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Abstract

Paper α [Calzighetti & Lucy, 2026-04-23] established the Anti-S-duality conjecture for the 3D+3D framework

as a conditional theorem: given the orbifold-selected spin structure , the physical vacuum at

 is a strict minimum of the effective potential, with  per chiral

fermion mode.  Two open problems remained to  elevate  the  conjecture  to  an unconditional  theorem: (β.1)

rigorous  derivation  that  the  orbifold   combined  with  the  Standard  Model  left-

handed chirality assignment selects exactly the spin structure ; (β.2) rigorous identification of

the physical modular subgroup   stabilizing this spin structure. In this paper we close both

problems. For β.2, we prove that , the Hecke-type congruence subgroup of index 3 characterized

by , and verify this identification computationally. In particular, , which establishes

Anti-S-duality at the group-theoretic level. For β.1, we derive the spin structure  from the 6D Clifford

structure,  the  orbifold  action on spinors,  and the  L-chirality  convention,  using the  Vafa–Altarelli–Feruglio

orbifold  construction.  Combining  β.1  and  β.2  with  the  quantitative  result  of  Paper  α,  we  obtain  the

unconditional Anti-S-duality theorem: the physical 3D+3D vacuum selects  as a strict minimum of the

effective potential on the orbifold-chiral state space, with a Boltzmann suppression factor  against the

S-dual image  when scaled to the full Standard Model fermion content.

Keywords: 3D+3D  framework,  orbifold,  spin  structure,  modular  subgroup,  Γ^0(2),  S-duality,  vacuum

selection, chirality.

1. Introduction

1.1 Setup and recall of Paper α

The Anti-S-duality theorem developed in Paper α [Calzighetti & Lucy, 2026] consists of three logical levels:

Level A (modular algebra). The physical point  is not a fixed point of ; its orbit

under  is . [Paper α, Lemma 1.]

Level B (Bridge observable). The scale  with  transforms under  as

a modular covariant object; the two natural candidates for  —  and  — are phe‐

nomenologically excluded. [Paper α, Proposition 1 + §3.4.]

Γ =phys Γ (2)0

(α,β) = (1/2, 0)
τ = i/φ ΔV = V (iφ) −eff V (i/φ) =eff +1.130

Z :2 (θ , θ ) →2 3 (−θ , −θ )2 3

(α,β) = (1/2, 0)
Γ ⊊phys SL(2,Z)
Γ =phys Γ (2)0

b ≡ 0 (mod 2) S ∈/ Γ (2)0

(1/2, 0)

τ = i/φ
∼ 10−35

iφ

• τ =0 i/φ S : τ ↦ −1/τ
⟨S⟩ {i/φ, iφ}

• μ (τ) =B v ⋅ e−πF (τ , )τ̄ F (τ ) =0 1/φ2 S

μ (Sτ )B 0 66MeV 817GeV
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Level C (vacuum selection). Numerical theta-function evaluation gives 

per  chiral  fermion mode,  under the conditional  assumption that  the orbifold-selected spin structure is

. [Paper α, Conditional Theorem §7.6.]

The paper established the unconditional structural theorem:

However, two technical gaps remained open:

Open problem β.1. Derive rigorously, from the 3D+3D orbifold construction combined with the Standard

Model left-handed chirality assignment, that the physical spin structure is exactly .

Open problem β.2. Identify the physical modular subgroup  stabilizing the orbifold-chiral

state space, and confirm .

1.2 Scope of this paper

In this paper we close both open problems:

§3 (Problem β.2). We prove that , the Hecke-type congruence subgroup of  char‐

acterized by the condition  on the upper-right matrix entry.  has index 3 in ,

and .

§4 (Problem β.1). We derive the spin structure   from the 6D Clifford structure,  the

orbifold action on spinors at the level of boundary conditions, and the chirality convention of Paper LIV

[Calzighetti & Lucy, 2026].

§5. We combine β.1, β.2, and the quantitative result of Paper α §7 to obtain the unconditional Anti-S-du‐

ality theorem.

§6. Consequences for flavor physics (FCNC Channel N closure), verification against the SM chirality

content, and structural implications.

We adopt the convention that  denotes a periodic boundary condition on the given cycle and  de‐

notes antiperiodic. The ordering is  for the -cycle pair in Paper α.

2. Preliminaries

2.1 Spin structures on 

A spin structure on the torus  is labeled by a pair , where:

 ↔ periodic boundary condition on the first cycle (  in our convention);

 ↔ antiperiodic on the first cycle;

 ↔ periodic on the second cycle ( );

 ↔ antiperiodic on the second cycle.

There are four spin structures. For a fermion in 4D obtained from a 6D spinor by Kaluza–Klein reduction with

orbifold projection, a single spin structure is selected by the consistency of the compactification.

2.2 Theta functions

The fermionic partition function on  with spin structure  is 

• 

ΔV = V (iφ) −eff
chiral V (i/φ) =eff

chiral +1.130

(α,β) = (1/2, 0)

The physical state space H  is not a representation of SL(2,Z).phys

(α,β) = (1/2, 0)

Γ ⊊phys SL(2,Z)
S ∈/ Γphys

1. Γ =phys Γ (2)0 SL(2,Z)
b ≡ 0 (mod 2) Γ (2)0 SL(2,Z)

S ∈/ Γ (2)0

2. (α,β) = (1/2, 0)

3. 

4. 

β = 0 α = 1/2
(α,β) = (antiperiodic, periodic) (θ , θ )3 2

T 2

T 2 (α,β) ∈ {0, 1/2}2

• α = 0 θ3

• α = 1/2

• β = 0 θ2

• β = 1/2

T (τ)2 (α,β)
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where 

2.3 Action of  on spin structures

Under the modular transformation , the spin structure transforms as [Mumford 1983;

Polchinski 1998, Vol. I §7]:

On the generators  and :

3. Problem β.2 — Identification of 

3.1 Orbit of 

Lemma 3.1 (Orbit structure). Under , the four spin structures partition into two orbits:

Proof. Direct  application  of  (2.4):  -  .  -  

.  -  .  -  .  -

; .

Hence  is fixed by all of , and the other three form a single orbit of length 3. 

3.2 Stabilizer of 

Proposition 3.2 (Stabilizer). The stabilizer  has index 3.

Proof. Immediate consequence of Lemma 3.1 and the orbit-stabilizer theorem:  

. 

3.3 The candidate 

Definition 3.3. The Hecke-type congruence subgroup of level 2 on the upper-right entry is: 

Standard index result: .

Theorem 3.4 (Main result of β.2). The stabilizer equals the Hecke subgroup:

Z (τ) =αβ ,
η(τ)

θ (0∣τ)αβ
2

(2.1)

θ (0∣τ) =αβ e .
n∈Z
∑ iπ(n+α) τ+2πi(n+α)β2

(2.2)

SL(2,Z)

γ = ∈(a
c

b

d
) SL(2,Z)

(α,β) ↦ (dα− cβ, −bα+ aβ) (mod 1). (2.3)

S = (0
1
−1
0

) T = (1
0
1
1
)

S : (α,β) ↦ (−β,α), T : (α,β) ↦ (α,β − α). (2.4)

Γphys

(1/2, 0)

⟨S,T ⟩ = SL(2,Z)

O =1 {(0, 0)}, O =2 {(1/2, 0), (1/2, 1/2), (0, 1/2)}. (3.1)

T ⋅ (1/2, 0) = (1/2, 0 − 1/2) = (1/2, 1/2) T ⋅ (1/2, 1/2) =
(1/2, 1/2 − 1/2) = (1/2, 0) S ⋅ (1/2, 0) = (0, 1/2) S ⋅ (0, 1/2) = (−1/2, 0) = (1/2, 0) (mod 1)
S ⋅ (0, 0) = (0, 0) T ⋅ (0, 0) = (0, 0)

(0, 0) SL(2,Z) ■

(1/2, 0)

Stab(1/2, 0) ⊂ SL(2,Z)

∣SL(2,Z)/Stab(1/2, 0)∣ =
∣O ∣ =2 3 ■

Γ (2)0

Γ (2) =0 γ = ∈ SL(2,Z) : b ≡ 0 (mod 2) .{ (a
c

b

d
) } (3.2)

[SL(2,Z) : Γ (2)] =0 3
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Proof. We show both inclusions.

(⊇) . Let . Then from , we deduce 

, so  and  are both odd. Apply (2.3) to :

Since  is odd, . Since , . Hence . ∎

(⊆) . Both groups have index 3 in . Since  (just proved)

and , we have . 

3.4 Verification: 

Corollary 3.5 (Exclusion of ).  has , which is odd. Therefore . 

This completes the group-theoretic side of Anti-S-duality.

3.5 Uniqueness among index-3 subgroups of 

There are exactly three congruence subgroups of index 3 in  at level 2: - ,

- , - .

Proposition 3.6 (Uniqueness).  is the unique index-3 congruence subgroup of  that (i) contains

, (ii) does not contain , and (iii) does not contain .

Proof. Direct verification, tabulated below (  = contains,  = does not contain):

Subgroup = Stab ?

No (contains )

Yes

No (contains )

Only  satisfies all three conditions. 

4. Problem β.1 — Derivation of the spin structure 

4.1 6D Clifford algebra and the orbifold action on spinors

Let  be a 6D Dirac fermion on . In 6D, a Dirac spinor has  complex components, and

under the 6D chirality operator 

decomposes as 

Γ ≡ Stab (1/2, 0) = Γ (2).phys SL(2,Z)
0

Γ (2) ⊆0 Stab(1/2, 0) γ = ∈(a
c

2b
d

) Γ (2)0 det γ = ad− 2bc = 1 ad ≡

1 (mod 2) a d (1/2, 0)

γ ⋅ (1/2, 0) = , − ⋅ + 0 =(
2
d

2
2b

2
1 ) , −b(

2
d ) (mod 1).

d d/2 ≡ 1/2 (mod 1) b ∈ Z −b ≡ 0 (mod 1) γ ⋅ (1/2, 0) = (1/2, 0)

Stab(1/2, 0) ⊆ Γ (2)0 SL(2,Z) Γ (2) ⊆0 Stab(1/2, 0)
[SL(2,Z) : Γ (2)] =0 [SL(2,Z) : Stab(1/2, 0)] = 3 Γ (2) =0 Stab(1/2, 0) ■

S ∈/ Γ (2)0

S S = (0
1
−1
0

) b = −1 S ∈/ Γ (2) =0 Γphys ■

SL(2,Z)
SL(2,Z) Γ (2) =0 {c ≡ 0 (mod 2)}

Γ (2) =0 {b ≡ 0 (mod 2)} Γ =θ {ac ≡ bd ≡ 0 (mod 2)}

Γ (2)0 SL(2,Z)
T 2 T S

✓ ×

T 2 T S (1/2, 0)

Γ (2)0 ✓ ✓ × T

Γ (2)0 ✓ × ×

Γθ ✓ × ✓ S

Γ (2)0 ■

(1/2, 0)

Ψ R ×1,3 T (τ)2 2 =6/2 8

Γ ≡(7) Γ Γ Γ Γ Γ Γ0 1 2 3 θ2 θ3 (4.1)

Ψ = Ψ ⊕L Ψ , Γ Ψ =R
(7)

L/R ±Ψ .L/R (4.2)
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The orbifold action on spinors is the combined spatial-spinor transformation: 

where  is the overall orbifold eigenvalue chosen by convention.

4.2 Chirality-splitting property of 

Lemma 4.1 (Chirality mapping). The orbifold Clifford matrix satisfies

with  and  forced by 6D Clifford algebra consistency.

Proof. The  operator   commutes  with  the  products   ( )  in  even-

dimensional combinations but anticommutes with single . Specifically:

because each factor  anticommutes with each  ( ), and two pairs of anticommutations give a

plus sign.

However,  anticommutes with  alone (and similarly with  alone), and commutes with :

(since the two factors  commute with themselves). Therefore  preserves 4D chirality. Its eigenvalue

on  is a well-defined sign , and the eigenvalue on  is .

The relation   follows from   depending on metric signature.

For a Lorentzian metric with , we have , so both . The product  is

fixed by the 6D Clifford algebra up to overall sign; the physically required value  is the only one compatible

with producing a chiral SM spectrum. 

4.3 Zero-mode selection

Choose the orbifold convention . The -even subspace is 

With , the surviving 4D zero mode is the L-handed field (even under ). With , the R-

handed field is odd under the orbifold and has no zero mode; its lowest KK mass is .

This reproduces the Standard Model chiral assignment: only left-handed SU(2)_L doublets in the massless

spectrum.

4.4 Boundary conditions of the surviving zero mode

The orbifold  has four fixed points (§4.1 of Paper α). The surviving L-handed zero mode  is a covari‐

antly constant solution on the orbifold, and its boundary conditions on the two cycles are determined by the

path-integral gauge consistency at the fixed points [Vafa 1986; Narain, Sarmadi & Vafa 1987; Dixon, Harvey,

Vafa & Witten 1985].

Lemma 4.2 (Boundary conditions from orbifold). Consider the L-handed zero mode  on  with or‐

bifold action (4.3) and convention . In Paper LIV’s framework with the convention that the -cycle is

P :orb Ψ(θ , θ ) ↦2 3 η Γ Ψ(−θ , −θ ), Γ =orb 2 3 orb Γ Γ ,θ2 θ3 (4.3)

η ∈ {±1}

Γorb

Γ Ψ =orb L +η Ψ , Γ Ψ =L L orb R −η Ψ ,L R

η ∈L {±1} η η =L R −1

Γ =orb Γ Γθ2 θ3 Γij i, j ∈ {0, 1, 2, 3, θ , θ }2 3

Γi

{Γ , Γ Γ Γ Γ } =orb
0 1 2 3 [Γ Γ , Γ Γ Γ Γ ] =θ2 θ3 0 1 2 3 0

Γθi Γj j ∈ {0,… , 3}

Γorb Γθ2 Γθ3 Γ(7)

[Γ , Γ ] =(7)
orb [Γ Γ Γ Γ Γ Γ , Γ Γ ] =0 1 2 3 θ2 θ3 θ2 θ3 0

Γ Γθ2 θ3 Γorb
ΨL ηL ΨR ηR

η η =L R −1 (Γ ) =orb
2 (Γ ) (Γ ) =θ2 2 θ3 2 (±1)(±1)

(Γ ) =θi 2 +1 (Γ ) =orb
2 +1 η =L

2 η =R
2 1 η ηL R

−1
■

η = +1 Porb

{Ψ : Ψ(−θ) = η Ψ(θ) for L, Ψ(−θ) =L
−1 η Ψ(θ) for R}.R

−1

η =L +1 θ → −θ η =R −1
∼ 1/R

T /Z2
2 ΨL

ΨL T (τ)/Z2
2

η =L +1 θ3
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the “chirality-projector direction” and -cycle is the “gauge direction”, the consistent boundary conditions

on  are:

Proof. The  argument  proceeds  in  three  steps:  (i)  identification  of  the  four  orbifold  fixed  points  and their

monodromy structure, (ii) derivation of the consistency conditions from commuting orbifold action with lattice

translations, and (iii) resolution of the sign ambiguity by the chirality/gauge assignment. A fully detailed fixed-

point-by-fixed-point derivation is provided in Appendix C; the main text presents the minimal structural

argument.

Step (i). The four fixed points of   on   are  ,  ,  ,  

(§4.1, eq. 4.2). At each fixed point, the orbifold action  is locally  and acts on

 by multiplication by   (Lemma 4.1 with  ). The constant (zero-mode) solution is

 independent of coordinates, which trivially satisfies  at every

fixed point (since  means  has eigenvalue  on ).

Step (ii). Combine the orbifold action with a lattice translation. Translation by the  -lattice vector  

: 

The image  is identified with  via the lattice relation . Applying  again gives .

So the composite  equals , i.e.,  and  commute up to an inversion. For the fermion

this implies: 

 Similarly, translation by  gives .

Step (iii). The two signs   are fixed by the gauge/chirality assignment. The argument is standard in

orbifold GUT constructions [Kawamura 2001; Altarelli–Feruglio 2006; Nilles et al. 2004]:

Along  :  the   gauge field   lives  on the brane and must  itself  satisfy  periodic  boundary

conditions for  the gauge symmetry to be well-defined.  A fermion transforming in a  representation of

 (namely, the doublet containing ) must therefore have the same periodicity as the gauge field,

i.e., . This yields (4.4).

Along : the chirality-projector  acts on  with eigenvalue  (at zero-mode level, as in Step (i)).

However, when composed with the lattice translation , which is independent of the chirality projector,

there is an additional sign from the orbifold twist around the non-contractible -cycle. The twist is 

for the chirality-projector direction and  for the gauge direction — precisely the sign of the  eigen‐

value on , which is  by Lemma 4.1 applied to the single matrix  (which is a projector, not the full

). Hence , yielding (4.5).

This completes the proof. 

Remark 4.2.1 (what we use vs what we don’t). The derivation above is the standard orbifold-GUT argument. It

rests on three well-established results: (i) the fixed-point structure of ; (ii) the consistency of the orbifold

θ2

ΨL

Ψ (θ +L 2 1, θ ) =3 +Ψ (θ , θ ) (periodic on θ ),L 2 3 2 (4.4)

Ψ (θ , θ +L 2 3 1) = −Ψ (θ , θ ) (antiperiodic on θ ).L 2 3 3 (4.5)

Z2 T 2 y =1 (0, 0) y =2 (1/2, 0) y =3 (0, 1/2) y =4 (1/2, 1/2)
Porb (δθ , δθ ) ↦2 3 (−δθ , −δθ )2 3

ΨL η Γ =L orb +Γorb η =L +1
Ψ (θ , θ ) =L 2 3 ΨL

(0)
P Ψ =orb L

(0) Γ Ψ =orb L
(0) +ΨL

(0)

η =L +1 Γorb +1 ΨL

θ2 e =(2)

(1, 0)

(θ +2 1, θ )3 ⟼
Porb

(−(θ +2 1),−θ ) =3 (−θ −2 1,−θ ).3

−θ −2 1 −θ2 θ ∼2 θ −2 1 Porb θ2

P ∘orb e ∘(2) Porb e(2)
−1 e(2) Porb

Ψ (θ +L 2 1, θ ) =3 ξ ⋅(2) Ψ (θ , θ ), ξ ∈L 2 3 (2) {+1,−1}. (4.4a)

e =(3) (0, 1) ξ ∈(3) {+1,−1}

ξ , ξ(2) (3)

• θ2 SU(2)L Aμ
(2)

SU(2)L ΨL

ξ =(2) +1

• θ3 Γorb ΨL +1
e(3)

θ3 (−1)
(+1) Γθ3

ΨL −1 Γθ3

Γorb ξ =(3) −1

■

T /Z2
2
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action with lattice translations; (iii) the sign assignment from the chirality projector. None of these are novel to

3D+3D; the novelty is their application to the specific  geometry.

Remark 4.2.2 (cross-check).  The boundary  conditions  (4.4)–(4.5)  imply  that  the  spin  structure  of   on

 is exactly  in the convention of §1.2: antiperiodic on the -cycle ( ) and peri‐

odic on the -cycle ( ). This feeds directly into Theorem 4.3.

4.5 Main derivation

Theorem 4.3 (Main result of β.1). In the 3D+3D framework with orbifold , orbi‐

fold eigenvalue convention   on the L-handed chirality, and gauge/chirality assignment of Paper LIV,

the physical spin structure selected for the surviving L-handed zero mode is

Proof. Combining Lemmas 4.1–4.2 with the convention  of Paper α:

 from (4.5) (antiperiodic on chirality-projector direction).

 from (4.4) (periodic on gauge direction).

Hence . 

4.6 Consistency check

The derived spin structure  must be compatible with the vacuum selection derived in Paper α §7.5: for

this spin structure,  per chiral mode, with sign  indicating that 

 is the minimum.

Had the orbifold selected  instead (e.g., with the opposite chirality convention ), we would

have had  per mode, with  as the minimum — in direct contradiction with the Bridge theorem

fixing .

Therefore the SM chirality convention (L-handed active) and the Bridge theorem’s vacuum selection are

mutually consistent via the spin structure . This is a non-trivial cross-check.

5. Unconditional Anti-S-Duality Theorem

Combining  Theorems  3.4  (β.2),  4.3  (β.1),  and  the  quantitative  result  of  Paper  α  §7.5,  we  obtain  the

unconditional form of the main result.

5.1 Main Theorem

Theorem 5.1 (Anti-S-Duality, unconditional). The physical 3D+3D vacuum on  with Stand‐

ard Model chiral fermion content satisfies:

The physical modular subgroup is , a proper subgroup of  of index 3. In particu‐

lar, .

The orbifold-selected spin structure is , uniquely determined by the Paper LIV chirality

convention and the Vafa orbifold construction.

The effective potential satisfies

selecting  as the strict physical minimum.

τ = i/φ

ΨL

T /Z2
2 (α,β) = (1/2, 0) θ3 α = 1/2

θ2 β = 0

Z :2 (θ , θ ) →2 3 (−θ , −θ )2 3

η = +1

(α,β) = (1/2, 0).

(α,β) = (α ,α )θ3 θ2

• α = α =θ3 1/2

• β = α =θ2 0

(α,β) = (1/2, 0) ■

(1/2, 0)
ΔV = V (iφ) −eff V (i/φ) =eff +1.130 + τ =0

i/φ

(0, 1/2) η = −1
ΔV = −1.130 iφ

τ =0 i/φ

(1/2, 0)

R ×1,3 T (τ)/Z2
2

1. Γ =phys Γ (2)0 SL(2,Z)
S ∈/ Γphys

2. (α,β) = (1/2, 0)

3. 

V (i/φ) <eff
chiral V (iφ), ΔV =eff

chiral +1.130 per chiral mode,

τ =0 i/φ
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The S-dual point  is not a physical vacuum: it has higher chiral vacuum energy, is not in the -orbit

of , and is associated with a spin structure  not selected by the orbifold.

Proof. Parts 1, 2, and 3 are Theorems 3.4, 4.3, and Paper α Conditional Theorem §7.6 respectively. Part 4

follows from Lemma 3.1 (orbit decomposition), the action of  on spin structures (§2.3), and the opposite sign

of  for the S-dual spin structure . 

5.2 Scale-up to full SM content

For  chiral left-handed modes (3 generations × 24 chiral components per generation; Paper α §7.7),

the total vacuum energy difference is 

and the Boltzmann-weighted suppression of the S-dual candidate vacuum relative to the physical one is 

The dual vacuum is suppressed by 35 orders of magnitude.

6. Consequences

6.1 Closure of FCNC Channel N

Paper α §9 (and Paper FCNC v1.0) identified the candidate dual bridge scales for a hypothetical  gauge bo‐

son at 

both phenomenologically excluded by current experimental bounds. Theorem 5.1 now places this exclusion on

a structural footing:

The absence of a left-right partner is not a phenomenological accident but a necessary consequence of the

vacuum-oriented Bridge theorem and the chirality-anchored modular subgroup .

6.2 Structural implications

Modular covariance of the formalism does not imply S-invariance of the vacuum. This is the general

principle established by the theorem; it applies potentially to other geometric/topological sectors of the

3D+3D framework.

Γ^0(2)  is  the “physical  modular group”. Symmetries  derived from   — for  instance,  modular

forms for  — are candidates for symmetries of 3D+3D observables.

The chirality of SM fermions is an input into vacuum selection. Changing the chirality convention

would change the spin structure to  and, by Theorem 4.3 cross-check, would lead to the S-dual va‐

cuum . The observed physical world is thus one of two “mirror” vacua, distinguished by chirality.

No   at any scale follows from the structural absence of the dual vacuum, not merely from direct

search bounds. This is a stronger, framework-level statement.

4. iφ Γphys
τ0 (0, 1/2)

S

ΔV (0, 1/2) ■

N ≈f 72

ΔV =SM N ⋅f ΔV ⋅per dof Λ /(2π) ,comp
4 4

∼
ρ (i/φ)vac

ρ (iφ)vac
e ∼−N ΔVf per dof e ≈−81 10 .−35

WR

μ =B
(R),1

v e ≃−πφ2 66MeV, μ =B
(R),2

v e ≃+π/φ2 817GeV,

No W -like state is predicted by the 3D+3D framework at any modular-dual scale.R

Γ (2)0

1. 

2. Γ (2)0

Γ (2)0

3. 

(0, 1/2)
iφ

4. WR
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6.3 Predictions for future tests

No second Higgs at TeV derived from dual Bridge symmetry.

No S-violating observable of  -modular structure. Future precision tests of modular symmetries

(e.g., in neutrino oscillations, Paper PMNS CP holonomy v1.1) should find -covariance but not full

-covariance.

7. Conclusions

The two open problems of Paper α are now closed:

β.1: the physical spin structure of the 3D+3D orbifold is derived to be  (Theorem

4.3).

β.2: the physical modular subgroup is  (Theorem 3.4), with .

The combined result is the unconditional Anti-S-Duality Theorem (Theorem 5.1), which establishes that

the 3D+3D vacuum at  is a strict minimum of the chiral effective potential, with the S-dual image

 suppressed by  under SM fermion content.

The spin structure   and the Bridge theorem’s vacuum selection are  mutually consistent — the

framework’s chirality convention and vacuum minimum point to the same spin structure.

FCNC Channel N is now structurally closed: no -like state is predicted at any modular-dual scale.

The framework adds a new structural principle: modular covariance of the geometric formalism does

not  imply  -invariance of  the physical  vacuum.  The 3D+3D vacuum orients  itself  in  the  modular

fundamental domain via chirality.

Appendix A — Computational Verification of 

Script: Paper_beta_appendix_A_gamma_phys.py  (attached).

Key verification output:

Orbit of (1/2, 0) under <S, T>:
  Orbit = {(1/2, 0), (1/2, 1/2), (0, 1/2)}  (length 3)

Key actions on (1/2, 0):
  T         → (1/2, 1/2)        (NOT fixed)
  S         → (0, 1/2)           (NOT fixed)
  T²        → (1/2, 0)           FIXED ✓
  ST²S⁻¹    → (1/2, 0)           FIXED ✓

Γ^0(2) membership of generators:
  T²        b=2 even  ✓
  T         b=1 odd   ✗
  S         b=-1 odd  ✗

Uniqueness among index-3 congruence subgroups:
  Γ_0(2)    contains T ✗ (excluded)
  Γ^0(2)    all conditions satisfied ✓
  Γ_θ       contains S ✗ (excluded)

CONCLUSION: Γ_phys = Γ^0(2). Unique. S ∉ Γ_phys. ∎

• μ ≈2 B
(R),2 1.16

• Γ (2)0

Γ (2)0

SL(2,Z)

1. 

◦ (α,β) = (1/2, 0)

◦ Γ =phys Γ (2)0 S ∈/ Γ (2)0

2. 

τ = i/φ
iφ ∼ 10−35

3. (1/2, 0)

4. WR

5. 

S

Γ (2) =0 Stab(1/2, 0)
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Appendix B — Relation to Modular Forms on 

The group  has its own ring of modular forms. The space of weight-  modular forms  is finite-

dimensional: - ; - ; - In general  for .

The fundamental domain of  in  has three cusps: , , and . The point  lies in the in‐

terior, not at a cusp. Its  -orbit is trivial (i.e.,   alone within the fundamental domain), which is the

group-theoretic statement that  is the unique physical vacuum not shared with its -orbit partners.

Appendix C — Detailed Derivation of the Spin Structure from the Orbifold

This appendix expands the proof of Lemma 4.2 with the fixed-point-by-fixed-point analysis that was relegated

to Step (iii) in §4. The goal is to make the derivation “mattone-level” rather than sketch-level, following the

red-team recommendation that this is the most delicate passage of the paper.

D.1 Fixed point structure of 

The orbifold action  has fixed points where ,

with  the lattice of identifications. The four solutions are: 

At each fixed point , the local structure is a  orbifold singularity (a  cone in the local complex struc‐

ture).

D.2 Orbifold action on spinors at each fixed point

The lifted action of  to the

Γ (2)0

Γ (2)0 k M (Γ (2))k
0

dimM (Γ (2)) =2
0 2 dimM (Γ (2)) =4

0 3 dimM (Γ (2)) =2k
0 k + 1 k ≥ 1

Γ (2)0 H i∞ 0 −1/2 τ =0 i/φ
Γ (2)0 {τ }0

τ0 SL(2,Z)

T /Z2
2

P :orb (θ , θ ) ↦2 3 (−θ , −θ )2 3 (θ , θ ) ≡2 3 (−θ , −θ )2 3 (mod Λ(τ))
Λ(τ)

y1

y2

y3

y4

= (0, 0)

= (1/2, 0)

= (0, 1/2)

= (1/2, 1/2)

(trivial fixed point)

(2θ ≡ 0 (mod 1))2

(2θ ≡ 0 (mod 1))3

(both)

yi Z2 C/Z2

Porb
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