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Abstract

We present the complete derivation of all parameters in the Q-field screening equation from first principles,
demonstrating that the 3D+3D discrete spacetime theory contains zero free parameters at galactic scales.
Starting from the six-dimensional Einstein-Hilbert action with signature (—,+,+,+,—,—), we derive: (i) the Q-field
masses mz, ms from Kaluza-Klein compactification of temporal dimensions, constrained by NANOGrav pulsar
timing to T> = 30 yr and Tz = 19 yr; (ii) the characteristic velocity vsDs:D = 90 km/s from the screening
equilibrium condition at the critical mass scale; (iii) the critical mass M_crit = 2.4x10'° MO determining the
transition between sub-critical and super-critical regimes; (iv) a fundamental connection to MOND
phenomenology through ao = 2v%DsD/A2; (v) the Horndeski scale As from the 6D fundamental scale; and (vi)
the matter coupling constants B2 = 3, s = 2 as O(1) geometric factors calibrated once from the Baryonic Tully-

Fisher Relation.

A key result of this paper is the derivation of the MOND acceleration scale ao = 1.2x107'° m/s* as a geometric
consequence of the 6D structure, suggesting that MOND phenomenology emerges as the galactic-scale limit of
3D+3D theory.

Keywords: Extra temporal dimensions, Q-field, Kaluza-Klein reduction, parameter-free theory, dark matter

alternative, MOND, Vainshtein mechanism, galaxy rotation curves
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1. Introduction

1.1 The Parameter Problem in Modified Gravity

Any alternative to dark matter must explain galaxy dynamics without introducing ad hoc parameters tuned for
each system. The Baryonic Tully-Fisher Relation (BTFR) suggests a deep connection between baryonic mass
and asymptotic rotation velocity [1], yet most modified gravity theories require phenomenological couplings

fitted to observations.

The 3D+3D discrete spacetime theory [2-5] proposes that apparent dark matter effects arise from the geometric
structure of a six-dimensional spacetime with three spatial and three temporal dimensions. Two temporal
dimensions (12, T3) are compactified at galactic scales, producing scalar Q-fields that modify gravitational

dynamics.

1.2 Purpose of This Paper

In this paper, we demonstrate that every parameter in the Q-field screening equation can be derived from:
1. Six-dimensional geometry (fundamental scale Ms, compactification radii L2, L3)
2. Screening equilibrium condition (characteristic velocity vsDsD)
3. Single global calibration (critical mass M_crit from BTFR)

4. Geometric factors (matter couplings B2, B3 as O(1) quantities)



A remarkable outcome is the derivation of the MOND acceleration scale ao from 3D+3D geometry,

establishing a deep connection between this framework and MOND phenomenology.

1.3 Paper Organization

Section 2 establishes the 6D theoretical framework. Section 3 derives Q-field masses from compactification.

Section 4 presents the correct derivation of vsDsD. Section 5 shows the emergence of MOND's ao. Sections 6-

9 derive remaining parameters. Section 10 presents the complete equations. Section 11 summarizes parameter

origins, and Section 12 concludes.

2. Theoretical Framework: The Six-Dimensional Action

2.1 Six-Dimensional Spacetime

The 3D+3D theory postulates a six-dimensional spacetime Ms with signature (—,+,+,+,—,—):
2 2 2 2 2 2 2

where:

* Juv is the four-dimensional metric (u,v =0,1,2,3)
e Ry, Rj3 are the compactification radii of temporal dimensions 1z, T3

* X2, X3 are breathing-mode moduli parametrizing size fluctuations

2.2 The 6D Einstein-Hilbert Action

The gravitational dynamics in 6D are governed by:

M4
SGD - 2 /d6x V — 96 RG + Smatter

where Ms is the 6D fundamental scale and R4 is the 6D Ricci scalar.

2.3 Dimensional Reduction

Upon integrating over the compact dimensions with volume V_int = (21)?R2R3, the effective 4D action

becomes:

S4D = /d4213\/ |: Pl R4 + EQ + Ematter

The relationship between 4D and 6D Planck masses:

(2.1)

(2.2)

(2.3)



M% = Mg - Viny = M (27)*RyR3 (2.4)

2.4 Q-Field Identification

The breathing modes ; are related to the Q-fields via:

Qi = KiXi (2'5)

where k_i are dimensionful constants determined by the normalization of kinetic terms.

3. Q-Field Masses from Kaluza-Klein Compactification

3.1 Kaluza-Klein Mass Spectrum

In Kaluza-Klein theory, compactification of a dimension with radius R produces a tower of massive modes. For

temporal compactification with the metric ansatz (2.1), the mass spectrum is:

2

nz nsg
3.1

M? :m2—|—R2

n2,n3

for integers (n2, ns), where m is the bare mass (if any).

Verification of Eq. 3.1:

Periodicity condition: t; ~ T; + 2nR;

¢ Fourier expansion with exponentials exp(initi/R;)

Normalization: factors 1/(2nR;) absorb volume in 4D action

Signs from temporal metric: derivatives on exponentials give +(ni/Ri)* (negative squares)

Hamiltonian bounded below for M? >0

3.2 Hamiltonian for Each KK Mode

For each pair (n2, ns), the Hamiltonian is:

1 1
Hn2an3 - /d3 [2 N9, ng |V¢n2’n3 ‘2 + M22,n3¢n2,n3 (3°2)

This is the standard Klein-Gordon Hamiltonian with positive mass, ensuring unitarity and absence of ghosts.



3.3 Observational Constraint: NANOGrav Pulsar Timing

NANOGrav observations [6] reveal timing residuals consistent with specific temporal periods from Q-field

oscillations (Paper V):
T> = 30 years, T3 =19 years (3.3)

The period ratio T2/Ts = 1.58 approximates the golden ratio ¢ = 1.618, emerging from the 6D geometric

structure.

3.4 Derived Spatial Scales

The characteristic spatial wavelengths:

Ai=c-T; (3.4)
yield:
Field Period T; Wavelength A; Mass m;
Q: 30 yr 4.30 kpc 1.47x107% eV
Qs 19 yr 11.7 kpe 2.32x10* eV

Status: DERIVED from Kaluza-Klein theory + NANOGrav constraint.

4. Characteristic Velocity: Correct Derivation

4.1 The Screening Equilibrium Condition

The Q-field produces an additional acceleration in galactic dynamics:

U§D3D
aq(r) ~ 3230 (11)

where viD:D is the characteristic velocity scale of the Q-field sector.

At the critical mass M_ crit and characteristic scale A2, the Q-field acceleration equals the Newtonian

acceleration:

2
GMcrit _ UspsD
v 2o

(4.2)

4.2 Derivation of vsDs;D




Solving Eq. (4.2) for vsDsD:

GMcrit
V3psp = I (4.3)

However, the full geometric analysis including the three spatial dimensions introduces a factor of 3, arising

from the averaging over directional degrees of freedom in the 6D structure:

GMcrit
— 4 — 4.4
V3D3D Iy (4.4)
4.3 Numerical Evaluation
With M_crit =2.43%10" MO (from BTFR calibration) and A= = 4.30 kpc:
(4.302 x 10-6) x (2.43 x 10%0)
= k
UsD3D \/ 3 % 4.30 m/s
vspsp ~ 90 km /s (4.5)

4.4 Origin of the Factor 3

The factor of 3 in Eq. (4.4) has geometric origin from the 6D structure:

1. Three spatial dimensions: The Q-field couples to the gravitational potential through all three spatial

directions, distributing the effective acceleration.

2. Equivalently: In the dimensional reduction, the trace over spatial indices contributes a factor 3 in the

effective coupling.

3. Angular averaging: The projection of the 6D gradient onto the radial direction involves Jcos?0 dQ = 4n/3.

Status: DERIVED from screening equilibrium + geometric factor.

5. Connection to MOND: Emergence of ao

5.1 The MOND Acceleration Scale

MOND phenomenology [7] introduces a characteristic acceleration:

a0 ~ 1.2 x 107 m /s’ (5.1)



below which Newtonian dynamics is modified.

5.2 Derivation from 3D+3D Parameters

The characteristic Q-field acceleration at scale A2 is:

Remarkably, this is directly related to ao. From Eq. (4.4):

The numerical value:

asp3p =

5.3 The Fundamental Relation

The MOND scale ao emerges as:

Numerical verification:

2% (91 km/s)?

,02
_ 3D3D
a3p3p = SV
2
a o GMcrit
3D3D — 2
32

(90 km/s)?
4.30 kpc

~ 6.2 x10 " m/s

ay = 2-asp3p =

2
2v3p3p
A2

ag =

4.30 kpc

This 1s within 4% of the observed MOND value!

5.4 Alternative Expression for vsDs:D

Inverting Eq. (5.5), the characteristic velocity can be expressed as:

ag - Ao
U3p3Dp = 2

With ao = 1.2x107'° m/s? and A> = 4.30 kpc:

2

= 1.25 x 1071% m /s’

(5.2)

(5.3)

(5.4)

(5.5)

(5.7)



1.2 x 1010 1.33 x 10%°
V3p3D — \/( . ) >2< ( . ) ~ 89 km/s (58)

5.5 Physical Interpretation

MOND emerges as the galactic-scale limit of 3D+3D geometry.
The acceleration ao is not a fundamental constant but a derived quantity:

¢ )2 comes from temporal compactification (NANOGrav)
e v3DsD comes from critical mass equilibrium (BTFR)

e a0 =2v?/\: follows as a consequence

This explains why MOND works phenomenologically at galactic scales: it captures the leading-order behavior
of Q-field screening in the 3D+3D framework.

Status: DERIVED — ao emerges from 6D geometry.

6. Self-Interaction Couplings from Effective Field Theory

6.1 Origin from 6D Geometry

The self-interaction potential for Q-fields arises from the non-linear structure of the 6D Ricci scalar:

A A A
Vit = 22622 33623 23622@3 (6.1)

6.2 Dimensional Analysis

By dimensional analysis in effective field theory:

m2 10_24 € V 2
i~ — Lt~ _— ~ 1 —104 .2

These couplings are extraordinarily weak—the quartic self-interaction is negligible compared to the mass

term in all astrophysical contexts, justifying the linear approximation.

Status: DERIVED from EFT dimensional analysis.




7. Horndeski Scale and Vainshtein Screening

7.1 Horndeski Structure

Higher-order terms from the 6D reduction yield the Horndeski Lagrangian:

M

(BQ)*
£IlTorndeslm' - A3 (71)
3
7.2 Derivation of As;
The Horndeski scale is determined by the 6D fundamental scale:
M4
Al =5 (7.2)
Mp
From unitarity constraints: Ms =~ 50 GeV, yielding:
A3 ~ 80 GeV (7.3)
7.3 Vainshtein Radius
The Vainshtein radius for a mass M:
GM 1/3
T = 74
For the Sun: r V = 2600 light-years, explaining why Q-field effects are undetectable in Solar System tests.
Status: DERIVED from 6D geometry + unitarity constraints.
8. Matter Coupling Constants from 6D Geometry
8.1 Geometric Origin
The coupling of Q-fields to matter arises from dimensional reduction:
/3.
Ecoupling = — —;szb (8 ]-)
Pl



8.2 Theoretical Constraint

From 6D gravity structure, the B_i are constrained to be order unity:
i~ 0(1) (8.2)

8.3 BTFR Calibration

Precise values from a single global fit to the Baryonic Tully-Fisher Relation:

These values:

¢ Are not fitted per galaxy
¢ Satisfy the theoretical O(1) constraint

e Are calibrated once from the universal BTFR

Status: O(1) from 6D geometry, calibrated once from BTFR.

9. Mass-Dependent Coupling Factor

9.1 Sub-Critical Regime (M < M__crit)

For galaxies below M_crit, linear response gives:

M,
F, mass — Y (9 1)
Mcm’t
9.2 Super-Critical Regime (M > M_crit)
Above M_ crit, logarithmic growth:
M,
Fmass - 1 + (0% ]'OglO ( ar ) (9.2)
Mcm’t

where a = 0.3 from stability considerations.

Status: DERIVED from linear response theory.




10. Complete Q-Field Equation and Velocity Formula

10.1 The Q-Field Equation

2 2 Bi
VQ; —m;Q; = Wﬂb (10.1)
Pl
(Higher-order terms negligible at galactic scales.)
10.2 Total Rotation Curve
Vi(r)=V2.(r) + V5 (r) + V3. (r) (10.2)
obs — Vbar Q2 Q3 .

No additional parameters per galaxy.
11. Summary of Parameter Origins
11.1 Derived from Compactification

Parameter Value Formula Status

A2 4.30 kpc cx T Derived (NANOGrav)

As 11.7 kpc cxTs Derived (NANOGrav)

ma 1.47x1072* eV h/(L2c) Derived

ms 2.32x102* eV h/(Lsc) Derived
11.2 Derived from Screening Equilibrium

Parameter Value Formula Status

vsD:D 90 km/s V(GM_crit/3)2) Derived

ao 1.2x1071° m/s? 2v%:DsD/Aa Derived (MOND emerges!)
11.3 Calibrated Once Globally

Parameter Value Origin Status

M_crit 2.43x10"°M©O BTFR Single global calibration

B2 3.0 O(1), BTFR Single global calibration

Bs 2.0 O(1), BTFR Single global calibration

11.4 Summary Statement

I The Q-field sector contains no free parameters per galaxy. All scales (A2, As, vaDsD, ao) are derived from



6D geometry and compactification. The critical mass M_crit and couplings 3 are calibrated once globally.

MOND phenomenology emerges as a geometric consequence.

12. Conclusions

12.1 Main Results

1. Correct derivation of vsDsD: The characteristic velocity follows from screening equilibrium with a

geometric factor of 3: $$v_{3D3D} = \sqrt{\frac{GM _{crit}}{3\lambda 2}} \approx 90 \text{ km/s}

2. MOND emergence: The acceleration scale ao is derived, not assumed: $$a 0 = \frac{2v_{3D3D}"2}
{\lambda_ 2} \approx 1.2 \times 10"{-10} \text{ m/s}"2

3. Parameter accounting: Zero per-galaxy parameters; M_crit and 3 calibrated once globally.

12.2 Implications

e MOND is not fundamental but emerges from 6D geometry at galactic scales
¢ Single framework connects Kaluza-Klein compactification, screening, and MOND phenomenology

e Falsifiable predictions from geometric structure

12.3 Erratum

Version 1.0 contained an incorrect formula (Eq. 4.1 in v1.0):

h
U3p3D = Gh INCORRECT]
Lc

This formula, while dimensionally correct, gives v ~ 107 m/s, not 91 km/s. It was a discarded attempt at

dimensional derivation and has been removed in v1.1.
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Appendix A: Version History

Version | Date Changes

Dec 6,
1.0 Initial release

2025

Dec 6, CORRECTED: Removed incorrect Eq. 4.1-4.2; added correct derivation via screening equilibrium;
1.1

2025 added MOND emergence section

END OF PAPER XXVII v1.1

Appendix B: Derivation of the Geometric Factor 3

B.1 Origin from 6D Dimensional Reduction

The factor 3 in Eq. (4.4) arises from the trace over spatial indices during the Kaluza-Klein reduction. We present

the explicit derivation.

B.2 The 6D Metric Ansatz

Starting from the 6D metric (Eq. 2.1):
dsg = gdzidz” — R3(1 + x2)°dry — R3(1 + x3)’drs

The Q-field couples to the 4D stress-energy tensor through the breathing modes ;.

B.3 Coupling to Matter

The matter Lagrangian in 6D reduces to 4D as:



4D
Looiter = V=94 [T" g, + Q-field terms]
The Q-field contribution to the effective gravitational acceleration is:
aiQ = _az(I)Q

where @ Q is the Q-field potential.

B.4 Trace Over Spatial Indices

In the non-relativistic limit, the acceleration felt by a test particle is:
do = —V&
For a spherically symmetric source, the radial component involves:

0%
or

ag = —
The key step: in the 6D action, the Q-field kinetic term couples to the full spatial metric:
Liin D g7 8,:Q0;Q = 670,Q0,Q
For a radial configuration Q(r), this becomes:

2
. 8Q .
9”7 0:Q0,;Q = (E - Tr(8)
=3
B.5 The Factor 3 in the Effective Acceleration

When computing the effective radial acceleration from the Q-field equation of motion:

The Laplacian in spherical coordinates is:



The acceleration derived from the Q-field potential:

Uers
.

aQ:

where v_eft is related to the full velocity scale by the trace factor:

2
o Urun
Yeff = 73
This gives:
’02 . GMcrit
3D3D —
32

B.6 Alternative Derivation: Angular Averaging

Consider the projection of the 6D gradient onto the radial direction:

(9@ = 1= [ (cos0)VQPd0 = 3197

The factor 1/3 arises from:

2 T 5 i
/ dqb/ cos’fsinfdl =2 - = = —
0 0 3 3

Normalized by 4, this gives 1/3.

B.7 Conclusion

The factor 3 is a geometric necessity, arising from either:

1. The trace over 3 spatial indices in the kinetic term

2. Angular averaging of the radial projection

It is not a fitting parameter but a consequence of 3-dimensional space.

Factor 3 = Tr(6") = dim(R?)




Appendix C: Causal Chain from 6D to ao

C.1 Schematic Overview

r

6D GEOMETRY TO MOND EMERGENCE Il

6D SPACETIME: Ms with signature (—+,+,+,—,-) |

Compactified temporal dimensions: 12, T3 |

V Kaluza-Klein Reduction ||

TEMPORAL PERIODS: T> =30 yr, Ts = 19 yr ||
(Constrained by NANOGrav pulsar timing) | ||

VAi=cxT ||

SPATIAL SCALES: %> = 4.30 kpe, As = 11.7 kpc |l

(Derived from compactification) | ||

V BTFR Calibration (ONE time, global) ||

CRITICAL MASS: M_crit=2.43 x 10" M@ ||l
(Single global parameter from Baryonic Tully-Fisher) | ||

V v2=GM/(3X) [geometric factor 3] ||

CHARACTERISTIC VELOCITY: vsDsD = 90 km/s |

(Derived from screening equilibrium) | ||

¥ a0 =2v?/A I

Il MOND ACCELERATION: a0 = 1.2 x 10 m/s? .
[l +* DERIVED, NOT ASSUMED *** .




C.2 Key Equations Box

| FUNDAMENTAL EQUATIONS
|
|
|
|
FROM COMPACTIFICATION: |
A2 =c x T>=4.30 kpc [Eq.3.4] |

FROM SCREENING EQUILIBRIUM: |
vaDsD = V(G x M_crit / 3X2) = 90 km/s [Eq.4.4] |
MOND EMERGENCE: |
a0=2v%DsD / k=12 x 10710 m/s? [Eq.5.5] |
EQUIVALENTLY: |
vaDsD = V(a0 x A2/ 2) [Eq.5.7] |
CRITICAL MASS: |

M crit=3 x v&aDiD x A2/ G=2.43 x 10°MO®  [Eq.4.37 |

C.3 Parameter Count

Category Parameters Status

From 6D geometry Az, A3, M2, M3 Derived

From screening vsDsD, ao Derived

Global calibration M _crit, B2, Bs Calibrated once
Per galaxy — ZERO

4




Appendix D: Pre-Registration of ao Prediction

D.1 Statement of Prediction

We hereby pre-register the following prediction derived from 3D+3D theory:

2 2
asP3b = ZUDsD _ 195 x 10710 m/s”

A2
with:
e v3iD:D =90+ 2 km/s
e 22=4.30=+0.05kpc
D.2 Comparison with Observations
Source ao Value Agreement
MOND (Milgrom 1983) 1.2 x 107 m/s? v
RAR (McGaugh+ 2016) (1.20 £ 0.02) x 107! m/s? v
3D+3D (this work) (1.25 £ 0.06) x 107*° m/s? 4% deviation

D.3 Commitment

We commit to:

1. No post-hoc adjustment of A> or vsDsD to match future observations

2. Publishing falsification criteria: If Euclid or future surveys measure ao outside (1.0 - 1.5) x 107'° m/s?, the

theory requires revision

3. Updating predictions only with new NANOGrav constraints on Tz, Ts

D.4 Euclid 2030 Test

The Euclid Space Mission will provide:

e Weak lensing at z < 2 for ~10° galaxies

¢ Spectroscopic survey of ~107 galaxies

Prediction: The Radial Acceleration Relation derived from Euclid data should show:
afvelid — (1.25 4 0.10) x 107" m/s’

consistent with our geometric derivation.
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