at Dallas, Richardson, TX, USA
3Department of Biology, Duke University, Durham, NC, USA
4Department of Neurosurgery, The Second Affiliated Hospital, Zhejiang University School of Medicine, Hangzhou, China

Author-posted companion note. This document contains additional mathematical arguments
related to the published article: Modeling Parkinson’s Disease Progression from Longitudinal Voice
Biomarkers: A Comparative Study of Statistical and Neural Mized-Effects Models. Published ver-
sion: Computer Methods and Programs in Biomedicine Update, Volume 9, 2026, Article 100242.

Published version DOI: 10.1016/j.cmpbup.2026.100242.

Important note. This document is an author-posted companion note. It is not the journal’s
official supplementary material and should not be treated as a substitute for the published article.
The purpose of this note is to provide additional mathematical context for the empirical finding
that semi-parametric mixed-effects models can be more sample-efficient than neural mixed-effects

models in small-cohort longitudinal telemonitoring studies.

Abstract

This companion note gives a stylized theoretical explanation for a pattern observed in the
published study, Modeling Parkinson’s Disease Progression from Longitudinal Voice Biomarkers:
A Comparative Study of Statistical and Neural Mized-Effects Models. Semi-parametric mixed-
effects models can outperform neural mixed-effects models when the number of subjects is small,
even when each subject has many repeated measurements. We compare a low-dimensional
statistical mixed model with a higher-dimensional neural mixed-effects model using a bias—
variance argument. The result shows that when the longitudinal signal is well approximated by
a smooth low-dimensional structure, and when subject-specific random effects can be estimated
from repeated observations, the statistical mixed model can have a smaller prediction-risk rate.
The conclusion is not that statistical models always dominate neural models. Rather, the
conclusion is that there is a small-cohort regime in which the complexity cost of neural mixed-

effects models can outweigh their approximation advantage.
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1 Purpose

The published article compared statistical mixed-effects models and neural mixed-effects models
for modeling Parkinson’s disease progression from longitudinal voice biomarkers. The study used
m = 42 subjects and N = 5875 repeated observations. The empirical result was that generalized
additive mixed models (GAMMs) and linear mixed-effects models (LMMSs) achieved substantially
smaller test errors than generalized neural network mixed models (GNMMs), neural mixed-effects
models (NMEs), and a feed-forward neural network baseline.

This note provides a mathematical explanation for that empirical pattern. The key point is
that longitudinal telemonitoring data have two different sample-size dimensions. Let m denote the
number of subjects, and let n; denote the number of repeated observations for subject 7. A large
number of repeated observations helps estimate within-subject trajectories and low-dimensional
subject-specific random effects. However, learning a flexible neural population-level function and
nonlinear subject-specific neural deviations still depends strongly on the number of independent
subjects. Therefore, a dataset can have a moderately large total number of observations N =), n;,

while still being small for training a high-capacity neural mixed-effects model.

2 Setup

Let i =1,...,m index subjects and j = 1,...,n; index repeated observations for subject i. Let

m
N = E N, Nmin = min n;.
— 1<i<m
1=

For each observation, let Y;; € R denote the response, such as the total UPDRS score, and let
X;j € RP denote the vector of voice biomarkers and time-related covariates.

We consider the longitudinal data-generating model
Yij = fo(Xij ti) + 256 + €45, (1)

where fj is the population-level mean function, z;; € R? is the random-effect design vector, b; € R?

is a subject-specific random effect, and ¢;; is the residual error. We assume
bi ~ N(0, D), eij ~ N(0,0%),

with b; independent of ¢;;.

For example, a random-intercept model has ¢ = 1, and a random-intercept and random-slope



model has ¢ = 2. These are low-dimensional subject-specific structures. In contrast, a neural
mixed-effects model may introduce many subject-specific deviations in hidden layers or output
layers.

Let Fg denote a semi-parametric statistical mixed model class, such as a GAMM. Suppose
it uses d linear covariates and K spline basis functions for time. Its effective population-level
dimension is

Dg=d+ K.

Let F denote a neural mixed-effects model class. Let W denote the effective number of population-
level neural parameters after regularization, and let r denote the effective number of subject-specific

neural parameters per subject. In many practical neural mixed-effects models,
W > Dg, r>q.

This reflects the larger flexibility of the neural model.
We focus on prediction for a subject already observed during training. This matches a common
telemonitoring use case: a patient has a longitudinal history, and the goal is to forecast a future

measurement for the same patient. Define the prediction risk of an estimator fas
~ —~ 2
R = (v - R}

where the expectation is over a new repeated measurement from an already monitored subject. Let

R(fo) denote the irreducible risk under the true conditional mean structure.

3 Risk comparison

Assumption 1 (Smooth low-dimensional longitudinal signal). The population-level mean function

fo is smooth in time and can be approxzimated by a spline mized model with error
inf |[f = fol3 = O(K~*)
fe€Fs

for some smoothness index v > 0.

Assumption 2 (Regular statistical mixed-model estimation). The statistical mized model is iden-
tifiable, the covariance matriz of the random effects is positive definite, the design matrices have
bounded eigenvalues, and the errors are sub-Gaussian. The effective population-level dimension of
the statistical model is Dg = d + K.

Assumption 3 (Regularized neural mixed-effects estimation). The neural mized-effects estimator
is trained in a reqularized function class with effective population-level dimension W and effective

subject-specific dimension r. Its estimation cost is of order W/N +1 /nuyin. Its approzimation error
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Ay = inf ||f — foll3.
v = nf I = fol}
Remark 1. Assumption 3 is an effective-dimension statement. It does not require the raw number

of neural weights to be exactly W. Rather, W represents the complexity left after regqularization,

early stopping, weight decay, architecture constraints, and optimization choices.

Theorem 1 (A sufficient condition for statistical mixed models to dominate). Under Assump-

tions 1-3, the semi-parametric statistical mized model satisfies

R(Fs) - R(y) = O, (K 1 D5, a ) | @

N Nmin

The neural mized-effects model has risk of order

R(fx) — R(fo) = Oy (AN LA ) . 3)

N T'min

Therefore, the statistical mized model has a smaller prediction-risk rate whenever

_ Ds q W r
K24 =2 =0 AN+ — . 4
+ N * Nmin ¢ < Nt N * nmin) ( )

In particular, if the neural model has no meaningful approximation advantage over the spline mized

model, so that

An = O(K™™),

and if

then the statistical mized model has a smaller variance-dominated risk rate when the subject-specific

random effects are estimable, namely when
qlogm = o(nmin)- (5)

Proof. The proof uses a bias—variance decomposition.

For the statistical mixed model, write

q

Nmin

~ . DS
R(fs) = R(fo) < C1 inf ||f = foll3 + Co—> + Cs
fE€Fs N
The first term is the approximation error. By Assumption 1,
inf [|f — foll3 = O(K™%).
feFs

The second term is the population-level estimation cost for a Dg-dimensional semi-parametric

model. The third term is the subject-specific estimation cost for a g-dimensional random-effect



vector estimated from at least n.,;, repeated observations. This gives

~

R(fs) - R(fy) = O, (K*U L Ds, a ) |

N Nmin

For the neural mixed-effects model, the same decomposition gives

RUFN) ~ B() = O (An -+ 3 + 2.
Timin

Here Ay is the approximation error of the neural class, W/N is the population-level estimation cost
of the effective neural model, and r/ny,;y is the cost of estimating subject-specific neural deviations.

Comparing the two rates gives condition (4). If Ay = O(K~?¥), then the neural model does not
have a large approximation advantage over the spline mixed model. If also Dg = o(W) and ¢ < r,
then the statistical mixed model has a smaller complexity term. The condition glogm = o(nmin)
ensures that the subject-specific random effects can be estimated with enough stability across m
subjects. Under these conditions, the statistical mixed model has a smaller variance-dominated
risk rate. O

4 Interpretation for the Parkinson’s telemonitoring study
Theorem 1 separates two regimes. If
Nmin = O(qlogm),
then each subject has too few repeated observations to estimate subject-specific effects reliably. In

this case, the term
q

Nmin

does not vanish fast enough. The statistical mixed model should not be expected to show a stable
advantage based on random-effect estimation. Neural mixed-effects models face the same issue,
often more strongly if r > q.

If instead

qlogm = o(nmin),

then subject-specific effects can be estimated more stably. In this regime, the main comparison is

driven by the population-level complexity terms:

Dg w
— versus —.

N N

If the true signal is well approximated by smooth low-dimensional structure and Dg < W, then

the statistical model has a smaller estimation cost.



For the Parkinson’s telemonitoring application, the published study used
m = 42, N = 5875.
For a random-intercept and random-slope model, ¢ = 2. Then
qlogm = 2log(42) ~ 7.48.

The average number of repeated observations per subject is

Thus, the repeated-measurement dimension is much larger than qlogm. This supports the use of
a low-dimensional mixed-effects structure for within-subject forecasting.

However, the number of independent subjects remains only m = 42. This is small for training
a flexible neural mixed-effects model with a large number of population-level and subject-specific
neural parameters. Therefore, the empirical finding that GAMM and LMM outperform GNMM,
NME, and ANN is consistent with the risk comparison above.

The theorem does not say that statistical mixed models always outperform neural mixed-effects
models. Instead, it gives a sufficient condition for when this can happen. Statistical mixed models
are favored when

fo is smooth and low-dimensional,
Nmin > ¢ log m,

and
Dg < W.

Neural mixed-effects models are more likely to become competitive when they have a clear ap-
proximation advantage and when the number of independent subjects is large enough to estimate
flexible population-level and subject-specific nonlinear structure. This requires not only many
repeated observations, but also many subjects.

In practical terms, a longitudinal telemonitoring dataset can be large in the total number of
rows but still small in the number of independent subjects. In such a setting, a low-dimensional
GAMM or LMM can be more data-efficient than a neural mixed-effects model.

5 Conclusion

This companion note provides a mathematical explanation for why semi-parametric mixed-effects
models can outperform neural mixed-effects models in small-cohort longitudinal telemonitoring
studies. The main point is a sample-size tradeoff. Repeated observations per subject help estimate

low-dimensional random effects, but they do not fully replace the need for many independent



subjects when fitting flexible neural population and subject-specific components.
A useful threshold is
Nmin > qlogm.

Above this threshold, low-dimensional random effects can be estimated stably. If the signal is also
smooth and low-dimensional, then the statistical mixed model can have lower prediction risk than

a neural mixed-effects model with much larger effective dimension.
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